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�¢¥¤¥¨¥�±«¨ f(x) | ¥¯°¥°»¢ ¿   ®²°¥§ª¥ [a; b] ´³ª¶¨¿ ¨ F (x) | ¥¥ ¯¥°¢®®¡° § ¿, ²®¯® ´®°¬³«¥ �¼¾²® {�¥©¡¨¶ Z ba f(x) dx = F (a) � F (b):�¤ ª® · ±²® ¯¥°¢®®¡° § ¿ ¥ ¬®¦¥² ¡»²¼ ¢»° ¦¥  ·¥°¥§ ½«¥¬¥² °»¥ ´³ª¶¨¨¨«¨ ¿¢«¿¥²±¿ ±«¨¸ª®¬ ±«®¦®©. � ¯°¨¬¥°, ¯°¨ ¢»·¨±«¥¨¨ ¨²¥£° «®¢Z 10 e�x2 dx; Z 10 dx(1 + x2)10¢ ¯¥°¢®¬ ±«³· ¥ ¬» ±² «ª¨¢ ¥¬±¿ ± ²¥¬, ·²® ¯¥°¢®®¡° § ¿ ¤«¿ e�x2 ¥ ¢»° ¦ ¥²±¿·¥°¥§ ½«¥¬¥² °»¥ ´³ª¶¨¨,   ¢® ¢²®°®¬ | ± ²¥¬, ·²® ¯¥°¢®®¡° § ¿ ¤«¿ ´³ª¶¨¨(1 + x2)�10 ¿¢«¿¥²±¿ ±«¨¸ª®¬ £°®¬®§¤ª¨¬ ¢»° ¦¥¨¥¬.�°®¬¥ ²®£®,   ¯° ª²¨ª¥ ¯®¤»²¥£° «¼ ¿ ´³ª¶¨¿ f(x) ®¡»·® ¡»¢ ¥² § ¤   ¢¤¨±ª°¥²®¬ ·¨±«¥ ²®·¥ª. � ½²®¬ ±«³· ¥ ¯¥°¢®®¡° § ¿ F (x) ¢®®¡¹¥ ¥ ¬®¦¥² ¡»²¼ ©¤¥  ²®·®. �¥¬ ± ¬»¬ ¢®§¨ª ¥² § ¤ ·  ¯°¨¡«¨¦¥®£® ¢»·¨±«¥¨¿ ®¯°¥¤¥«¥®£®¨²¥£° «  ®² ´³ª¶¨¨ ¯® ¨´®°¬ ¶¨¨ ® § ·¥¨¿µ ½²®© ´³ª¶¨¨ ¢ ¥ª®²®°®© ±¨±²¥¬¥²®·¥ª. � ª®£® °®¤  ´®°¬³«»  §»¢ ¾²±¿ ª¢ ¤° ²³°»¬¨ ´®°¬³« ¬¨. � ¤ ®¬ ¯®±®-¡¨¨ ° ±±¬ ²°¨¢ ¾²±¿ ®±®¢»¥ ¬¥²®¤» ¯®±²°®¥¨¿ ¯°®±²¥©¸¨µ ª¢ ¤° ²³°»µ ´®°¬³«¨ ®¶¥ª¨ ¨µ ¯®£°¥¸®±²¥©.1. �®°¬³«  ¯°¿¬®³£®«¼¨ª®¢� ±±¬®²°¨¬ § ¤ ·³ ¯°¨¡«¨¦¥®£® ¢»·¨±«¥¨¿ ¨²¥£° « Z h=2�h=2 f(x) dx¯® § ·¥¨¾ f(0) = f0. �±²¥±²¢¥® ±·¨² ²¼, ·²® ´³ª¶¨¿ ¢±¾¤³ ¯°¨¡«¨¦¥® ° ¢ f0, ¨ § ¬¥¨²¼ ¢»·¨±«¥¨¥ ¨²¥£° «  ®² ¨±µ®¤®© ´³ª¶¨¨   ¢»·¨±«¥¨¥ ¨²¥£° « ®² ¯®±²®¿®© f0. � ª¨¬ ®¡° §®¬, ¬» ¯°¨µ®¤¨¬ ª ¯°®±²¥©¸¥© ª¢ ¤° ²³°®© ´®°¬³«¥Z h=2�h=2 f(x) dx � hf0; §»¢ ¥¬®© ´®°¬³«®© ¯°¿¬®³£®«¼¨ª®¢. �¥®¬¥²°¨·¥±ª¨© ±¬»±« ´®°¬³«» ¯°¿¬®³£®«¼-¨ª®¢ § ª«¾· ¥²±¿ ¢ ²®¬, ·²® ¯«®¹ ¤¼ ¯®¤ £° ´¨ª®¬ ´³ª¶¨¨ y = f(x) § ¬¥¿¥²±¿  ¯«®¹ ¤¼ ¯°¿¬®³£®«¼¨ª  ± ¢»±®²®©, ° ¢®© f(0).�¶¥¨¬ ¯®£°¥¸®±²¼ ´®°¬³«» ¯°¿¬®³£®«¼¨ª®¢ ¢ ¯°¥¤¯®«®¦¥¨¨, ·²® ³ ´³ª¶¨¨f(x) ±³¹¥±²¢³¥² ¥¯°¥°»¢ ¿ ¢²®° ¿ ¯°®¨§¢®¤ ¿. �® ´®°¬³«¥ �¥©«®°  ¨¬¥¥¬f(x) = f0 + f 00x+ f 00(�)2! x2;{ 3 {



£¤¥ f 00 = f 0(0). �²±¾¤  Z h=2�h=2 f(x) dx = hf0 + Z h=2�h=2 f 00(�)2! x2 dx:�®«®¦¨¬ M2 = maxx2[�h=2;h=2] jf 00(x)j:�®£¤ (1.1) �����Z h=2�h=2 f(x) dx � hf0����� � M22 Z h=2�h=2 x2 dx = M224 h3:2. �±«®¦¥ ¿ ´®°¬³«  ¯°¿¬®³£®«¼¨ª®¢�³±²¼ ¨¬¥¥²±¿ ®²°¥§®ª [a; b] ¨ ²°¥¡³¥²±¿ ¯°¨¡«¨¦¥® ¢»·¨±«¨²¼Z ba f(x) dx:� §®¡¼¥¬ ®²°¥§®ª [a; b]   N ° ¢»µ · ±²¥© ²®·ª ¬¨xi = a+ ih; i = 0; 1; : : : ;N; h = b� aN :�  ª ¦¤®¬ ¨§ ®²°¥§ª®¢ [xi; xi+1], i = 0; : : : ;N�1, ¢»·¨±«¨¬ § ·¥¨¥ ´³ª¶¨¨ ¢ ±°¥¤¥©²®·ª¥ xi+1=2 = a+ (i + 1=2)h ¨ ¯°¨¬¥¨¬ ´®°¬³«³ ¯°¿¬®³£®«¼¨ª®¢(2.1) Z xi+1xi f(x) dx � hfi+1=2;£¤¥ fi+1=2 = f(xi+1=2).�®±ª®«¼ª³ Z ba f(x) dx = N�1Xi=0 Z xi+1xi f(x) dx;²®, ±«®¦¨¢ ¯°¨¡«¨¦¥»¥ ° ¢¥±²¢  (2.1), ¯®«³·¨¬(2.2) Z ba f(x) dx � h(f1=2 + f3=2 + � � �+ fN�1=2):�®°¬³«  (2.2)  §»¢ ¥²±¿ ³±«®¦¥®© ´®°¬³«®© ¯°¿¬®³£®«¼¨ª®¢ (· ±²® ¨¬¥® ½²³´®°¬³«³  §»¢ ¾² ´®°¬³«®© ¯°¿¬®³£®«¼¨ª®¢).�«¿ ®¶¥ª¨ ¯®£°¥¸®±²¨ ´®°¬³«» (2.2) ¯°¥¤¯®«®¦¨¬, ·²® ´³ª¶¨¿ f(x) ¨¬¥¥² ¥-¯°¥°»¢³¾ ¢²®°³¾ ¯°®¨§¢®¤³¾   ®²°¥§ª¥ [a; b] ¨M2 = maxx2[a;b] jf 00(x)j:�·¨²»¢ ¿ ®¶¥ª³ (1.1), ¨¬¥¥¬����Z ba f(x) dx � hN�1Xi=0 fi+1=2���� � N�1Xi=0 M224 h3 = M224 (b � a)h2:� ±¨«³ ° ¢¥±²¢  Nh = b � a ¬®¦® ¯¥°¥¯¨± ²¼ ½²³ ®¶¥ª³ ±«¥¤³¾¹¨¬ ®¡° §®¬����Z ba f(x) dx � hN�1Xi=0 fi+1=2���� � M2(b � a)324N2 :{ 4 {



3. �±¯®«¼§®¢ ¨¥ ¨²¥°¯®«¿¶¨®®£® ¬®£®·«¥ � £° ¦  ¤«¿ ¯®±²°®¥¨¿ ª¢ ¤° ²³°»µ ´®°¬³«�¤¨¬ ¨§ ®¡¹¨µ ¯°¨¥¬®¢ ¯®±²°®¥¨¿ ª¢ ¤° ²³°»µ ´®°¬³« ¿¢«¿¥²±¿ § ¬¥  ´³ª-¶¨¨, § ¤ ®©   ®²°¥§ª¥ [a; b], ¥ª®²®°®© ¡®«¥¥ ¯°®±²®© ¨ ¢ ²® ¦¥ ¢°¥¬¿ ¡«¨§ª®© ª¨±µ®¤®© ´³ª¶¨¥©. � ¯°¨¬¥°, ¥±«¨ f(x) ¨§¢¥±²  ¢ ¥ª®²®°»µ ²®·ª µ ®²°¥§ª  [a; b]x0; x1; : : : ; xn, ²® ¬®¦® § ¬¥¨²¼ ¥¥   ¨²¥°¯®«¿¶¨®»© ¬®£®·«¥ � £° ¦  Ln(x)¨ ¯®«®¦¨²¼ Z ba f(x) dx � Z ba Ln(x) dx:�«¿ ¨²¥°¯®«¿¶¨®®£® ¬®£®·«¥  � £° ¦  ¨¬¥¥² ¬¥±²® ° ¢¥±²¢® (±¬. [7, ±²°. 9])Ln(x) = nXi=0 lni(x)fi;£¤¥ lni(x) = (x � x0) : : : (x � xi�1)(x � xi+1) : : : (x � xn)(xi � x0) : : : (xi � xi�1)(xi � xi+1) : : : (xi � xn) ; fi = f(xi):� ª¨¬ ®¡° §®¬, ¯®«³· ¥¬ ª¢ ¤° ²³°³¾ ´®°¬³«³(3.1) Z ba f(x) dx � nXi=0Aifi;¢ ª®²®°®©(3.2) Ai = Z ba lni(x) dx:� ¬¥· ¨¥. �±«¨ f(x) | ¬®£®·«¥ ±²¥¯¥¨ k � n, ²® ¢ ±¨«³ ¥¤¨±²¢¥®±²¨ ¨²¥°-¯®«¿¶¨®®£® ¬®£®·«¥  � £° ¦  f(x) � Ln(x). �¥¬ ± ¬»¬ ª¢ ¤° ²³° ¿ ´®°¬³« (3.1) ²®·    ¬®£®·«¥ µ ±²¥¯¥¨ k � n. � · ±²®±²¨, ¯°¨ ¢±¥µ k = 0; 1; : : : ; n(3.3) Z ba xk dx = nXi=0Aixki :�°¨¬¥° 3.1. �®±²°®¨²¼ ª¢ ¤° ²³°³¾ ´®°¬³«³ ¢¨¤ Z 1�1 f(x) dx � A0f(�1=2) +A1f(0) +A2f(1=4):�¥¸¥¨¥. �®¦® ¡»«® ¡» ¢»·¨±«¿²¼ A0, A1 ¨ A2 ¯® ´®°¬³« ¬ (3.2). � ¯°¨¬¥°,A0 = Z 1�1 x(x � 1=4)3=8 dx = 83 �x33 � x28 �����1�1 = 169 :{ 5 {



�» ¦¥ ¢®±¯®«¼§³¥¬±¿ ° ¢¥±²¢ ¬¨ (3.3). �¬¥¥¬Z 1�1 dx = A0 +A1 +A2;Z 1�1 xdx = A0��12�+A2 14 ;Z 1�1 x2 dx = A0��12�2 +A2�14�2 :� ª¨¬ ®¡° §®¬, ¯®«³· ¥¬ ±«¥¤³¾¹³¾ ±¨±²¥¬³8>>>><>>>>: A0+A1+ A2 = 2;�12A0 + 14A2 = 0;14A0 + 116A2 = 23 :�¥¸ ¿ ½²³ ±¨±²¥¬³,  µ®¤¨¬A0 = 169 ; A1 = �103 ; A2 = 329 :�«¥¤®¢ ²¥«¼®, ¨±ª®¬ ¿ ª¢ ¤° ²³° ¿ ´®°¬³«  ¨¬¥¥² ¢¨¤Z 1�1 f(x) dx � 169 f(�1=2) � 103 f(0) + 329 f(1=4):4. �¢ ¤° ²³°»¥ ´®°¬³«» �¼¾²® {�®²¥± �«¿ ¯°¨¡«¨¦¥®£® ¢»·¨±«¥¨¿ ¨²¥£° « Z ba f(x) dx° §®¡¼¥¬ ®²°¥§®ª [a; b]   n ° ¢»µ · ±²¥© ²®·ª ¬¨xi = x0 + ih; i = 0; 1; : : : ; n; h = b � an(x0 = a, xn = b). � ¬¥¨¬ ´³ª¶¨¾ f(x)   ¥¥ ¨²¥°¯®«¿¶¨®»© ¬®£®·«¥ � £° ¦ ,¯®±²°®¥»© ¯® § ·¥¨¿¬ ½²®© ´³ª¶¨¨ ¢ ²®·ª µ x0; x1; : : : ; xn. �«¿ ° ¢®®²±²®¿¹¨µ³§«®¢ ¨²¥°¯®«¿¶¨¨ (±¬. [7, ±²°. 12])lni(x) = (�1)n�ii!(n � i)!q(q � 1) : : : (q � i+ 1)(q � i� 1) : : : (q � n);£¤¥(4.1) q = x� x0h :{ 6 {



�¤¥« ¢ § ¬¥³ ¯¥°¥¬¥®© (4.1) ¨ ³·¨²»¢ ¿, ·²® dx = hdq, ¯®«³·¨¬ ª¢ ¤° ²³°³¾´®°¬³«³ (3.1), ¢ ª®²®°®©Ai = h (�1)n�ii!(n � i)! Z n0 q(q � 1) : : : (q � i+ 1)(q � i � 1) : : : (q � n) dq:�®«®¦¨¬(4.2) Hi = 1n (�1)n�ii!(n� i)! Z n0 q(q � 1) : : : (q � i + 1)(q � i� 1) : : : (q � n) dq:� ª ª ª h = b � an , ²® Ai = (b� a)Hi. �¥¬ ± ¬»¬ ¯®«³· ¥¬ ª¢ ¤° ²³°³¾ ´®°¬³«³(4.3) Z ba f(x) dx � (b � a) nXi=oHifi; §»¢ ¥¬³¾ ª¢ ¤° ²³°®© ´®°¬³«®© �¼¾²® {�®²¥± . �¥«¨·¨» (4.2)  §»¢ ¾²±¿ª®½´´¨¶¨¥² ¬¨ �®²¥± . �«¿ ¨µ ±³¹¥±²¢³¾² ² ¡«¨¶».�²¬¥²¨¬ ¥ª®²®°»¥ ¯°®±²¥©¸¨¥ ±¢®©±²¢  ª®½´´¨¶¨¥²®¢ �®²¥± . �®±ª®«¼ª³ ª¢ -¤° ²³° ¿ ´®°¬³«  (4.3) ²®·  ¤«¿ «¾¡®£® ¬®£®·«¥  ±²¥¯¥¨ k � n, ²® ® , ¢ · ±²-®±²¨ ²®·  ¤«¿ f(x) � 1. �®¤±² ¢¨¢ ½²³ ´³ª¶¨¾ ¢ (4.3),  µ®¤¨¬(4.4) nXi=0Hi = 1:�°®¬¥ ²®£®, ¥¯®±°¥¤±²¢¥® ¨§ (4.2) ¢»²¥ª ¾² ° ¢¥±²¢ (4.5) Hn�i = Hi; i = 0; 1; : : : ; n� 1:5. �®°¬³«  ²° ¯¥¶¨©� ±±¬®²°¨¬ ª¢ ¤° ²³°³¾ ´®°¬³«³ �¼¾²® {�®²¥±  ¯°¨ n = 1. � ½²®¬ ±«³· ¥h = b� a,   ± ¬  ´®°¬³«  ¨¬¥¥² ¢¨¤Z ba f(x) dx � h(H0f0 +H1f1):�®«¼§³¿±¼ ±¢®©±²¢ ¬¨ (4.4) ¨ (4.5),  µ®¤¨¬H0 +H1 = 1;H0 = H1:�«¥¤®¢ ²¥«¼®, H0 = H1 = 1=2.�² ª, ¯®«³·¥  ´®°¬³«  Z ba f(x) dx � hf0 + f12 ; §»¢ ¥¬ ¿ ´®°¬³«®© ²° ¯¥¶¨©. { 7 {



�¶¥¨¬ ¯®£°¥¸®±²¼ ´®°¬³«» ²° ¯¥¶¨©. �«¿ ¯®£°¥¸®±²¨ ¯°¨¡«¨¦¥¨¿ ´³ª¶¨¨¬®£®·«¥®¬ � £° ¦  ¯¥°¢®© ±²¥¯¥¨ ¨¬¥¥² ¬¥±²® ° ¢¥±²¢® (±¬. [7, ±²°. 10, 12])f(x) � L1(x) = f 00(�)2 h2q(q � 1);£¤¥ � ¥ª®²®° ¿ ²®·ª  ¨§ ¨²¥°¢ «  (a; b),   q ®¯°¥¤¥«¥® ° ¢¥±²¢®¬ (4.1). � ª¨¬®¡° §®¬, ¨¬¥¥¬�����Z ba f(x) dx � hf0 + f12 ����� = �����Z ba (f(x) � L1(x)) dx�����= ����Z 10 f 00(�)2 h3q(q � 1) dq���� � M22 h3 Z 10 q(1 � q) dq = M212 h3:� «®£¨·® ³±«®¦¥®© ´®°¬³«¥ ¯°¿¬®³£®«¼¨ª®¢ ¬®¦® ¯®±²°®¨²¼ ³±«®¦¥³¾´®°¬³«³ ²° ¯¥¶¨©, ° §¡¨¢ ¢¥±¼ ®²°¥§®ª [a; b]   n ° ¢»µ · ±²¥© ¨ ¯°¨¬¥¨¢   ª -¦¤®© ¨§ · ±²¥© ´®°¬³«³ ²° ¯¥¶¨©. �®£¤  h = b � an ,   ±®®²¢¥²±²¢³¾¹ ¿ ª¢ ¤° ²³° ¿´®°¬³«  ¨¬¥¥² ¢¨¤ Z ba f(x) dx � h�f02 + f1 + � � �+ fn�1 + fn2 � :�°¨ ½²®¬ ¤«¿ ¯®£°¥¸®±²¨ ½²®© ª¢ ¤° ²³°®© ´®°¬³«» (¬» ®¡®§ · ¥¬ ¥¥ ·¥°¥§ Rt)¡³¤³² ±¯° ¢¥¤«¨¢» ¥° ¢¥±²¢ (5.1) Rt � nM212 h3 = M212 (b � a)h2 = M2(b � a)312n2 :�°¨¬¥° 5.1. � ±ª®«¼ª¨µ ²®·ª µ  ¤® ¢»·¨±«¨²¼ ´³ª¶¨¾ f(x) = ex2, ·²®¡» ¯°¨¢»·¨±«¥¨¨ ¨²¥£° «  Z 10 ex2 dx¯® ³±«®¦¥®© ´®°¬³«¥ ²° ¯¥¶¨© ¯®£°¥¸®±²¼ ¥ ¯°¥¢®±µ®¤¨«  10�5.�¥¸¥¨¥. �®±ª®«¼ª³ f 00(x) = (2 + 4x2)ex2 , ²® M2 = 6e. �§ (5.1) ¢»²¥ª ¥², ·²® ¤«¿¤®±²¨¦¥¨¿ ²°¥¡³¥¬®© ²®·®±²¨ ¤®±² ²®·® ¢»¯®«¥¨¿ ¥° ¢¥±²¢ M212n2 � 10�5:�²±¾¤  n � 100p5e = 368; 6 : : : . �¨±«® ¢»·¨±«¥¨© ´³ª¶¨¨ ¯°¨ ° §¡¨¥¨¨ ®²°¥§ª   n · ±²¥© ° ¢® n+1, ¯®½²®¬³ ¤«¿ ¢»·¨±«¥¨¿ ° ±±¬ ²°¨¢ ¥¬®£® ¨²¥£° «  ± § ¤ ®©²®·®±²¼¾ ¯®²°¥¡³¥²±¿  µ®¤¨²¼ § ·¥¨¿ ´³ª¶¨¨ ¢ 370 ²®·ª µ.{ 8 {



6. �®°¬³«  �¨¬¯±® �³±²¼ ²¥¯¥°¼ n = 2, ².¥. x0 = a, x1 = a + h, x2 = b,   h = b � a2 . �§ (4.2) ¨¬¥¥¬H0 = 14 Z 20 (q � 1)(q � 2) dq = 14 �q33 � 3q22 + 2q�����20 = 16 :�®£¤  ¢ ±¨«³ (4.5) H2 = H0 = 1=6,   ¨§ (4.4) ¢»²¥ª ¥², ·²®H1 = 2=3. �² ª, ¬» ¯®«³·¨«¨ª¢ ¤° ²³°³¾ ´®°¬³«³ Z ba f(x) dx � h3 (f0 + 4f1 + f2);ª®²®° ¿  §»¢ ¥²±¿ ´®°¬³«®© �¨¬¯±® . �¥®¬¥²°¨·¥±ª¨© ±¬»±« ½²®© ´®°¬³«» § -ª«¾· ¥²±¿ ¢ ²®¬, ·²® ¢¬¥±²® ¨²¥£° «  ®² ¨±µ®¤®© ´³ª¶¨¨ ¢»·¨±«¿¥²±¿ ¨²¥£° «®² ¯ ° ¡®«», ¯°®µ®¤¿¹¥© ·¥°¥§ § ·¥¨¿ ´³ª¶¨¨ ¢ ²®·ª µ a, a+ b2 ¨ b.�¶¥¨¬ ¯®£°¥¸®±²¼ ´®°¬³«» �¨¬¯±® . �¥§ ®£° ¨·¥¨¿ ®¡¹®±²¨ ¬®¦® ±·¨-² ²¼, ·²®  · «® ª®®°¤¨ ² ¢»¡° ® ¢ ²®·ª¥ a+ b2 . �¥¬ ± ¬»¬ ¡³¤¥¬ ®¶¥¨¢ ²¼ ª¢ -¤° ²³°³¾ ´®°¬³«³(6.1) Z h�h f(x) dx � h3 (f(�h) + 4f(0) + f(h)):�°¥¦¤¥ ¢±¥£® ®²¬¥²¨¬, ·²® ´®°¬³«  �¨¬¯±®  ²®·  ¥ ²®«¼ª®   ¬®£®·«¥ µ ¢²®-°®© ±²¥¯¥¨, ª ª ±«¥¤³¥² ¨§ § ¬¥· ¨¿ ¢ ¯. 3, ® ¨   ¬®£®·«¥ µ ²°¥²¼¥© ±²¥¯¥¨.�«¿ ²®£®, ·²®¡» ³¡¥¤¨²¼±¿ ¢ ½²®¬, ¤®±² ²®·® ¯°®¢¥°¨²¼, ·²® ´®°¬³«  (6.1) ²®·  ¤«¿f(x) = x3.�³±²¼ c | ¯°®¨§¢®«¼ ¿ ²®·ª  ¨§ ¨²¥°¢ «  (0; h). � ±±¬®²°¨¬ ¨²¥°¯®«¿¶¨®»©¬®£®·«¥ � £° ¦  L3(x), ¨²¥°¯®«¨°³¾¹¨© ´³ª¶¨¾ f(x) ¢ ²®·ª µ �h, 0, c ¨ h.�¬¥¥¬ Z h�h L3(x) dx = h3 (L3(�h) + 4L3(0) + L3(h)) = h3 (f(�h) + 4f(0) + f(h)):�®½²®¬³ ¤«¿ ¯®£°¥¸®±²¨ ´®°¬³«» �¨¬¯±® , ª®²®°³¾ ¬» ®¡®§ ·¨¬ ·¥°¥§ R, ¡³¤¥¬¨¬¥²¼R = ����Z h�h f(x) dx � h3 (f(�h) + 4f(0) + f(h))����= ����Z h�h f(x) dx � Z h�h L3(x) dx���� = ����Z h�h(f(x) � L3(x)) dx����� Z h�h jf(x) � L3(x)j dx:�®«®¦¨¬ M4 = maxx2[�h;h] jf (4)(x)j:{ 9 {



�®£¤  ¤«¿ ¯®£°¥¸®±²¨ ¯°¨¡«¨¦¥¨¿ ´³ª¶¨¨ f(x) ¬®£®·«¥®¬ � £° ¦  ±¯° ¢¥¤«¨¢ ±«¥¤³¾¹ ¿ ®¶¥ª  (±¬. [7, ±²°. 11])jf(x) � L3(x)j � M44! j(x + h)x(x � c)(x � h)j:�¥¬ ± ¬»¬ ¤«¿ «¾¡®£® c 2 (0; h)R � M424 Z h�h j(x + h)x(x � c)(x � h)j dx:�¥°¥µ®¤¿ ª ¯°¥¤¥«³ ¢ ½²®¬ ¥° ¢¥±²¢¥ ¯°¨ c! 0, ¯®«³· ¥¬(6.2) R � M424 Z h�h x2(h2 � x2) dx = M424 �h2x33 � x55 �����h�h = M490 h5:�»¢¥¤¥¬ ²¥¯¥°¼ ³±«®¦¥³¾ ´®°¬³«³ �¨¬¯±® . � §¤¥«¨¬ ®²°¥§®ª [a; b]   ·¥²®¥·¨±«® ®²°¥§ª®¢ 2n xi = a+ ih; i = 0; 1; : : : ; 2n; h = b� a2n :�  ª ¦¤®¬ ¨§ ®²°¥§ª®¢ [x2i; x2i+2] ¯°¨¬¥¨¬ ´®°¬³«³ �¨¬¯±® Z x2i+2x2i f(x) dx � h3 (f2i + 4f2i+1 + f2i+2):�«®¦¨¢ ½²¨ ° ¢¥±²¢ , ¯®«³·¨¬ ³±«®¦¥³¾ ´®°¬³«³ �¨¬¯±® Z ba f(x) dx � h3�f0 + f2n + 4 nXi=1 f2i�1 + 2 n�1Xi=1 f2i�:�·¨²»¢ ¿ ®¶¥ª³ (6.2), ¤«¿ ¯®£°¥¸®±²¨ ³±«®¦¥®© ´®°¬³«» �¨¬¯±® , ª®²®°³¾¬» ®¡®§ ·¨¬ ·¥°¥§ Rs, ¡³¤¥¬ ¨¬¥²¼Rs � nM490 h5 = M4180(b� a)h4;£¤¥ M4 = maxx2[a;b] jf (4)(x)j:�®±ª®«¼ª³ h = b � a2n , ²® ®¶¥ª  ¢¥«¨·¨» Rs ¬®¦¥² ¡»²¼ ¤   ·¥°¥§ nRs � M4(b � a)52880n4 :�°¨¬¥° 6.1. � ±±¬®²°¥²¼ ¯°¨¬¥° 5.1 ¤«¿ ´®°¬³«» �¨¬¯±® .�¥¸¥¨¥. �¬¥¥¬ f (4)(x) = (12 + 48x2 + 16x4)ex2 . �¥¬ ± ¬»¬ M4 = 76e. �«¿ ¤®±²¨-¦¥¨¿ ²°¥¡³¥¬®© ²®·®±²¨ ¤®±² ²®·® ¢»¯®«¥¨¿ ¥° ¢¥±²¢ M42880n4 � 10�5:�²±¾¤  n � 10 4r19e72 = 9; 2 : : : :�°¨ ¨±¯®«¼§®¢ ¨¨ ´®°¬³«» �¨¬¯±®  ®²°¥§®ª ° §¡¨¢ ¥²±¿   2n · ±²¥©. �®½²®¬³ ¤«¿¢»·¨±«¥¨¿ ° ±±¬ ²°¨¢ ¥¬®£® ¨²¥£° «  ± § ¤ ®© ²®·®±²¼¾ ¯®²°¥¡³¥²±¿  µ®¤¨²¼§ ·¥¨¿ ´³ª¶¨¨ ¢ 21 ²®·ª¥ ( ¯®¬¨¬, ·²® ¢   «®£¨·®¬ ¯°¨¬¥°¥ ¤«¿ ´®°¬³«»²° ¯¥¶¨© ¯°¨ ²®© ¦¥ ²®·®±²¨ ²°¥¡®¢ «¨±¼ ¢»·¨±«¥¨¿ ¢ 370 ²®·ª µ).{ 10 {



7. �« ¢ ¿ · ±²¼ ¯®£°¥¸®±²¨ ª¢ ¤° ²³°»µ ´®°¬³«�«¿ ³±«®¦¥®© ´®°¬³«» ¯°¿¬®³£®«¼¨ª®¢ ¡»«® ¤®ª § ® ±«¥¤³¾¹¥¥ ° ¢¥±²¢®(7.1) Z ba f(x) dx = h n�1Xi=0 fi+1=2 + r1;£¤¥ h = b� an ,   jr1j � M224 (b � a)h2:�» ¯®«³·¨¬ ¡®«¥¥ ²®·³¾ ®¶¥ª³ ¢ ¯°¥¤¯®«®¦¥¨¨, ·²® ´³ª¶¨¿ f(x) ¨¬¥¥² ¥¯°¥°»¢-³¾ ·¥²¢¥°²³¾ ¯°®¨§¢®¤³¾.� ±±¬®²°¨¬ ± · «  ±«³· ©, ª®£¤  [a; b] = [�h=2; h=2]. �® ´®°¬³«¥ �¥©«®° (7.2) f(x) = f0 + f 00x+ f 0002! x2 + f 00003! x3 + f (4)(�)4! x4;£¤¥ f (i)0 = f (i)(0), i = 0; 1; 2; 3,   � | ¥ª®²®° ¿ ²®·ª  ¨§ ¨²¥°¢ «  (�h=2; h=2). �²¥-£°¨°³¿ (7.2), ¯®«³· ¥¬ ° ¢¥±²¢®Z h=2�h=2 f(x) dx = f0h+ f 00024h3 + r2;¢ ª®²®°®¬ r2 = Z h=2�h=2 f (4)(�)4! x4 dx:�«¿ ¢¥«¨·¨» r2 ±¯° ¢¥¤«¨¢  ±«¥¤³¾¹ ¿ ®¶¥ª jr2j � M44! Z h=2�h=2 x4 dx = M41920h5:� ª¨¬ ®¡° §®¬, ¤«¿ ³±«®¦¥®© ´®°¬³«» ¯°¿¬®³£®«¼¨ª®¢ ¨¬¥¥¬(7.3) Z ba f(x) dx = h n�1Xi=0 fi+1=2 + h324 n�1Xi=0 f 00i+1=2 + r3;£¤¥ jr3j � n M41920h5 = M41920(b � a)h4:�°¨¬¥¿¿ (7.1) ¤«¿ ¢²®°®© ¯°®¨§¢®¤®©,  µ®¤¨¬Z ba f 00(x) dx = h n�1Xi=0 f 00i+1=2 + r4;¯°¨ ½²®¬ jr4j � M424 (b � a)h2:{ 11 {



�«¥¤®¢ ²¥«¼®, h n�1Xi=0 f 00i+1=2 = Z ba f 00(x) dx � r4:�®¤±² ¢«¿¿ ½²® ¢»° ¦¥¨¥ ¢ (7.3), ¯®«³· ¥¬Z ba f(x) dx = h n�1Xi=0 fi+1=2 + h224 Z ba f 00(x) dx + r5;£¤¥ jr5j = ����h224r4 + r3��� � M4242 (b � a)h4 + M41920(b � a)h4 = 13M45760 (b � a)h4:�¯°¥¤¥«¥¨¥. �®¢®°¿², ·²® '(h) = O(hk) (·¨² ¥²±¿ \® ¡®«¼¸®¥"), ¥±«¨ ±³¹¥±²¢³¥²² ª ¿ ¯®±²®¿ ¿ C > 0, ¤«¿ ª®²®°®©j'(h)j � Chk:�¥¬ ± ¬»¬ ¬» ¤®ª § «¨ ° ¢¥±²¢®(7.4) Z ba f(x) dx = h n�1Xi=0 fi+1=2 + ch2 +O(h4);¢ ª®²®°®¬ c = 124 Z ba f 00(x) dx:�®«®¦¨¬ I = Z ba f(x) dx; Irh = h n�1Xi=0 fi+1=2:�®£¤  ° ¢¥±²¢® (7.4) § ¯¨¸¥²±¿ ¢ ¢¨¤¥I = Irh + ch2 +O(h4):�¥«¨·¨  ch2  §»¢ ¥²±¿ £« ¢®© · ±²¼¾ ¯®£°¥¸®±²¨ ´®°¬³«» ¯°¿¬®³£®«¼¨ª®¢.� «®£¨·»¥ ° ¢¥±²¢  ¬®¦® ¯®«³·¨²¼ ¤«¿ ´®°¬³« ²° ¯¥¶¨© ¨ �¨¬¯±® I = Ith + c1h2 +O(h4);I = Ish + c2h4 +O(h6)(¢ ¯®±«¥¤¥¬ ±«³· ¥  ¤® ²°¥¡®¢ ²¼, ·²®¡» ´³ª¶¨¿ f(x) ¨¬¥«  ¥¯°¥°»¢³¾ ¸¥±²³¾¯°®¨§¢®¤³¾). { 12 {



8. �° ¢¨«® �³£¥ ¯° ª²¨·¥±ª®© ®¶¥ª¨ ¯®£°¥¸®±²¨�³±²¼ z | ¥¨§¢¥±²®¥ ²®·®¥ § ·¥¨¥ ¥ª®²®°®© ¢¥«¨·¨», zh | ¨§¢¥±²®¥ ¥¥¯°¨¡«¨¦¥®¥ § ·¥¨¥, § ¢¨±¿¹¥¥ ®² ¯®«®¦¨²¥«¼®£® ¯ ° ¬¥²°  h, ª®²®°»© ¬®¦¥²¯°¨¨¬ ²¼ ±ª®«¼ ³£®¤® ¬ «»¥ § ·¥¨¿.�°¥¤¯®«®¦¨¬, ·²® ³±² ®¢«¥  ±¢¿§¼ ¬¥¦¤³ ²®·»¬ ¨ ¯°¨¡«¨¦¥»¬ § ·¥¨¿¬¨(8.1) z = zh + chk +O(hk+m);£¤¥ c | ¥¨§¢¥±² ¿ ¥ § ¢¨±¿¹ ¿ ®² h ¯®±²®¿ ¿. �®£¤ (8.2) z = zh=2 + c�h2�k +O(hk+m);² ª ª ª ¤«¿ «¾¡®© ¯®±²®¿®© C O((Ch)n) = O(hn). �»·¨² ¿ ¨§ (8.1) ° ¢¥±²¢® (8.2),¡³¤¥¬ ¨¬¥²¼(8.3) zh=2 � zh = c�h2�k (2k � 1) +O(hk+m):�²±¾¤  c�h2�k = zh=2 � zh2k � 1 +O(hk+m):�«¥¤®¢ ²¥«¼®, ¯°¨ c 6= 0 ¢¥«¨·¨  zh=2 � zh2k � 1 ®²«¨· ¥²±¿ ®² £« ¢®£® ·«¥  ¯®£°¥¸®±²¨z � zh=2   O(hk+m), ².¥.(8.4) z � zh=2 = zh=2 � zh2k � 1 +O(hk+m):�¥¬ ± ¬»¬ ¯°¨ c 6= 0 ®¶¥¨²¼ ¯®£°¥¸®±²¼ ¬®¦® ² ª:z � zh=2 � zh=2 � zh2k � 1 :� ª®© ±¯®±®¡ ®¶¥ª¨ ¯®£°¥¸®±²¨  §»¢ ¥²±¿ ¯° ¢¨«®¬ �³£¥.� ¬¥· ¨¥. �  ¯° ª²¨ª¥ ±·¨² ¥²±¿, ·²® ³±«®¢¨¥ c 6= 0 ¢»¯®«¥®, ¥±«¨(8.5) ����2k zh=2 � zhzh � z2h � 1���� < 0; 1:�®«¼ª® ¢ ½²®¬ ±«³· ¥ °¥ª®¬¥¤³¥²±¿ ¯°¨¬¥¥¨¥ ¯° ¢¨«  �³£¥�®¿±¨¬ ³±«®¢¨¥ (8.5). �§ (8.3) ±«¥¤³¥², ·²®zh=2 � zh = c�h2�k (2k � 1) +O(hk+m);zh � z2h = chk(2k � 1) +O(hk+m):�®½²®¬³ zh=2 � zhzh � z2h � 12k :� ª¨¬ ®¡° §®¬, 2k zh=2 � zhzh � z2h � 1:{ 13 {



9. �²®·¥¨¥ ¯°¨¡«¨¦¥®£® °¥¸¥¨¿ ¯® �¨· °¤±®³�®«®¦¨¬ z�h = 2kzh=2 � zh2k � 1 :�®£¤  ¨§ (8.4) ¯®«³· ¥¬z = zh=2 + zh=2 � zh2k � 1 +O(hk+m) = z�h +O(hk+m):�°¨ c 6= 0 z�zh=2 ¨¬¥¥² k-»© ¯®°¿¤®ª ¬ «®±²¨,   z�z�h | (k+m)-»© ¯®°¿¤®ª ¬ «®±²¨,².¥. z�h | ¡®«¥¥ ²®·®¥ ¯°¨¡«¨¦¥¨¥. �® ®±¨²  §¢ ¨¥ ³²®·¥¨¥ ¯® �¨· °¤±®³.� ª¨¬ ®¡° §®¬, ¥±«¨ ¢»·¨±«¿¥²±¿ ®¯°¥¤¥«¥»© ¨²¥£° « ¯® ³±«®¦¥»¬ ´®°¬³« ¬¯°¿¬®³£®«¼¨ª®¢ ¨«¨ ²° ¯¥¶¨©, ²® k = 2, ¨ ¬» ¬®¦¥¬ ®¶¥¨²¼ ¯°¨¡«¨¦¥® ¯®£°¥¸-®±²¼ ¯® ¯° ¢¨«³ �³£¥ I � Ih=2 � Ih=2 � Ih3 :�°®¬¥ ²®£®, ¬®¦®  ©²¨ ³²®·¥¨¥ ¯® �¨· °¤±®³I�h = 4Ih=2 � Ih3 :�«¿ ´®°¬³«» �¨¬¯±®  k = 4, ¨ ¯°¨¡«¨¦¥ ¿ ®¶¥ª  ¯®£°¥¸®±²¨ ¨¬¥¥² ¢¨¤I � Ish=2 � Ish=2 � Ish15 :�«¿ ³²®·¥¨¿ ¯® �¨· °¤±®³ ¨¬¥¥¬Ish� = 16Ish=2 � Ish15 :� ¬¥· ¨¥. �®°¬³«» ²° ¯¥¶¨© ¨ �¨¬¯±®  ³¤®¡» ²¥¬, ·²® ¯°¨ ¯¥°¥µ®¤¥ ®² hª h=2 ¢±¥ ¢»·¨±«¥»¥ ° ¥¥ § ·¥¨¿ ´³ª¶¨© ¨±¯®«¼§³¾²±¿ ¢ ®¢®© ª¢ ¤° ²³°®©´®°¬³«¥.�° ¢¨«® �³£¥ ¨ ³²®·¥¨¥ ¯® �¨· °¤±®³ ¬®¦® ¯°¨¬¥¿²¼ ¨ ¤«¿ ¤°³£¨µ § ¤ ·¯°¨¡«¨¦¥®£® ¢»·¨±«¥¨¿. � ±±¬®²°¨¬ ¢ ª ·¥±²¢¥ ¯°¨¬¥°  ·¨±«¥®¥ ¤¨´´¥°¥¶¨-°®¢ ¨¥.�³±²¼ ¨§¢¥±²» § ·¥¨¿ ¥ª®²®°®© ¤®±² ²®·® £« ¤ª®© ´³ª¶¨¨ f(x) ¢ ²®·ª µ xi =x0 + ih, i = 0;�1. �®«®¦¨¬ fi = f(xi), i = 0;�1. �®°®¸® ¨§¢¥±²  ´®°¬³«  ·¨±«¥®£®¤¨´´¥°¥¶¨°®¢ ¨¿ (±¬.,  ¯°¨¬¥°, [7, ±²°. 26])f 000 � f1 � 2f0 + f�1h2 = f 000h:� ©¤¥¬ £« ¢³¾ · ±²¼ ¯®£°¥¸®±²¨ ¢ ½²®¬ ¬¥²®¤¥. �® ´®°¬³«¥ �¥©«®°  ¨¬¥¥¬f�1 = f0 � f 00h+ f 0002! h2 � f 00003! h3 + f (4)04! h4 � f (5)05! + f (6)(��1)6! h6;{ 14 {



£¤¥ f (i)0 = f (i)(0), i = 0; 1; : : : ; 5, �1 2 (0; h),   ��1 2 (�h; 0). �®«®¦¨¬r = �f (6)(�1) + f (6)(��1)6! h4:�®£¤  f1 + f�1 = 2f0 + f 000 h2 + f (4)012 h4 � rh2:�¥¬ ± ¬»¬(9.1) f 000 = f1 � 2f0 + f�1h2 � f (4)012 h2 + r:�®±ª®«¼ª³ jrj � 2M66! h4;²® ° ¢¥±²¢® (9.1) ¬®¦¥² ¡»²¼ § ¯¨± ® ¢ ¢¨¤¥f 000 = f 000h + ch2 +O(h4);£¤¥ c = �f (4)0 =12. �«¥¤®¢ ²¥«¼®, ¯® ¯° ¢¨«³ �³£¥f 000 � f 000;h=2 � f 000;h=2 � f 000h3 ;  ¤«¿ ³²®·¥¨¿ ¯® �¨· °¤±®³ ±¯° ¢¥¤«¨¢® ° ¢¥±²¢®f 000h� = 4f 000;h=2 � f 000h3 :����������1. � µ¢ «®¢ �.�. �¨±«¥»¥ ¬¥²®¤». �.: � ³ª , 1973.2. � µ¢ «®¢ �.�., �¨¤ª®¢ �.�., �®¡¥«¼ª®¢ �.�. �¨±«¥»¥ ¬¥²®¤». �.: � ³ª ,1987.3. �¥°¥§¨ �.�., �¨¤ª®¢ �.�. �¥²®¤» ¢»·¨±«¥¨©. �.: � ³ª , 1966. �.1; �¨§¬ ²-£¨§, 1962. �.2.4. �®«ª®¢ �.�. �¨±«¥»¥ ¬¥²®¤». �.: � ³ª , 1982.5. �¥¬¨¤®¢¨· �.�., � °® �.�. �±®¢» ¢»·¨±«¨²¥«¼®© ¬ ²¥¬ ²¨ª¨. �.: � ³ª ,1966.6. � «¨²ª¨ �.�. �¨±«¥»¥ ¬¥²®¤». �.: � ³ª , 1978.7. �±¨¯¥ª® �.�. �¯¯°®ª±¨¬ ¶¨¿ ´³ª¶¨© ¬®£®·«¥ ¬¨ ¨ ·¨±«¥®¥ ¤¨´´¥°¥-¶¨°®¢ ¨¥: �¥²®¤¨·¥±ª¨¥ ³ª § ¨¿ ¯® ª³°±³ \�¨±«¥»¥ ¬¥²®¤»"; �����. �.,1994. { 15 {
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