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Abstract—Optimal methods are constructed for recovering functions and their derivatives in a
Sobolev class of functions on the line from exactly or approximately defined Fourier transforms
of these functions on an arbitrary measurable set. The methods are exact on certain subspaces
of entire functions. Optimal recovery methods are also constructed for wider function classes
obtained as the sum of the original Sobolev class and a subspace of entire functions.
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1. INTRODUCTION

The question that was originally addressed by the authors is as follows. Given a class of smooth
functions on the line for each of which its Fourier transform on some set is known (in general,
approximately), is it possible to construct a method for recovering these functions and/or their
derivatives that would be exact on a given subspace and would be the best in a sense?

This question arose as follows. An important characteristic of any quadrature formula is the
maximum dimension of the subspace of algebraic or trigonometric polynomials on which this formula
is exact. In this sense, optimal formulas are given by Gaussian quadratures (see, e.g., [1]). In the
1950s, there appeared studies devoted to the problem of finding the best quadrature formulas on
function classes (Kolmogorov—Nikol’skii quadrature formulas, see [2]). The problem goes back to
Kolmogorov’s research on finding optimal methods for approximating function classes (see [3]);
in [2], Nikol’skii wrote about this even more definitely: “In this section, we give a solution to one of
the problems set up by A.N. Kolmogorov.”

The problem of Kolmogorov—Nikol’skii quadratures served as a starting point for the general
problem of finding optimal methods for recovering linear functionals and operators on classes of
elements from inaccurate information on the elements themselves. There is a rather extensive
literature devoted to this subject. We point out only the publications [4-12], which can be considered
as source publications in this field.

It turns out that among optimal methods for recovering functions and their derivatives on a
Sobolev class on the line, there are methods that are exact on some subspaces of entire functions of
exponential type. Moreover, these methods are also optimal on a wider class than the original one.
Namely, they are optimal on the class obtained as the sum of the original class and the subspace
on which these methods are exact.

In this connection, there arises a general problem of constructing methods that are exact on
a given subspace of entire functions and are optimal on the sum of the Sobolev class with this
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EXACTNESS AND OPTIMALITY OF METHODS FOR RECOVERING 195

subspace. In the present study, we solve this problem and, as a corollary, find methods for recovering
functions and their derivatives that are optimal on the Sobolev class and are exact on a maximally
wide subspace of entire functions. In other words, we try to combine two approaches: the one going
back to Gauss, which is based on constructing methods exact on subspaces, and the one going back
to Kolmogorov, which is based on the constructing methods optimal on a given class.

Note also that similar problems were studied in the authors’ earlier publications [13-15].

2. STATEMENTS OF PROBLEMS AND FORMULATIONS OF RESULTS

Let F' be the Fourier transform in Lo(R). If 2(-) € La(R), then it is convenient to assume that
the function Fz(-) is defined on R with the Lebesgue measure divided by 27. Denote the norm of a
function y(-) in the space of square integrable functions on R with such a measure by ||y(-) ) ie,

1/2

17,

Ol = | 55 [10€)7 d€
R

Let n be a positive integer and W4 (R) be the Sobolev space of functions z(-) € La(R) such that
their (n — 1)th derivative is locally absolutely continuous and (™ (-) € Ly(R).

Let, next, W be a subset (class) of functions in W3 (R) and A be a measurable subset of the
real line. Assume that for every function z(-) € W, its Fourier transform on A is known either
exactly or approximately, i.e., a function y(-) € Ly(R) is known such that ||[Fz(-) — y(- NIz, ® S0
for some § > 0.

Given this information, we want to recover (in the best possible way) the functions z(-) € W
and their derivatives up to order n — 1 inclusive in the Ly(R) metric.

Prior to formulating the problem exactly, we introduce some notation. Let I4: W5 (R) — Lo (A)
be the mapping whose value on a function z(-) € Wi (R) is the restriction Fz(-)|4 of the function
Fz(-) to A, and let I%: W5 (R) — Ly(A) be the multivalued mapping defined as

La() = {y() € Ly(A): | Laz(-) — y( Wi,y < 0}

If we formally set 6 = 0 here, then we get .791 = I4; thus, available information on the function
z(-) € W (depending on whether its Fourier transform is known exactly or approximately) is
described by a function y(-) € I%x(-), where § > 0.

It is clear that any recovery method for the kth (0 < k < n — 1) derivative of a function of
class W in the Ly(R) metric from the above information is a mapping ¢: La(A) — La(R). By
definition, the error of this method is the quantity

e(D*, W, I}, ¢) = sup [« 0) = oy Ol Ly
o(VEW, y()elfx()

where D* denotes the operator of k-fold differentiation (DO is the identity operator).
By the problem of optimal recovery of the kth (0 < k < n — 1) derivative of a function of class W
in the metric of Ly(R) from the above information we mean the problem of finding the quantity

E(DFW,I%) = _ inf e(DF, W, I, ¢),
(%2 LQ(A)—)LQ(R)

which is called the error of optimal recovery, and methods @ for which the lower bound is attained,
i.e., for which

E(D*,W,14) = e(D*, W, I3, §).

Below these methods are called optimal recovery methods.
For short, we will refer to the problem formulated as the (Dk', W, Ig)—problem.
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196 G.G. MAGARIL-IL’YAEV, K.Yu. OSIPENKO

Along with optimal recovery methods, we will study exact methods. A method ¢: La(A) — Ly(R)
is said to be ezact on a set L ¢ WH(R) if 2 (:) = o(I42(-))(-) for all z(-) € L. The following
proposition shows that the optimality and exactness of a method are not independent concepts.

Proposition 1. If @ is an optimal linear method in the (Dk', W, Ig)—problem that is exact on
a set L C WI(R) containing zero, then it is also optimal in the (DF, W + L, I%)-problem and, in
addition, E(D*, W, 19) = E(D¥, W + L, 1%).

If ¢ is a linear method with finite error in the (Dk', W + L,Ig)—problem, where L is a subspace
in Wg(R), then it is exact on L.

Proof. Let z(-) € W + L and z(-) = z1(-) + x2(-), where z1(-) € W and z2(:) € L, and let
y(-) € L2(A) be such that [[L4z(-) — y(-)||r,a) < 9. Set y1(-) = y(-) — Laxa(:). It is clear that
y1(-) € L2(A), and

[ Taz1(:) = y1() | 1a(a) <0 (2.1)
since Taz1(+) — y1(-) = Laz(-) — y(-). The linearity and exactness of $ on L imply the equality
125 () = OO Loy = 2170) = B O - (2.2)

In view of (2.1), the expression on the right-hand side of (2.2) is not greater than e(D*, W, I9, %),
which is equal to E(D* W, T 5) because the method @ is optimal. Therefore, taking the supremum
over all z(-) and y(-) on the left-hand side of (2.2), we obtain

Hence we have (because W C W + L)
E(D*, W, 1) < E(D*,W + L, 13) < e(D*, W + L, I3, §) < E(D*, W, 1%).

Consequently, @ is an optimal method in the (D*, W + L,Ig)—problem, and we have the equality
E(D* W, 1%) = E(DF, W + L, 19).
Now, let @ be a linear method with finite error in the (D* W + L, Ij)-problem, where L is a
subspace of W§(R). Suppose that there exists an element zo(-) € L such that

k
267 () = B(Lazo ()| 1y = € > 0-
Then Azg(:) € L for any A > 0. Hence,
e(DF, W 4+ L, 19,3) > Ac,

which contradicts the fact that the error of the method ¢ is finite. [J

It follows from this proposition that if one seeks methods with simple structure (for example,
linear) that are exact on some subspaces and, in addition, possess some optimality properties, then
it is quite natural to set up the problem of finding optimal methods on classes of the form W + L.

We implement this in the case when W is a Sobolev class of functions, i.e.,

= {2() e W R): (2™ ()| o) < 1}

and L = B, 2(R) is the space of entire functions of exponential type o.

Recall that if 0 > 0, then B, 2(R) is the subspace in Ly(R) formed by the restrictions of entire
functions of exponential type o to R. As is well known, z(-) € B, 2(R) if and only if the support of
Fz(-) belongs to the interval A, = [—0,0]. By definition, By 2(R) = {0}.

If 2(-) € Bya(R), then 2™ (-) € B,2(R) for all m € N (by Bernstein’s inequality for entire
functions of exponential type); therefore, in particular, B,2(R) C W5 (R).
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Yy y==x
0
N y=37
Y4
y=0o
b >3
T=7 T
Fig. 1.

Prior to formulating a theorem, we introduce some notations. For a measurable set A on the
real line, let

Y4 = sup{a > 0: mes(AN[—a,a]) = 2a}.

Let 1 <k <n-—1andd > 0. Introduce the notations

1/(2(n—k)) — kY@
T (X
k n

and consider the following four domains in the plane R?:

El:{($7?/)€R230<g$§y§$}a Z2={(:c,y)€R2:O§y§
Y

=2)| Q)
8
o
AN
8
IN
=)
2

Y3={(z,y) eR*: z>7

0<y<a). z4={<x,y>eR2: 5<y<

=2)| Q)
8
.“

These domains are shown in Fig. 1.

Next, for every set A and number ¢ > 0, we define a pair of numbers A\; = A(A,0) and
A2 = A\a(A4, 0) by the rule

—~
S

%)

ol

722(71—]&‘))’

~ 2k
g —2(n—k
§’YA) y VA " )>7 (’YA;O-) € E27

(32,5720, (va,0) € X3,

;? —2(n—k)
<U2k7 (50—) )7 (71470) € 247

as well as a set Z(A,0) of measurable functions 6(-) on A \ A, such that |#(§)] < 1 for a.e.
e A\ A,

Theorem 1. Let 0 < k < n—1, A be a measurable subset of R, § > 0, and o > 0. In
this case,

(va,0) € ¥4,

(A1, A2) = (2.3)

(1) if 0 >~4 or 0 =74 =0, then
E(DF, W3 (R) + By2(R), 13) = +o0; (2.4)
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(2) if k>1,6>0,v4>0, and 0 < 74, then

E(DF W2 (R) + By2(R),I3) = vV A16% + X

and, for every function 6(-) € E(A, o), the method

[

B0 = o= [ O dr+ o [ anly@)e

- 2T
- A\A,
where
A+ 0() € AT /AL T AgfPT = €
ag(§) = LT ’
s optimal;

if k>1,=0,v4>0, and 0 < ~ya, then
E(D*, W3 (R) + Bya(R), 19) = v,

and, for every function 6(-) € (A, o), the method

[

PO = 5 [ Faeears o [ o (1+00] &
-0 A\As

s optimal;

if k=0,v4>0, and o < ~ya, then

E(D°, W3 (R) + B,2(R), 1%) = /82 +~, 2"

and, for every function 6(-) € (A, o), the method

y ) 1 2n 4 9(5)5271 )
th dt + . / ’YA th dt
[t oo [ e
-0 A\As

Boly( ) = 5-

s optimal.

Before proving this theorem, we make a number of remarks.

The set A on which information on the approximate Fourier transform is defined may be “large
enough,” and among the optimal methods (2.5) there may be those that do not employ all the
available information. Naturally, the question arises as to whether there are optimal methods that
use less information. More precisely, how much can one reduce the set A without increasing the
error of optimal recovery? In terms of the function ag(-) (which we consider as a smoothing factor),
this means that we are interested in the sets where one can set ag(-) = 0.

We also wonder whether it is possible to take the smoothing factor equal to one on a wider
set [—o09,00], where og > o. In this case, the corresponding optimal method will be exact on
the wider space By, 2(R) and, hence, in view of Proposition 1, will be optimal on the wider class
W;(R) + 800,2(R)'
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Yy y==x
0
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T=7 T
Fig. 2.

In the following corollary to Theorem 1, we set

(0-7’)/14)7 (’YA;O-) € Elu

o
<§7A77A>7 (71470—) € Yo,
(0—0770) =

(873)7 (’YA7O-) S 237
(0, 0>, (v4,0) € 4.
\ g

Corollary 1. Let 0 < k < n — 1, A be a measurable subset of R, § > 0, y4 > 0, and
0 <o <~va. In this case,
(1) if k>1 and 6 > 0, then, for all 0(-) € =(A,00), the methods

Py = 5 / (€) y(€)e™ dit + 5~ / (i€)"ag (§)y(§)e'" dt

=)

T2 2m
l€l<o0 o0<|¢|<70
with the functions ag(-) defined in (2.6) are optimal in the (D*, W (R) + Bya(R),19)-
problem and exact on the subspace By, 2(R);

(2) if k=0 or 6 =0, then the method

FWON® = 5= [ v d

[€1<va
is optimal in the (DF, W3 (R) + Byo(R), I%)-problem and evact on the subspace B, 2(R).

In case (1), the transition from the point (o, v4) to the point (og,7) for each of the domains ¥,
7 =1,2,3,4, is schematically illustrated in Fig. 2.

Let us indicate the form of the optimal methods in the original (D*, W3 (R), I%)-problem that
are exact on the subspaces B, 2(R).

Corollary 2. Let 0 < k < n—1, A be a measurable subset of R, 6 > 0, and v4 > 0. In
this case,

(1) if k>1 and 6 > 0, then, for all 6(-) € Z(A,0q), the methods

N0 =5 [0y ars g [ G aiuee a
€l<a a<lel<y
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where ¥ = min{vya,7}, 0 = (6/7)7, and the functions ag(-) are defined in (2.6), are optimal
in the (D*, W3(R), Ij)-pmblem and exact on the subspace Bz (R);
(2) if k=0 or 6§ =0, then the method

WO = 5= [ (0 vl d
1€]<va

is optimal in the (D, W3 (R), I%)-problem and ezact on the subspace B, 2(R).

3. PROOFS

Proof of Theorem 1. We begin with a lower estimate for E(DF, W3 (R) + B, o(R), 1%). Con-
sider the problem

<4

Iy <6 [F2

= Ol = max, [1Fa() <1 w() eWER),  (3.1)

)(')HEQ(R\AU)
where A, = [—0,0]. Let us show that the value of this problem, i.e., the supremum of the functional
to be maximized under the indicated constraints, is not greater than E(D¥, Wi (R) + B, 2(R), I9).

As a preliminary step, we show that z(-) € W3 (R) belongs to W3'(R) + B,2(R) if and only
if |]F:1:(”)(-)HE2(R\A0) < 1. Indeed, if z(-) € W3(R) + B,2(R), then z(-) = x1(-) + x2(-), where
z1(-) € W3(R) and z2(-) € By2(R). By the Plancherel theorem (since Fxa(-) is concentrated on
the interval A, ), we have

n 2 n 2 1 n 1 n
[P0l @80 = 17 Ol @00 = 37 / | P () de < o / £\ Fary (€) g
R\A, R
— |- y]12
= |21 (')HLQ(R) =1
onversely, let x(-) € an "™ () ||+ < 1. Denote by x2(+) the function in Lo
C ly, 1 W3 (R) and [|Fz™ ()2, @A, D b he f Ly(R

with the Fourier transform Fxa(-) = x,(-)Fz(:), where x,(-) is the characteristic function of the in-
terval A,. Then clearly z2(-) € By2(R). Set 1(-) = x(-) — x2(-). It is obvious that z1(-) € W3 (R),
and by the Plancherel theorem (since Fxi(-) = 0 on A,) we have

1 1
[ Ol am = 3 / & Fa () dé = o / e Fa(©) dg = ||Fa™ ()||7, g,y < 1
R\A, R\A,
ie, z() = z1(-) + z2(+) € WP (R) + By 2(R).

Taking into account the remark made, we now prove that E(D* W3(R) + B, 2(R), I9) is not
less than the value of problem (3.1). Let z(-) be an admissible function in (3.1) (i.e., zo(-) satisfies
the constraints of the problem); then it is obvious that the function —z((-) is also admissible and
for any ¢: La(A) — La(R) (p(0)(-) is the value of the mapping ¢ on the zero function) we have

20l Olzam < [1207C) = 2O O 1y + =287 C) = 2O O]y

<2 sup 2™ () = 9(0)()
T [

1F2(OlIE, 4y <0 IFZ Oz, 209 <1
=92 sup x(k)(’) - 80(0)()
w(-)GWS‘(RHBa,z(R)H e
1P ()], 4y <6
<2 sup Hx(k)(') - @(y(‘))(‘)HLQ(R)'

2(-)EWS (R)+By 2 (R), y(-) €I (")
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Taking the supremum over all admissible functions in (3.1) on the left and to the infimum over all
methods ¢ on the right, we obtain what was required.
Now, we proceed directly to the proof of the assertions of the theorem.

1. In case (1), let, first, 0 > 4. By the definition of 4, in the set [—o, —y4] U [y4, 0] there
exists a subset D of positive measure such that DN A = @. Let ¢ > 0 and a function z.(-) be such
that F'z.(-) = con D and Fx.(-) = 0 outside D. It is clear that z.(-) is admissible in problem (3.1)
and (by the Plancherel theorem)

02
Hxv(:k)(')HiQ(R) = m /f% dg.
D

The number ¢ can be arbitrarily large; therefore, equality (2.4) is proved.
Suppose that o = y4 = 0. In this case, mes(A N [—¢,¢]) < 2¢ for any € > 0. Hence, the measure
of the set Q. = {(R\ A) N [—e,¢e|} is positive. Consider a function z.(-) such that

—-1/2

2n
Foie) Q/é €| . eeq.

0, £ Q..

This function is admissible in problem (3.1), and

_Jo,€dE fo €M de
- fﬂg §2n d¢ - an §2n de¢ Z € ’

ngk)(‘)HiQ(R)

which implies (since € is arbitrary) that the value of the functional to be maximized in (3.1) can be
made arbitrarily large.

2. In case (2), we first show that the following estimate is valid in each of the domains 3,
j=1,2,34:

E(DF, W3 (R) + By2(R), 13) > v/ A102 + Xo. (3.2)

Let (v4,0) € ¥1. By the definition of -4, for every positive integer m, there exists a subset D,,
of positive measure in the set [—y(A) — 1/m, —y(A)] U [y(A),v(A) + 1/m] such that AN D,, = @.
Let m be such that 1/m < o. For every such m, consider a function x,,(-) such that

1
0V 2mm, c—— <¢<o,
m

Fxm(é) = \/%(,-YA n %>_n(mes Dm)_l/Q, 5 € Dy,

0 otherwise.

The functions x,,(-) are admissible in problem (3.1). Indeed, applying the Plancherel theorem and
the definition of z,(+), we have

1

21

/nym(g)Pdg _ %#QWL% _ 2 (3.3)

A

2 _
”Fxm()”EQ(A) -
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and
2 1 1 1\
[Fa Ol @) = 57 [ € 1Fm©F d€ = p2n(vat ) (mes D, / £ de
€[>0
1 2n 1 2n
< <'yA + —) (mes Dm)_1 <'yA + —) mes D,,, = 1.

m m

Next,

2 1 ’ 1\ " _
1Pz Ol = 52 / | Fam(©) dg = 8°m / & de + <vA+E) (mes Dyn) ™! / ¢ d
R o—1/m D,

1 2k 1 1 2n
> 52m(a— E) o + <’)/A+ E) (mes D,,) 174 mes D,,

) 1 2k 1 —2n o
=9 - + ’)/A+E Y4 -

As m — oo, the expression on the right-hand side tends to o2*§% + Ya = \162 + A9, which
is obviously not greater than the value of problem (3 1). However, by what has been proved, this
value is not greater than E(D*, W5 (R) + B,2(R), I%); hence inequality (3.2) is proved in this case.

Let (y4,0) € 3a. Set
g\ L/ 2(n=k)
o= (-) YA

n

—2(n—k) __

Notice that

~ —k 1/(2k) k ”/(”—k)/\
o< Tys= (n ) o < &o, g < (—> FE =072
~ n n
Let m be such that o < £ — 1/m. For every such m, consider a function x,,(-) such that
1
1) 27rm, 50__§£<§07
m
Fz,, (&) = 2m(1 — 6262™) ceD
(ya + 1/m)"y/mes D,,’ "
0 otherwise.

Equalities (3.3) remain valid. In addition,

1
1P Ol @an = 5= [ €0 1Fon(OF dg

>0
&0 _9
1 n
= %m / 2 de + (1 —6%65") (rm + E) (mes D, /52" d¢
&o—1/m

1 —2n 1 2n
<2+ (1 - 6% (’yA + —) (mes D,,) " (7,4 + —> mes D, = 1.
m m
Thus, the functions z,,(-) are admissible in problem (3.1).
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Next, we have

[P0 = o= [ Fon©P s
R
&0 L\
=6%m / 2k de + (1 -5 (2)") (’YA + E) (mes D,,) ! / &2k qe
§o—1/m D,

2 1\ 2,02 1\ 2k
) - — 1—67¢" — .
> (50 m) +(1- 6 )<7A+m) VA
As m — o0, the expression on the right-hand side tends to
0268F 4 (1 - 8263m)7 2" M = Mg 4 .

Hence, for the same reasons as above, inequality (3.2) is also valid in this case.
Let (ya,0) € 33. Set

& =atm,

In this case,

’YAZ:Y\>£17 O'S/O'\<§1.

Let m be such that ¢ < & — 1/m. For every such m, consider a function x,,(-) such that

—— 1
Fxm(f) — d 27Tm7 51_ E §£<§17

0 otherwise.

One can easily verify that the functions z,,(-) are admissible in problem (3.1). Next,

&1
1 2k
[0 = 5 [ron©fas=atm [ aez (a2
R &—-1/m

The expression on the right-hand side tends to §2¢2% = X162 + Ag as m — oo. Hence, inequality (3.2)
is satisfied in this case as well.
Finally, let (y4,0) € X4. Set

kLK)
§r = ( ) o.

n

It is obvious that £, > ¢. On the other hand,

n_ B\~ 5 1o\ 1/ 2(n—F))
& < < > §'VA = (—> YA < VA

n n

Note also that

n/k
& < (”_k) Y _g

n
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Let m be such that 1/m < o < & — 1/m. For every such m, consider a function z,,(-) such that

\/27rm(52—£2_2”), o— % <¢ <o,

Fzp, (&) = . 1
(5) 52 27Tm7 52 - S 5 S 527
m
0 otherwise.
Then
1
2 _ 2 _ g2 —2n —2n __ 2
1Fon(IE, 0 = 55 [ 1Fon(©F d =8 - &2 +.&2 = 5
A
and
1 7
n 2 n —zNn n
1F P Ollz,@an = 25 / M Fam(€)2 d = & *"m / £rde < 1.
l€|>c &—1/m

Thus, the functions z,(-) are admissible in problem (3.1). In addition,

o &2
[P0 = 5= [ 1Fon©P ds=m(@ - &™) [ racve™m [ e
R o—1/m &—1/m

1 2k 1 2k
> (0% =) (0—5> +£52”(£z—5) :

The expression on the right-hand side tends to
(52 B 52—271)0_2]9 + 62—2(n—k) _ )\152 W

as m — oo. Hence, inequality (3.2) is satisfied in this case as well.

Let us proceed to estimating F(DF, W3 (R) + By (R), I%) from above and to constructing opti-
mal recovery methods. We will seek such methods among the mappings @, : Ly (A) — Ly(R) that
are represented in terms of Fourier transforms as

F@a(y())(€) = () a(&)y(€),  E€R,

where the function a(:) € Loo(R) is such that F@,(y())(:) € La(R).
Let us estimate the error of such a method, which is by definition (see also the remark at the
beginning of the proof) equal to the value of the following problem:

129¢) = Ba(w( DO 1y — max,

IF2() = yOlzyn <6 v() € Do), [[Fe™ O ,ma, <L 2() € WER).

Passing to the Fourier images in the functional to be maximized, by the Plancherel theorem we find
that the squared value of problem (3.4) is equal to the value of the following problem:

(3.4)

o 160 2@ e a@u@ e + o= [ 1@ de - ma,
A

R\ A
(3.5)

~

o [IFe© - w@Pde <&y el 5 [EFaePac<t
A

l€]>0
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Notice that on the admissible pairs (z(-),y(-)) in this problem, where z(-) € B,2(R) and
y(-) = Fz(-), the functional has the form

1
2 [ EHPaOPIL - a(e)|de.
T
Ao
Therefore, if the function a(-) is not equal to one almost everywhere on A,, then the value of
problem (3.5) (and, hence, the value of problem (3.4)) is equal to infinity, because By 2(R) is a linear
space; i.e., the error of the method with such a(-) is infinite, and this case is of no interest to us.
Let a(-) =1 on AN A,. We estimate the functional maximized in (3.5) from above by repre-

senting it as a sum of three terms,

n=s- / G Fa(e) — (&) y(©) de,  I= o / ()" Fr(€) — (i€)*a(€)y(&)|” de,

ANA, AAs
1
Iy = — [ &k |Fz(e))? de.
o= 5 [ PP de
R\A
Let us show that
A
n<ot [ IPa© - yoP ds (36)
ANA,
in all the domains ¥;, ¢ = 1,2, 3,4.
Indeed, the inequality
o2k )
e L GREIGI™
ANA,

is obvious. Since %% = \; in ¥ and ¥4, inequality (3.6) holds for these domains. If (y4,0) € X9,

then
5 2k
AL = (:’YA) > g%k,
v

and if (y4,0) € X3, then

)

so estimate (3.6) is valid for all the domains.
Now, let us estimate Is. Applying the Cauchy—Bunyakovsky—Schwarz inequality, we have

|(i€)F F(€) = (i€)*a()y(€)]” = €](1 = a(&)) F(€) + a(§) (F(€) — y(€))]

2

—a 2 a 2
< (B8R D) agnira@ + ailrate) - woP). 1)

Apg2n AL
Set
_ on (L= a©P | |a(@I
s (e ) 6

Then, integrating (3.7), we obtain the following estimate for Io:

RS 5 [ (agIFs@F + MlFa(e) ~ y(©)P) de | (39
A\A,
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Now, let us show that I3 can be estimated in all the domains ¥;, i = 1,2, 3,4, as

bt [enrsop (3.10)
R\A
Indeed, since |£] > y4 for a.e. £ € R\ A (by the definition of v4), it follows that

72(n k)
/ £2nR)gn pyp(g) 2 dg < A / €| Fur(€) 2 de. (3.11)

R\A R\ A

Since 'yZQ("fk) = A9 in ¥; and Yo, inequality (3.10) holds in these domains. If (v4,0) € X3, then

Ay = ;Y\72(nfk) > ,)/22(”—'1‘?)’

and if (y4,0) € ¥4, then 0 < 77 ~1y4; therefore,

7\ 2(n—k

Thus, estimate (3.10) is valid in all the domains.
If we assume that the function a(-) is such that S, < 1, then, summing inequalities (3.6), (3.9),
and (3.10), we obtain the following estimate for the functional in problem (3.5):

1
Mo / Fal€) = w@P de + dge [ @ IPo©OP s+ dag- [ EMIFale)? de
A\Ao R\A
=iy / Fal®) ~y(©F de+ Doz [ PO de < Mb + s,
\§\><f

which means that
e(DF, W3 (R) + Bya(R), I, $a) < VA2 + No.

Comparing this with (3.2), we see that @, is an optimal method in the (D*, W (R) + B, 2(R), I9)-
problem.

Now, we show that functions a(-) for which S, < 1 do exist. First (completing the square),
notice that the condition S, < 1 is equivalent to the fact that the inequality

)
AL+ A28

PN N (M + A€ — ¢%)
A+ )\2an

a(§) —

holds for a.e. £ € A\ A,. If the function & — f(&) = A\; + Ao€2" — £2F is nonnegative on A\ A,
then such a(-) obviously exist and are described by equality (2.6). Let us check that f(-) is nonneg-
ative on A\ A,.

One can easily verify that the minimum value of this function on the whole real axis is

_ K/ (n—k)
C=N\- 2 kcﬁ> .

n nAg

Let us show that C' > 0 in each of the domains 3J;, j = 1,2, 3,4.
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Let (v4,0) € ¥1. Then
ok 02 o

By the definition of A\; and Ao, this inequality can be rewritten in Xy as

k/(n—k
A > n—k(ﬁ) / )A;k/(nfk)’

n n

which implies that C' > 0. We can easily verify by direct substitution that C' = 0 for the domains XJ;,
j=2,3,4.
3. In case (3), by analogy with the proof of case (2) for the domain ¥;, we obtain the lower
bound
E(D*, WH(R) + Boa(R), 19) > 7" *).
For the upper bound, applying the same arguments as in the proof of the upper bound in case (2),
we arrive at the following problem:

o 160 Fe(©) - et a@ra@ de + 5= [ 41O d - mas,
A

R\A
1 (3.12)

2n 2
o [ ErIFsePde<t

l€]>0

Since a(-) = 1 on AN A, (otherwise, as has been shown, the error of the method is equal to infinity),
the functional to be maximized in (3.12) is represented as a sum of two terms,

1 1
h=gr [ EIFHQOPL-a©P s, h= o [ EHFa©P d.
A\Ags R\A
We have
2(n—k) —2(n—Fk)
n < esop( L - 9P ) 45— [ enpaol de
ceA\A, \ § @ A
For I3, estimate (3.11) holds. Therefore, if the inequality
2(n—k)
YA _ 2
2 1—a(§)* <1 (3.13)

is satisfied for a.e. £ € A\ A,, then the functional in (3.12) is estimated by

—2(n—k)

PY n —z{n—
Mo [ enpaePde <37,
T
§[z0

It remains to notice that condition (3.13) is equivalent to

§

YA

n—k

a(§) =1+6(¢)

4. In case (4), the proof repeats almost word for word the proof of case (2) for the domain ¥
(here \; =1 and My =~;%"). O
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Proof of Corollary 1. Let us consider only case (1). The condition S, < 1 obtained in the
proof of Theorem 1 implies that the inequality

11 )\;ggi)l N |a()\§1)| < g% (3.14)

holds almost everywhere. This implies that for those £ € A\ A, for which [{| > Ao = Ay Y (Q(R_k)),
we can set a(§) = 0.

It follows immediately from the same inequality (3.14) that on the set o < |£| < 0, where

o0 = )\1/(%), we can take the smoothing factor a(-) equal to one. [

Corollary 2 follows from Corollary 1 for o = 0.
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