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1. Introduction

There are several approaches to recovery problems from inaccurate information. One of them con-
cerns the case when the error in the initial data is deterministic. Quite a lot of works are devoted to
this case. The main results can be found in [8], [9], [10], [12], [14] and the literature cited there.

Another approach is related to the fact that the initial information is considered to be given with a
random error. There are also many papers dedicated to this topic. The following are the closest to the
setting under consideration: [11], [2], [1], [15], [16], [13], [4]. A distinctive specificity of this paper is
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that the information used here is not random vectors, but random functions. Moreover, we consider
the set of various random functions not only with the Gaussian noise.

2. General setting

Denote by W the set of functions x(-) € L,(R) for which

/vmmmRM<w,
R

where v(-) is continuous and positive almost everywhere. Put
W= {x(-) eW:/v(t)|x(t)|2dt§ 1 }
R

Consider the problem of optimal recovery of the operator Ax(-) = #(-)x(-) on the class W by functions
x(-) given with random errors (we assume that w(-) is continuous and such that A maps W into
Ly(R)). More precisely, for a fixed § > 0 and every x(-) € W we consider the set of random functions

Y5(x(:)) ={ye () € L2(R) : Myg () =x(), Varyg(-) <% ae.},

where MX is the expectation of X and VarX = M|X — MX|? is the variance of X. We will also
assume that the set of these random functions and the corresponding probability measures are such
that they allow for a change in integration so that the equalities are valid

M/p(t)ys(t)dt=/p(t)Myg(t)dt, p() € L(R), (1)
R R
and
Mf|YS(t)|2dt=fM|yg(t)|2dt. 2)
R R

As recovery methods we consider all possible mappings ¢: Ly(R) — Ly(R). The error of
a method ¢ is defined as

1/2
eA W8, 0)=[ sup  M(IAX0) - (DO, g))
x() ew
Ve ()€eYs(x())
The problem is to find the error of optimal recovery
E(A,W.8)=  inf _ e(A,W,8,¢) (3)

¢: LLR)—>La(R)

and a method on which this infimum is attained which is called optimal.

A similar setting was studied in [11], but there, instead of the set Ys(x(-)), the set of random
functions yg(-) = x(-) + &(-), where &(-) is the Gaussian noise, was considered. In [11], an optimal
method was found among linear methods and it was shown that it is asymptotically optimal. Note,
that even in the simplest one-dimensional case the optimal method is nonlinear (see [12]). The main
difference of our approach is that by expanding the set of admissible random functions (not limited
to Gaussian noise) we were able to obtain an exact lower bound (this was the most difficult part of
the proof).

We assume that | (-)| and v(-) are even functions, | (t)| > 0 almost everywhere, and | (-)|/~/V(-)
is a monotonically decreasing function on R = [0, +00). Put

2
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fs) = / (\/V(S) [ (0]

-1 dt. 4
OINGIG )”(t) ‘ “

tl<s

It is easy to check that f(-) is a monotonically increasing function. Assume that f(s) — +oco as
s — +oo0. Then for any § > 0 the equation f(s) =82 has a unique solution t;.

Theorem 1. Let |(-)| and v(-) be even functions, | (t)| > 0 almost everywhere, and |4 (-)|/+/V(-) is a mono-
tonically decreasing function on R ;. Assume that f(s) — +oo as s — +oo. Then for all § > 0

V) |1 (t5)] 172
E(A,W,8) =6 2(1— >d) , 5
( ) (/ 0] ol oy ) " ®)

[t]<ts
where t; is the unique solution of the equation f(s) = 8—2. Moreover, the method

V(O |pdts)]
O] Vv (ts)

Pye () = <1 ) () ye (©)
+

is optimal (a4 = max{a, 0}).

Proof. 1. The lower bound. Consider the set [—A, —d] U [d, A] C R, 0 <d < A. Let us divide it on 2N
parts by the points £xj, j=0,1,..., N, where

A-T1

xj:E+j
Set a=(ay,...,azn),

azj—1, telxj_1,xj), j=1,...N,
asN-1, t=A,

Xq(t) = | azj, te[—xj,—xj_1), j=1,...,N,
ao, t:—a,
0, t¢[—A,—alU[d, Al
Let T=(11,...,ToN), T1 = T2 > ... > ToN > 0, and x;(-) € W. Put

B={x()eW:aj==%x1j, j=1,...,2N}.
Set
62

=——, j=1,...,2n.
2 2
$ +rj

Pj
Due to the monotony conditions of 7;, we have

O<p1=<...<pm<1.
Any x(-) € B can be written in the form

2n
X() =Y siX)Tiej().

j=1
where s;(x) € {—1, 1}, and

€2j-1() = Xixj_1.xp(), i=1,...N=1, en() = Xpxy_1,xn1(")
€2() = X[—x1,—x01()s  €2j() = X[—xj,—x;_n(), j=2,...,N
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(xa(+) is the characteristic function of the set ).
For each x(-) € B we define the distribution 7(x)(-) in the following way:

0, with probability p1,
mel ) with probability p, — p1,
1-p1
Si(X)T;

Z &ej(-), with probability p3 — pa,
o 1P

D) = 4 i
2n—1 S (0T
Z j—]ej(-), with probability pan, — pan—1,
=l
(0T
> =F=ej(),  with probability 1 — pa,.
i

Thus, we have the following distribution for n(x)(t) if t € [xj_1, xj):

0, with probability p2;j_1,
t)=14 $2j—-1(X)T2j— . .. i=1,...,N—1,
N M with probability 1 — pyj_1, J
1—p2j
if t €[xny_1,xNn]:
0, with probability pon_1,
t)= _ —
N0 = SNADTN iy brobability 1— pay_r,
1—pan—
if t € [—x1, —x0]:
0, with probability p»,
nX) () = { 52012

, with probability 1 — py,
1—p2

and if t € [—xj, —xj_1):

0, with probability p;;,
N = 752,'()()1’2]-’ with probability 1 — py;, j=2,....N,
1—paj
ift¢[—A,—aluld, Al: n(x)(t) =0.
It is easy to verify that Mn(x)(-) = x(-). Moreover,

82, te[-A, —alUla, A,

Varn(x)(t) = {0, t¢[—A, —d)U[d, Al

Let us verify that (1) and (2) hold for n(x)(-). It is sufficient to check the validity of these equalities
for each interval (xj_1,xj), (—=Xj,—Xj—1), j=1,...,N. Let t € (xj_1,x;). Then for p(-) € L,(R) we
have

with probability pyj_1,

—

,  with probability 1 — pj_1.
1—p2j

/p(t)n(x)(t)dt_ |/ $2j—1(X)T2j— $2j-10)Taj1
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Thus,
Xj Xj
M( / p(t)n(X)(t)dt>= f p©)x(t)dt.
Xj—1 Xj-1

On the other hand,

Xj Xj
/ pOMnx)(t)dt = / p©)x(t)dt.
Xj—1 Xj—1
We have
: 0, with probability py;_1,
Xj
2 _ -[2,
/ O dt ——2=1__dr, with probability 1 — py;_1.
Xj_1 (1 —=p2j-1)
Xj—1
Therefore,
Xj Xj _Cz
M(f In(X)(t)|2dt> = [ — 2L gy
1—p2j1
Xj-1 Xj-1
At the same time
Xj Xj .[2‘
/ M |n(x)(6)[>dt = / 2 g
1—p2j
Xj—1 Xj—1

The proof for the interval (—x;, —x;_1) is completely similar. Consequently, 7(x)(-) satisfies conditions
(1) and (2). Thus, n(x)(-) € Ys(x(-)) for all x(-) € B.

Let @ be an arbitrary recovery method. Taking into account that the set B is finite (with 22N
elements), we have

e*(A,W,8,9) = sup M[AX() — o)) O, g,

x(-)eB
2N+1 ()
=sup(Z(p, i) [ AX() — @ (Zl" p" <>><>

x(-)eB

Ly (R))

j=1 k=
> oo (Pj—Dpj-D|AX()—¢ er() ) )
2N+1 ( )
22N Z(pj pi-D) Y [Ax()—¢ (Z £ ke <))<> : (6)
- Pk L(R)

x(-)eB

here po =0 and pan4+1 = 1. Set

..... siog ={X() €Bisi(®) =s1,...,5j-1(x) =sj_1},

j=1,....,2N+1 (for j=1 this set coincides with B). Then

5
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-
pj—Pj- Sk(X) T pj—Pj-
P Y axo) —¢(Z — 4))() =~
X()€B k=1 LaR)
j—1 2
Sk Tk
PP Hm(-) - <p<2 . ek(-)><-) .
-»Sj-1 X€EBg; S k=1 Pk L(R)
If x(-) € le’--ij—l' then
j—1 2N
X() =Y simer() +2X00), Z0() = se(®) e ().
k=1 k=j
Moreover, with every element
j—1
> seteer() +z()() € By, s,
k=1
the set Bs, ., sj1 contains the element
j—1
> sktie() — z(X)().
k=1

Thus,
i—1

bj—Pj-1 . SkTk 2
22N Z > ”AX(') - §0<Z r— ek('))(')

Sj-1 X€Bsy ;. k=1 Ly (R)
p -1
1
zzwj Z Z HA< skrkek<-)+z(x>(->>
$15008j-1 xeBs 5 k=1
j—1
k Tk
—w( e () ) ()
k= L(R)
pj—Pj -
e D DD HA smq(-)) + AZ(X)()
S50y Sj—1 XEle,...,sj_l k=1
j—-1 2
Sk Tk
—w( —ek('))(')
g 1—pi Lo(R)
P =
1
22N+’1 Z > <HA(Zskrkek(->) +Az(X)()
$1.-:Sj—1 X€Bs; .. 5jo1 k=1

j—1
—w(Z e ())()

k=

j—1
+ HA( skrkek(-)) —Az(x)()
Ly(R) k=1

2 >
L(R)

1

_¢,<Zl

j_
STk ek('))(’)
=1 — Dk

6
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> P Z S 1Az O, g

~Sj-1 XEBS] Sj1

2N
= S A0 I, gy = (P = Pi-1) Y kT,
xeB k=j
where
—xj_1
prr =[Ol poy= [ poPd =1
Xj-1 —Xj
Substituting this estimate into (6), we get
2N+1 2N

e* (A, W,8,¢9) > Z (pj— qu)ZMkaz
j=1 k=j
2N 2

2N 2N 2N s
=Z(p12m<r,f—pj > Mkrk2> me; P=m kT

j=1 k=j k=j+1 j=1 j
Since the method ¢ was chosen arbitrarily, we have

2N

82
E2(A,W,8) > su 7
( ) > >2N>0282+T2M11 (7)
xf()eW

The condition x;(-) € W means that

/v(t)lxr(t)l dr_Zer <1,

R =1
where
Xj —Xj_1
v2j71=/v(t)dt, V)= / v(t)dt, j=1,...,N.
Xj—1 —Xj
Hence,

2N

82
E2(A,W.,8) > su
‘L’1> >7I?2N>O]2: 52+‘L’2M] ]
Z 1VT; 2<1

Let T =(11,...,7,0,...,0),1<k<2N, 71 >...> 7, >0, and

k
2
Zvjrj <1
j=1

For sufficiently small € > 0 we put 7, = (11(€), ..., Tan(€)) where

t—e, 1<j<k,
Tj(e) = J
C.JE, k+1<j<2N,
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! 1/2
Co Py
=\ :
> ikt Vi

Then

and

N Kk Kk N Kk
Zvjtjz(s) :ZV]'TJ-Z —821)]' +C%e Z vj = ZV]'TJ-Z <1.
=1 j=1 = ia

j=k+1

For & < 72/(1+ C?) we have
JTE —&>Cye.
Consequently, for such ¢

T1(68) >...>TyNn(E) > 0.

It follows from (7) that

2N 2
E2(AW,8) > —————u;t2(e).
( ) 232+zf(8)“11()

Passing to the limit as ¢ — 0, we obtain

Thus,

2N 52

E2 AW, 68) > su _ 2

( )—,13...;2”20; §2 +‘L'j2M] j
Z?ﬁl vjT?<1

Journal of Complexity 86 (2025) 101903

(8)

Let the piecewise continuous function x(-) be such that |x(-)| is an even function monotonically

decreasing on R and

/v(t)lx(t)lzdt <1.
R

Consider the integral

— 82 5 ,
l_/mlﬂ(t)l |x(t)|~dt.
R

Let us fix € >0 and find A >0, 0 <d < A such that
2

I}
I = S O PO dt > [ —¢.

82 + |x(t)|?
[—A,—a]U[d,A]

It is obvious that

I = f v(O)|x(t)|>dt < 1.
[—A,—d]U[d,A]

(9)

(10)
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We will approximate these integrals by integral sums over partitions of Ty, representing segments
[xj—1,xj], [=xj, —xj—1], j=1,..., N, and points

~ . A—a .
trj—1 :a+(2]—1)W, trj=—tzj—1, j=1,...,N.

For any &1 > 0, there is such a Ny that for all N > N;

—282 2w(rm 7> 1 -, (11)

where 7 = |x(t})|. Moreover, there is such a N; that for all N > N, for some w > 0 the inequality

12N
2
N Zv(tj)rj <l—-w
j=1

holds.

By the mean value theorem for integrals there are &; such that &; 1 € [xj_1,x], &; €
[—xj,—xj—1], j=1,...,N, and puj = |/L($J)| /N. Using the same arguments we obtain that there
are 7n; such that 772j—1 € [xj_1,x;], m2j € [=xj,—xj—1], j=1,...,N, and v; = v(5;)/N. Due to the
uniform continuity of the functions |x(-)| and v(-) on the segment [—A, A] for any &, > 0, there is
N3 such that for all 51,52 € [—A, A], |s1 — s2| < 1/N3, inequalities

sDI? = [(s2) I < &2, [v(s1) — v(S2)| < &2 (12)

hold.
Put

M = vraisup |x(t)|?
teld, Al

(due to the monotonous decrease of |x(:)] on Ry, M < oco). Choose & < w/(2M). Let N >
max{N1, N2, N3}. Then v; =v(n;)/N < v(tj)/N + 2/N. Consequently,

2N
Zvjt §—Z(U(t])+£2)r <lZv(t])r +2Megy < 1. (13)
j=1 j=1

It follows from (12) that u; = [w()I?/N > |u(tj)|>/N — e2/N. Therefore,

52 , 1 g2 18 42
Z—az+rgujrj > _252+ ()P — et = N252+ | (t))t? — 2Me;.
j=1 j

Taking into account (13) and (11), it follows from (8) that

, 2N 2 3 12N g2 ),
E2(A, W, 8) > Z +12M] 2> N;mm(w 17 —2Mey > Iy — &1 — 2Mey.
Due to the fact that €1 and &, can be chosen arbitrarily small, we get
E2(A,W,8) > 11 > —e.
Since ¢ can be chosen arbitrarily small, we obtain
E*(A,W,8) >  sup f meanﬂx(tnzdt, (14)

x()eWq 82+ |x(t)
frv®OOPd<1R



K.Y. Osipenko Journal of Complexity 86 (2025) 101903

where Wy is the set of piecewise continuous functions x(-) such that |x(-)| is an even function mono-
tonically decreasing on R .

We show that the strict inequality on the right side of (14) can be replaced by a non-strict one.
Let x(-) € Wp and

/v(t)lx(t)lzdt: 1.
R

Consider the function y(-) = (1 + &)~1/2x(-), € > 0. Then it follows from (14) that

2
E2 A W.8) > — / ) L (O 1x(0)]? de.

=1 3
+8R 2+|x(t)|
1+¢
Since
1 1
22 2 P’
X(t
52 4 O
1+¢
we have
2

E2(A, W, 8)> — / 5 L (O [x(0)]? de.
T 14+e) 824 xt)?
R

Passing ¢ to zero, we get

2
E2(A,W,8) > | ——————|u(®)?|x(t)|* dt.
( >_/52+|x(t)|2|u()| x(0)
R
Thus,
E* (AW, 8) > sup /Lm(tﬁx(mzdt. (15)
T xews 82 + |x(t)|?

JrvOx©Pde<1R

2. The upper bound. Let us find the error of the methods having the form

Py =a(Hu)ys ().

Put z¢(-) = ye(-) — x(-). Then Mzg(-) =0, Varzg () < 82. Using the well-known bias-variance decom-
position we have

(A W.5.9)=  sup  M(IAXO) 9N OIL, R )
x()ew
Ye()€Ys(x()

- gw M (1A% = 9O = 9N O, -, )

Ye()eYs(x(-)
= (||Ax<~>—<p<x(-»<~>||%2(R)+M(||<p<zg<~>)(~)||§2(R)>

Ye()eYs(x())
—2MRe(@(z:()) (), AX() — w(X(-))C))) ;
here (-, -) is the standard scalar product in Ly (R). It follows from the form of ¢ that

10
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M Re(p(z& (1) (), AXC) = 9 (D)
=ReM (¢()n()2: (), AX() — o)) )
=Re (¢()1()Mz: (), Ax() = 9O ) =0.

Due to the fact that M(lz;(-)|2) = Var yg(-), we have

x(-) ew

e’ (A,W,8,¢)=  sup (|u(r)|2|1—a(r>|2|x(t)|2dt
ye(DeYsx() R

+ / |u(t)|2|a(r)|2Vary;a)dt) = sup IL(O 211 — a(0) 2 [x(0) |2 de
X()e
R R

+82/|M(t)|2|a(t)|2dt
R

Since

2
v

2
/ LOPIT — a@Px@) P de = / ((?)' 11— a® oo 2dt
R R

2
< vraisup (|,u(t)| 11— Ol(f)|2> ,
teR v(t)

we obtain

()
v(t)

ez(A, W, $§, ¢) < vraisup (

i —a(r>|2) +82[ @O Pl ®P dt.
teR R

Put
v(t t
a(t):<1 A GNI a)l) _
Ol ) )
Due to the monotonous decreasing of the function |u(-)|/+/ V() we get

OP | a(mz) _ )P
v(t) v(ts)

vraisup (
teR

Consequently,

_ ln@)l?
—v(ts)
VO )\ )
452 / t 2(1— > dt =
2 0l MGINID) v (ty)
<ts

+5° / Iu(t)|2<(1 _ Vo '““8)') VO )
1t IO Vots)/)  Ir®)] V/its)
<ts

v(t) IM(ta)|2> zf 2< NG IM(fs)l)
dt =94 1-— d
RO ve )¢ O o1 e ) ™

e2(A, W, 8, 0)

[tI<ts

11
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[ (ts)| (1n(ts)| 2/ )_ 2/ )
' (m(”‘s voyde ) =8> | ln@®vo)de

[tI<ts [tI<ts

2
:52/ tz<l_¢v<t)'|u(ta>|>dt P o
z RO ol i ) T o) @
<ts

It follows from the definition of t5 that f(ts) =8 2. Thus,

RG] '““”')m
O] Vi)

(A W.5.0) <8 / m(mz(l (16)

[tI<ts

Consider the function
. VVG) (0] 12
x(t)=24 -1 .
[ (ts)] V(D) ¥
It is obvious that X(-) € Wg. Moreover,

24p — 52 / (V V(ts) ()] —l)d -1
/U(t)mt)l ‘ vo [(ts)| /v(E) ‘

R [tl<ts
Taking into account (16), it follows from (15) that
82

WWGNZWUF dt

EZ(A,w,a>z/
R

2 f I,u(t)|2<1

[tI<ts

IG) IM(fa)l)dt
[®] v (ts)
>e?(A, W,8,90) = EX(A, W, 5).
This implies (5) and the optimality of the method ¢. O

Now we consider some examples of the application of Theorem 1.
3. Recovery of functions and their derivatives from the Fourier transform given with random error

Denote by Wi (R) the set of functions x(-) € Lo(R) for which x"=D(.) is locally absolutely contin-
uous and x®(-) € Ly(R). Put

WER) = {x() e WER) : |xV ()l ,®) < 1)

Suppose that the Fourier transform Fx(-) of the function x(-) € W} (IR) is given with a random error.
We assume that instead of the function Fx(-) we know a random function yg(-) € L(R) such that
Mye(-) = Fx(-) and Vary(-) < 82 almost everywhere. Using this information, it is required to recover
the function D¥x(-) =x®(.), 0 <k <r, in the L,(R)-metric.

The exact setting of the problem is as follows. For every x(-) € W} (IR) we consider the set of
random functions

Y(x()) ={ye() € La2(R) : My (-) = Fx(-), Varye(-) < 6% ae.}.

This set requires additional conditions given in the general setting (the validity of the equalities (1)
and (2)). Next, we define the error of the recovery method ¢: L,(R) — L,(R) as follows

12
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1/2

e WiR),S, ) =  sup M0 - (D OIE, ) )
x(-)eW5(R)
ye(eYf(x()

The problem is to find the error of optimal recovery
E(D*, Wi(R), 8) = inf _ e(DX, Wi(R), 8, ¢)
2 ¢: LR)—>Ly(R) 2 ¢

and a method on which this infimum is attained.
It follows from the Parseval equality that

1
KON @ = 5 [ 7 IFxO Pt
R

1
K90 = pe DO, @) = 5~ / GO F(©) = Fo(y: () () dr.
R

Thus, the problem is reduced to problem (3) with v(t) =t and p(t) = (it)*. The function f(-) which
was defined by (4), has the form

sk 2r 241 r—k
= — —1|tdt=2 .
e / e ¥ S @t Dokt

tlI<s

The equation f(s) =82 has the unique solution

(Qr DAk 1)\ T
5_< 282(r — k) ) ‘

It follows from Theorem 1

Theorem 2. Forall § > 0and0 <k <r

2k+1 r—k
2r + 1)2@+D r—k \2@+D
E(Dk,Wg(R),(S):( +D (252 ) :

2k +1 r+k+1
Moreover, the method

ey =F" (@0*a©y: ) ©,

where

aty=|1-c"* (

28%(r—k) >2r+l
Cr+1Dr+k+1) ’

is optimal.

Note that the optimal recovery method does not use all the information about random functions
Ye(-), but only the information contained in the segment [—ts, ts]. Moreover, the more accurate the
measurements (the smaller the variance §2), the larger this segment becomes.

The deterministic case of this problem was considered in [5] (see also [7]).

13
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4. Recovery of the solution of the heat equation

The temperature distribution in an infinite rod is described by the equation

u _ 9%u
at — or2’

where u(-, -) is the function on [0, co) x R with a given initial temperature distribution
u(0,-) =ug(").

Consider the problem of recovering the temperature distribution at an instant of time T from
information about the Fourier transform of the initial temperature distribution ug(-), given with a
random error. We assume that the functions ug(-), given the initial temperature distribution, belong
to the class W5 (R). We define the error of the recovery method ¢: L (R) — L(R) as follows

1/2
e(T, Wi(R), 8, ) = sup M (Ilu(T, )= w(yg(~))(-)llf2(R))
up(leWi(R)
ye(eYfuo()

The problem is to find the error of optimal recovery

E(T,WiR),8) = inf e(T, Wi(R), 8, ¢)
2 ¢: LR)>LR) 2 ¢

and a method on which this infimum is attained.
It is well known (see, for example, [3]) that for all t > 0 the equality

Fut, -))() =e > Fug(r)

holds. It follows from the Parseval equality that

1
(T, = (DO, @) = 5 / o7 Fug(h) — Fo(ye () () d.
R

Thus, the problem is reduced to problem (3) with v(t) = t¥" and u(t) = e=t’T. The function f@e
which was defined by (4), has the form

S

SreszT 52r+1
f(s)= / ——1|t¥dt= 257es T / tre T dr — )
tret’T 2r+1

tl<s 0

It is easy to verify that f(s) - +o0o as s — +oo (the monotonous increase of f(-) was noted in the
general case). Therefore, the equation f(s) =482 has a unique solution, which we denote by t;.
From Theorem 1 we obtain the following result:

Theorem 3. Put
( tretZT
at)=|1-——] -
2T
tyes’ /)
Then the equality

1/2
E(T, W5(R), §) = 5( / e 20T () dt)

[tI<ts

14
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holds. Moreover, the method

e =F " (e Tay: ) ©

is optimal.
The deterministic case of this problem was considered in [6].
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