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Introduction

Take a linear space X, normed linear spaces Y0, Y1, . . . , Ym, and linear operators Ij : X → Yj for
j = 0, 1, . . . ,m. Fix an integer k with 0 ≤ k < m and real numbers δj ≥ 0 for j = 1, . . . ,m. Consider the
optimal recovery problem for the operator I0 : X → Y0 on the set

W = {x ∈ X : ‖Ijx‖Yj ≤ δj , j = 1, . . . , k} (1)

from the values of Ik+1, . . . , Im known with some error; for k = 0 we put W = X. Assume that for
each x ∈ W we know a vector y = (yk+1, . . . , ym) ∈ Yk+1 × · · · × Ym such that ‖Ijx − yj‖Yj ≤ δj for
j = k + 1, . . . ,m. Given y, we seek the element of Y0 closest in the metric of this space to I0x.
Let us proceed to a more precise statement of the problem. Each method that for a given vector y

indicates an approximation to the element I0x amounts to a mapping from Yk+1 × · · · × Ym into Y0. We
consider all possible methods or, in other words, all possible mappings ϕ : Yk+1 × · · · × Ym → Y0. For
each mapping ϕ of this sort define its recovery error as

e(I, δ, ϕ) = sup
x∈W, y∈Yk+1×···×Ym

‖Ijx−yj‖Yj≤δj , j=k+1,...,m

‖I0x− ϕ(y)‖Y0 ,

where I = (I0, I1 . . . , Im) and δ = (δ1, . . . , δm). We have to find the error of optimal recovery defined as

E(I, δ) = inf
ϕ:Yk+1×···×Ym→Y0

e(I, δ, ϕ), (2)

as well as the methods, if they exist, on which this infimum is attained; these methods are called optimal.
Actually, instead the operator I0 itself, which is given, we recover its values at the elements of W

from noisy information about them. However, this problem is traditionally called the recovery problem
for the operator I0.
In the simplest case, when I0, Ik+1, . . . , Im are linear functionals, while W , in contrast to (1), is

an arbitrary set in X and δk+1 = · · · = δm = 0, this problem was posed by Smolyak [1]. He proved that
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for every centrally symmetric convex set W there exists a linear optimal recovery method. Many articles
generalize this statement; see [2–8], as well as the references therein.
In [9], a general result pertaining to the existence of a linear optimal method in the case that m = 2,

while Y0, Y1, and Y2 are Hilbert spaces, was justified, and first concrete results on the recovery of linear
operators were obtained. This topic was further advanced in [10–12].
Basing on the second-order necessary conditions for extremum for abnormal problems, [13, 14] devel-

oped a method, whose use in this article enables us to obtain a series of results on the optimal recovery
of linear operators.

1. The Dual Problem and Lagrangian Minimality Condition

Refer as the dual problem to (2) to the extremal problem

‖I0x‖Y0 → max, ‖Ijx‖Yj ≤ δj , j = 1, . . . ,m, x ∈ X. (3)

The objective value of this problem yields a lower bound for E(I, δ) due to the following well-known
proposition; see [10, Lemma 1] for instance.

Lemma 1. We have
E(I, δ) ≥ sup

x∈X
‖Ijx‖Yj≤δj , j=1,...,m

‖I0x‖Y0 .

Assume that Y0, Y1, . . . , Ym are Hilbert spaces with inner products 〈·, ·〉Yj for j = 0, 1, . . . ,m. Then
it is convenient to pass to the squared objective value of (3) and consider the problem

‖I0x‖2Y0 → max, ‖Ijx‖2Yj ≤ δ2j , j = 1, . . . ,m, x ∈ X. (4)

Problem (4) is equivalent to the following:

q0(x)→ min, qj(x) ≤ δ2j , j = 1, . . . ,m, x ∈ X, (5)

where the quadratic forms qj are defined as

q0(x) = −〈I0x, I0x〉Y0 , qj(x) = 〈Ijx, Ijx〉Yj , j = 1, . . . ,m. (6)

We are interested in the question in which cases in the quadratic problem (5) the Lagrangian mini-
mality condition is satisfied, understood in the following strong sense.
Given real functions fj : X → R for j = 0, 1, . . . ,m, say that in the extremal problem

f0(x)→ min, fj(x) ≤ 0, j = 1, . . . ,m, (7)

the Lagrangian minimality condition is satisfied whenever there exist Lagrange multipliers λj ≥ 0 for
j = 1, . . . ,m for which

inf
x∈X
L(x, λ) = inf

x∈X
fj(x)≤0, j=1,...,m

f0(x).

Here L is the Lagrange function defined as

L(x, λ) = f0(x) +

m∑

j=1

λjfj(x), λ = (λ
1, . . . , λm).

The Lagrangian minimality condition need not always hold. We study (5), which is a particular
case of the general problem (7), but even in it the condition can be violated. Problem (5) yields the
corresponding example for m = 3, X = R2, x = (x1, x2) ∈ R2, δj = 1, and

q0(x) = −
(
x21 + x

2
2

)
, q1(x) = (x1 + 2x2)

2, q2(x) = (x1 − 2x2)2, q3(x) = 9x21.
Consider (5) with the quadratic forms qj of a more general form than those considered above. Namely,

assume that qj are of the form
qj(x) = 〈Qjx, x〉, j = 0, . . . ,m, (8)

where Qj : X → X∗ are prescribed linear operators.
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Proposition 1. Suppose that the objective value of (5) is finite and the Lagrangian minimality
condition holds, i.e., there exist λj ≥ 0 for j = 1, . . . ,m, such that

inf
x∈X
L(x, λ) = inf

x∈X
qj(x)≤δ2j , j=1,...,m

q0(x), λ = (λ
1, . . . , λm), (9)

where the Lagrange function L is defined as

L(x, λ) = q0(x) +

m∑

j=1

λj
(
qj(x)− δ2j

)
.

Then

inf
x∈X

qj(x)≤δ2j , j=1,...,m
q0(x) = −

m∑

j=1

λjδ2j = −min
μ∈Λ

m∑

j=1

μjδ2j , μ = (μ
1, . . . , μm), (10)

where Λ consists of those Lagrange multipliers μ for which μj ≥ 0 for j = 1, . . . ,m and the quadratic
form q0 + μ

1q1 + · · · + μmqm is nonnegative definite. Moreover, we have
inf
x∈X

qj(x)≤δ2j , j=1,...,m
q0(x) = inf

x∈X
m∑
j=1

λjqj(x)≤
m∑
j=1

λjδ2j

q0(x). (11)

Proof. Since the objective value of (5) is finite, it follows that

q0(x) +

m∑

j=1

λjqj(x) ≥ 0 (12)

for all x ∈ X. Consequently,
inf
x∈X
L(x, λ) = −

m∑

j=1

λjδ2j .

Take μ ∈ Λ and an admissible x ∈ X in (5). Then

q0(x) ≥ L(x, μ) ≥ −
m∑

j=1

μjδ2j .

Taking the lower bound over all admissible elements, we obtain

−
m∑

j=1

λjδ2j = inf
x∈X

qj(x)≤δ2j , j=1,...,m
q0(x) ≥ −

m∑

j=1

μjδ2j .

This implies the second equality in (10).
Let us establish (11). Suppose that x ∈ X and

m∑

j=1

λjqj(x) ≤
m∑

j=1

λjδ2j .

Then (12) yields

q0(x) ≥ q0(x) +
m∑

j=1

λjqj(x)−
m∑

j=1

λjδ2j ≥ −
m∑

j=1

λjδ2j .
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Consequently,

inf
x∈X

m∑
j=1

λjqj(x)≤
m∑
j=1

λjδ2j

q0(x) ≥ −
m∑

j=1

λjδ2j .

On the other hand,

inf
x∈X

m∑
j=1

λjqj(x)≤
m∑
j=1

λjδ2j

q0(x) ≤ inf
x∈X

qj(x)≤δ2j , j=1,...,m
q0(x) = −

m∑

j=1

λjδ2j . �

On assuming thatX is a Hilbert space, we present a condition that ensures the fulfillment of the above
minimality conditions for the Lagrange function for the quadratic problem (5), in which the quadratic
forms qj are of the form (8), where Qj : X → X are prescribed symmetric linear operators. Observe
that the quadratic forms qj are continuous because the symmetric operators Qj are continuous by the
Hellinger–Toeplitz Theorem.
Put

Λ =

{
λ̄ = (λ0, . . . , λm) : λj ≥ 0, j = 0, . . . ,m,

m∑

j=0

λj = 1

}
.

Recall that the index of a quadratic form, denoted by ind, is the maximal dimension of the linear
subspace on which this form is negative definite. This index can also take the infinite value.
Following [14], say that a system of quadratic forms qj for j = 0, 1, . . . ,m, satisfies condition A

whenever for all λ̄ ∈ Λ the quadratic form defined by the relation
λ0q0(x) + · · · + λmqm(x), x ∈ X,

is either nonnegative definite or has index greater than m.

Theorem 1. If X is a Hilbert space, the infimum in (5) is finite, and condition A holds, then the
Lagrangian minimality condition is fulfilled for this problem.

Proof. We will follow [14]. Put

D =
{
x ∈ X : qj(x) ≤ δ2j , j = 1, . . . ,m

}
, κ = inf

x∈D
q0(x).

The nonempty set D is closed since qj is continuous. Hence, D, equipped with the metric induced from
the complete space X, is itself a complete metric space. Therefore, we can apply to (5) the smooth
variational principle of Ioffe and Tikhomirov, Theorem 1 of [15]; see also Theorem 2.6.5 in [16]. Take
some ε > 0. Use Theorem 1 of [15], taking

λ = 3
√
ε, αn =

3
√
ε2−(n+1), βn = 2−(3n+2), ϕx,α(ξ) = 1−

∣∣∣∣
ξ − x
α

∣∣∣∣
2

.

Take some w ∈ D with q0(w) ≤ κ + ε. By the same theorem there exist a nonnegative sequence {θn}
and a sequence {xn} ⊂ D, depending on ε, converging to some point x∗ ∈ D, such that

θn ≤ 2−n, |xn − w| ≤ 3
√
ε, q0(xn) ≤ q0(w), (13)

for all n, while the function

f0,ε(x) = q0(x) +
3
√
ε

∞∑

n=1

θn|xn − x|2
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on D reaches its minimum at x∗. Observe that, furthermore, in terms of Theorem 1 of [15] we take
θn =

3
√
ε2γnα

−2
n .

To the problem with inequalities

f0,ε(x)→ min, qj(x)− δ2j ≤ 0, j = 1, . . . ,m,
at x∗ apply the second-order necessary conditions of Theorem 2.1 of [17]. By this theorem, there exist
Lagrange multipliers λ̄ε =

(
λ0ε, . . . , λ

m
ε

) ∈ Λ̄ satisfying Lagrange’s equation
∂Lε
∂x
(x∗, λ̄ε) = 0, (14)

the complementary slackness conditions

λjε
(
qj(x∗)− δ2j

)
= 0, j = 1, . . . ,m, (15)

and the second-order conditions

ind

(
∂2Lε
∂x2

(x∗, λ̄ε)
)
≤ m. (16)

Here

Lε(x, λ̄) = λ
0f0,ε(x) +

m∑

j=1

λj
(
qj(x)− δ2j

)
.

By construction, we can express f0,ε as a converging series of quadratic forms. Moreover, both this
series and the series of derivatives converge uniformly on every bounded set, while qj are quadratic forms.
This yields

〈f ′0,ε(x), x〉 = 2f0,ε(x), 〈q′j(x), x〉 = 2qj(x), j = 0, . . . ,m.
Therefore, multiplying (14) by x∗ and accounting for the complementary nonstiffness conditions (15), we
obtain

λ0ε

(
q0(x∗) + 3

√
ε

∞∑

n=1

θn|xn − x∗|2
)
= −

m∑

j=1

λjεδ
2
j . (17)

Passing in the second inequality in (13) to the limit as n→∞, we find |x∗−w| ≤ 3
√
ε, which by (13)

and the triangle inequality yields |xn − x∗| ≤ 2 3√ε for all n. Passing in the third inequality in (13) to
the limit as n → ∞, we obtain q0(x∗) ≤ q0(w) ≤ κ + ε, whence |q0(x∗) − κ| ≤ ε because x∗ ∈ D and so
q0(x∗) ≥ κ. From the resulting inequalities with λ0ε ≤ 1 we deduce that

∣∣∣∣λ
0
ε

(
q0(x∗) + 3

√
ε

∞∑

n=1

θn|xn − x∗|2
)
− λ0εκ

∣∣∣∣ ≤ 5ε. (18)

Let us take μ = (μ1, . . . , μm) with arbitrary μj ≥ 0 for j = 1, . . . ,m and show that for μ̄ε = (λ0ε, μ)
we have

inf
x∈X

L0(x, μ̄ε) ≤ λ0εκ+ 5ε. (19)

Indeed, since x∗ ∈ D, it follows that μj
(
qj(x∗)−δ2j

) ≤ 0 for j = 1, . . . ,m, and consequently, Lε(x∗, μ̄ε) ≤
λ0εf0,ε(x∗). Therefore, the obvious inequality f0,ε(x) ≥ q0(x), valid for all x ∈ X, yields

inf
x∈X

L0(x, μ̄ε) ≤ inf
x∈X

Lε(x, μ̄ε) ≤ Lε(x∗, μ̄ε) ≤ λ0εf0,ε(x∗).

Hence, (18) implies (19).
Assume henceforth that ε−1 takes only positive integer values. Extracting from the bounded sequence

{λ̄ε} of (m+1)-dimensional vectors a subsequence, assume that λ̄ε → λ̄ for some vector λ̄ = (λ0, . . . , λm).
It is obvious that λ̄ ∈ Λ̄.
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Let us study the family of quadratic forms ∂
2Lε
∂x2
(x, λ̄). As noted above, we can express the function

f0,ε as a converging series of quadratic forms, while qj are quadratic forms. Therefore, the quadratic

form ∂2Lε
∂x2
(x, λ̄) is independent of x and depends only on λ̄ and ε. However, if a sequence of quadratic

forms whose indices are bounded above by some number m converges uniformly on the unit ball to
some quadratic form then its index satisfies the same bound. This claim follows straightforwardly from
Theorem 2.3 of [17]. Therefore, by (16) the index of the quadratic form

∂2L0
∂x2

(x, λ̄) = λ0q0 + · · · + λmqm
is at most m. Consequently, by condition A this quadratic form is nonnegative definite.

By (17) and (18), we have
∣∣λ0εκ+

∑m
j=1 λ

j
εδ
2
j

∣∣ ≤ 5ε. Passing here to the limit as ε→ 0, we infer that

λ0κ = −
m∑

j=1

λjδ2j . (20)

However, then λ0 > 0 because all λj are nonnegative and not simultaneously vanishing, while all δj are
positive by assumption. Taking into account the positive homogeneity of the resulting relations with
respect to λ̄ and dividing them by λ0, without loss of generality we assume that λ0 = 1. The quadratic
form q0 + λ

1q1 + · · · + λmqm is nonnegative definite, while the minimum of each nonnegative definite
quadratic form equals zero. Therefore,

min
x∈X
L(x, λ) = −

m∑

j=1

λjδ2j ,

whence by (20) we obtain (9). �
Let us present the sufficient conditions that ensure the fulfillment of condition A .

Lemma 2. Take a dense linear subspace X̃ of X. Suppose that for every h ∈ X̃ with h = 0 there
exists a linear operator B = Bh : X̃ → X̃ such that for all j = 0, 1, . . . ,m we have
(1) qj(B

kh) ≤ qj(h) for k = 1, . . . ,m;
(2) 〈QjBk1h,Bk2h〉 = 0 for 0 ≤ k1 < k2 ≤ m.
Then the quadratic forms qj(x) for j = 0, 1, . . . ,m satisfy condition A .

Proof. Suppose that there exist λj ≥ 0 for j = 0, 1, . . . ,m, for which the quadratic form
q = λ0q0 + λ

1q1 + · · ·+ λmqm
is not nonnegative definite. Then there exists h ∈ X with q(h) < 0. Since X̃ is dense in X, we may
assume that h ∈ X̃ . Let us show that the index of q is greater than m. Consider the system of vectors
xj = B

jh for j = 0, 1, . . . ,m. Verify that for all α = (α0, α1, . . . , αm) = 0 the vector

x =

m∑

k=0

αkxk

satisfies q(x) < 0. Properties 1 and 2 yield

qj(x) =

〈
Qj

m∑

k=0

αkxk,

m∑

k=0

αkxk

〉
=

m∑

k=0

α2k〈Qjxk, xk〉

=
m∑

k=0

α2k〈QjBkh,Bkh〉 ≤
m∑

k=0

α2kqj(h) = qj(h)
m∑

k=0

α2k.

6



Hence,

q(x) =

m∑

j=0

λjqj(x) ≤
m∑

k=0

α2k

( m∑

j=0

λjqj(h)

)
= q(h)

m∑

k=0

α2k < 0,

and so x = 0. Therefore, x0, x1, . . . , xm are linearly independent, while q is negative definite on their
linear span of dimension m+ 1. Thus, the index of this form exceeds m. �
Remark. As Bh, it is often convenient to take Bh = A

n(h), where A : X̃ → X̃ is a prescribed linear
operator, while n(h) for each h takes positive integer values.

For instance, take as X the Hilbert space of pairs of vector functions w(t) = (ξ(t), u(t)) for t ∈ R,
where u(·) is a Lebesgue measurable m-dimensional function u(·) : R→ Rm whose the squared absolute
value is summable on R (denote the set of these functions by Lm2 (R)), while the absolutely continuous n-
dimensional function ξ(·) is a solution of the equation

ξ̇ = Dξ +Eu(t); (21)

furthermore, ξ(·) ∈ Ln2 (R). Here D and E are given real matrices of appropriate sizes. Define the
quadratic forms qj as

qj(w(·)) =
∫

R

(〈Gjξ(t), ξ(t)〉 + 2〈Qjξ(t), u(t)〉 + 〈Rju(t), u(t)〉) dt, (22)

where Gj , Qj, and Rj are given matrices of appropriate sizes.

It is known, see [18], that the subspace X̃ consisting of compactly-supported vector functions w(·) ∈ X
is dense in X. As the operator A, take the time-shift by 1; i.e., Aw(t) = w(t − 1). By Lemma 2 and
the remark following it, in this example condition A holds. The same arguments remain valid if in (22)
the integration, instead of the axis R, goes over the positive ray R+ or the negative ray R−, while the
trajectory ξ(·) obeys the additional condition ξ(0) = 0. Furthermore, in the first case in the definition of
the space X we have to assume additionally that u(t) = 0 and ξ(t) = 0 for all t ≤ 0, while in the second
case that u(t) = 0 and ξ(t) = 0 for all t ≥ 0, while taking as A the time-shift operator Aw(t) = w(t+1).
Proceed to a more general construction. Consider the measure space (T,Σ, μ), where T is a nonempty

set, Σ is a σ-algebra of subsets of T , called measurable, and μ is a nonnegative countably additive σ-finite
set function. The latter means that in T there exists a sequence Tn ∈ Σ of measurable subsets such that
μ(Tn) <∞ for all n and

⋃
n Tn = T .

Take a Hilbert space Y and consider the L2(T, μ, Y ) space consisting of measurable mappings f :
T → Y the square of whose absolute value |f |2 = 〈f, f〉 is summable on T . The inner product on it is
defined in the usual way. It is known [19] that L2(T, μ, Y ) is itself a Hilbert space.

In the family of measurable sets select a subfamily Σ̃ ⊂ Σ, assuming that μ(e) < ∞ for all e ∈ Σ̃,
and that this subfamily is closed under finite unions; i.e., e1, e2 ∈ Σ̃ implies e1 ∪ e2 ∈ Σ̃.
On L2(T, μ, Y ) consider the quadratic forms

qj(f) =

∫

T

〈Cjf(t), f(t)〉 dμ, j = 0, . . . ,m. (23)

Here Cj : Y → Y are prescribed symmetric linear operators.
Theorem 2. Given a closed linear space X ⊂ L2(T, μ, Y ), take a dense linear subspace X̃ of X and

assume that there exists a measurable mapping ϕ : T → T (i.e., the set ϕ−1(e) is measurable for every
measurable e ∈ Σ) satisfying the conditions:
(1) μ is invariant under ϕ on Σ̃ in the sense that ϕ−1(e) ∈ Σ̃ and μ(e) = μ(ϕ−1(e)) for every e ∈ Σ̃;
(2) for every measurable e ∈ Σ̃ there exists a positive integer n = n(e) such that μ(e ∩ ϕ−jn(e)) = 0

for each j = 1, . . . ,m (here ϕ−s is the sth iteration of the inverse mapping ϕ−1);
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(3) the linear operator of composition f → f ◦ ϕ = f(ϕ) keep X̃ invariant to the subspace and the
support of every f ∈ X̃ lies in Σ̃, i.e., {t ∈ T : f(t) = 0} ∈ Σ̃.
Then the Lagrangian minimality condition holds for (5) in which the quadratic forms qj are defined

in (23).

Observe that, by the first two assumptions on the measure μ, if it is nonzero then μ(T ) =∞.
Proof. Take h(·) ∈ X̃ and construct the corresponding linear operator Bh satisfying the conditions

of Lemma 2.
Denote by e0 = {t ∈ T : h(t) = 0} the support of h. Then e0 ∈ Σ̃ by condition 3. In view of

condition 2, there exists a positive integer n = n(e0) such that μ(e0 ∩ ϕ̃j(e0)) = 0 for j = 1, . . . ,m, where
ϕ̃ = ϕ−n.
Introduce the sets ej = ϕ̃

j(e0) for j = 1, . . . ,m. Then condition 1 yields ej ∈ Σ̃. Moreover,
μ(ej ∩ e0) = 0 for each j = 1, . . . ,m, as well as μ(ej) = κ, where κ = μ(e0) < ∞ because μ is also
invariant under ϕnj .
Let us show that

μ(ek1 ∩ ek2) = 0 ∀ k1, k2 : 0 ≤ k1 < k2 ≤ m. (24)

For k1 = 0 these equalities are noted above. Assume that k1 ≥ 1 and verify that then
μ(ek1 ∪ ek2) = μ(ek1−1 ∪ ek2−1). (25)

Indeed, since the image of the union of two sets equals the union of their images,

ϕ̃(ek1 ∪ ek2) = ϕ̃(ek1) ∪ ϕ̃(ek2) = ek1−1 ∪ ek2−1
=⇒ μ(ek1 ∪ ek2) = μ(ϕ̃(ek1 ∪ ek2)) = μ(ek1−1 ∪ ek2−1),

which proves (25).
From (25), decreasing the positive integer k1 to zero, we infer that μ(ek1 ∪ ek2) = μ(e0 ∪ ej) for

j = k2 − k1. However, μ(e0 ∩ ej) = 0 and so μ(ek1 ∪ ek2) = 2κ. Moreover, μ(ek1) + μ(ek2) = 2κ; since
μ(ek1 ∩ ek2) = μ(ek1) + μ(ek2)− μ(ek1 ∪ ek2) we obtain (24).
By condition 3, define the linear operator of composition A : X̃ → X̃ as (Af)(t) = f(ϕ(t)) for t ∈ T

and the operator Bh : X̃ → X̃ as Bh = An, where n = n(e0). By construction,
(
Bkhh
)
(t) = h(ϕnk(t)) = 0

for almost all t /∈ ek. By (24), for all k1 < k2 and almost all t ∈ T this yields
〈
Cj
(
Bk1h h

)
(t),
(
Bk2h h

)
(t)
〉
= 0.

The argument directly implies the validity of condition 2 of Lemma 2.
Let us verify condition 1 of Lemma 2. To this end, it suffices to show that

∫

T

〈Cjh(t), h(t)〉 dμ =
∫

T

〈Cjh(ϕnk(t)), h(ϕnk(t))〉 dμ (26)

for all j and k. Indeed, let us verify that every set T̃ ⊂ T of finite measure satisfies
∫

T̃

〈Cjh(t), h(t)〉 dμ =
∫

T̃

〈Cjh(ϕnk(t)), h(ϕnk(t))〉 dμ. (27)

Fix some ε > 0. Take a simple function hε such that |〈Cjh(t), h(t)〉 − 〈Cjhε(t), hε(t)〉| ≤ ε for almost all
t ∈ T . Assume that hε takes countably many values ys for s = 1, 2, . . . . Then

∫

T̃

〈Cjhε(t), hε(t)〉 dμ =
∞∑

s=1

〈Cjys, ys〉μ(Ts), Ts = {t ∈ T̃ : hε(t) = ys}.

Consider the simple function hε(ϕ
nk). For each s we have

μ({t ∈ T̃ : hε(ϕnk(t)) = ys}) = μ(ϕ(−nk)(Ts)) = μ(Ts).
8



This implies that ∫

T̃

〈Cjhε(t), hε(t)〉 dμ =
∫

T̃

〈Cjhε(ϕnk(t)), hε(ϕnk(t))〉 dμ,

which forces (27) because ε > 0 is arbitrary. The validity of (26) follows because (27) holds for every

set T̃ of finite measure. Thus, condition 1 of Lemma 2 also holds (and moreover, as an equality).
By Lemma 2, the quadratic forms qj(x) for x ∈ X and j = 0, 1, . . . ,m defined in (23) satisfy

condition A . Thus, the validity of Theorem 2 follows from Theorem 1. �
Let us present several natural examples in which the main assumptions of Theorem 2 are fulfilled.

To start with, take T = Rd, the d-dimensional space with Lebesgue measure μ. Then we can take as Σ̃
the family of bounded Lebesgue measurable sets. Take as the mapping ϕ the translation by an arbitrary
fixed nonzero vector t̄ ∈ Rd, i.e., ϕ(t) = t+ t̄ for t ∈ Rd.
Now take T = Zd, where Zd is the set of integer d-dimensional vectors z, while μ is a discrete

measure such that μ(z) = 1 for all z ∈ Zd. Take as Σ̃ the family of bounded subsets of Zd, while as ϕ
the translation by a nonzero integer vector z̄, i.e., ϕ(z) = z + z̄ for z ∈ Zd.
Let us present one more example. Take the cylinder T = T1 × T2, where T1 is either Rd or Zd,

while the measure μ1 defined on T1 is accordingly either the Lebesgue measure or the discrete measure
described above. Take as T2 a measurable subset of R

d or Zd with the corresponding measure μ2. Define

the measure μ on T as the product measure, i.e., μ = μ1 ⊗ μ2. In this case, as above, take as Σ̃ the
family of measurable bounded subsets (this is always the natural choice for Σ̃ whenever T is equipped
with a metric). As ϕ we have to take the translation along the space T1, i.e., ϕ(t) = t + (̄t1, 0) for

t = (t1, t2) ∈ T , where t̄1 is an arbitrary nonzero element of T1. Observe that in all cases the subspace X̃
consists of compactly supported functions.

2. Recovery Problems on Assuming the Lagrange Minimality Condition

It turns out that when the Lagrangian minimality condition is fulfilled for (5), together with an ad-
ditional solvability condition, we can explicitly express the error E(I, δ) of optimal recovery in terms of
the corresponding Lagrange multipliers, as well as find an optimal recovery method.

In the direct product of Ŷ = Yk+1 × · · · × Ym define the norm in the usual fashion as

‖y‖
Ŷ
=

( m∑

j=k+1

‖yj‖2Yj
)1/2
.

Theorem 3. Assume that in (5), where qj for j = 0, 1, . . . ,m are defined by (6), the Lagrangian
minimality condition holds with Lagrange multipliers λj for j = 1, . . . ,m. Suppose that there exist dense

linear subspaces Ỹj ⊆ Yj for j = k+1, . . . ,m, and a continuous linear operator A : Yk+1× · · · ×Ym → Y0
such that for all y = (yk+1, . . . , ym) ∈ Ỹk+1 × · · · × Ỹm there exists a solution xy ∈ X to the equation

m∑

j=1

λjI∗j Ijx =
m∑

j=k+1

I∗j yj (28)

and Ay = I0xy. Then the error of optimal recovery equals

E(I, δ) =

( m∑

j=1

λjδ2j

)1/2
,

while the method ϕ(y) = AΛy, where Λy = (λk+1yk+1, . . . , λ
mym), is optimal.

Proof. Lemma 1 and Proposition 1 yield the lower bound

E(I, δ) ≥
( m∑

j=1

λjδ2j

)1/2
. (29)

9



To obtain an upper bound, consider the linear space E = Y1 × · · · × Ym with the inner semiproduct

(y1, y2)E =

m∑

j=1

λj
(
y1j , y

2
j

)
Yj
,

where y1 =
(
y11, . . . , y

1
m

)
and y2 =

(
y21, . . . , y

2
m

)
. Put Ĩx = (I1x, . . . , Imx) and ỹ0 = (0, . . . , 0, yk+1, . . . , ym).

If xΛy ∈ X is a solution to (28) then (ĨxΛy, Ĩx)E = (ỹ0, Ĩx)E for all x ∈ X. This yields

‖Ĩx− ỹ0‖2E = ‖Ĩx− ĨxΛy + ĨxΛy − ỹ0‖2E = ‖Ĩx− ĨxΛy‖2E + ‖ĨxΛy − ỹ0‖2E .
Thus,

‖Ĩx− ĨxΛy‖2E ≤ ‖Ĩx− ỹ0‖2E =
k∑

j=1

λj‖Ijx‖2Yj +
m∑

j=k+1

λj‖Ijx− yj‖2Yj (30)

for all x ∈ X.
Suppose that x ∈ W and y = (yk+1, . . . , ym) ∈ Yk+1 × · · · × Ym satisfy ‖Ijx − yj‖ ≤ δj for j =

k + 1, . . . ,m. Then for every ε > 0 there exists ỹ = (ỹk+1, . . . , ỹm) ∈ Ỹk+1 × · · · × Ỹm such that
‖yj − ỹj‖Yj ≤ ε for j = k + 1, . . . ,m. Therefore,

‖Ijx− ỹj‖Yj ≤ ‖Ijx− yj‖Yj + ‖yj − ỹj‖Yj ≤ δj + ε, j = k + 1, . . . ,m.
Put z = x− xΛỹ. Then (30) implies that

m∑

j=1

λj‖Ijz‖2Yj ≤
m∑

j=1

λj δ̃2j , (31)

where

δ̃j =

{
δj for 1 ≤ j ≤ k,
δj + ε for k + 1 ≤ j ≤ m.

We estimate the error of the method ϕ(y) = AΛy as

‖I0x−AΛy‖Y0 ≤ ‖I0x−AΛỹ‖Y0 + ‖AΛ(ỹ − y)‖Y0 ≤ ‖I0x− I0xΛỹ‖Y0 + ‖AΛ‖(m− k)ε.
It is not difficult to verify that for all a, b > 0 we have

sup
z∈X

m∑
j=1

λj‖Ijz‖2Yj≤a
2

‖I0z‖2Y0 =
a2

b2
sup
x∈X

m∑
j=1

λj‖Ijx‖2Yj≤b
2

‖I0x‖2Y0 .

Using (31) and Proposition 1, we obtain

‖I0x− I0xΛỹ‖2Y0 = ‖I0z‖2Y0 ≤ sup
z∈X

m∑
j=1

λj‖Ijz‖2Yj≤
m∑
j=1

λj δ̃2j

‖I0z‖2Y0

=

m∑
j=1
λj δ̃2j

m∑
j=1
λjδ2j

sup
z∈X

m∑
j=1

λj‖Ijz‖2Yj≤
m∑
j=1

λjδ2j

‖I0z‖2Y0 =
m∑

j=1

λj δ̃2j .
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Since ε > 0 is arbitrary,

‖I0x−AΛy‖Y0 ≤
( m∑

j=1

λjδ2j

)1/2
. (32)

It follows from (29) and (32) that

E(I, δ) =

( m∑

j=1

λjδ2j

)1/2
,

and the method ϕ(y) = AΛy is optimal. �
Let us make several remarks. Equation (28) arises from the necessity to solve the extremal problem

k∑

j=1

λj‖Ijx‖2Yj +
m∑

j=k+1

λj‖Ijx− yj‖2Yj → min, x ∈ X.

It appears in the approach to constructing an optimal recovery method that was proposed in [9]. However,
in some cases this equation has a solution only for some yj ∈ Yj , where j = k + 1, . . . ,m. This situation
comes up, for instance, in recovering solutions to the heat equation at a fixed time from noisy solutions
to this equation at times [12]. In connection with this, we have to consider solving (28) on the direct
product of dense subsets of Yj for j = k + 1, . . . ,m.
Return now to the general construction of Theorem 2. Assume that T , μ, Y , and X satisfy the con-

ditions of the theorem. Consider problem (2), where X is the same as in Theorem 2, while Y0, Y1, . . . , Ym
are Hilbert spaces. Put C0 = −I∗0I0 and Cj = I∗j Ij for j = 1, . . . ,m. Theorem 2 ensures the fulfillment
of the Lagrangian minimality condition with certain Lagrange multipliers λj ≥ 0 for j = 1, . . . ,m, which
in particular implies that the quadratic form generated by C = λ1C1+· · ·+λmCm is nonnegative definite.
Assume in addition that C is strictly positive, i.e., there exists ε > 0 such that 〈Cx, x〉 ≥ ε|x|2 for

all x ∈ Y . Then C is continuously invertible. Therefore, Theorem 3 yields

E(I, δ) =

( m∑

j=1

λjδ2j

)1/2
,

and the method

ϕ(y) = I0(λ
1C1 + · · ·+ λmCm)−1(λk+1I∗k+1yk+1 + · · · + λmI∗mym)

is optimal.
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