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The Hardy–Littlewood–Paley inequality [1] is the
sharp inequality

(1)

which holds for all functions x(·) from the Sobolev

space (�) = {x(·) ∈ L2(�)| x(n – 1)(·) is locally abso�

lutely continuous, x(n)(·) ∈ L2(�)}, where k and n are
positive integers such that k < n.

The sharpness of inequality (1) means that that, for
any δ1 > 0 and δ2 > 0, the value of the problem (i.e., the
supremum of the maximized functional)

(2)

is .

Problem (2) is closely related to the optimal recov�

ery of the kth derivative of a function x(·) ∈ (�)
from inaccurate data on the function itself and its nth
derivative. Assume that we are given (observe) func�
tions y1(·) ∈ L2(�) and y2(·) ∈ L2(�) such that ||x(·) –

y1(·)  ≤ δ1 and ||x(n)(·) – y2(·)  ≤ δ2. The opti�

mal recovery problem is to find the error of optimal
recovery
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where the infimum is taken over all mappings m: L2(�) ×
L2(�) → L2(�), and to find those m for which the infi�
mum is attained, which are called optimal recovery
methods.

It turns out that the optimal recovery error is equal
to the value of problem (2) and there are whole fami�
lies of optimal methods for recovering the kth deriva�
tive. More precisely, the following result holds.

Theorem. Let k and n be positive integers such that
k < n, an let δ1 > 0, δ2 > 0, and

Then

and, if a(·) is a function on � such that

(4)
for a.e. ξ ∈, then the method ma: L2(�) × L2(�) →
L2(�) defined by the formula

(5)

is optimal; here, Λi: L2(�) × L2(�), i = 1, 2, are linear
continuous operators whose Fourier transforms are
defined as FΛ1y1(ξ) = a(ξ)Fy1(ξ) and FΛ2y2(ξ) =
(iξ)–n((iξ)k – a(ξ))Fy2(ξ).

The operators Λ1 and Λ2 are convolution operators
whose kernels are, generally speaking, distributions
(generalized functions). Consider a two�parameter
family of such operators such that their kernels are
usual functions with a fairly simple description.
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Corollary. Let k and n be positive integers such that
k < n, and let δ1 > 0, δ2 > 0, and

Then, for any pair (σ1, σ2) ∈ [0, ] × [ , ∞], the method

is optimal; here, the kernels  and  are

such that their Fourier transforms have the form

and F (ξ) = 0 for |ξ| ≥ σ2 if σ2 < ∞;

and F (ξ) = (iξ)k – n for |ξ| ≥ σ2 if σ2 < ∞.

Note that an optimal method for recovering the kth
derivative is linear and means that the “observations”
y1(·) and y2(·) are “smoothed” (i.e., contracted with

the kernels (·) and (·), respectively, and are

then added.
Similar in spirit, the problem of optimally recover�

ing a function and its derivatives from an inaccurate
spectrum of the function was considered in [2, 3].

Proof of the theorem. First, we show that the opti�
mal recovery error is no smaller than the value of prob�
lem (2). Indeed, let x(·) be an admissible function in (2).
Then, obviously, the function –x(·) is also admissible
and, for any m: L2(�) × L2(�) → L2(�), we have
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Passing to the supremum over all admissible functions
in (2) on the left�hand side and to the infimum over all
methods m on the right�hand side, we obtain the
required result.

The since the recovered operator (kth derivative) is
translation�invariant, it is natural to search for optimal
methods among such operators. In terms of Fourier
transforms, the action of a translation�invariant oper�
ator from L2(�) to L2(�) is multiplication by a func�
tion from L

∞
(�) (see [4]). Therefore, optimal meth�

ods are sought in the form
(6)

where FΛiyi(·) = ai(·)Fyi(·) and ai(·) ∈ L
∞
(�) for i = 1, 2.

It follows from (3) that the optimality of a method
m means that the value of the problem

(7)

is E(Dk, (�), δ1, δ2).

Method (6) must be sharp for functions from

(�); i.e., the following identity must hold:

(8)

Otherwise, the value of problem (7) is equal to infinity.

Indeed, if (8) does not hold for some x0(·) ∈ (�),
then the maximized functional can be made arbitrarily
large by setting x(·) = Cx0(·), y1(·) = Cx0(·), and y2(·) =

C (·) in (7) and choosing C ∈ �.

By applying the Plancherel theorem, taking into
account identity (8) (in terms of Fourier transforms),
and introducing z1(ξ) = Fx(ξ) – Fy1(ξ) and z2(ξ) =
(iξ)nFx(ξ) – Fy2(ξ), it is easy to see that the squared
value of problem (7) is equal to the value of the prob�
lem

(9)

Let us estimate the maximized functional from above.
For any λi > 0, i = 1, 2, and any ξ ∈ �, we have the
Cauchy–Schwarz inequality

Integrating it (with (·) denoting the first (paren�

thesized) multiplier on the right�hand side) and taking
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into account the constraints in problem (9), we find
that the value of the latter does not exceed

Choosing ai(·) ∈ L
∞

(�) and λi > 0, i = 1, 2, such that
 ≤ 1 and

(10)

we conclude (in view of the lower bound obtained for

E(Dk, (�), δ1, δ2)) that the corresponding method
is optimal and

By virtue of (8), passing to Fourier transforms, we
see that a1(·) and a2(·) are related by the formula
(iξ)k = a1(ξ) + (iξ)na2(ξ) for a.e. ξ ∈ �. Replacing a2(·)
in (·) by its expression in terms of a1(·) yields

Then it is easy to see that the condition  ≤ 1

can be written as inequality (4) (with a1(·) replaced
by a(·)). The numbers λ1 > 0 and λ2 > 0 must be such
that (in addition (10)) the expression under the root on
the right�hand side of (4) is nonnegative on �. If λ2 is
expressed as a function of λ1 from (10) and the result is
substituted under the root in (4), then the nonnegativ�
ity of the expression under the root means that

(11)

for allξ ∈. Obviously, the function on the left�hand

side vanishes at the point . For inequality (11)

to hold, this point must be a minimizer of the function.
From this condition, we easily find λ2. An expression
for λ1 follows from (10). Thus, with these λ1 and λ2, the
expression under the root in (4) is nonnegative on �.

It follows from (4) that the functions ξ � a(ξ) and
ξ � (iξ)–n((iξ)k – a(ξ)) belong to L

∞
(�); thus, Λ1 and

Λ2 are linear continuous operators.
Proof of the corollary. It follows directly from the

theorem that the function

defines an optimal method. Setting a2(ξ) = (iξ)–n((iξ)k –
a1(ξ)) and substituting the expressions for λi (i = 1, 2)
into those for a1(·) and a2(·), we find that ai(·) =

F (·), i = 1, 2. It is easy to see that ai(·) ∈ L2(�), i =
1, 2. Therefore, method (5) can be written as convolu�

tions with the kernels (·) and (·). This proves
the corollary for the case of σ1 = 0, σ2 = ∞.

Let σ1, σ2) ∈ (0, ] × [ , ∞). We show that the

functions ai(·) = F (·) with the same λi (i = 1, 2)

also define an optimal method. Indeed, a1(ξ) = (iξ)k

on the interval |ξ| < σ1. Hence, (ξ) = . Since

σ1 ≤ , it is straightforward that (ξ) ≤ 1 if |ξ| < σ1.

On the interval σ1 ≤ |ξ| < σ2, the functions ai(·) are the

restrictions of F (·), i = 1, 2, to this interval.
Therefore, by virtue of what was proved above,

(ξ) ≤ 1 if σ1 ≤ |ξ| < σ2. Finally, if |ξ| ≥ σ2, then

(ξ) =  ≤  = 1.
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