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Optimal recovery in weighted spaces
with homogeneous weights

K. Yu. Osipenko

Abstract. The paper concerns problems of the recovery of operators

from noisy information in weighted Lg-spaces with homogeneous

weights. A number of general theorems are proved and applied to problems

of the recovery of differential operators from a noisy Fourier transform.

In particular, optimal methods are obtained for the recovery of powers of

the Laplace operator from a noisy Fourier transform in the L,-metric.
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§ 1. General statement

Let T be some nonempty set, X be a o-algebra of subsets of T', and i be a nonneg-
ative o-additive measure on 3. We let L, (T, 1) denote the class of all 3-measurable
functions with values in R or in C such that

1/p
(/ Iw(t)pdu) <oo, 1<p<oo,
T

||$(')||LP(T,M) =

vraisup |z(t)] < oo, p = 00.
teT
We set
W ={a(-) € Lp(T,p): le()z( )L, < oo}
and

W= {z(-) e W: lle()z( )z, (ru < 1}
where 1 < p,r < 0o and ¢( -) is some function on T

Consider the problem of the recovery of the operator A: W — Ly(T,pu),
1< g < oo, given by Az(-) = (- )x(-), where () is some function on T. The
recovery is effected on the class W from a function x(-) € W known with error
on T (we assume that the functions () and ¥(-) are such that the operator A
maps the space W into L, (T, p)).

It is assumed that, for each function z(-) € W, one knows a function y(-) €
Ly (T, ) such that [|2(-)=y(- )z, ru < 9,0 > 0. It is required to recover the func-
tion Az(-) from y(-). As methods of recovery, we consider all possible mappings
m: Ly(T, p) — Ly(T, ).
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The error of a method m is defined by

epqr(m) = sup [Az(-) = m(y) ()L, (7.0
z(-)EW, y(-)ELp(T,p)
lz(-)=y()lepy(r,u <O

The quantity
E

pqr —

(m) (L1)

is known as the error of optimal recovery; a method on which the infimum is
attained is called an optimal method.

The above problem is a particular case of the general problem of the recovery of
a linear operator A, which acts from a linear space X into a normed linear space Z,
on a set W C X from the values of a linear operator I acting from X into a normed
linear space Y and given with some error 4. In problem (1.1),

inf €pg
m: Lyp(T,u)—Lq(T,p)

X=W, Z=L,/T,n), Y =Ly(T,p)

and the operator I: W — L, (T, p) is defined by Iz(-) = z(-).

The original general recovery problem, which appeared as a generalization of Kol-
mogorov’s problem of the best quadrature formula (see [1]), was posed by Smolyak
(see [2]). In this statement, A is a linear functional, I consists of a finite num-
ber of precisely given (6 = 0) linear functionals, and, in contrast to the problem
of best quadrature formulae, the class of recovery methods consists of all possible
(not necessarily linear) methods of approximation. Smolyak proved that for convex
symmetric sets W the set of optimal methods contains a linear method.

Bakhvalov proposed to extend this setting to the case when linear functionals
are not known exactly, but only approximately, with some error. It was found out
that a similar result also holds in this case (see [3]).

The problem of recovery was given its most general form in the paper [4], which
was concerned with the recovery of linear operators in the infinite-dimensional
setting. Problems of the existence of a linear optimal method in the problem of
recovery of a linear functional were examined in [4]-[6]. The most general result in
this direction was obtained in [7], and a final (in a certain sense) criterion for the
existence of a linear optimal method, in [8].

A linear method in the problem of the recovery of linear operators may fail to
exist —this is a difference from the problem of the recovery of linear functionals.
For a corresponding example, see [9], where, in particular, conditions are given for
a set of optimal methods to contain linear ones and for the error of optimal recovery
to be equal to that of the dual extremal problem

sup{|[Az|z: z € W, |Iz|ly <6} (1.2)

The quantity (1.2) is frequently called the modulus of continuity of the operator A
on the class W (with respect to the operator I'). The study of this quantity has great
value to the derivation of a number of sharp inequalities like Carlson’s inequalities,
Landau-Kolmogorov type inequalities for derivatives, in the Stechkin problem and
so on. Carlson’s inequality itself was found to be closely related to inequalities for
derivatives; for example, Taikov’s inequality (see [10]) can be easily derived from
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the generalized Carlson inequality (see [11]), which was put forward by Levin [12]
already in 1948. For more details on the relations of the quantity (1.2) to the
Stechkin problem and to recovery problems, see [13], [14].

We also point out a series of papers by Arestov [15]-[18] dealing with differenti-
ation operators on the real line. His results are pretty close to those considered in
our paper. For similar multivariate problems, see [19] and [20].

The method of construction of an optimal method of recovery for linear oper-
ators, as proposed in [9], can only be used in the case when all the metrics in
problem (1.1) are Euclidean. For non-Euclidean metrics, under the condition that
at least two of them are the same, a method was proposed in [21], which is also
used in the present paper. This method consists of two stages. In the first stage,
the error of optimal recovery is estimated from below in terms of the value of the
extremal problem (1.2). Note that, in order to abbreviate the proof, there is no need
to write down the solution (1.2), because (since we are concerned with estimates
from below) it suffices to show a ‘correctly’ chosen admissible function (though, as
a rule, this ‘correctly’ chosen function is found as a result of solving the extremal
problem (1.2) itself). The upper estimate is given in the second stage. To this end,
one considers a method consisting of a recovery operator, which would be applied
with precise information and which involves some smoothing factor. The error
of this method is estimated by employing either the Cauchy-Bunyakovskii-Schwarz
inequality or Holder’s inequality with some weights. Next, weights and a smoothing
factor are chosen so that the upper estimate coincides with the lower one.

The case when all three parameters p, ¢ and r in problem (1.1) are distinct was
considered in [11], where the scheme of construction of an optimal recovery method
also involves upper and lower estimates, but first one requires a more subtle analysis
of the Lagrange functions for the extremal problem (1.2) and for the extremal
problem for the error of the estimated recovery method. This approach, which was
implemented in [11], was shown to be capable of not merely delivering an optimal
recovery method, but also of producing a sharp Carlson-type inequality in a fairly
general form. In the case of homogeneous weights, the inequality thus obtained
implies the one derived previously in [22].

In this paper we solve problem (1.1) for homogeneous weights ¢(-) and ¥(-)
with (p,q,r) € Py U Py, where

Plz{(p,q,r):léq:7“<p<oo} and Pg:{(p,q,r):lgq:p<r<oo}.

The case when (p,q,7) € P ={(p,q,7): 1 < ¢ < p,r < oo} was considered in [11].
The main results in this paper, which are based on the solution of problem (1.2),
provide, in the multivariate case, optimal recovery methods for linear operators
defined, in terms of Fourier images, by multiplication by a homogeneous weight,
on classes of functions defined in terms of similar-type operators, in the Lo(R%)-
and Lo (R?)-metrics from information about a noisy Fourier transform in L,(R?)
(Theorems 3 and 5). Based on these general results, we obtain methods for the
optimal recovery of powers of the Laplace operator (—A)*/? and the differentiation
operators D% of orders o = (ay,...,q4) € Ri. Similar results were obtained pre-
viously only for powers of the Laplace operator with p = 2, 0o in the Ly(RY)-metric
(see [23] and [24]) and p = oc in the L., (R%)-metric (see [25]). In our paper, in the
first case we obtain results for 2 < p < 0o, and in the second case, for 1 < p < oco.
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§ 2. Optimal recovery with homogeneous weights for two equal metrics

{a, a2 0,
ay =

Denote

0, a<0O.
We require the following result from [21].

Theorem 1. 1. Let (p,q,7) € P;. If XQ is a solution of the equation

</(|w( )1 = Rali(t) )/ @0 dw))l/p

1/q
=5 [ e - aun) >0
(r—a)/p
S _9cq—p p/(p—q)
h=1 (/T(|w<>| Rled]0)” d<>) ,

then
P~ A\ Ve
quq = (q)\lép + /\2) s

and the method

a0 = (1= 5085 ) wowo (22

is optimal. R
2. Let (p,q,r) € Py. If A1 is the solution of the equation

1/p
pr/(p—r) p 3 \p/(r—p)
([ 1e@r o= uor 307 auto)
N _ 1/r
=6( [ et o 307 p)du(t)) S0, (23)

~ p ~ \p/(r—p) (r=n)/p
o= 2o ([P o oo - 27 )
r T
then
ST
Eppr = <)‘16p + p/\2) s

and the method
m(y)(t) = a(t)Yt)y(t),

ot =in{ i

We apply this result to the case when T is a cone in a linear space, |[¢(-)| and
|o( )| are homogeneous functions of orders k > 0 and n > 0, respectively (k and n
are not necessarily integers) and u(-) is a homogeneous measure of order d > 0.

where

is optimal.
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Corollary 1. 1. Let (p,q,7) € P, k>0, n >k, and let

= [ = @ due) < o

and

b= [ 1@ (01 = )" dute) < .
Then

_ 1 k+d(1/q—1/p)
=1 % wFat s TP 4 nRaA71) (] +]2)1/q5m

E

Paq
and the method

) 1\ T (b))
Ao = (1-(75) S e e

is optimal.
2. Let (p,q,r) € Po, k>0,n>k+d(1/p—1/r), and let

J = /T PO ()P — 1)) du(e) < oo

and
r/(p—r r/(r—p)
T2 = [ 1P (P 1) dute) < .
Then
1n—k—d(d/p—1/r) 1 ”
Epp = Jy P WA O (g e ST

and the method

~ _ JHe N T ]

)0 = winf 1, ! A7) ol CCUCRECE
is optimal.

Proof. 1. Consider equation (2.1). We seek Ay in the form Ay = a*~™4, ¢ > 0.
Substituting t = a& into (2.1) we obtain

akq/(p*q)”/p[ll/p = 5a"+kQ/(pfq)+d/qI21/q.

B ( 111/1’ )eru/lql/p)

Using the same substitution we obtain

As a result,

= %ywaq(md(uqﬂ/m) fe-arv,

It remains to plug the resulting quantities into the expressions for the error of
optimal recovery and for the optimal method.
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2. Consider equation (2.3). We seek A1 in the form A; = a*?, a > 0. Substituting
t = a& into (2.3) we obtain

anr/(pfr)er/lel/p _ 5anp/(p7r)+d/r<]21/7"

PR vl
a = 1/7‘ .
57,

The same substitution gives

Hence

/XQ _ gapfrar(fn+kp/r+d(1/p71/r))Jl(T*P)/P.

Now the required result follows if we plug the resulting quantities into the expres-
sions for the density of optimal recovery and for the optimal method.

§ 3. Homogeneous weights in R?

Let T be a cone in R?, du(t) = dt, and let |1(-)| and |¢(-)| be homogeneous
functions of orders k > 0 and n > 0, respectively, ¢(t) # 0 and 9 (¢) # 0 for almost
all t € T. Consider the spherical coordinate system

t1 = pcoswi,
to = psinw; coswa,
tg—1 = psinwi sinws - - - sinwg_2 COSWq_1,

tqg = psinw; sinws - - - Sinwgy_2 sinwg—_1.-

We set w = (w1,...,wda—1),
J(w) = p_k\w(p COSW1, ..., psinwy sinws - - sinwg—2 sinwg—1)|, (3.1)
P(w) = p "e(pcoswy,...,psinw; sinwsg - - - sinwg_g sinwg_1)|. ’

Let 2 be the range of w as ¢t runs over 7. Since T is a cone, it follows that Q is
independent of p. We set

d—3

J(w) = sin? 2wy sin? 3wy - - - sinwg_o.

For 1 < ¢ < p,r, the function x"~9(1 — k)~ (=9 is monotone increasing from 0
to o0 for k € [0,1). Hence for all t € T' we can define the function x(t) by

R ()|

(= w(®)r — lp(H) 0"

0=~ iR,

k(t) = min{l7 W(t)rp}.

For ¢ = r we set

and for ¢ = p we define
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Consider the quantity

n—k—d(1/qg—1/r)
n+d(l/r—1/p)

Let k> d(1/p—1/q) and n > k+d(1/q—1/r). It is easily checked that v € (0,1).
In this case we define the number ¢* by

Theorem 2. Letk > d(1/p—1/q),n > k+d(1/q—1/r) and (p,q,7) € PUP,UP;.
Assume that

7 (w)
A M.}(w) dw < 0.

Then Epqr = C6", where

B(q*v/p+1,¢"(1 - 7)/T)I) g
r(n—k—d(1/q—1/r)) 7

and B(-,-) is the Euler beta function. Moreover, the method

C = 7—’7/17(1 — 7)—(1—7)/7'(

(y)(t) = (€T 8y (t),

where

&= 3(y77 (1 = qraC T,
is optimal.

Proof. The case (p,q,r) € P is covered by Theorem 3 in [11] (in that paper, the
answer is given in terms of the beta function with arguments ¢*v/p and ¢*(1—-~)/r,
but it is more convenient for our purposes to change to ¢*v/p+ 1 and ¢*(1 —~)/r;
this can easily be effected by using properties of the beta function). It remains to
consider the following two cases: (p,q,r) € Py and (p,q,r) € Ps.

1. Let (p,q,r) € P;. We use Corollary 1 and change to the spherical coordinates
in the integral I;. Then we have

+oo . _
h= [ ot [ () - 151 w) Y ) d
0 Q
_ +o00 5 (w) p/(P—q)
= / P/ (P=a) (w)J(w)dw/ phap/(p=a)+d—1 <1 — p(n—k)Qf ) dp.
0 0 Pa(w)/ +
For a fixed w, substituting

p = pn-0a21W) (3.2)

i (w)
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into the second integral, we have

~ kap d
~ oo Ta-F
I, = 41 / 1/,qp/(pq)(w)(%(w)) J(w) dw
Q

(n—k)q 3(w)
1
x/ t%*ﬁfl(l_t)p/@ﬂ;)dt
0
I * *(1 —
= B(q 7 + 2, M)
(n—Fk)g \ p q

A similar analysis for I shows that
oo 0 a/(p—q)
B[ mtap [ ) () - 13w L ) de
= [ B 0w w) d
Q

+oo ~q q/(p—q)
« / pnq+kq2/(pw)+d*1 (1 _ p(n*k)q ‘f (w)) dp.
0 Pa(w)/ +

Making the same change (3.2) we obtain
~ ng kq? d
1 - ~ 9 (W) ekt oo m Tk
ILh=—— q q°/(p—q) J(w)d
*T (n—k)g /Q Flr W\ F@) (w) dw
1
X / tﬁ+m+ﬁ—l(1 — )4/ (p=a) gy
0

IB(q ’Y+17Q(17)+1>.
(n—k)g \ p q

We set

* *(1 —
B1:B<M+1,Q( 7)).
P T

Hence, from the properties of the beta function we have

ay/p+1

b= q(n —k)(g*y/p+1+q (1 —7)/q

)Blf

and
B (1 —7)/q
L= qin—k)(¢*y/p+1+q*(1—7)/q) Bl

In the case under consideration (for r = q)

S S —c
q* q p n+d(l/q—1/p)
Hence ¢*y/p+ 1= q*y/q. As a result,

B,
q(n — k)

ByI

and I =(1 fv)m.

11:’}/
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From Corollary 1 we find that
quq _ Il—’Y/PIQ—(l—’Y)/lI(Il + 12)1/115"/

v(1/q—1/p)
= 7*7/17(1 _ V)(lv)/q( (BlI >
q

—_— 5§ =08,
n—k) ¢

The method (2.4) can be written as

=)

(W)(1) = & (b7 =TT ) $(0)y (1),

where
Il/q BlI 1/q—1/p
b=0=2- =6y /71—~ Uq()
= -n
_ 67_1/”(1 _7)1/q01/y71/p(1 _ )(1—v)/(q7)
TG

(1— )1/(q7)01/7_5( Cq)l/(‘ﬂ) 5((1—~)C9)
(( )Cq) “(p— Q)/(pq ) 51.

2. Let (p,q,r) € P,. We employ Corollary 1 again. Changing to the spherical
coordinates in J; we obtain

+o00 - B
Ji :/ ptt dp/ npr/(p=r) pr/ (= r)( )(pkpwp(w) _1)11/(7" p)J(w) dw
0 Q

+oo
:/QGP’F/(Z)*"‘)(Q_))J((U) dw/o p’ﬂPT’/(p r)+d— 1( kp,l/)p( ) l)i/(rfp) dp

For a fixed w, substituting
t = p'Pyr(w) (3.3)

into the second integral, we have

B= o | T ) w) de

Foo nr d
X / t(p—r)kJﬁTp*l(t — 1)1)/(7“*10) dt
1

I L nr D I * *(1 —
— | ST (1= s)P/ P s = B(q LS N e £ k) +1>~

A similar analysis for Jo shows that
i > r/(r—p)
Jy = / pt1 dp/ pnpr/(p—r)@pr/(p—T)(w) (pkpwp(w) _ 1)+ P J(w) dw
0 Q

400 _ -
= /Q CO'PT/(ZD—T’) (w)J(w) dw / pnPT/(P—T’)+d—1 (pkpwp (OJ) o 1)1/(7" p) dp

0
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Making the same change (3.3) yields

~ npr +OO nr
Jy = i/ P =T (W)~ TE T E () J (w) dw/ TR TR (¢ — 1)/ (P gy
kp Jo 1
1 i . *m g (1 —
= i/ s(rf;)kfﬂ’%fl(l — s)r/(r’p) ds = IB<q ’y, KA S (=) +2>.
kp Jo kp P r
We set

* *1_
BFB(CM,MH),
p '

Hence, from the properties of the beta function we obtain

a/p

h= kp(g*y/p+q (1 —7)/r+1)

Byl

and
gyt
2 kplgy/p+ (1 =)/ + 1)

In the case under consideration (for ¢ = p),

L 11 an _n—k—d1/p—1/r)
?_(1 w(zﬂ T) ¢ = n—dl/p—1/r) °

Bol.

Hence ¢*(1 —v)/r +1=¢*(1 —v)/p. As a result,

Bal

ng(l—'y) k’p

J1 = Vﬁa

From Corollary 1 we have

Eppr _ Jlf‘Y/pJ;(lf’Y)/T(Jl +J2>1/p§fy
BQI)(l“Y)(l/Pl/T)

o7.
kp

_ 7_7/”(1 _ ,y)—(l—v)/T(
From the properties of the beta function we find that

L=/, _ kpBi
¢y/p 0 rln—k—d(1/q—1/r))

By =

Therefore,

BiI
(n—k—d(l/q—1)r

1/q
Eppr = ATP(1 - 7)(17)/r< ))) 57 = 8.
r
The method (2.5) can be written as

wy) (1) = r(cT=T7=177 £) )y 1),
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where

Jl/r Byl 1/r—1/p
— o~ V/P(1 — N[ 222
L Gl

_ 5771/10(1 _ 7)1/7"071/(177)7*7/(27(1*7))(1 _ 7)*1/T
_ 57—1/(;0(1—’7))0—1/(1—7) — 5(,ch)—1/(p(1—7))
_ 5(,ch)(pfr)q*/(p2r) =&,

It follows from [21] and [11] that, in all cases under consideration,

Epgr = sup [AZ ()L, (7,0 (3.4)
z(-)eEW
le( )Ly (T, <o

As a result, we easily obtain the following sharp inequality:

1Az < CllaCIT, o leC )2,

§ 4. Recovery of differential operators from a noisy Fourier transform

Let T = R?, du(t) = dt, and let, as before, |(-)| and |p(-)| be homogeneous
functions of orders k > 0 and n > 0, respectively, ¢(t) # 0 and ¥ () # 0 for almost
all t € R%. We set

={z(-) € Lo(RY): (- )Fz(-) € Lo(R?), Fa(-) € L,(RY)},

where Fz(-) is the Fourier transform of z(-),

Fo(© = [ ae S0 d, (60 =t Gata
Rd
Let the operator D be defined by

Da() =F~ (e(-)Fx())(+).
Assume that ¢(-)z(-) € La(R?) for all x(-) € X,,. We set

Az () = F7H (- )Fa()) ().

Consider the problem of the optimal recovery of values of the operator A on the
class

{33 s [ D - ||L2(Rd 1}

from the noisy Fourier transform of the function z(-). We assume that, for each
z(-) € W, one knows a function y( - ) € L,(R?) such that ||Fz(-) —y(- Nz, @ <9,
d > 0. It is required to recover the function Az(-) from y(-). Assume that
Ax(-) € Ly(R?) for all 2(-) € X,. As recovery methods we consider all possible
mappings m: L,(R?) — L,(R?). The error of a method m is defined by

epg(A, D,m) = sup [Az(-) = m(y) (), @
2(-)EW,, y()EL,H(R?)
1F2() =yl zay <
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The quantity
E,, (A, D) = inf A, D 4.1
va(8, D) m;Lp(Rld)eLq(Rd)epq( » Dym) 1)

is called the error of optimal recovery, and the method on which the infimum is
attained, an optimal method.

4.1. Recovery in the metric Ly(R%). By Plancherel’s theorem,

1 ~
[Az(-) —m(y)(- )||L2(Rd) = WHA@"( )= F(m(y))(- )HLz(Rd)a
where B
Az(-) =9(-)Fa(-).
Moreover,
1
1Dz( )|, re) = WII¢(~)F$(')|\L2(Rd)-
So, the problem under consideration coincides, up to a factor of (2r)~%2, with

problem (1.1) for ¢ = r = 2 with ¢(-) replaced by (27)~%2¢( ).
We set

7= Fo L
n+d(1/271/p)’ 3(1/2—-1/p)
and .
37 - B( qv/p+1 a1 —9)/2)\"?
Cp(n, k) =77/7(1-7)~¢ v>/2< o
Theorem 3. Let k> 0,n >k, 2 <p < oo,
_ Y(w) o
I = /Hd1 MJ((A}) dw < 00 and del = [077(] X [0727.[.]

Then

E(A, D) = Cp(n, k)1 957,

1
(2m)d7/2

Moreover, the method

2
() = F((l —ﬁ\jjgg ) w@)y(&))(-), (12)
+
e k4 d(1/2—1/p) §IV/2=1/p\ 7217
_ —1/p ) P\ nF¥d(l/2—1/p
ﬁfn%—d(l/?—l/p)c (n < (2m)d/? > ’
is optimal.

Proof. The case 2 < p < oo is secured by Theorem 2. Consider the case p = oco.
From a well-known upper estimate (see, for example, [21]) we have

Eoc2(A, D) > sup [Az (), ey (4.3)
z(-)eEWoo
HFI( : )”Loo(]]gd)gé
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Let Z(-) be such that

Faie = [ WO > Ne(@)
0, ()] < Ap(€)],

where A > 0 is selected from the condition
1 2| el e |2
— F d¢ = 1.
oyt L, 1€ R [PRE) de

Now A > 0 should be chosen from the condition

5 / (@) de = (2m)°.
[P (&) |>A@(€)]

Changing to the spherical coordinates we obtain

<I>1(w)
# [ P [ = (e

where _ T
By (w) = ( wN(w) ) .
Ap(w)
Hence
0 -ntd)/mnb)] _ (gm)d
2n+d = (2m)%.
Therefore,

521 (n—k)/(2n+d)
A= ————— .
((27T)d(2n + d))
It is easily checked that

CZ.(n, k) (2n + d)(k+d/2)/(n+d/2).

1
 2k+d
As a result, A2 = 3. Hence by (4.3),

52
E2,(A, D) > [AZ()2, pe =—/ (€ ? de
? L&D 2m)d Sy @15 a0

5 72 1) 2k+d—1
= w)J(w) dw —d
(%)d/rldlw()() |t

52 . o
07 @ktd) (k)] _ 2 2/3 52
@k ) 1= Gy Coolm PG, (44)

We estimate the error of the method (4.2). We set

|w(€)|2>
WP/ 4

a(€) = (15
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Taking the Fourier transform we obtain
~ 2 1 2 2
IA2() = AW a) = oy / WOP |Fale) — ale)w(©)] de.
We set z(+) = Fz(-) — y(-) and note that
1
2 Mo <6 and g [ Jol@)R PP de < 1.
Hence
A0() = )OIy = i [ P 10— al&)F(€) + a(e)a() de
L2 ™ (2m)d Ja

The integrand can be written as

()1 — a(©)vBlo(©)|F(e)
NG T ValOValQ )

Using the Cauchy-Bunyakovskii-Schwarz inequality

|ab + cd|* < (|af? + |e[*)(|b* + [d]?)
we obtain the estimate
[Az(-) = m(y) (I, @

7 [ (GOF [P +a( ) [H©)P) de

< vraisup S(&
o 5 )

where

2 _a 2
s - WAL 0@

If [Y(&)* < Ble(€)l, then a(§) = 0 and S(§) < 1. If [Y(&)* > Blp(€)[*, then
S(¢) = 1. So we have

(0D, < s [ (BROF 1P + al@OF |(€)?) de

71 e (PO = BI00P)
_ 52 2 2
— 7t Gy /|w<§>|>w<s>|| OFde - Py / POF IFZO)F de
= > / [(€)? d¢ < E%,(A, D).

2m)® Jjpe) > Ao ()] >

It follows that the method m(y)(-) is optimal. Moreover, by (4.4) we have

2 o~
d ! _C2 (n, k)I*1527.

E?,(A,D)= —— 2de =
wsa(f, D) (277>d/|w<s>|>w<s>| werd (2m)®
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For d = 1 (in this case I = 2), D = d"/dt" and A = d*/dt*, the conclusion of
Theorem 3 was obtained in [26].
We define the operator (—A)"/2, n > 0, by

(—A)2a(-) = FTH(|E"F2(©)(-), [l =/ +---+&.

We set
27rd/2
Iy = . 4.
0= a2 (4.5)
Corollary 2. Let k>0, n >k and 2 <p < 0. Then
n 1 q5
Bpa((=A)"/2 (=A)""%) = G Coln )77,
The method
m(y) () =F (1= BIEP ) 1eF u(©) (-, (4.6)
where
2(n—k
o kA2 1) o SIV271PN wE T
“nrdaz—1/p) "\ ez ’
is optimal.

Proof. In the case under consideration, 1(w) = $(w) = 1, and so

27Td/2

Iz/HdIJ(w)dw: T(d2) = .

Now it suffices to employ Theorem 3.

For p = oo, the conclusion of the corollary was proved in [24].

The expression for Ea((—A)*/2,(=A)"/2) and the corresponding optimal
method were obtained in [23].

Note that the optimal method (4.6) employs information on the noisy Fourier
transform of the function z(-) which is only measured in the ball

€] < ﬁ—l/(Q(n—k)).

Moreover, the larger the error ¢ in the original information, the smaller the ball
containing the ‘useful’ information.

Consider another example. Let o = (a,...,a4) € Ri. We define the operator
D= (the derivative of order «) as follows:

D(-) = F Y ((i&)*Fz(£))(-),

where (i§)® = (i&1)** -+ - (i€q)*¢. The function |(i€)“| is a homogeneous function of
order k = a1 4 - -+ + ag. Consider problem (4.1) with A = D® and D = (—A)"/2.
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Corollary 3. Letn > k,2 <p < oco. Then

Ey (D%, (—A)"/?) = (%);dmcp(n, k)1 a67,
where
I ZF((alfﬂ 1)/2)---T((aqq +1)/2)
L'((kq+d)/2) '
The method |£‘2n
m N=pF""1 1-— €)% ), 4.7
=1 ((1-0) G000 @)
where
 k4d(1/2—1/p) SIL/2=1/p\ wEa T
ﬁ*n+d(1/2—1/p)05( ’ <(%)d/2> )
is optimal.

Proof. From Dirichlet’s well-known formula we have

~ T(p1/2)---T(pa/2)
C290(p1/2+ -+ pa/2+ 1)

—1 —1
S0 der
E+-+€3<1

D1, --,pa > 0. Therefore,

pi—1 . e pa—t ge . ge — _ L(P1/2)---T(pa/2)
L e iy = TR

Changing to the spherical coordinates we obtain

1
i L(p1/2)---T'(pa/2)
D(w,p1,.--,pa)d (W dw/ pit-tpa=l g, — ,
/n (o1, op) W) do Jp ’ = T2t Tpaf2+ 1)

where
O(w,p1,...,pa) = |cosw [P+ [sinwy sinws - - - sinwy_o sinwg_1|P2 .
As a result,

L'(p1/2)---T'(pa/2)
C(p1/2+ - +pa/2)

/ O(w,p1,...,pa)d (W) dw =2
g1
So, for the quantity I in Theorem 3 we have
I= / |coswy |19 - - - [sinwy sinws - - - sinwg_g sinwg_1|*49J (w) dw
g1

:/ D(w,a1q+1,...,aqq + 1)J(w) dw
g1

[((01g+1)/2)---T((@ag +1)/2)
L((kq+d)/2) '

Now the conclusion of the corollary follows from Theorem 3.

=2

(4.8)
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Consider the case p = 2. The situation here is fairly close to that considered
in [27] and [28], even though here the class on which the operator D is recovered
is different.

Theorem 4. Letn > k > 0. Then

a/2 S 1-k/n
By (D", (~A)"/?) = T <(27r)d/2) 7 (4.9)
and all the methods
m(y)(-) = F~H(a(€) @) y(€)(-), (4.10)
where a(-) are measurable functions satisfying the condition
2oy (11— alf | |a(©)]?
(M + ) <1 )

in which

Ca%(n—k) [ 6 \ " ko
M= oy (m)d) and dg =Moo

are optimal.
Proof. Given € > 0, we set

e L(EY ™ avm, &= %)

B.={¢eR¥: ¢ —&|<e).

Consider a function z.(-) such that

6
Fr.(¢) = { VmesB.’ s € B
0, § ¢ Be.

We have HF;UE(~)||%2(Rd) =62 and

62 62 o
_A\R/2 12 _ 2n < 2n _
I8 ey~ Togrman s [, 976 < o7 =1

From an estimate similar to (4.3) we have

E3, (D, (—A)"?) > sup | D - )||i2(Rd)
I(=2)""22( ), @) <L
IF2( )l iy <6

> | D% ()7, ey = Wmeng/ €2 dg

52 6
@n)?

1657,



402 K. Yu. Osipenko

where £ is some point in B,. Letting ¢ — 0 we obtain the estimate

52 ~ a® 62 1-k/n
E2,(D, (—A)"/?) > (27T)d|£ o = kk<(27r)d> : (4.12)

The optimal methods will be sought among the methods of the form (4.10).
Passing to the Fourier transform we have

1D7a(-) = )l saey = rya [, 16271 1Fo€) = a@pwie)| de.

We set z( Fz(-)—y(-) and note that

1 n
/ SO dE < amd oo [ e PR <1
Hence
. 1 o
D7) = @)Wz = g [, 162711 (1= al) Pa(©) + al)(0) e
We write the integrand as

(1= VAP | al®) o an e
Al + Gy 2 Ve

Applying the Cauchy-Bunyakovskii-Schwarz inequality we obtain the estimate

ID%2(-) = m(y) (I, @)

< viaisup S(O) g [ (ale IO + (2n) A () de.

£€Rd

(= a©F | Jal©)?
s@=lk '( WD +(7r)%>

If we assume that S(€) < 1 for almost all £, then by (4.12),
632(Daﬂ (_A)n/27 T/fl)

1 2n 2 9
S W/W(AZW |F2(&)]* + (2m) A\ |2(6)[%) d¢

€21

where

aOL

k/n
<o+ \é% = # < EZ, (D%, (—A)"/? 4.13
2+ A1 W\ @t < Ep(DY, (=A)"7). (4.13)

This proves (4.9) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (4.11) is nonempty.
Condition (4.11) can be rewritten in an equivalent form:

(27m)9 N\ 2

(2m) I + AlE?m
(2m) A1 Ao |€]*"
T E2e|((2m) 4N 4 Aglg]Pn)?

a(§) —

(—1€2%] + (2m) A1 + A2le*™).
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Hence it suffices to show that, for all £ € R,
—[€2*] + (2m) A\ + Ao fEP" > 0. (4.14)

From the theorem of the arithmetic and geometric means (see [29]) it follows
that

aa
€% < Ll

Consider the function y(s) = s*/™, s > 0. The tangent to this function at any point
so > 0 has the form

k
Y= fsg/n s+

—k 1m
n Sk/
The function y( - ) is concave, hence for all s > 0,

. k _ n—=k
PLALNS fsloﬁ/n Tt 785/71.
n n

Setting sg = |§|2” and s = |£|*" we find that

20 2k at 2(k=n)jg2n ¢ T k 2ok
o) < rle < S (SIEPemieen + TR ).
It is easily checked that

o (n ) |£|2k and Ay = A\Q(kfn)‘

= Gy

As a result, we obtain
€27 < (2m) A1 + o€,

which is equivalent to (4.14).
4.2. Recovery in the metric Lo, (R?). We set

n—k—d/2 B 1
nrdiz=1p) T 22 1)

_ /¢
Byt = (1t (Baot Ly

"=
(4.15)

For 1 < p < oo let the function x4 () be defined by

ra(t) ()P

(L= ra(®)r=t  Jo()[2e=1)"

for p =1 by
k1(t) = min{L, |4 ()| 7'},

o (_leP
1(”(1 |w<t>>+'

and, for p = oo, by
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Theorem 5. Let k>0, n>k+d/2,1<p<oo,k+p>1,
q1
I =/ %J(w) dw < oo and T;_; =[0,7]%2 x [0,2x].
My, @(Il( —’Yl)(w)

Then
1

(2m)d Ty Cols K87

Epo(A, D) =
Then the method

W) () = F~ (ma (67777777 €)(€)y () (),
where

)

1— p— q1/(2p) Il/ql q1(1/2—1/p)
6 —o(Um22 Y (Gt

" (2m)d0+7)/2
is optimal.

Proof. Using an estimate similar to (4.3) we have

Epoo(A, D) > sup [AZ( )| 2o (re)-
S)eEW,
HFT( )”L (]Rd)<5

Assume that () € W), and ||[F'z(- )|, gy < 0. If Z(-) is such that

F3(&) = e(&)e O Fa(g),

where
TOF0)
e© = { O Fa(e) VOO A0,
0. HE)F(E) =0,

then we obtain Z(-) € W, [[FZ(- )|z, ®ae) < 0 and

P(E)FE(&)e ) df‘ = / (&) Fx(&)| dE.
]Rd Rd

Hence
Epo(A, D) >

sup (&) Fx(§)] deE. 4.16
T O, [ HORs) (419
1P, iy <6

Let 1 < p < oo. It follows from (3.4) that
Epoo(AaD) 2 Ep127

where, in the problem of the evaluation of FE,i2, the function ¢(- ) should be
replaced by the function (27)~%2¢(-), and the function (- ) by (2r)~%)(-). From
Theorem 2 we obtain

1 ~
Cp(n, k) /o,

Epoo (A, D) > Ep1p = (@@t r
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Another appeal to Theorem 2 shows that

1

/Rd (2n)d (&)Fz(&) m(y)(f)‘dﬁ < Epa,
where 1 1

() = Gy (&),
Therefore,

. 2(€)ett e qge — [ m Gi(t:E)
‘(Qﬂ)d /Rd (&) Fx(€) d¢ y (y)(€) df'
1
< /Rd W%/J(ﬁ)FI(f) - m(y)(ﬁ)‘ d¢ < Ep1a < Epoo(A, D).

It follows that the method mi(y)(-) is optimal, and the error of optimal recovery
coincides with Ep1a.
Now consider the case when p = co. We set

¥(E)
5(6) = {|w<s>|’ o7
1L, P(&) = 0.
Let Z(-) be a function such that
o 05(8), WOl = Ap(©P
Fz(£) = é v(§) 2
§ e WOl <A

We choose A > 0 such that || DZ( - )||.,®a) = 1. Now, to find A we have the equation

6? 2 5N 2 [v(&)[?
o d ¢ = 1.
(2m)? /|w<§>|>w<5>2 e &+ (2m)? /w(§)|</\lw(£)2 EGEE

Changing to the spherical coordinates we obtain

& 2 ), +d—1
— o (w)J(w dw/ P dp
ey Jy, | Pl |

52)\—2/ 1;2((4)) +oo
+ bl J(w dCU/ p—2n+2k+d—l dp _ 1’
e ., 7@ Jo

where

()

This gives us the equation

2
0"\ —(2n+d)/(2n—k) dn — 2k I=1
2n)d (@n+d)2n — 2k —d)
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As a result,
\ = 5%(4n — 2k)
 \(2m)%(2n + d)(2n — 2k — d)
From (4.16) we find that

(2n—k)/(2n+d)
1) .

Eocoo(A, D) OINFZ(E)] de
(5 / 1) lh()?
= 52 |¢(§>|df+—/ a
2m)® Sy 2 a0 2 ACT Jiwe<atetor [9(E)
1) ~ 2() k+d—1
~ gy, P [ g
4 / V2 (w) /+Oo —2n42k+d—1
4+ 2 J(w) dw AR )
A@m)? Jn,_, P*(w) ) s (w)
—(k+d)/(2n—k
_ oA (k+d)/( )I+ o \(@n—2k—d)/(2n—k) [
2m)d(k + d) A(2m)*(2n — 2k — d)
8(2n — k)A—(kH+d)/@n=k) 417
T ikt d)@n—2k—d) (417
where
L (n + d/2)k+d)/(2n+d) (2n —k)I (Qn_k)/(2n+d)6(2n—2k7d)/(2n+d)
k+d (2m)%(2n — 2k — d) .

Let us prove that, for all z(-) € X,

1 .
Az(t) = — As(€ N Faz(£)e!h d
) = G /w(s)|>w(s)|2(¢(£) (©lp(©)) Fa(€)e ) de

()P Fx(&)Fz(£)et ) de. (4.18)

Indeed,

1 .
Fz i(t,6) d
(2m)d /lw(s>|>w (¥(&) = As(E)|p(&)?) F(&)e'™S de

/ p(&) P Fa(¢

= Fa(£)et8 ¢
S / e (8 PO P de

1 ,

A 2p i(t8) g
(2m) /|w<§>|>w<s>|2 SO Frle) e de
1

2m)? /|w<s>|<w<s>|2
1

= 2(£)et 8 d¢ = Ax(t).
g7 L, PEOFRE ) de = Aa(t)

)<>d§

+

—~

P(&)Fa(€)e’ ) de
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We estimate the error of the method

m _ s 2) (61610 de.
D0 = 51 [ PO A O de

We have
|Az(t) — ( )(8)]
/ E)Fx(£)e ) de
1 )
— —As 2 et8 g
T s (1O~ MO g
! (€)1 (1)
<| e [, vOPa(©e 9 ag

1 .
- — As HFx(€)et d
o /W(Ow(ap(wo (©(&) ) Fa(©) f]

(2m)d /Iw(f)%\lso(&)lz

For z(-) satisfying

1 2 2
1Pal) =9 Miwn 5. g | 10OF o de <1,

in view of (4.18) we have

~ A
(P [F(IIFZ(E) dE +p < 5 + py

Aat) =m0 < g | :

where

= - A %) de.
557 o O~ N

It was found above that

0 SA—(k+d)/(2n—k)
o | wielae = 2T
2m)¢ Sl =012 (2m)4(k + d)

(see the first term in (4.17)). Next,

SA
v &)?d¢
(2m)? /w@n»w(&)? [

oA ~2 P2) 2n+d—1
= W - ¢ (w)J (w) dw . P dp
S\~ (k+d)/(2n—k)
= g Tl
2m)éd(2n+d)

[4(8) = As(E) ()P [F(€) — y(€)] de.

407
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and so
5)\7(k+d)/(2n7k)(2n o k)
(2m)4(k 4+ d)(2n + d)

It is easily checked that A\/d + u = v, and therefore

M:

eooco(N, D,m) < v < Eooo(A, D).

It follows that m(y)(-) is an optimal method, and the error of optimal recovery
is v. It is straightforward that, for p = oo,

1

(27)d0F+71)/2 Coc(n, k)IV 9" = v,

We evaluate &; for p = co. We have

Coo(n, k)10 /2 _
_ 2 oo\t _ n+d/2)/(2n—k
€ = 6(1 — )0/ <(27T)d<1+”/2 _ \(n+d/2)/Cn—k) (4.19)

The method m(y)(-) can be written as

() =7 ((1- A@(f§)2)+w<f>y<s>) ().

In view of (4.19) we have

my)(-) = F (k&' "2 00(€)y(6)) () = mly) ().

Corollary 4. Let k>0, n>k,1<p< oo and k+p>1. Then

E ik a = ;(j (n, k)2' /o 5m
PR\ dth’ dtn (2m) @)z P ’
where v1, ¢1 and ép(n,k) are defined by (4.15) for d =1. The method

() () = F (s (677757 €) (i€)*(€)) (),
where

3

_ p—1\ 91/(2p) , ~ 1/q\ 21(1/2=1/p)
R B (LY
Y1 (27r)( +71)/

is optimal.

The result of Corollary 4 for p = 1,2,00 was obtained in [30] where the case
when p =1 and k£ = 0 was also examined.

Corollary 5. Letk>0,n>k+d/2,1<p<ocoandk+p>1. Then

9 n 1 ~ 1 1 1
By (I A1) = G it Col DR 67
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where Iy is defined by (4.5). Then the method

() () = F (s (677777 €) 6Py €)) (- ).
where

)

1 — ~q =1\ @1/ (2P) 1/q1 q1(1/2-1/p)
6 a2 <c<nk> )

(27-‘-)d(1+71)/2
is optimal.

The result of Corollary 5 for p = oo was obtained in [25].
Let us now apply Theorem 5 to the operators A = D* and D = (—A)"/2.

Corollary 6. Letk=a1+ - +ag>0,n>k+d/2,1 <p<oo. Then

1

@y Crlm 23,

Epoo(D®, (—2)"?) =

uhere D((e1q +1)/2) -+ T((cags +1)/2)
o o1q1 ce aqqi

=2 F((kar T 0)/2) | (420

The method .
m(y)(-) = F~ (ke (&7 6) (i€)*y(€)) (),

where _ , (/21 /p)

X ag oy C(,k‘)[lql q1 —1/p

& =07 "1 —p) T Up)((zpw;(mw) ’

is optimal.

Proof. In the case under consideration the quantity I in Theorem 5 has the form

I = / |coswn |19 - |sinwy Sinws -+ - sinwg—9 sinwg—1 %" J(w) dw.
g1

Taking (4.8) into account we arrive at (4.20). Now the conclusion of the corollary
follows directly from Theorem 5.
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