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Abstract. The problem of optimal recovery of the operator at a given value of the parameter from
inaccurate information about the other parameters is solved for a special one-parameter semi-group
of operators. A family of optimal recovery methods is constructed. As a corollary, we obtain families
of optimal recovery methods in the problem of recovery of a solution of the heat equation on the line
and in the problem of recovery of a solution to the Dirichlet problem for the half-plane.
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1 Statement of problem and formulation of the main result

Let X be a real or complex Banach space with elements f, g, ..., and let T'(¢), 0 < ¢t < oo, be a family
of continuous linear operators on X to itself having the semi-group property: T'(t;+1t9) = T'(t1)T(t2),
th,ts > 0.

We set the following problem: recover (in the best possible way) the value of operator 7'(7) from
approximate values of operators T'(t1) and T'(t3), where 7 # t;, i =1, 2.

A precise statement is as follows. Assume that for each f € X we know elements g; € X, 1 =1, 2,
such that

T f —gillx <6, 6>0, i=1,2

Any map ¢: X x X — X we call a method of recovery. The error of this method is the value

e(T, ) = sup |T(7)f — ©(g1,92) |l x-
f€X7 g’LEX7 l:1a2
1T (t:) f—gill x <6:, i=1,2

We are interested in the value
E(1) =infe(T, ¢),
©

where the infimum is taken over all p: X x X — X, is called the optimal recovery error, and methods
@, for which the lower bound is attained, i. e., for which

E(7) = e(1,9),

will be called optimal recovery methods.
In this work for a certain family of operators, we compute the exact value of the optimal recovery
error and find a family of optimal recovery methods.
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Let a(-) be a continuous non-negative function on R, a(0) = 0 and a(§) — 400 as || — +oc.
Let F' be the Fourier transform in Ly(R). We define the family of operators T,(t): Ly(R) — Lo(R),
t > 0, by the formula

FIT,(t)f](€) = e ™@F[f](¢) for a.e. £€R, Vf(-) € Ly(R).

These operators are obviously linear. We show that they are continuous. Indeed, let w(-) € Ly (R)
and the operator A, : Ly(R) — Ly(R) such that F[A, f](€) = w(§)F[f](§) for a. e. £ € R. Then, by
Plancherel’s theorem for any function f(-) € Ly(R) we have

Auf e = [ 1Aaf@F de = 5= [ 1PLAIOR de
= 5 | W@ PIFUNOR de < o) g [ 1P de
= 0Ol e / 7@ do = O sy 1O ey

that is, the operator A,, is continuous.
Check the semi-group property. For any function f(-) € Ly(R) we have by Plancherel’s theorem
fora.e. £ € R.

F[T,(t + t2) f](§) = e M H2D9O P f](€) = e O F[T, (L) £1(€)
= F[Ta(t1>(Ta(t2)f)](€)'

Since F': Ly(R) — Lo(R) is an isomorphism, it follows that T, (t; + t2) = T, (t1) T, (t2).
Let0§t1<7<t2,51>0,52>0. Put

—2(r—t71) 2(tg—7)

~ to—7 (61 271 ~ T—t (1) 271
)\1 = —_— , )\2 — i
to —t1 \ 02 to —t1 \ 02

The main result of this work is the following

Theorem 1.1. Let 0 < t; <7 <ty and 6; > 69 > 0. Then

E(1) = \/ A2 + Ag02 .

Function £ — Xle_ztla(g) + /)\\26_2’52“(5) — 729 s non-negative for all € € R, and for any function
w(+) € Loo(R) such that for a. e. £ €R

/):26_(7—_751)‘1(&)

w(§) —

Npelt2—t1)a©) 4 N, e—(t2—t1)a(€)

\/mz e
\/)\ e—2t1a(§) + )\26—2t2a §) — e—27a(§) )

/\16 t2—t1)a —|—)\26 (t2—t1)a

the method @,,: La(R) X La(R) — Lo(R) is defined in terms of Fourier transform for a. e. £ € R by
the formula

F[2.(91,92)1(€) = (e7 79O — w(g)e™27O) F[g,)(€) + w(€) Flg] (€)

1 optimal.
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2 Proof of Theorem 1.1

The scheme of the proof is as follows. First, we prove an estimate from below for the optimal recovery
error. Then we construct a family of recovery methods whose errors coincide with this estimate and
thus these methods are optimal.

1) The estimate from below for the optimal recovery error. We prove this estimate for an abstract
family of operators defined above.

Let us show that the value of the problem

IT(T)fllx = max, [[T(t)flx <d, i=12 [feX, (2.1)

i. e., the supremum of the functional to be maximized under the indicated constraints, is not greater
than E(1).

Indeed, let fo € X and ||T(t;) fol|x < &;, 2 = 1,2. Then obviously — fj satisfies the same conditions
and we have for an arbitrary method ¢

2| T(7) follx = [[T(7) fo — #(0,0) — ( (7)(=fo) = (0,0))]|x
< |[T(7)fo = (0,0)[lx + [T (7)(=fo) = ¢(0,0)||x

<2 sup IT(7)f = ¢(0,0)|lx
T <sisizt2
<2 sup IT(7)f = (g1, 92) lx = 2e(7, ©).

feX, gieX,i=1.2,
T (t:) f—gill x <di,3=1,2

Passing to the supremum over all f € X such that | T(¢;)f||x < d;, i@ = 1,2, on the left-hand side
and to the infimum over all methods ¢ on the right-hand side, we obtain the inequality

sup IT() fllx < E(7), (2.2)
I7°(t3) 1l <51, =12

which means that the value of problem (2.1) is not greater than E(7).
Now find the value of problem (2.1) for the family 7,(¢), ¢ > 0. By Plancherel’s theorem, we have

[1mos@Pa = o [ IFmoN©F i = 5 [ e Oror e

Then the square of the value of problem (2.1) for the family 7,(t), t > 0, is equal to the value of
such problem

1 [ 20 2 oL e 2 2
[ OUR©Pd > max o [ elpPde < 8

2m
i=1,2, f() € Ly(R). (2.3)

This problem can be considered as a problem where the variables are positive measures dus(§) =
2m) Y F[f1(O)? dE, f(-) € La(R). It is convenient to consider a more general problem, namely, the
extension of problem (2.3) to the set of all positive Borel measures p on the line:

\/]Re—QTa(f) d#(f) — max, /R —2t1a(& du(ﬁ) < (S%,

t/%“dMOS%,MEO (2.4)
R
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This is a convex extremal problem. Its Lagrange function has the form

L, A) = —)\0/

R

e—2'ra(§) du(f) + )\ (/ e—?hu(&)d#(ﬁ’) — 5%)
R

([ et - a2),
R
where A = (Ao, A1, A2) is the set of Lagrange multipliers.
If Zi delivers a minimum in problem (2.4), then according to the Karush-Kuhn-Tucker theorem
(see [1]) there is a set of Lagrange multipliers X = (Ao, A1, X2), not all of which vanish, such that

(a) minL(p,X) = L(7,A);

u>0

() A >0, i=0,1,2

() A ( /[R —2010() g (¢) — 5):0, Ao ( /R e=2t2(8) dﬁ(g)—ag):o.

We show that Xo > 0. Indeed, if Xo = 0, then A 4+ Xo > 0 and we have for \ = (O,Xl,xg) and
p = 0 taking into account condition (c)

L(0,N) = —A102 — XAd2 < 0=\, < / e~ qp(¢) — 5%)
R
# 5 ([ o) - ) = £ D
R

that is impossible by virtue of condition (a).

If Ao > 0, then conditions (a), (b) and (c) are sufficient for 11 to be a solution of problem (2.4). More
precisely, if the measure [ is admissible in problem (2.4) and there is such a vector N = (XO,Xl,Xz)
with Ao > 0 that conditions (a), (b) and (c) are satisfied, then 1 is a solution of this problem.

In fact, let 7 be an admissible measure in problem (2.4). Using this fact together with (b) and
then (a) and (c¢) we obtain that

~ %o / 270 dp(€) > R / e270(0) () + 3, ( / e~2119(6) gy ) — 6%)
R R R

~

+ A2 (/ ~202a®) () — 63) = L(u,\) > L(1I,\) — Xo/e_gm(g) a7(6)
: R

3 ([ emmaanie) -2 ) + 5 ([ eoape) - 3)
R R

=% [ e dce)
R

Dividing by No, we come to the fact that f is a solution of problem (2.4).
We now investigate relations (a), (b) and (c) to understand the structure of measure ;i and vector

.
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We rewrite the Lagrange function as
L, \) = / (=Xoe 2O o \jem 21O 1\, e 220(8)) 4y (€) — N 67 — Ng2.
R

Then condition (a) is equivalent to the inequality

/(—Xoe—%a(é) + /):16_2““(5) + 3\\26_%2(1({)) dp(€)
R
> /(_/)\\0627@(5) + Xle—ztla(g) + }:26—2152(1(&)) du(§) (2.5)
R

for all p > 0.

Check that the value on the right must be zero. Indeed, if it is positive (negative), then taking
p=(1/2)n (u = 21), we come to a contradiction with (2.5).

Further, the expression under the integral sign in (2.5) must be non-negative. If at some point
this expression takes a negative value, then taking as a measure p Dirac measure at this point, we
get a negative number in (2.5) on the left, which is impossible.

So, the vector X must be such that the function under the sign of the integral in (2.5) is nonneg-
ative, and the measure ;i must be concentrated in zeros of this function.

Let 1 = Adg,, where g, is the Dirac measure at the point & € Rand A > 0. Choose {, and A
so as to fulfill condition (c¢), and then choose positive )\0, )\1 and )\2 so that the function under the
integral sign in (2.5) is nonnegative and equals zero at the point &.

So, take & and A such that the following equalities hold:

/ “2a®) qp(g) = A7) = §2 =12, (2.6)
R
This implies that
In(1/65) —In(1/6 Zt) e _
a(fo) _ Il( / ii — ;11( / 1) ’ A= 5?2/(1‘/2 t1) (52 2t1/(t2 tl). (27)

Let us move on to the selection of Lagrange multipliers. To do this, we rewrite the expression
under the sign of the integral in (2.5) as follows

eizm(é)(_B\\O + Age 20nale) 4y, 20t D). (2.8)

It is clear that the nonnegativity of the function in brackets implies the nonnegativity of the whole
expression. Define the function o — H(«, )\) on R by the formula

H<&’ /):) = _/):0 + /)\\1672@177)& + /):26*2(t277)a

and assume that at the point a(§p) this function and its derivative are equal to zero. This gives the
following relations

/):16_2(“_7)&(50) 4 ’):26—2(152—7)@(50) = /):0,

/\1(t1 — T>672(t17‘r)a(§o) + Xg(tg — 7')672(t277)a(£0) = 0,

from which we obtain that

~ o~ ty— ~ o~ Tt
M= A2 T ppnnateo) X, 3 T 2e-nao), (2.9)
lo — 11 to — 11
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The above reasoning allows us to determine the measure admissible in problem (2.4) and the
Lagrange multipliers satisfying conditions (a), (b) and (c).

Since ;1 > 09 and a(§) — +o00 as £ — +o00, then there is such & € R that the first relation in
(2.7) is satisfied.

Then it is easy to check that with such a(&;) and with A as in (2.7), the relations (2.6) are true
and hence the condition (c) is satisfied.

Let us put XO = 1, and let /)\\1 and }:2 be as in (2.9). It is obvious that Xz > 0,7 =1,2, and
thus conditions (b) are fulfilled. If we substitute a(&) from (2.7) into formulas for N>0,i=1,2,
we obtain expressions for these Lagrange multipliers, which are given before the formulation of the
theorem. R R

With such \;, i = 0,1,2, the function a — H(a, A) is equal to zero together with its derivative
at the point a(&y). But it is a convex function and therefore it is nonnegative everywhere. Thus, the
expression in (2.8) is everywhere nonnegative and vanishes at the point &. Hence, the expression on
the left in (2.5) is nonnegative for any p > 0 and vanishes for fi. This is equivalent to the condition
(a).

So, conditions (a), (b) and (c) are fulfilled and so p is a solution of problem (2.4). Simple
calculations taking into account (2.7) show that the value of this problem is as follows

/ o~ 27al€) dﬁ(f) — Ae—27alé0) — /):15% + :\\253.
R

It is clear that the value of problem (2.4) is not less than the value of problem (2.3). We show that
in fact the values of these problems coincide. Indeed, consider a family of functions ¢,(-) € La(R),
n € N, such that

ta t1

V226, P E € [, & + 1/,

07 £¢ [£O7£O+1/n}
It is easy to check that the functions ¢, (-) are admissible in problem (2.3) and that

F[Qpn] (5) =

1

o= | T OIFlpal ()P dg — Mot + Xod3
T JR

as n — oo. Thus, the values of problems (2.4) and (2.3) are the same.
Then according to inequality (2.2) we obtain the following estimate

E(1) > \/ A162 + Aad2 . (2.10)

2) The upper bound of the optimal recovery error and optimal recovery methods. Let us start by
considering an abstract family of operators. We will look for optimal methods among continuous
linear operators ¢: X x X — X. It is easy to check that this is equivalent to

©(91, 92) = A1g1 + Aago,

where A;: X — X, i = 1,2, are continuous linear operators.
Let us estimate the error of this method, which is by definition equal to the value of the following
problem:

|T(7)f — Argr — Aagellx — max, || T(t:)f — gillx < i,
geX, i=12 feX (211)
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Let f € X and g; =T(t;)f, i = 1,2. Then the triple (f, g1, ¢g2) is admissible in this problem. For
this triple, using the semigroup property of operators, the value of the maximized functional in the
problem (2.11) takes the form

IT(7)f — Aigr — Nagollx = |T(7)f — MT (1) f — AT (t1) f| x
= |T(r —t)T(t)f — MT () f — AT (2 — t1)T(t1) fl x
= |[(T(1 —t1) — Ay — Ao T'(ty — 1)) T'(t1) f| x-

If the operator in parentheses is not zero, the expression can be arbitrarily large. Therefore, the
error of the method with such operators is equal +00. Since we are interested in optimal recovery
methods, methods with infinite error can be discarded.

So, operators A;, ¢ = 1,2, should be such that

T(T - tl) - Al - AQT(tQ - t1> = 0.

If this condition holds, then denoting A = Ay the maximized functional in problem (2.11) is written
as

1 T(7)f = (T(7 —t1) = AT(t2 — t1))g1 — Aga| x
= [(T(r = t1) = AT(t2 = t))(T(t2) f — 91) + AMT'(t2) f — g2)lIx-
Thus, we come to the following problem, the value of which we are interested in
[(T(r = t1) = AT (ts — t))(T(t1) f — 1) + AM(T(L2) f — g2)||x — max,

Let us now move on to the family of operators T,(t), t > 0. Because we recover an operator
whose action in terms of Fourier transforms is multiplication by a function belonging to L., (R), then
it is natural to search for optimal methods among such operators.

So, for each function w(-) € Lo (R) we consider the operator A, : Ly(R) — Lo(R) whose Fourier
transforms are defined as

FlAugl(§) = w(©)F[g](E), for a.e. £ € R, Vg € Ly(R).

It has been shown above that such an operator is continuous.
It is easy to see that in terms of Fourier transforms the squared value of problem (2.12) is equal
to the value of the following problem

1
o [ 10 — (@) 01O T, 1)~ 10
2 R
+ w(&)F[Ta(ta) f — g2](€)[? d€ — max,
1 .
o [P —al@Pde <6 g() € La®), i=1.2
R
f() € Ly(R). (2.13)
Let us estimate the maximized functional from above denoting for short

w1 (&) = e~ (T—t)a(§) _ w(é‘)e*(tQ*h)a(g).
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Let Xi, 1 = 1,2 be Lagrange multipliers defined above. Then we have, using the CauchyniSSchwarz
inequality, for a. e. £ € R

r(OF () f = g(€) + w(O FITa(ta) f — gal(€)
SR P f - a(€) + 25, FITLn) f - (0
A2

Vi Vi
wi(OF W@\ ~ ~
< (B0 BOD G im0 - (@ + RlFIT ) - s OP)
A A2
Let S(-) denote the function in large parentheses. It is clear that S(-) € Lo (R). Integrating the
last inequality and taking into account the constraints in problem (2.13), we find that the value of
this problem does not exceed

IS llaaciey a0 + X233).
Comparing this inequality with inequality (2.10) we see that if there is w(-) € Loo(R) such that

1S()|Le@ < 1, then there is a linear optimal method @, which in Fourier transforms acts by
formula

F[2(g1,92)](€) = (e T — y(&)e~ =) Flgy](€) 4+ w(€) Flga) (€)

fora.e. £ €R.
We will show that such functions w(-) € L (R) exist. Condition ||.S(-)||r..®) < 1is equivalent to

the inequality
‘6—(7——151)(1(5) o w(g)e—(tQ—tl)a(f)‘Q |w(€)’2

= + —=
)\1 )\2
for a. e. £ € R. This, in turn, (after squaring) is equivalent to the inequality

<1

Nge— (T-t1a(®

w()

N jel—t)al©) 4 e (t2—t)a(®)

/):1/):2 €t2a(£) ~ ~
v - \/ Rye-200(6) & hye—2206) _ o—2ral6)

o Xle(tQ*tl)a(f) + /):26*(t2*t1)a

The expression on the right makes sense because the function under the root sign is the nonnegative
function (2.8). Thus, the functions w(-) € Lo (R) satisfying the condition ||S(-)||z. @) < 1 exist and
thus the theorem is proved.

3 Examples

3.1 Optimal recovery of a solution of the heat equation

Consider the problem of optimal recovery of temperature on R at time instant 7 from its approximate
measurements at time instants ¢; and ¢5. The heat propagation on line is described by the equation

ou  0*u
ot 9x?’

We assume that f(-) € Ly(R). The unique solution of this problem for ¢ > 0 is given by the Poisson

integral
1

o2/t

ult,x) = ult,z; f) =

[ s ay
R
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with u(t,-) — f(-) as t — 0 in the metric of Ly(R).
The Fourier transform of the solution of the heat equation is given by

Flu(t,z; £))(€) = e F[f](€)

(see, for example, [2]). Thus, our problem is a particular case of the problem considered above when

a(g) =&

3.2 Optimal recovery of a solution of the Dirichlet problem
Consider the Dirichlet problem
Pu o
o2 0z2
u(0,-) = f()
of finding a harmonic function u(-,-) in the upper half-plane (0, +00) x R such that u(¢,-) € Ly(R)
for all t > 0, u(t,-) — f(-) as ¢ — 0 in the metric Lo(R) and

sup [lu(t, ) agey < oo.
t>0

In this case, the solution of the problem is unique and is given by the Poisson integral

u(t, ) = u(t,z; f) = l/R tf(y)

— > dy.
T Jr (@ —y)2+12 Y
(see [3]). The Fourier transform of the solution of the Dirichlet problem is given by

Flu(t,z; ))I(€) = e *IF[f](€).

If we set the problem of optimal recovery of the solution of the Dirichlet problem on the line t = 7
from inaccurate measurements of this solution on the lines t = t; and t = t5, t; < 7 < t3, we obtain
a special case of the problem considered above.

Let us make a few concluding remarks. The first results related to the problem of optimal
recovery of linear operators were obtained in [4]. This direction was further developed in the papers
[5-7], where authors applied an approach based on the general principles of extremum theory. The
application of the theory of optimal reconstruction of linear operators to problems of mathematical
physics is described in [8-11].
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