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Abstract—The paper is concerned with sharp Carlson type inequalities of the form

0Oz, ry < Ko, cry max ;e

where T is a cone in R? and the weight functions w;(+), j = 1,...,n, are homogeneous with
some symmetry property.
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1. INTRODUCTION

Suppose that T is some nonempty set, X is a o-algebra of subsets of T', and pu is a nonnegative
o-additive measure on ¥. Denote by L, (T, u) the family of all ¥-measurable functions with values
in R or C for which

1/p
1)l = (/m ww) oo, 1<p<oo

For T C R? and dp = dt, t € RY, we write Ly(T) = Ly(T, u).
The Carlson inequality [1]

le @z es) < VARl g, O g, ) Re = [0,+00),

was generalized by many authors (see [2-9]). In [7], a sharp constant was found in the inequality

lo OOz < KllwoQzONL gl OzOE - (L1)

where T is a cone in a linear space; w(-), wp(+), and wy(-) are homogeneous functions; p is a
homogeneous measure; and 1 < ¢ < p,r < oo (for T = R?, the sharp constant was obtained in [5]).
Recall that a constant K is called sharp if it cannot be replaced by a smaller value. The inequality
in this case is called sharp.

1Faculty of Mechanics and Mathematics, Moscow State University, Moscow, 119991 Russia

2Kharkevich Institute for Information Transmission Problems of the Russian Academy of Sciences, Moscow, 127994
Russia

e-mail: kosipenko@yahoo.com

S211



S212 OSIPENKO

Finding the sharp constant in inequality (1.1) is closely related to the following extremal
problem:

lw()eOlly (@ = max,  fwo()z( )L, <6 Nwi()zOllz, @ <1,

where 0 > 0. In the present paper, we study the extremal problem

lw )z, mp = max,  Jwo()z( ), mm <0, Moz, rw <1, d=1,...,n, (12)
where the functions w(-), wo(-), and w;(-), j = 1,...,n, are homogeneous and the functions w;(-),
j=1,...,n, satisfy some additional symmetry properties. The obtained results are used to derive

sharp Carlson type inequalities with many weights.

A series of general results concerning problem (1.2) were obtained in [9], but there the main
attention was focused on problems of optimal recovery of linear operators, and sharp Carlson type
inequalities were derived as corollaries of extremal problems arising in the construction of optimal
recovery methods. In the present paper, we obtain these inequality directly.

2. HOMOGENEOUS WEIGHT FUNCTIONS ON A CONE IN A LINEAR SPACE

Suppose that 7" is a cone in a linear space; p(-) is a homogeneous measure of order d; |w(-)
and |wp(-)| are homogeneous functions of orders ¢ and 6y, respectively; and |w;(-)|, 7 = 1,...,n,
are homogeneous functions of order 1. We will assume that w(t), wo(t) # 0 and > 7, |w;(t)] # 0

for almost all t € T. If 1 < ¢ < p,r < oo, then, for k € [0,1), the function k/®~9(1 — k)~1/(r=a)
monotonically increases from 0 to +00. Consequently, there exists a function k(-) such that

k‘l/(p_Q) (t) _ w (p q)(r q) ( t —1/(r=a) (2 1)
(L~ kD)0~ lu(e |
for almost all ¢ € T'. Define

"0 — 0o+ d(1/r —1/p)’

Theorem 1. Let1<g<p,r<oo and; —0—d(1/q—1/r)#0. Assume that
_/‘ w(z)
wo(2)

w qr/(p q) (e .
Ijp1 = /’| |]Pr/p q) lwj(2)["k /e q)(z)d,u(z) <00, j=1L..om,

pq/(p—q)

kp/(p—q)(z) du(z) < oo,

and, in addition, Iy = ... = In41. Then, for all x(-) # 0 such that wo(-)z(-) € L,(T,p) and
wj(-)x() € Ly(T, ), 3 =1,...,n, we have the sharp inequality
)2y < KOO, 1 mas 5Oz T 23)
where
K =177 100 4 ngp)le, (2.4)
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SHARP CARLSON TYPE INEQUALITIES 5213

To prove this theorem, we will need two lemmas. The first of them is essentially the sufficient
condition of extremum from the Karush—-Kuhn—Tucker theorem (see, for example, [10, p. 39]); we
give this proof because it is very simple.

Let f;: A= R, j = 0,1,...,k, be functions defined on some set A. Consider the extremal
problem

fo(x) = max, fj(z) <0, j=1,...,k x€A, (2.5)

and its Lagrange function
L(z,\) = —folx +ZAfJ A= (e M)

Lemma 1. Assume that there exist Xj >0,5=1,....k, and an element T € A feasible in
problem (2.5) for which

(a) min£(z, N =L@, A=01. ),

(b) )\]f](az) = O, j = 1, e ,k.

Then T is an extremal element in problem (2.5).

Proof. For any element x € A feasible in problem (2.5),

—fo(x) = L(x,X) > L(F,N) = —fo(@). a

Lemma 2 is a special case of Lemma 3 from [7].

Lemma 2. Foralla,b> 0 such thata+b> 0 and alll < q < p,r < 0o, there exists a unique
solution uw > 0 of the equation

q + pauP~? +rbu""1 = 0.

Moreover, for all u > 0,
—u? 4+ au? +bu" < —u? + auP +bu".

Proof of Theorem 1. Define

2(t) = |wo(t)] P/ <q|1;§0>|")” )

where the parameters \g,& > 0 are chosen so that

[luo®Pe @ dut) =57, [ w07 @ dut) =1, G =1, (2.6)

T T

Making the change z = £t and using the homogeneity of the functions w(-), wo(-), and wj(-),
j=1,...,n, and of the measure u(-), we obtain

/ w05 (0) du(t) = (-
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Similarly, we find

o r/(p—q) —0Var/ (p—a) (60— 1) — .
/‘wj(t)’Tx (t) du(t) = (1%0) [ 000/ br@o=00)=d 51,
T

Thus, equalities (2.6) have the form

q >p/(p a)

<_ 5(90 Jap/(p—qa)—d _ sp
PAo ’

<2%0>7«/(p q) 5(60 )ar/(p—q)+r(0o—01)—d _ 1, j=1,...,n.
It is easy to see that these equalities are satisfied for

¢ = (511—1/10[21/7“)1/(91—€o+d(1/7‘—1/10))7 Ao = ]%I%_Q/pf(go—@)q—d(l—q/p)6q—p'

Consider the following extremal problem, which is equivalent to (1.2):

/ [ (£)|9]2(£)| dpe(t) — max, / o (£) Pl (8) P du(t) < &7,
T

4 (2.7)
[lw@reOrdm <1 j=1..n
T
The Lagrange function for this problem has the form
L(z(-),\) = /L(t,a;(t),X) du(t), A= (Ao, As---An),
T
where
L(t, (), ) = —[w(t)|*|z(t)|? + Mo[wo (B)P|=(t) [P + |a(t) ZA |w;(¢)
From the definition of the function z(-), we get
pAolwo(t)[PZP~4(t) = qlw(t)|"k(Et), (2.8)

a~ (r—
TZ”‘U et _TZ‘MJ )| Jwo (£)]| P9/ (P=0) <q’1;))§\0)‘ >( 0/ = q)k(r—q)/(p—Q)(St)'

It follows from (2.1) and the homogeneity of the functions |w(-)|, |wo(-)|, and w;(-), 7 =1,...,n,
that

n

R/ (=0) (¢p) — ‘ :;)O(étt)) ‘q@—”/ (p—a) (Z

T

~—

w; (Et
wo (£1)

-1
) (- k()

j=1

— ¢(6=b0)a(p—r)/(p—9)=(6:1—60)r (t) ‘q(p_r)/(p_q)(z w;(t)

wo (t) wo (t)

7 k),

Jj=1
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Thus,

- e (r—a)/(p—a) 5 Y () — (61— )
TZ|wj(t)|r$ 9(t) :7“(1%0) ¢O0=00)ap=r)/ (=) =(O1=00)r 3y (4)|9(1 — k(EL)).

Define

_ 4 (TP (95 -0)q(p—r)/(p-a)+ (61 ~00)r
A= T <p)\0> g .

Then
MZ lw;i(@)]"2"(t) = qlw(t)|(1 — k(&t)). (2.9)

Adding (2.8) and (2.9), we obtain
PAolwo(t)[PZP~( +7“>\Z |w; 2" () = qlw(®)[. (2.10)

It follows from Lemma 2 that, for all functions z(-) feasible in (2.7) and almost all ¢ € T, the
following inequality holds with A = (Ag, A, ..., \):

L(t,2(t),\) < L(t,z(t), \).

Consequently,

Since equalities (2.6) are satisfied, we find from Lemma 1 that Z(-) is an extremal function in
problem (2.7). Using (2.10) and (2.6), we get

sup w01, 10 = [ 1O du(e)
lwo ()& (I L (7,) SO A
llw; (e Ly (7, <15 G=1,05m

-1 ol PAgOP + nrA
=q / pAolwo(t)PZP(t) + 1A ) |w;(t)"z u(t) = —————
J ( Z i > q (2.11)

= [il_q/pg(@o—(?)q—d(l—q/p)54 +n <@

(r—q)/(p—q)
2)

¢(Oo=0)alp=r)/(p=a)+(®1—b0)r
= [P gO0=0)a—d(1=a/p) 50 4 /PP ¢(b0—0)a—d(r/p=a/p)+(O:1—00)r sa—r — 50V K9,
Let z(-) # 0, wo(-)x(:) € Ly(T, p), and w;(-)z(-) € L, (T, ) for j =1,...,n. Define
—1
A= s ey (2Ol 8= A w0020l -
Then it follows from (2.11) that
A )f, o < ST,
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This implies inequality (2.3). If we assume that there exists a constant K; < K for which (2.3)
also holds, then

sup lwQaOL, 7,y < K17 < K967,
lwo()z( I Ly (1,) <6
lw; DzOllLy (7, <L, §=1,..n
which contradicts (2.11).
The theorem is proved. O

The statement of Theorem 1 for n =1 was proved in [7].

3. HOMOGENEOUS WEIGHT FUNCTIONS ON A CONE IN R?

Assume that T is a cone in R?, du(t) = dt, |w(-)| and |wo(-)| are homogeneous functions of
orders § and 6y, and |w;(-)|[, 7 = 1,...,n, are homogeneous functions of order #;. As before, we
will assume that w(t),wo(t) # 0 and Z 1 lw;(t)| # 0 for almost all ¢ € T'. Consider the spherical
coordinate system

t1 = pcoswi,
to = psinw; cosws,

tg—1 = psinwisinwsy...sinwg_o COSWi—1,
tqg = psinwisinws...sinwg_osinwg_q.

Define w = (w1, ...,wy—1). For any function f(-) given on R?, we introduce the notation

f(w) = |f(coswi,...,sinwy sinws . ..sinwg_osinwg_1)|.
Note that if the function |f(-)| is homogeneous of order «, then f(w) = p~*|f(t)|. Denote by  the
range of w when t € T'. Since T is a cone, it follows that € is independent of p.
Assume that v € (0, 1), where 7 is given by (2.2). Define a number ¢* by the formula

It is easy to see that ¢* > ¢ > 1. In addition,

. _ pqr(01 — 0g + d(1/r — 1/p))
(01— 0o)r(p—q) — (0 —bo)g(p — )

Define

J(W) = Sind_2 w1 Sind_3 Wy ...SiNwWgi_9.

Theorem 2. Let1<gq<p,r<oo and~y € (0,1). Assume that

@ (w)
I= 7 (W) dw < o0
!Nﬂ( ) (S, @ (w)

and I = ... = I, where

W7 (w) @ (w) .
I]'-: J oy — J(w) dw, =1,...,n.
/~q M(w )(Zk L (w ))q (1=7)/r+1 J
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SHARP CARLSON TYPE INEQUALITIES S217

Then, for all x(-) # 0 such that wo(-)x(-) € Lp(T) and w;(-)z(-) € L,(T), j =1,...,n, the following
sharp inequality holds:

IOzl < Kllwo(eO}, gy max [wOzOllL 7.

1<j<n
where
i — o (LT B (q*y/p,a" (L —)/r) I V'
K=~ ( n ) (]01—00+d(1/p_1/7«)‘(77,_’_(1_,},)]))) ; (3.1)

here B(:,-) is the Euler B-function.
Proof. We compute the quantity Iy from Theorem 1 by passing to spherical coordinates. We

have (2) paro
w(z) |pa/(p—q
I = P/ (p—q)
' /‘wo(z)‘ (=) dz
T
:/<1~u(w) )qp/(p_q)J(w) duw / p(0=00)ap/ (r=0)+d=110/(=0) (1, 1) dp.
2 wo(w) ;

Passing to spherical coordinates, we obtain the following equality for the function k(-):

(p—r)
EY®=9) (p, w) (0-60)a(p—r) —(01 ~00)r(p—0) 5 P= =) (w)at/ P~ (w)

(1 — k‘(p7 w))l/(r—q) = (p—a)(r—aq) A —a)
(Zh @)

Therefore,
R RV N . (0120 bl @)@ ()
r—a n o \Pd
(p,w) (ijl @ (w))

Fix w € Q. Then

T —r ~P\T— C _
dp(0=bo)ap/(p—a)+d _ wi® ’(W)wé’( ? (w) d(l — k)0
S e

wap—r) (w){ljg(’“_q) (w) ¢ (1 — k)p-a)¢-1
Ly ) wee

where
(0 —bo)gp +d(p — q) ¢ (1—9)

(=) (01 = bo)r(p —q) = (0 —o)ap—7))  r(p—q)
If p changes from 0 to 400, then k changes from 0 to 1 for (61 — 0o)r(p —¢q) — (6 —0o)g(p —7r) <0
and from 1 to 0 for (0, — 0o)r(p —q) — (0 — 6)q(p — ) > 0. Therefore,

(=

—+00 “+o00
(6=00)ap/ (p=a)+d=11.0/(=0) () ) dp — pP—49 / 1P/ 0=0) () dp0—00)ap/ (p=a)+d
O/p (p,w)dp T O+ a0 | (p,w)dp

B 1 @q(p—r)(w)zﬁg(T_q)(w) ‘
O = Oo)r(p— ) = (0= Oo)alp — )|\ (X0, @h(w))"
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1
— k) p—a)¢-1
X /kp/(p—q) L(T —q+ (p—r)k)dk
0

L(r—q)¢+1
_ 1 @0 W) w) |
10— 00— ) — (0 GoJalp— 1] ( e arwy ) T
where
1
(r=a) [0 -1 db= (=BG + 1,9
0
h p+1
=) [RH =BT = (=BG +2.D) = (0 - )T B 1,9)
0
5= (61— 0)qr —d(r —q) _ 7
(61— Go)r(p—q) — (6 — Go)alp — 1) p’
i (6 = bo)gp + d(p — q) _ Ll
(01 — bo)r(p —q) — (0 — bo)alp — ) ro
Thus,
Kyt iy =p P 9?;1( 90); +(Z(p 901)( B+ 1.q) = "BH+1.9)
_ (’Y 7) "B,
Hence,

7 Yool
- B I.
p?‘!91—90+d(1/r—1/p)y<p+ ; > 20

Let us find I5. We have

I =

lw(z)|7/(P=9)

o (o) (AN R0 ) de

Ir =

“+00

:/M@{(M)J(u}) dw / pl0=00)ar/(p=a)+(O1=00)r+d=1 pr/(=0) (1) dp.

J {Eé”’/(P—Q) (w) /

Fix w € Q. Then

~a(p—r p(r— ¢ .
dp =000/ =0+ Or=tord (wq“’ ()it ‘”w) (1 —Reme

(0 @ (w))" kr-oa

- G
walp—r) (w)@g(r q) (w) (1— k;)(p—q)cl—l
- - —r)k)dk

<1< (ZL ﬁg(w))p_q Er—a)Ci+1 (r—q+(p—r)k)dk,

where
(0 —00)gr + ((61 — Oo)r +d)(p — q) (-9 Lt

(p—a)((01—Oo)r(p—q)— (0 —bo)glp—71))  r(p—q) p—q
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We have
“+o00

/ pl0=00)ar/(p=a)+(O1—00)r+d—1pr/(p—q) (p,w)dp

0

—+00

b—q - - - -
= k(=9 (p, w) dp0—00)ar/(p=a)+(1—bo)r+d
(6 = Go)qr + ((61 — bo)r + d)(p — q) 0/ (p)dp

1 1) W)k (w

G
— ) .
(61— bo)r(p — q) — (0 — o)a(p —7)| < (S, @ (@) " ) (L1 + La);

here

1
r—q/k 11— k) dk = (r — 9)BF, g+ 1),
0

(1 —k)dk=p—-r)B@p+1,4+1)=(p—r)

|

=

S~—
o _

Thus,
01— 00)r(p —q) — (6 —bo)g(p —
(01— 0o)pr +d(p — )
SRk G A e )

q* D r

'S PN T o~
Lot L= )BG,a+1) = TBE.G+1)

Consequently,

1—~ Y T—N\"1_ ,
b= = B, 91,
27 prlon — 6 + d(1/r — 1/p)] <p T ) 2

Since I} + ...+ I;, = I, we have I’ = I/n, j = 1,...,n. Thus,
1—7x vy o ol=—N\—1_ 1
I = (—+ ) B(5.9)~.
2 prly — 6y +d(1/r —1/p)| \p r (pq)n

It remains to substitute the expressions for I1 and I into (2.4).

Theorem 2 is proved. U

For n = 1, the statement of Theorem 2 was proved in [5].
Let us give an example of weights that satisfy the conditions of Theorem 2. Let T = R%,

wt) = (4. +)"2 wo(t) = (] +... +)"2, wt) =17, j=1,....d (3.2)

Assume that «y € (0,1). This is equivalent to the fact that 6, +d(1/r—1/q) >0 > 0p+d(1/p—1/q)
or 01 +d(1/r—1/q) <0 < 60y+d(1/p—1/q).
It is easy to see that w(-) = wp(-) = 1 and w;(w) = th)l (w),7=1,...,d, where

t1(w) = coswy,
to(w) = sinw; cosws,

tg—1(w) = sinw; sinws . ..sinwy_s coswy_1,
tg(w) = sinw;sinws ...sinwy_osinwg_1.
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d
Note that Z%(w) =
k=1

For the quantity I from Theorem 2, we have

J(w)d
= rgl) ey O =02 (3.3)
(S @)
+
If r6; < 2, then
d ~rf d ~2
Dt (W) =Y fh(w) =1 (3.4)
k=1 k=1
In the case where r6; > 2, by Holder’s inequality,
d d
1= 3R < (LR @) e,
k=1 k=1
Thus,
Ztrel (w) > d-"0/2, (3.5)
It follows from (3.4) and (3.5) that I < co.
For I]’- we have
%761
I‘; = T@lj(W)q(fﬁ—’y)/T—‘rl 5 ] = 1, “ e ,d-
md-t (Zk 1 ( ))
+
Consider the integrals
d 019" (1=7)/2 7o
J *(1_ ’ j IR R I
(Zd tral)q (A=) /r+1
R NB4 k=1"k

where B? is the unit ball in R?. If make a change of variables in the integral M;, swapping the
variables t; and tj, then the integral M; turns into the integral Mj,. Consequently, M; = ... = M.
Passing to spherical coordinates, we get M; = I}/d, j =1,...,d. Thus, I} = ... = I},

For the case under consideration from Theorem 2, we obtain the following statement.

Corollary 1. Assume that 1 < q < p,r < oo and one of the following inequalities holds:
01+d(1/r—1/q) >0 >0p+d(1/p—1/q) or 01 +d(1/r —1/q) <0 < by+d(1/p—1/q). Then, for
the weights (3.2) and all z(-) for which wo(-)z(-) € Ly(RL) and wj(-)z(-) € L,(RL), j =1,....d,
the following sharp inequality holds:

leo () (), a < Kwo(-)z ()] (R 1<a<xd|!wg() (-)HZ?M

where the quantity K is defined by equality (3.1) with I from (3.3).

We give one more result for the weights (3.2).
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Corollary 2. Let 1 < q < p,r < oo, and let the weights (3.2) be such that § = d(1 — 1/q),
bp=d— (A+d)/p, and 61 = d+ (u— d)/r, where X\, > 0. Define
__n 2
Copp AN Copp A
Then, for all x(-) such that wo(-)z(-) € Ly(RL) and w;(-)z(-) € L.(RL), 5 =1,...,d, the following
sharp inequality holds:

[0()2()lwe) < ClluoGa )5 gy max, w5z gy

) 1<j<d
where ;
B d I o B 1/qg—a—p
¢= (pa)a(rﬂ)5<>\+u3<l/q—a—ﬁ’ 1/q—a—ﬁ>> ’
[ J(w) dw

~rd 1)+ B8/(1/qg—a—pB)"
(T BT @) e
+

For d =1 and ¢ = 1, the statement of Corollary 2 was obtained in [2].
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