OIITUMAJIBIIOE BOCCTAIIOBJIEIINE ®YIKIINN U
nX IIMMON3BOAIIBIX IIO KOII®PUIINEIITAM
DOYIIBE, SAAAIIIIBIM C IIOT'NIEINITIOCTBIO

I'. T'. MATAPWI-MJIBAEB, K. 1O. OCUPEPKO

AHHOTAIUA. B paboTe paccMaTpuBaiOTCA 3a1a91 OMTHMAIBHOT O
BOCCTAHOBJAEHNA (DYHKIINN U UX TPOM3BOIHBIX MO MPUOINKEHHBIM
3HavYeHnAM KoadduinnenToB Pypbe. PpuBoaaTca ABHbIe BHIpakKe-
HUA ONTUMAJbHBIX METO OB BOCCTAHOBJICHUA MJIA KIACCOB TVIa TKNX
U AHAJIUTHIECKUX (PYHKINI, ONpeNeNeHHBIX HA PA3IUTIHBIX KOM-
MaKTHBIX MHOT006Pa3nax.

1. IIOCTAHOBKA 3AJAYHU

Haumem c obien mocTamoBKy 3agatn 06 ONTUMAILHOM BOCCTAHO-
Baernn. Hycrs X — BekTOpHOE MpocTpaHCTBO, / — HOPMUPOBaAHHOE
npoctpamnctBo u 1': X — 7 — muwennwnn onepatop. Tpebyercs Boc-
cTaHOBUTH 3Hadenns 1 na MuoxkecTBe (Kaacce) W C X mo mekoTopon
nHopMalnm 06 diIeMeHTaxX U3 3TOro Kiacca. 1ouHee ToBOps, PO Ka-
KAbI oremenT v € W mbl pacmonaraem nndgopmanuen [(x), rae [
— HeKoTOopoe oTobpaKkenne (HasbiBaeMoe ungopmayuonnvin) uz W B
BeKTOpHOe npocTpancTBo Y. UHpopmarnusa 06 snemenTax nz W MoxeTr
6BITH 3aJaHa HETOYHO, I TOTOMY [, BOOOIIIE TOBOPS, — MHOI'O3HAYHOE
oToOpakenue.

B xadecTBe MeTO1a BOCCTAHOBIEHUA NOMYCKaeTCsA J1060€e 0ToOpake-
e @: Y — Z. [loepewnocmspio >TOro MeToja Ha3blBaeTCA BETHINHA

(T, W, 1,¢)= sup [Tz — o(y)||z-

zeW
yel(x)

Beanuawna

(1) E(TW.0) = inf (T.W.L¢)
p: Y27

HOCHUT HasBaHUE No2PeuHoCmi ONMUMAIbHO20 60CCTNANOGAEHUS, & Me-
TO[, Ha KOTOPOM JOCTHUIaeTCsA HUKHASA IPaHb, Ha3bIBACTCS ONMUMAAb-
Wbl memodom socemanosaenus (omepatopa T' wa xkracce W mo nudgop-
marmu [).

Pa6ora Beinoanena npu $puHaAHCOBON mojaepkKe Poccuiickoro douga dyHaa-
MeHTATbHEIX nccaegoBauil (rparTel Ne99-01-01181 u Ne00-15-96109).
1
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B pabore msywaercs curyarums, korga X — HEKOTOPOEe MOMANPO-
crpanctBo yukunit B Lo(M), rie M — kKoMmakTHOe MHOT00Opa-
3ue (HampuMmep, OKPYKHOCTL, d-MepHasd cdepa, Kpyr B KOMILIEKC-
wolt mrockoctn), W C X — karacc QYHKIUE TaKoW, 9TO €ro dacT-
HBIMI CIY9asMU SBISIOTCSA PA3INYHbIEe KIACChI TIAIKUX U aHaIlTH-
qecknx (yukiun (Hampumep, kiacchl CobomeBa, Xapan—Coboresa,
Heprmama—Co6omesa), T: X — M — omepaTop MyIbTHILINKATOPHOTO
THUMA, 9aCTHBIM CIy9aeM KOTOPOTO SBISeTCs omepaTtop AuddepeHtim-
poBanus, u uhdopmarusa 06 x(-) € W saxaodaercs B TOM, 9TO HaM
W3BECTHBI ¢ HEKOTOPOI MOTPEITHOCTRIO (B TOW W WHOU METPHKE) BCe
W KoHewTHoe dncio Koxpduinentos Pyphe pymimmm (-).

Safada BOCCTAHOBIEHUS JWHEWMHBIX OMEPATOPOB B THILOEPTOBBIX
mpocTpancTBax, Korga | — JuHeNHbIN omepaTop (T.e. WHMOPMAIsI
3ajlafia TOYHO), W3ydarach B padore [1]. B crydae, korga nrndopmann-
onnoe oTobpaxkenne [ co 3HAYEHWSAMN B THILOEP TOBOM TTPOCTPAHCTBE
ecTh CyMMa JHHENHOTO olepaTopa 1 Iapa HEKOTOPOTo pajanyca (3a-
JATOIIEr0 TOTPEITHOCTH ), COOTBETCTBYIOMIAA 3a]ada BOCCTAHOBIEHIS
paccmaTpuBaiach B padore [2] (cm. Takxke [3]-[5]). B [2], B wacTHOCTH,
MOKa3aHo, 9TO CPEIN ONTUMAILHBIX METONO0B BOCCTAHOBICHNS NMeEeT-
Csl TMHENHDLIN, W MPEeNIoKeH HeKNU crnocob ero maxoxaenus. Mor me
MOJB3YEeMCsT DTUM pe3yabTaToM. Harmr momxon ocHoBaH Ha cTamgapT-
HBIX TIPUHTIATIAX BLITYKION OMTHMI3AINN, ABIAIONINXCS €CTECTBEHHBIM
WHCTPYMEHTOM DeIIeHus MoJ06HOr0 poja 3anad (0 pelenns 3amad
BOCCTAHOBIEHNUS JINHENHLIX (PYHKITMOHAIOB € OOIMINX TO3UIUN TEOPUN
sreTpeMyma cM. [6]-[8]). Taxoil moxos MO3BOIAET MOXYIUTH SBHDLIE
BBIDAKEHUS [ ONTUMATLHLIX METO/IOB BOCCTAHOBIEHUS U B TEX CIY-
YasgX, KOT/Ja MOTPEITHOCTD NH(MOPMAIMOHHOTO OTlepaTopa 3alaeTcs B
pPaBHOMEpPHOUW MeTPHUKE.

B macrosmen pabore cmadana mOApOOHO paccMaTpPUBAIOTCA 3aa-
M BOCCTAHOBIEHUS Ui KJIACCOB (PYHKINU, 3aJaHHBIX Ha OKPYKHO-
ctu. MBI OKa3biBaeM pe3yabTaThl JOCTATOIHO OBIETO XapaKTepa u
M3BIEKAEM U3 HUX CAEJCTBUS IS PA3IUIHBIX KIACCOB TIAKUX 1 aHa-
muTwaecknxX Gyuknunn. Hesmaunrenbnas Monudukanms STUX Pe3yib-
TATOB TO3BOMSET MOJYIATh aHAJOTUYHBIE YTBEPKAEHUA [ KIAaCCOB
QYHKIUN Ha APYTEX MHOTOOOPA3WAX, 9TO MWIMIOCTPUPYETCS Ha KIac-
cax (pyHKIUH, 3aJaHHbIX Ha d-MepHou cdepe n Ha eTUHUIHOM KpyTe
KOMILIEKCHOW TIOCKOCTH. CTUCOK TOMOOHBIX MPUMEPOB MOKET OLITH
MIPOIOKEH.

Hepengem x Tounomy onmcanmio kracca W, omeparopa T' n mwrdop-
MalmoHHbIX oTobpaxenuin [ B cayvae, korga M = T. Hycts () mpnu-
HareKnT npoctpancTBy Lo(T) ¢ mopmoi

1 1/2
: = — O dt
e = (5= [ 1ot
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1

- — He tdt. €7
27_[_ Tx()e b .]E 9

£
— xoopdutmentor Pypoe x(-). Hycers, naree, v = {v;};ez — nocre-
JNOBaTEILHOCTH HeoTpHIaTelbubix wucen. ConocraBum v claepyroliee
noampocTpanctso B La(T)

X =X"(T)= {:1;() € Ly(T): Zl/]‘|$]‘|2 < oo}
JEL
I COOTBETCTBYIOIINI KIacc
W = W*(T) = {x(-) eX:Y yleff <1 }
JEL
Hpupenem npumephl KraccoB Taxkoro Tumna. Hpexae Bcero, aTo co-
boaescruti waace Wi (T), cocrosmuit uz 2r-nepuonmaeckux pyHKIAIT

z(+), y KoTopwix (r — 1)-1 mpomsBojHas abGCOTIOTHO HENpEPLIBHA 1
H:I;(”)(-)HLZ)(T) < 1. Honoxus

. <27 2
X = {a() € La(T): 3 ¥ |y < o0 .
JEL
IO TeopeEMeE HJIELHIHGpeJI}I IIOJNYHYUM SKBUBAJEHTHOE OIIpelcieHIe cob0o-
JEBCKOI'O KJaccCa:

Wiy ={a(ye X3 el <1},
JEL
Takum obpazom, Wi (T) = W¥(T), rae v = {j* }jez.
O6osaaunm depes Ho (T) npocmpancmeo Xapdu 2m-mepuo puaeckix

byHKINN 2(-), aHATUTHIECKN TTPOIOIKaeMbIX B modocy Sz = {z € C:
Imz| < B} u ynoBIeTBOPAIOMINX YCIOBUIO

1 . . 1/2
12 lyygery = sup <4—/<Iw<t+w>l2+lx<t—w>|2> dt) < oo.
2 T T

0<p<f

IlIpoempanemesom Ilepemana A’j(']r) Ha3bIBaeTCA MHOKECTBO 27-TIe-
proamaecKuX (PYHKINA &(-), aHAINTUIECK TPOJOIKAEMBIX B TOIOCY
S5 U YOBIETBOPAIOIINX YCIOBHIO

1 8 1/2
xz(- = — dt/ z(t+1 2d> < o0.
el = (525 [ ety

Kaacew Xapdu—Coboaesa H)'(T) u IHepemana—Coboaesa A’(T)
ONPENeNAITCS KaK MHOKECTBa 27T-epuoindecknx pyukumui (- ), ana-
TUTUIECKN TIPONOIKAEMBIX B TOTOCY Sp M YIOBIETBOPAIONINX YCJIOBIIO
H:z;(r)(-)HHés(T) <lwmu H:I;(T)(-)HAés(T) < 1 cooTBeTCTBEHHO.
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DyHKIUNT 13 TPOCTPAHCTBa Xapau Hg(T) MMEIOT MTOYTH BCIOAY I'pa-

HUYHBIE 3HAYEHWS, a CaMO TPOCTPAHCTBO H§ (T) sBasleTcsa ruanbepTO-
BBIM CO CKAJIPHBIM TTPOU3BeNeHneM

(@(-),y()sry = i/ﬂq<x(t+i5)y(t—|—iﬁ)—I—:I:(t—iﬁ)y(t—iﬁ)> dt.

HpocrpancrBo Heprmana Ag(T) TaKxKe SABIsSeTca IMIbOepTOBLIM CO
CKaJAPHLIM ITPOU3BEJeHueM

Ié]
(O 00any = g [t [ ot in T dp

Cucrema dpynximuit {€'} ez 06pasyeT opToronatbHbIH 6a3uc B TPO-
CTpaHCTBax H@(T) n AQ(T), IpU DTOM

ch2jB, W =H;(T),
Iy =Gy TR I=0
sh 2y 8 .
a5 W = ./4 T s ] 0.
Tem campbim, x(-) € W = W (T), H;’ﬁ(T), A;’ﬁ(T) B TOM U TOJILKO TOM

clIydae, eciu
”
x(t) = E xje”

JEL
n
Y vz <1,
JEL
rune
g, W =Wj(T),
2r y T,
v (W) = J Chz]ﬁv W = H2 (T)7
]( ) ,erhZ]ﬁ

W = A(T).

2j8

Hpwu »Tom B KavecTBe X paccMaTpUBAOTCA MPOCTPAHCTBA

X =X = {:1;() € Ly(T): Zyj(W)|:1;j|2 < 00 }
JEL

Oneparopsl myabTumnkaropaoro tuna 1: X — Ly(T), koTopsie
3/IeCh M3YYAIOTCS, ONPEIEIAIOTC CIeNYIoNM obpasom: ecan y(-) =
Ta() u {x;}sem s}ren — xoobbmmersr bypre x(-) 1 y(-) coor-
BETCTBEHHO, TO Yj = v;%;, ] € Z, 1€ {7;}jez — HEKOTOpas mociIe0Ba-
TeILHOCTDL Jucel. flcmo, ¥To, mampumep, omepaTopy auddepeHupo-
BaHms TIopsAKa k > 0 COOTBETCTBYET MOCTeNoBATETBHOCTE ; = (17)F,
J € L.

Omnurrem, nakomer, WHMHOPMAHOHHBIE 0TOOpaKeHns, KOTOpbie 6y-
IYyT paccMaTpUBATHCA.
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1. Uadopmanus [x(-) = [sz(-) o pyukunm x(-) € W saxriodaercs B
TOM, YTO MBI pacrodaraeM IucaaMu {y;}jez TaKUMU, 9TO

2 2
Z |$]‘ - yj| <47,
JEL
rie {x;}jez — xoopputmentsr Pyphe x(-) n § > 0. PopManbHo 5TO
o3HAYAET, ITO eCAN

Y=1l= {Z = {z}iez: Iz}, = D 1) < o0 }7
JEL
F: X — Y — aunennsiii onepatop Takoi, uro Fa(-) = {x;};ez, a BY
— equamaEbi wap B Y, 1o lsx(-) = Fa(-)+ dBY.
2. Undopmamus [z(-) = IZXT2(-) o pymkmmm 2(-) € W saxmoda-
eTCsA B TOM, 9TO MBI PAaclofaraeM 9HCIaMu {y;}|j|<n TaKAMI, 9TO

Z |$]‘ - yj|2 < 527

<N

rae {z;}jj<v — mepsoie 2N + 1 koaddunuentos Pypoe z(-) w § > 0.
B nammom caywae [FN e (-) = Fa(-) + §BY, rae

Y = l%N-I-l = {Z = {Z]}|]|SN . HZH%NH = Z |Zj|2 }7

<N

Fa() ={;}ji<n

3. Undopmanms [x(-) = [;N-Hl'(') o ¢pyuxmun x(-) € W sakmova-
eTcs B TOM, UTO MbI paclofaraeM duclaMi {y;}|j|<y TaKHEMH, ITO
lz; —y;| < 6;, [J| < N, rae {z;}j<nv — uepsoie 2N + 1 xoadpdn-
nnentos Pypre 2(+), § = {§;};<v n d; >0, |j] < N. Ecan

Y =12 = {Z = {2 }jj1<n ¢ 2]l 2 = sup [2] }7
iI<N

Fa() ={z;}j<n u
2) BE) = {z = {=}yev 15 < 5 lil < N |,

TO [;N-Hl'(') = Fua(-) + B(9).

Hpu HEKOTOPBIX MPEAIONOKEHUIX O IOCAEIOBATEILHOCTH I =
{vj}jez, sanaromen kracc W u nocrenoBarersnoctn v = {v;}jez,
sajatorell oneparop ', mis Bcex mepevncaenHbix MHMOPMAIMOHHBIX
OTOOPAKEHUI Mbl HAXOMUM BEIUYUHY MOTPEITHOCTH ONTUMAILHOIO
BOCCTAHOBICHUSA U BLIMUCHIBAEM ONTUMAILHBIN METO BOCCTAHOBICHUS
omepatopa 1" wa xracce W. B xadecTBe clecTBus TPUBOAATCA COOT-
BETCTBYIOIINE YTBEPK ACHIUA 18 Psija KOHKPETHBIX KIACCOB DMIa KX
1 aHATUTUYeCKNX (DYHKIIII.



6 I'. I' MATAPIJI-NJIBAEB, K. 10. OCUPEPKO

2. POPMYJUPOBKA OCHOBHBIX PE3YJIbLTATOB

Hycts mamer nocrenoBarensioctn v = {v;}iez n v = {v;}jez. Ho-
aoxkuMm ;= |v;]*, j € Z. Hysem npeamonaraTs, 9TO BHIMOJHEHBI Cle-

Ayromune yCJaoBUA:

1) {pj}tjez w {v, }jez — dernnre mocrenoBaTerbHOCTH (T €. f1; = fi_;

Wy =v_j,j€L)n g =ry=0;
-1

2) {pitien, v Fien — TOTOKHTEIBHBIE BO3PACTAIONIIE TOCIE/I0-
BATEIBHOCTH T I/j — 0O TIPU J — OC;

3) mpu Bcex Ar, Ay > 0 mocrenoBaTenbHOCTL {—p; + Ay + )\21/]'}]'62_'_
nMeeT He Golee NBYX MepeMeH 3Haka (Ipn 3aMere HyJIEBBIX 3Ha-
YeHun Ha J0boe n3 3Hadenni +1).

2.1. BoccTanoBieHue 1mo HeTo4dHou mHGpopmanum o Koaddu-
nuenTax Pypoe B MeTpuke o, 3agada (1) sanucbiBaeTcs B JaHHOM
crydJae Tak:

3)  E(TW,I;) =  inf sup T2 () = 2(y) )l Loy,
@ lg—)LQ(T) l’()EW, y€l2
1z () —ylli, <6

rae Fa(-) = {x;};ez — xoodpdunmenter Pypoe x(-).

Teopema 1. [lyemo nocaedosameavnocmu {y;}iez w{v;}tjen ydosae-
meopatom yeaosuam 1)-3), a T u W — coomsememsyowue um one-
pamop u xaacc. Toeda

B 5>,

141

Sy + (1 — 2 )t T 12 5 712

E(T, W, I5) = \/

Vsy1 — Vs
s> 1.
IIpu smom memod
-1
~ Hs+1 — MUs 7
PY) =D v (1 +v; ) yje
jEE% ! ],usys—l—l — Ms4+1Vs !
~1/2 ~1/2

AGAAEMCS, ONMUMAAbHLLM, ecat Vo1~ < 6 < vs '", s > 1, a ecau
6> 1/1_1/2, mo @(y)(-) =0 — onmumaavnvii memod.

Hpumenum Teopemy 1 K 3agade onTUMaIbHOIO BOCCTAHOBICHUS k-11
IPOM3BOAHON (COOTBETCTBYIOIINI OTIEpaTOp Gy neM 0603HAYATEL depe3
DF) dpywxrmm w3 kracca W = Wi (T), H;’ﬁ(T), A;’ﬁ(T) 1o wHpOpMaInm
Is. Herpynuo ybeanrhes, aTo B oToM caydae mis v; = vi(W) n pj =
7%F ycrosus 1)-3) Bemonmens! (Mocrennee ms3 HUX BHITEKAeT M3 TOTO,

-1
9TO MPH BCEX A1, Az > 0 mocieoBaTenbHoCTh { (A1 + )\QI/j(W))ILLj Fien
ABIAETCSA BBIMYKJION, T.€. €€ BTOpas Pa3sHOCTh HeoTpHIlaTelbha). Tem
CaMBIM TIOLy9aeM
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CaencrBue 1. /Jas noepewnocmu onmumaibro2o 60CCMANO6AEHUS
Y Y — T’,ﬁ T’,ﬁ
k-ii npouzsodnoi dywryuu uz waacca W = WJ(T), Hy”(T), Ay7(T)

no ungopmayuu Is umeem mecmo pasencmeo
E(D*, W, I;) = v /(W)
npu 6 > VI_I/Z(W) u

(S + 1)2k o 82k
Vs (W) — v5(W)

E(D* W, I5) = \/525% + (1 — 820, (W)

npu l/s__l_ll/z(W) <o < 1/5_1/2(W), s > 1. Illpu smom memod

~ N i k U (S+1)2k—82k - 462']‘.
P = i) (1) S )

. S Vs—l—l
l71>1

~1/2 ~1/2
ABALEMCA ONMUMAALHBLM, ECAU I/S_H/ (W) <46 <ws / (W), s>1,a

ecau § > VI_I/Z(W), mo @(y)(-) =0 — onmumaavnvii memod.

[ns BoccranoBaenus camux pynkuni (K = 0) u3 xraccop W =
Wi(T), H;’ﬁ(T), A;’ﬁ(T) IMeeT MECTO CACAYIONINA Pe3yIbTaT:
(4) E(d, W, I5) =4,
rae Id — ToxgecTBeHHLIN omepaTop, u
(5) P)) = ye”
JEL
— ONTUMAALHLII METO,.

2.2. BoccTaHoBieHue 1mo HeTo4dHou mHbpopmanum o Koadpdu-

nuenTax Pypbe B MeTpuke [ !, B orom ciywae 3anada (1) mve-
eT BUJ:
E(T,W, ;") = inf sup [ T2() = () ()l o),

©: BN Lo (T) o()ew, yei2N+!
Fa()—yll 2n41 <6
2

rae Fx(-) = {z;}j<n — nepsoie 2N + 1 xoodpPpunnentos Pypwe z(-).

Teopema 2. [lycmov svinoanenst ycaosus meopemvt 1. Hoaoancum

(6) SOZSO(N):miH{SEN:MS-H_MS</“LN+1}‘

Vgy1 — Vs - VN+1

Toz2da npu 6 > 1/5_01/2

E(Tv W7 [(?N-H) = E(Tv W7 [5)

u memod

1
o~ ,us _,us 7.
P = > (1 +vj B ) yje”

|]|<N ,usVs—I—l - ,us—l—lys
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—1/2 —1/2
ABAAEMCH ONMUMAADHBIM, €CAU I/S_H/ < 4 < s / , 1< s < s — 1,

1/2

a ecauw & > vy 7, mo p(y)(-) = 0 — onmumanvuwii memod. [lpu
0< 8 <yl
E(T, W, ") = \/ 52415, + (1 = 82, ) 221
VN+1
u

P =D (1 + v fn1 >_1 gy

|]|<N MSOVN+1 - MN+1VSO
— ONMUMAABLHBLU JVLGTI’LO().

Hetrpyano y6enutnhes, uro npu M > N
E(T, W, 2Nt > B(T, W, 2M*Y) > BE(T, W, Is).

Hooromy m3 Teopembl 2 BhITeKaeT, 4To npu & > oy = 1/5_01/2 yBeIn-
denne qncia KodpdunmenToB Pyphbe, N3BECTHLHIX ¢ TOW JKe MOTPET-
HOCTBIO O, HE PUBOJUT K YMEHBIIEHIIO MOTPENTHOCTH ONTUMATLHOTO
BOCCTAHOBIEHUS.

Tem caMbIM Tpn PUKCHPOBAHHOM yPOBHE TIOTPEITHOCTH § MIUHIMAIb-
HOe 9ICI0 MepBBIX KoapduinenToB Pypre (6€3 ydaeTa HyIeBOro, Tak
KaK B CUIY YCJIOBHA fog = () OH He UCIOAb3yeTCs B ONTUMAIbLHOM METO-
J1e), KOTOpble Halo 3HATEL IS MAKCHMATLHO TOTHOT'O BOCCTAHOBIEHS
onepatopa 1', paBuo 2Ny, Tae

No=min{ N e N: oy <4 }.

OdeBnanbIM 06pa3oM MOXKET ObITH CPOPMYIUPOBAH aHAIOl CJe/-
ctBua 1 ana 3anadm BOCCTAHOBIEHHUA k-U MPOM3BOAHON (DYHKIINU W3
J— T T’,ﬁ T’,ﬁ 2N+1
kracca W = WJ(T), Hy"(T), Ay"(T) mo undgopmanuu /377, Yro ka-
caeTcsA BOCCTAHOBIEHNA caMUX (PYHKIINN U3 DTHX KJIaCCOB, TO CIIpaBe,l-

JUB CAEAYIONH Pe3YIbTaT:

E(1d, W, N = /62 + vk (W)

— ONTUMaJbHBIA MeTO.

2.3. BoccTanoBieHue 1mo HeTo4dHou mHGpopmanum o Koadpdu-
nuenTax dypbe B paBHOMEpHOU MeTpuke. 3ajada (1) sanucwr-
BaeTCA B 3TOM clIydJae Tak:

B(T,W, 2N = inf supT2() = o)y
@i M S Lo (T) () ew, ye2V+!
Fz(-)—y€B(9)

rae Fx(-) = {z;}j<n — nmepsoie 2N + 1 kosdpdunuentos Pypre z(-),

a B(0) — mapamienenuie, onpenerenbil paBeHcTBOM (2).
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Teopema 3. Ilycmo pj,v; >0, j € N, {vju;'}jen — so3pacmanuan
nocaedosameavnocms, v = 0, {p;};ez v {v;}jen — wemuvie nocae-
dosameavnocmu, a T w W — coomeememeyrowue um onepamop u
raace. Hoaoxncumn

pozpo(g):maX{p€Z+:ZV]‘(S]Z<1, nggN}.

l71<p
Toeda
E(T W [zN-I-l) _ /’Lp0+1 _I_ Z ( . Mpo+1> 5
o Yol Yot )

npu 2mom Memod

Pw)) =m0+ > ( /“‘p0+1’/f> gy

1% 1
1<[jI<po po+1/tj

ABAAECTCA ONMNMUMAADHBIM.

Hra Teopema Takke mpuMeHnMa K 3a/Jad9e ONTHMAJILHOI'O BOCCTAHO-

i T
BIeHUs GYHKINT 1 WX Tpon3BoaHbIX 13 KiraccoB W = W] (T), HQ’ﬁ(T),
A;’ﬁ(T) 110 THQOPMAIIH [;N'H. Hpu sTom, Kak n panbmie, 111 gpopMy-
JUPOBKI COOTBETCTBYIOIIETO PE3YabTaTa Hal0 MOJ0KHUTH B Teopeme 3

M = jzkv Vi = V](W)v .] € L.
3. IOKABATEJIbCTBA

Hepen wnemocpencTBEeHHBIM NOKa3aTeIbLCTBOM CPOPMYIUPOBAHHBIX
BBLIIIIE TeOpeM OTMEeTHM [Ba YTBep:XKAeHus oOllero xapakTepa W 3a-
TeM OIUIIEM CXEMY, TI0 KOTOPOU DTU TEOPEMBI 6y T MOKa3hIBATHCA.

Jemma 1. Iyems 6 zadaue (1)
grl ={(z,y) e X xY:zeW, yel(x)}

ABAAETNCA BHINYKABLM YEHTIPAAbHO-CUMMEMPUUNBLI MHONCECTE0M. T 0-
eda
E(T,W,[)Z sup HTtzv
zeW
xeI~1(0)
ede [T10)={z e W:0e€ I(x)}.
Aorazameavcmeo. [lus moboro metona o ipn Bcex v € W Taknx, 90
z € [7Y0), nmeem
2|Tx|lz < T2 = (0)||z + 1T(=2) = w(0)]|z < 2e(T, W, 1, ).

CaemoBaTenbHo, IS TI060T0 METOIA @

G(T,W,[,QO) > SSVII)/ HTtzv

xeI~1(0)

OTKYJa Cpa3y 2K€ BbITeKaeT JOKa3blBacMas OLCHKa. I
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Jemma 2. llyems X, Y, Z, W, T u I me ace, umo u 6 2adaue (1), Yy
— AUNETHOE NPOCTPANCTNGO € NOAYCKAAAPHBLM npouseedenuem (-, )y,
u coomeememeyrowet noaynopmot || - ||y, lo: X — Yo, S: Y — Yy —
AUNEtNLIE ONEPATNOPBL U

grl C{(x,y) € X xY :|[lox — Sy|ly, < 1}.

ITyemo, daaee, b Y — X — omobpascenue, conocmasasouwee y €Y
PEWEHUE IKCMPEMAAbHOU 3adauu

(7) || lox — SyH%O — min, x € X.
Toeda dasn noepewnocmu memoda @ =T 01 cnpasedausa oyenra

e(T\W,1,2) < sup ||Tz|z.

[[Lox|]yv, <1

Aoxazameavcmeo. HeTpynno nposepuTs, 9T0 118 TOro 9Tob6nl 7 € X
Oto petriereM 3anaqn (7), HEOGXOMUMO W NOCTATOYHO BLITIOTHEHITE
COOTHOITIEHN A

(8) ([03;\ — Sy, [0$)YO =0 Vz € X.

Hycts (z,y) € grl (r.e. @ € W mwy € [(x)), Torga mo ycroBuio
Il lox — Sylly, < 1. Tax kak t(y) — peruenne (7), To Beinoaneno (8) (c
3aMeHon T Ha t(y)) 1 mosTOMY

1oz = Sylly, = [How — Lo((y))lly, + [Ho((y)) = Sylls-

CaemoBaTernbHo,

Ho(x = ¢ (y))llyve < [[How — Sylly, <1

un, 3HAYNUT,

[Te=2(y)llz = 1Tz =T W)z = T(@=bW)lz < sup [[Th]z.

[[Zoh|]v, <1

O

JarbHenmn maaH JgoKaszaTelbcTBa TeopeM TakoB. Ouenka cHuU3Y
(memma 1) u omenka cBepxy (JeMma 2) s TOTPEITHOCTH ONTHMAalb-
HOI'O BOCCTAHOBJIEHNA TIPEACTAaBIAIOT COOON 3HAUEHNA DKCTPEMalbHbIX
sagad. B cuny onpenenennn knacca W u oneparopa T oTm 3ama4du pe-
OYIUPYIOTCA K 3ajadaM BBIIYKJIOro mporpaMmMupoBanud. cmonrbsys
CTaHAapTHBIE METO/bl BHITYKION ONTUMU3AINU, Mbl HaXOJANM 3Hade-
HUe 3a/a4ql, COOTBETCTBYIOIIEN OlleHKe CHU3Y, U TTOKa3biBaeM, ITO OHO
coBNajaeT CO 3HadeHWeM 3afadil, COOTBETCTBYIOIIEH OIEHKE CBEPXY
mpu HEKOTOPBIX Yp, lop m S. Hro ozmavwaer B cury semm 1 m 2, 9To
JNaHHOe 3HavYeHne eCTh IOrPENHOCTh ONTHMAILHOIO BOCCTAHOBJICHUS,
a MeTOJ U3 JEMMBI 2 — ONTUMATBLHBIN METO]l BOCCTAHOBIEHUs (mpn
STOM OH OKa3bIBae€TCS JTHHENHBIM ).
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Aoxazameavemeo meopemor 1. 1. Ouenka cunzy. Cormacuo demme | u
(3) MBI MOMKHBI HANTH 3HAYEHUE CIeYTOMIeN 3a,1ati

(9) 172 (Vs = max, [Fe()ll, <3, () € W.

Hepexons k obpaszam dypre, morydaem B cuay papencTsa Hapcesams
u onpegenenni oneparopa 1 u xmracca W, 4ro sra 3agava (c 3ame-
woit || Tz (-)||1,(ry Ba HT:I;(-)H%Z)(T)) MOJKET OBITDL 3alllficaHa CJeTyTOIIIM
obpazom

(10) ) pyleP s max, D JaP <8 ) wlaf <L
JEL JETL JEL

O6osnavas u; = |v;|?, j € Z,3anaqy (10) mepenurmem B Buje

(11) Z/,Ljuj — max, Zuj <42, Zl/]‘u]‘ <1, u; >0.

JEL JEL JEZL
Hro sanava Bomykioro (n gaxe auneinoro) mporpamvuposanmsa. Co-
noctaBuM enl ¢pyuximio Jlarpamka (v = {u;};ez)

L= L(u, Ao, A1, Az) = Z()\Oﬂj + A1+ Aoy )uy,
JEL
rae Ag < 0, A1, Ay > 0 — muoxuTenn Jlarpamxa. Cormacuo Teopeme
Kyna—Takkepa ecim © = {u; } jez, — permenne sanaqn (11), To maimyr-
ca Takme MHOXuTenn Jarpamxa Do < 0, /)\\1,/)\\2 > 0, "e Bce paBHbIC
HYJIO, 9TO BBIIOJHEHBI YCIOBUA

(Cl) mi%’c(uv}‘\Ov}‘\h/)‘\?) :’C(av/)‘\m/)‘\lv/)‘\?)v

uj >

DRy (Z ;- 52> =0, X (Z vt — 1) = 0.
JEZ JEZ
Ecau nust nomycrumon B (11) mocaenoBarensioctn © = {uU;} ez BbI-
nosrennl yeaosus (a) u (b) ¢ Ag < 0, To U — permenne 3agasn (11).
Hocrennee yreepx genme MoxeT GLITH Jerko nposepeno. /[lercTsu-

TeNTbHO, TYCTh U = {U; } jez — NOMyCTHMas HOCkefoBaTe bHOCTD B (11).
Torna, yanrsiBas (a) u (b), 6yneM nmeTn

Ao Z/“‘fuf > Xo Zﬂjuj + X (Z wj — 52) + X (Z Vit = 1)

JEZ JEZ JjEZ JEZ
(@) ~ o~ N ~ . b) ~ -
> X0y msiti+h (Z i —52> 2 (Z Vit - 1) 230> iy
JEZ JjEZ JjEZ JEZ

T.e. U = {U;}jez — pemenne 3agaun (11).
Mpbl npenbaBuM cerrdac Takue Ay, Ay > 0 u 4OMyCTHMYIO MOCTeI0Ba-
TeTLHOCTD U = {Uj }jez, A1A KOTOPHIX BHIMOAHAOTCA yeioBust (a) un (b)

¢ A = —1. Torga mo mokazammomy u — permenne 3anaqn (11). Bun
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A1, Ag U U crenyeT w3 anaamsa cooTHomtenuin (a) u (b). [leficTBuTens-
HO, TTOCAEI0BATEILHOCTD f; = —puj + A+ 5\\21/]‘, j € Z, noKna GLITD
HEOTPUIATENLHON 1 pellleHne MOAKHO OLITL COCPEeNOTOYeHO B HYIAX
{f;};ez- BeaencrBue ycnoBusa Ha 9mCI0 MepeMeH 3HaKa 3TOH TOCAEI0-
BaTeTbHOCTH (ycioBue 3)) modoxnTenbiblie uyan { f;} ez MoryT martn
TOIbKO TMopA . HTn Habmofenna mosBoIAIOT NPeAbABHTL COOTBET-
CTBYIOUIUE Ay, Ay U 1.

Hycrs cmavanra 0 < 6§ < 1/1_1/

Tak xak v; —>OOHpI/I] — 00,
HaljgeTcs s > 1, A8 KoToporo v 1/2 <6 <ws 1/ . Hanmgem )\1 u )\2 u3

yeaoBus, 910 fs = fs11 = 0. Tom:ga MOSY YUM

T Vst1 — 1V T 1 —
(12) ¥ _ HsVst Hs+ 57 Ny = Hs+ /~Ls‘
Vs—l—l — Vs Vs—l—l — Vs

I3 npe gnioro:xeHmil 0 MOCIEA0BATETBHOCTAX {jtiezn{v;} ez crenyer,

qTO0 )\1, )\2 > 0. C morydeHaniMn )\1 n )\2 nocreoBaTenbHoCTh { fi}iez
HeoTpHIaTelbHa B CHIY YCIOBHAA Ha 9UCIO MEpeMeH 3HaKa 3TON MOCTe-
noBaTeabHoCTH. Temeph HallzeM TOCIENOBATEILHOCTL U N3 YCIOBUA,
9TO OHa COCPENOTOYeHa B TOYKAX S W S + | W BBITOAHAIOTCA YCIAOBUA
(), T.e. ug + usyy = 0% M Vsus + Vsyr1usyr = 1. OTcrona noayvaem, 9ro
» Fvepr —1 1 — 8%,
(13) Ug = ————— Uy = ———
Vs—l—l — Vs Vs—l—l — Vs
(us > 0, Usq1 > 0B cuy yeaoust na §). Homoxum u; = 0 mpu j # s, s+
1. Tem caMbIM U — fomycTHMAs MOCKEI0BATENHHOCTD. Y CIOBUA (@) I
(b) ¢ HamgenHBIMEI A1, Ay, U BBITOJHSAIOTCS PpHU Ag = — 1, U odTOMY U
— pemtenne 3anadn (11).
~1/2 > ~ _
Hycts Tenepn 6 > v /2 Honoxmm M =0, = ;' Torna f; =0
. . o~ -1 —~ .
npu |7] <1 m f; >0 mpu |j| > 2. Homoxum 4y = vy wu; = 0 mpu j #
1. Tak xak u; = vy < 62, To U — JOIyCTUMas HOCIEJOBATEILHOCTD.
Yenopus (a) u (b) 09eBHAHBIM 0OpPa30M BBIIOIHAIOTCA ¢ Ag = —1, 1,
clieloBaTenbHo, U — petenne 3anadn (11).

Urak, wmaiigeno permenne 3agadn (11) mus Bcex § > 0, a swaunt,
perrerime 3ajga4d (10) u (9). HomcraBisaa 4 B MaKCHMU3UPYEMBIT Py HK-
monarx B (11) m m3BIexkas KBaJpaTHBIN KOpeHb, MOTydaeM 3HadeHme
sagaqn (9), KoTopoe TaeT OlEHKY CHU3Y IS TOTPEITHOCTH ONTHMAb-
HOTI'O BOCCTAHOBJIEHS

H1
141

o> 1/_1/2

9 - 1 9

E(T. W, 1) > 1 — (s
( ) 825 + (1 — (gzys)M’ 5_:1/2 <§<ui?
Vsy1 — Vs

s> 1.

o~

2. OHGHKEL CBEPXY. ,[[JM HELI/I,I[GHHBIX BBIIIIE )\1 n )\2 TTOJOKUM A =
)\ 5? —I—)\2 ua= )\2()\ 52—|—)\2) . YcnoBue (a) s HallJeHHOTO PEIIeHTst
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u sagaqw (11) MokeT 6BITH Mepenucano B Buje (c /)\\0 =—1)
) S T e
j

=Y (—p; + ML= @)52 + Gvy) ).

JEZ
Kpome Toro, 1erko mpoBepuTh, 9TO BLIIOIHIETCA COOTHOLICHUE
o~ _2 o~ o~ o~ _
(b)) (1—a)s g uj+a g viu; = 1.
JEL JEZ
Ho Tem ke coobpazkeHHAM, 4TO U paHbIIE, 5TH YCJIOBHS JOCTATOYHLL
JISL TOTO, 9TOOLI U OLLIO pPelleHreM 3aJadK

(14) Z/,Ljuj — max, (1—a)i? Z uj + az viu; <1, wu; > 0.
JEL JEL JEZL
Taxmm o6pazom, sHadenns sanad (11) u (14) copmanaror.

Hoxaxem, uTo K 3ajgade (14) MoxkeT OLITL peAyIIpoBaHa 3a1ava 13
aemmbl 2. [lenctBurensno, mycth Yo = lp X [V, rae

V= {z ={z;}ien: ZV]‘|Z]‘|2 < 00 }
J€Z
Ompenenrnm ma Yy momyckaasproe mpom3BeIente
((,2), (2,2 )yve = (1=@)572 ) a@ +a ) w27,
JEL JEL

Hycts, naxee, oneparop lo: X — Y, onpegenen pasenctBoM [px(-) =
(Fa(-), Fa(-)),a S: Iy — Yo — pasenctBom Sy = (y,0). Ecam 2(-) € W
w [Fa() = yll, < 6, me.

2 2 2

Y wilaP <1 Y e -yl <6

JEZ JEZ
TO, O9CBUJHO,

2 ) ] 12~ o 12

oz () = Syll3, = (1= a)82Y |y =yl + @Y vyla* < 1.
JEZ JEZ

Coryacmo JemMe 2 KBajpaT 3HAYEHHS MOTPEIIHOCTH OINTHMAILHOIO
BOCCTAHOBJEHWA HE TTPEBOCXONNT 3HAYCHUA 3a0a91

1T )L,y = max,  [[Tox()]3, < 1,

KoTOpas mnocie mepexofa K koadduunentam Pypbe (110 paBeHcTBY
2
Hapcesaast) B MakcumuznpyeMom (pyHKIMOHATE U 3aMeHbl |x;|? Ha u;
CTAHOBUTCA B TOYHOCTH 3amgaden (14).
3. Onrtumansueiil MeTon. U3 semMmbl 2 BBITEKaeT, 9TO ONTHMaTb-
HBI MeTo uMeeT B @ = T 0, rae koapdutmentor Pypoe {1 }iez
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dbyuKIIT ¢ = 1(y) ecTh pellenne SKCTPeMATLHON 3a]atm
(L—a)62) o —y P +a ) wjlaj]” = min, () € X.
JEZ JEZ
Hetpynmo ybenurnes, aTo
(1—a)s?
(l—a)i—2+4+a

= ., ) EL.
¢J ijjv J

Hopacrapnsa croma Belpaxkenme A1 o, HolydaeM TpeGyeMbIl Pe3y.lb-
TaT. ]

Ouenka crumsy B (4) cpasy ciegyeT u3 JeMMBI 1, a ONTHMATLHOCTE
MeToa (5) TpoBepseTCcs HemoCpeICTBEHHO.

Aoxazameavemeo meopemvr 2. Hpex ne Bcero ormeTnm, 4To ompee-

JeHne Yncra So paBeHCTBOM (6) KOPpPEKTHO, TaK KaK M3 BO3pacTaHUsA
-1

nocaeoBaTeNbLHOCTH {I/j/,cj }jen BBITEKaeT HEPABEHCTBO

MUN+1 — UN < MN+1
UNy1 —UN ~ UN41

Tem campiv 1 < 59 < V.
OcTanoBuMCS TOJLKO Ha PEIICHIN KCTPEMaIbHON 3a,Jadn

(15) T2 ()lary = max,  [[Fa()][gver <6, w() € W,

[OCKOJALKY BCE OCTalbHble PacCykJIeHUsS B 3HAYUTEILHON Mepe IOBTO-
pAOT JoKazaTealbcTBO TeopeMbl 1. Hepexoas k xoodduiuenrtam Py-
phe 1 0003HaYas KBaJpaT UX MOJYIEN 9epes u;, MPUXOJANM K dKBHBa-
JEHTHOU 3a1ade

(16) Z/,Ljuj — max, Z u; < 6% Zl/]‘u]‘ <1, wu; >0.
JEL l7|1<N JEL

[ns permenns >Tol 3agadn (Tak XKe Kak W 1is perrenns sanaqn (11))

JOCTATOIHO TIPEBABATL Takhe A, Ay > 0 U JomycTUMYyIO TOCIen0Ba-
TETLHOCTE {U; } ez, AT KOTOPBIX TIpH Beex u; > 0, j € Z,

(a2) 3 (= + MG+ devi)u; = (=g + Mixg + Aoy ).

JEZ JEL

rue
o itsw,
0, [5]>N,

1, KpoMe TOoro,

(bs) X1< ;- 52> =0, X (Z vt — 1) = 0.
l71<N

JEZ
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1/2

Hycts I/S_H <d<vs "ul <s<sy— 1. Oupenernm /)\\1 u /)\\2 u3

YCIOBHUI
— s + }\\1 + }\\21/5 = 07
—fsy1 + /)\\1 + 3\\21/54-1 = 0.

Torpa s Ay m Ay cipaBeIuBbI paBeHcTBa (12), 13 KOTOPHIX cleayer,
910 A1, A2 > 0. B cmny Toro uro mocremoBarensroctn {—p; + Ay +

A2V} }ier, UMeeT He Golee IBYX NepeMeH 3HaKa, IOLydacM
—p; + AL+ A >0, 7] <N

-1
U3 BospacTanisa mocrenoBaTerbHOCTH { V[ }jeN W TOTO, 9TO 5 < So,
npu 7 > N + 1 umeem

j N+1 1 — N
Hy < HN+ < Hs+ Hs — X,
Vj UN41 Vsy1 — Vs

Orcroma —p;j —|-/)\\21/]‘ > 0 upu |j| > N+ 1. Onpenenus s u Ugyq paBen-

crBamu (13) u momoxuB u; =0, j # s, s+ 1, monyanwm, 910 {U; };ez —

JOIYCTAMasA MOCIEN0BATEIBHOCTD, 1M1 KOTOPOU BBLITOJHAIOTCA yCJIO-

Bust (az) w (bg). CremoBarensuo, {U;} ez — permenne 3agaun (16).
Hycrs Teneps 0 < § < 1/5_01/2. Homoxmm

N HN+1 > HN+1
A = g, — = u Ay = .
VN1 VN1

N3 olpenceiacHmns sg nMeeM

Hsqg — Hsg—1 > /“LN-I-I‘

Vs

0 _VSO—I I/N-I—l

Taxkum obpaszom, —pu; + )\1 + )\21/] >0 g g = 0,80 — 1w —p, +
)\1 + )\21/50 = 0 Uz ycroBus ma €9mciao mepeMen 3Haka MOAy9IaeM, 9TO

—u; + )\1 + )\21/] > 0 mpu Beex |7| < so. Ecan sg < N, Tto B cuay
onpejerenns Sg
Hso+1 — Hsg < HN+1
Vso+1 — Vs - VN+1

Y

T.e. —flsgr1 + M+ Aavsgp1 > 0. Torja U3 yCIoBUA Ha YHCIO TepeMer
sHaka —f; + A1 + Ay > 0 mpm Beex |j| < N. Ecam |j| > N, 1o

~ V; 1%
—p; + Aoy =y Eanl <—] - ﬂ) > 0.
UN+1 \Hj  HN41

Tem cambIM mOKa3aHo, 9TO MpHU Beex | € Z

—p; + 3\\1Xj + 3\\21/]‘ > 0.
Honoxwns

o~ 1_521/5 o~ .
:52, uN_H:iVN =, u;=0, j# s, N+1,
+1

~
Usg,
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JErKO yOeauThCs, 9T0 {U;}jez — MOMYCTUMasA MOCIENOBATEILHOCTD,
IS KOTOPOH BBITOXHEHBI yCIoBuA (az) un (by).
~1/2

Caywan & > 1y paccMaTpuBaeTCAd TOYHO TaK Ke, KaK M B OKa-
3aTelbCTBE TEOPeMBI 1. ]

[ns BoccramoBrenus camon ¢ynkunu n3 kracca W = W] (T),
H;’ﬁ(T),A;’ﬁ(T) Teopemy 2 GopMalbHO TPUMEHNTH Helb3s (u; = 1,
J € Z,m TeM caMbIM He BLITOJHEHBI YCIOBUS TEOPEMBI OTHOCUTETHHO
STON mockefoBaTerbHocTn). TeMm e Meree, caMa CXeMma JOKa3aTelb-
CTBa OCTAETCS TIPEKHEN.

Aoxazameavemeo meopemor 3. 1. Onenka cunzy. Uz aemmor 1 momy-
JaeM, YTO MOIPEeIIHOCThL ONTUMaTbHOT'O BOCCTAHOBIEHUA OllCeHWBaeTCsA
CHU3Y 3HavYeHUeM 3aa4qu

1 T2()|[Lyery = max, [z;] <65, []| <N, 2(-) €W,
rae {z; <y — nepBrIe 2N +1 xoodppunnenros Pypoe Gynkumm (- ).

Honaras u; = |z;|*, j € Z, npuxoaum K bKBUBaJeHTHON 3a1ade
(17) Z/,Ljuj—>max, Zl/jujgl, 0<wu; <&, [j| <N
J€D JEL

[l HaxoXK feHns perenus >ToN 3ajady JOCTaTOIHO HAUTH TaKne A >
0, A; >0, |j| <N, u gonyctumyio mocieIoBaTerbnocTh {U; ez, M
KOTOPBLIX 1Ipu Bcex u; > 0, 7 € Z,

(as) > (=i + A+ A\ 0w = > (= + Ay + X)L,

JEL JEZ

X(Z’/J@_Q =0, X(@;—48%) =0, [jl| <N

JEL
Homoxim A = M,
Vpo+1
Hpo+1 -
< pi —==—=vj, il < po,
)\j = Vpo+1
0, pot+1 <[5 <N
HocrenoBarernbnocTs {U; } ez onpenernM paBeHCTBOM
5]2'7 |.]| < Po;,
~ — k<o Yk .
W= e il =t
( pot1 T 02001 )Wpo1
07 |.]| > po + L.

N3 olpeneacHus pg caenyeT, 9TO HOCJIG,I[OBELTGJH)HOCTB u = {u] }]EZ 4O~

nyctumad. Kpome Toro, —pu; + )\1/] + )\ = 0 opu |j| < po. B cuay
BO3pacTaHus MOCIE0BaTEILHOCTH {V]/,Lj Yienw mpu 7] > po + 1 mmeem
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—;+Av; > 0. Tem cambiM BoITIONHEHO yeaoBue (as). Jlerko ybenurnes,
910 ycaoue (bs) Takke BbImonHerno. Takum obpaszoM, U — pelenne
sagadn (17). HomeraBass U B MaKCHMU3UPYeMbIl (pYHKIMOHAT W 13-
BJIEKas KBAIPATHLIN KOPEHD, Oy TaeM

E(T, WU7[§N+1) > M + Z (M] . leupo-l-1> 5]2

1% 1%
Potl |l<po Pot1

2. Ouenxa cepxy. [lus Halgennex Boitme A u A;, |7| < N, noxoxnm

. - 3 262
)\:)\—I-Z)\j(S?, ozz%, a; = e

| < N.
A,IJI_

Torga ycaosue (as) MOKeT OBITH MEePENUCAHO B Bl e

(@) Y (= + Mav; + a;67°x;) )y
JEL
> (—py + Maw; + a;677x;));.
JEL

Tax kKax o+ > «; = 1, To J€rKo y6equThCS, ITO BBHITOIHAETCS YCIO-
<N
BUE

(ba) @ v+ Y ;8770 =1,
J€D l71<N

Yenosus (aq) n (by) JOCTATOIHDBI I TOTO, ITOOBI U OBLIO peIleHneM
3a1a9n

(18) Z/,Ljuj — max, ozZz/juj + Z Ozj(sj_zuj <1, u; >0.
JEL JEL lil<N

CaenoBarennro, snadenns 3anad (17) u (18) coBmanaror.

Bocnonbsyemes Teneps semmoti 2. Hyers Yy = 2V Y. Onpegemnm

Ha Yy moaycKalspHoe IpOn3BeleHIe
o _ =2 = =
((:1;,2),(:1; ) < ))Yo = E aj5j ;T + o E :V]Z]Zj‘
l71<N JEZ

Omnpenennm omepatop lo: X — Yy paBerncTBoMm

Lo () = ({a; b, Fa(+)),

a S: PNt Yy — pasenctsom Sy = (y,0). Ecan z(-) € W n |x; —
yil <6 I < N, mo

[o(-) = Sylly, = a Y vila; P+ > a6 ey — g < 1.

JEL <N
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COI‘JIELCHO Jemme 2 KBapaT 3Ha49€HMUsA INOI'PEITHOCTH OITHUMaJbHOI'O
BOCCTAaHOBJCHNA HE IIPEBOCXONUT 3HaAYCHUS 3a a1

T2 () Ly = max,  [[loz ()5, < 1,

KoTopas mocie mepexona K koadgdurmentam Pypbe n samensr |z;|*
Ha u; coBmajgaer ¢ samader (18). Ocraercsa BHIIICATH ONTHMATLHBIN
MeTOoJ, KOTOpLIl mmeeT B @ = 1 o ), rae koappummenTts Pypne
{t;}iez dyaxumm ¢ = ¢ (y) ecTh pelenne >KCTPEMaIbLHON 3aKa49H

Z aj5;2|:1;j —y)* + ozZz/j|:1;j|2 — min, x(:) € X.
l71<N JEL

Jlerko BN aA€ThH, 9TO

Yo, j:()v
5 2
= 1< |51 <
¢] Oél/]—I-Oé](S Y5, _|.]|_p07
07 |.]|>p0

Hposems mecioxmbie BLIMUCIEHUs, CBA3AHHBIE C TTOCTAHOBKOU BBIPa-
KEHUU IS o U &, TIOLy4daeM TpebGyeMblil pe3yIbTar. U

4. IIEKOTOPHIE JAJIBHEWIINE PE3YJABTATHI

4.1. Boccranobienne pyHKIMHU, 3aJaHHBIX Ha cdepe. Hycrs

d+1

Sd:{{E:({Eh...,$d+1)€Rd+1:Z$§:1}

J=1

— emunmanas d-mepuas cdepa. Uzsectno (cm. [9]), wrto Lo(S?) =

Y oo Hi, roe dim Hy = ng = 1,
29 4+d—1/9+d—-2
dimHj:nj:ch ) j=1,2,...
J J—1

(H; — MHOKecTBO cdeprudecKnx rapMoHuK mopsiaka j). /s omeparo-
pa Jlamraca A u ao6oro x(-) € H; nMeeT MeCTO PaBEHCTBO

Aw() = =Aja(),

rie A; = j3(j+d—1). Hycrs {Yk]}zjzl — OPTOHOPMUPOBAHHLI Ga3lC
B H;. lna 8> 0 oneparop (—A)?/? onpegenserca paBencTom

(—A)*% ZWZxM(-»
7JEN k=1

riae v, = (x(+), ij(-))Lz)(Sd) — kopdPputmenTrl Pypre GyHxIIn (- ).
Honoxum

Wy(8%) = {a(-) € La(8) = [(=2)" ()| y9 < 1}.
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HaccmoTpuM zagady onTHMaILHOIO BOCCTAaHOBIEHHS omepaTopa 1 =
(—A)"/? ma knacce Wzﬁ(Sd) [0 CJeY oMM THMOPMAITHOHHBIM 0TOGpa-
KEHUAM:

1) madopmanms [x(-) = Isqx(-) o pyuxmmnm x(-) € Wzﬁ(Sd) 3a/aeTCA
B BUJI€ YUCETN Y;; TaKUX, 9TO

Ty
DD s =yl < 6%
JEZ 4 k=1
2) uncpopmanus [x(-) = [ (-) o pynxumn z(-) € Wzﬁ(Sd) 3a/aeTCA
B Bue uncel Y, 7 =0,1,... ,m, k=1,... n;, Takux, 410
m Ty
22 leu = yul® <8
7=0 k=1
(3nech Ny, = E;n:o n;);
3) undopmanus [z(-) = ]glmx(-) TaKoBa, UTO W3BECTHBI Uik, J =
0,1,...,m, k=1,... n;, Takue, 4T0
|$]‘k—y]‘k|§(s]‘k, j:(),l,...,m,kzl,...,nj.
B pabore [6] 6bu10 nokazano, 4To npu Beex Ap, Ay > 0 gyukims
Ft) ==t +d=1)) + X + Xt +d 1))

MOZKeT 0OpalaThcsa B Hy b Ha MHOKecTBe [0, 400 ) He Gosiee YeM B IBYX
rouxax. Orciona crenyer, aro mpu 3>y > 0 gua p; = A w vy = Af
BBITIONHEHBI yeaoBus 1)-3) u3 pasjena 2.

Hpumenss Ty xe cxeMmy JoKaszaTelbcTBa, 9TO U B TeopemMax 1—3, Mo~
JydaeM MX aHaJoru AAd paccMaTpuBaeMbixX sagad. OcTanoBIMCA JUIIL
Ha QPOPMYJIMPOBKAX COOTBETCTBYIOIUINX PE3YIbTaTOB. B nambHenmem
npeanonaraeM, 9To Bcerga 3 > v > 0.

Teopema 4. Hmeem mecmo pasencmeo

Al — A
E((=A)Y2 WP (S, Irg) = \/mz + (1 — 52Af)ﬁ,
s+1 s
ecau As_fl/z <F< AP s>,
B((=A)2, Wy(87), [5a) = d"912,
ecau o > Al_ﬁﬂ. IIpu smom memod
R Ma=A )
P =2 8 (1 M v AZ+1AE> 2 i)

-5/2 -5/2
ABAACNCH ONMUMAALHIM, €CAU Asfl/ < 6 < As & , s > 1, aecau

6> Al_ﬁ/Z, mo p(y)(-) =0 — onmumasvnoii memod.
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Honoxmnm
Al A
S0 = So(m) =min<g s € N: L<Ajn+ﬁl}.
{ A=A

Teopema 5. IIpu § > /\S_Oﬁ/2
E((_A)W/27 Wf(Sd)v [ﬁm) = E((_A)W/27 Wf(Sd)7 [5d)

u memod

m -1 Ty
y= A <1+A5 Ao = A ) > uaYi()
p J J AWAE—H . Az_HAﬁ —

ABALEMCA ONMUMAALHBLM, €CAU Asfl/z < § < As 5/2 1 < s <59—1,

a ecauw 6 > A] ﬁ/, mo o(y)(-) = 0 — onmumaavnwii memod. Ipu
0<d< A ?

B(=AP WH(SY), IN) = /8207, + (1 — 2A5)ALL

-1 7

)= A 1447 et Yi(
P =N ( TN - A;HAE; Zyyk

J=1

— ONMUMALLHLLT MEMOT.
Honoxnwm
po = po(8) =m {p€Z+ 1—ZA52 2> 0, 0<p<m}
7=0

Teopema 6. Hmeem mecmo pasencmeo

Po 7
E((—AV2WHEY, ) = A5+ Y (A = AN Zéf«k,

’8d po+1 po+1

npu 2mom Memod

> /2 A +1 vp i ;
) =D A1 - (%) > unYi()
7=1 J k=1
ABASLEMCA ONMUMAADHBLM.
2. Kiuaccor Xapaum—Cob6oaeBa u Ileprmana—Co6GoaeBa Ha
eguHu4IHOM Kpyre. O6osnadnm depes Hy( D) mpocTpancTBo anaim-

Tuveckux B eguangnoM kKpyre D = {z € C: |z| < 1} dpysxmmn z(-),
Y IOBIETBOPAIOIINX YCJIOBHIO

| e
el = s (5 [letpePar) <o
0<p<1t \ 27T Jr
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Kaaccom Xapdu—Coboaesa Hj(D) naspiBaeTcss MHOKECTBO (DYHKITHI
x(+), anaruTuaeckux B D, MIs KOTOPBIX Hfl?(r)(‘)HHQ(D) < 1.

Hepes Ay (D) oboznadnM mpocTpancTBO (DYHKIUN &(-), aHAInTHTe-
CKIX B eUHNIHOM Kpyre [ 1 y1oBIe TBOPAIONINX YCJIOBHIO

() Lascoy = ( / |x<z>|2da<z>)l/2 <o,

rje o — mockas Mepa Jlebera. Kaaccom [lepemana—Coboresa AL(D)

Ha3bIBA€TCA MHOXKECTBO (PYHKINN x(-), aHaIuTuIeckux B [, 1 Ko-
r

Tophix ||zt )(')HAz(D) < 1.

HacemoTpum 3amaty onTuMailbHOTO BOCCTAHOBIEHUS k-1 TIPOU3BO/I-
Honm Ha kmaccax W = Hj u Al mo mudopmanum o KoxhuimenTax
CTENeHHOro pAfa caMoll (PYHKINHU, 3aJaHHbIX C TTOTPEITHOCTHIO § B
HopMe TpocTpancTBa lo. oMU croBamu, MBI camTaem, 9TO IS Ka-
xaon yukium x(-) € W takoit, 9410

x(z) = Z a2,

JE€EZ 4

U3BECTHBI YnCIa {Y;}jez, TaKue, 9To

2 2
> la; —yl* < 6%
JE€EZ 4
CooTBeTrcTByfolee uHpOpMaInoHHoe oTobpakeHne Oynem 0003Ha-
qath yepes [ . Mzyuaemasn 3aada oNTHMATLHOIO BOCCTAHOBIEHUA 3a-
NUCHIBAETCA B BHU/IE
k +y - k
E(D",W,I) = inf sup [l2®() = () ()llws
@: oW o(-)EW, y€ly
[F () =yll, <6
rae W = Hy(D), Ay(D), a Fra(-) = {a;}ez, — xoddpdpurmenTsr cTe-
neHroro psga gynkmumn (-).
Cdopmyaupyem aHaIor TeopeMbl |, KOTOPLII MOXKET ObITh oIy IeH
C TIOMOIIBIO OMUCAHHON BhIlle cxeMbl. Homoxnm npu pukcnpoBanHbBIX
Ewr(1<k<r)

pi (W) = (.j!

j>r, W=AyD),

)
ﬁ) j = W= Hy(D),
)

, 7 <.
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Teopema 7. [IpuW = H} vau Ay wecexl <k <r dand > VZI/Q(W)

UMEETN MECTNO PAGEHCTMBO

e (W) — o2 (V)
v (W) ’

E(Dk,W, [;—) = 52/“L7’—1(W) +

a das l/s__l_ll/Q(W) <H < I/S_I/Z(W), 8> 71, — PABEHCME0

Ms+1(W) - MS(W)
Vet (W) —vs(W)

E(D* W, IT) = [ 82u(W) + (1 — 820, (W)

IIpu smom memod

o0

B =Y (1 (W)

i=k

pstr (W) — s (W) >_1
ps(W)vsn (W) = propn (W)ws (W)

Y27

~1/2 ~1/2
ABALEMCA ONMUMAALHBLM, ECAU I/S_H/ (W) <é < s / (W), s>r, a

ecau § > V,,_I/Z(W), mo @(y)(z) =0 — onmumarvuviii memod.

Caydanm, Korga W3BECTHO JHIIL KOHEYHOE YHCIO KOIDPUITTEHTOB
CTEMEHHOT0 PSa ¢ TOTPENTHOCTHIO B CPENHEKBATPATUIHON WIN PABHO-
MepHOW MEeTPHUKE, MOTYT OBITH PACCMOTPEHBI TOYHO TaK ke, KaK DTO
MeNa0Ch s TepuoJunvIecKoro ciry4vas.

JINTEPATYPA

[1] Micchelli C. A., Rivlin T. J. A survey of optimal recovery // Optimal estima-
tion in approximation theory / ed. C. A. Micchelli, T. J. Rivlin. New York:
Plenum Press, 1977. P. 1-54.

[2] Melkman A. A., Micchelli C. A. Optimal estimation of linear operators in
Hilbert spaces from inaccurate data // STAM J. Numer. Anal. 1979. V. 16.
P. 87-105.

[3] Micchelli C. A., Rivlin T. J. Lectures on optimal recovery // Numerical analy-
sis, Proc. SERC Summer Sch., Lancaster/Engl., 1984. Berlin: Springer—Verlag,
1984. P. 21-93. (Lecture Notes in Math. V. 1129.)

[4] Micchelli C. A. Optimal estimation of linear operators in Hilbert spaces from
inaccurate data: a second look // Numer. Algorithms. 1993. V. 5. P. 375-390.

[6] Plaskota L. Noisy information and computational complexity. Cambridge:
Cambridge Univ. Press, 1996.

[6] Mazapua-Havses . I'., Turomupos B. M. O HepaBeHCTBAX s IPOU3BO THBIX
KoJMoroposckoro tuna // Matem. ¢6. 1997. T. 188. Ne12. C. 73-106.

[7] Mazapua-Havses . I'., Turomupos B. M. BEIIYKIABIN aHAINS W €O TPUAOKE-
uusg. Mocksa: P quropuaa ¥YPCC, 2000.

[8] Mazapua-Havses I'. I'., Ocunenxo K. 0., Turomupos B. M. OunrumaiabHoe
BOCCTaHOBJeHUEe U Teopus dkcrpemyMma // Howa. PAP. 2001. T. 379. Ne2.
C. 161-164.

[9] Cmetin H., Beiic I'. Beenenue B rapMOHUYMECKUT aHAMU3 HA €BKAMJOBBIX [IPO-
cTpancTBax. M: Mup, 1974.
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