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1. Setting of problems

Let WJ(R, ), n € N, be the Sobolev space of functions x(-) € Ly(R..) such that the (n—1)st derivative
is locally absolutely continuous and x™(-) € L,(RR, ). Set

Wi(R1) = {x(-) € WH(R4) : XV (lliyes) < 1.

We consider the problem of recovery of xK)(0), 0 < k < n, on the class WJ(R.) by inaccurate
information about x(-). We assume that for every function x(-) € WJ'(R) we know y(-) € Ly(R; ) such
that

IX(-) = Yy <8, &> 0.

For a given y(-) we have to construct an approximate value of xX(0).
As recovery methods we consider all possible mappings m : L,(R,) — R. The error of a method
m is defined as follows

e(Wy(Ry), 8, m) = sup 1xM(0) — m(y(-))|.
XeWH(RY), y()ely(R4.)
IOyl (R ) <5
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The quantity

E(WJ(R4), 8) = inf e (WJ(R), 8, m)
m:Ly(R4y)—R

is known as the optimal recovery error and a method for which this infimum is attained is called
optimal.

Note that optimal recovery problems are closely connected with statistical estimation problems.
Details may be found in [2].

We also study the problem of best approximation of x¥)(0) on the class WI(R,) by linear
continuous functionals on L,(R ) with the norm not greater than some fixed positive number N (this
problem is known as Stechkin’s problem). It relies on finding the value

SKW2(R.),N)= _inf sup  [x9(0) — (y*, x())],
yieha®e) X)W (R+)
Ily* Iy (R ) =N

and also a functional delivering the lower bound which is called extremal.

Solutions of the formulated problems are closely connected with the problems of exact constants
in Kolmogorov-type inequalities for derivatives. For the semiaxis the corresponding results which
we essentially use here were obtained in [3] and [4]. For R the analogous problems of recovery and
approximation by bounded linear functionals were considered in [6]. The range of problems connected
with Stechkin’s problem was elucidated in the survey paper [1].

2. Main results

It may be obtained from [4] that there exists a function X(-) € sz”(RJr) such that for all x(-) €
W3 (R..) the following equality

x(")(O):/ x(tmdur/ xM(ERM(t) dt (1)
Ry Ry

holds. We give the explicit form of X(-) and prove the corresponding result for completeness.
Put

)\’j=e(n+2j7])%’ j=],,,,,n, A= .. o

and Ay ; is the cofactor of )»1’7“_1. Denote by |A| the determinant of matrix A.

Lemma 1. Set

(_ 1 )nfk

A=

At
A,,_k,je 7.
j=1

Then for all x(-) € W3(Ry) (1) holds, moreover,

*0) =42, (2)
where
A ! : cotj i
= — o, o= —.
T Sint 2 ((2k + 1a) i J 2n
Proof. Since 7" = (—1)""'forallj=1,...,n we have

(t) + (—1)x20(t) = 0.
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In view of the fact that ReA; < Oforallj = 1,...,n,X(:) € W22”(1R+). Thus, for every x(-) € WH(R4)
we have

fx(rmdur(—l)"/ x(£]X2@(t)dt = 0.
Ry Ry

Using integration by parts we obtain

n

/X(tmdw(—l)"Z( 1PxP~D(0R2-P)(0)
Ry

p=1

+/ KRt dt = 0. (3)
R+

Foralls,p=1,...,nwe have

n
ZASJ)‘;H_I = 8pslAl,
j=1
where 8, ; is the Kronecker delta. Consequently,

R2)(0) | A| ZAn ki P = (=1 S ke (4)

Substituting (4) in (3) we obtaln (1).
Now let us calculate“"’( ). We have

Al
0y = An—ijrf = 1)“*"'—",
| | Z nod Al
where
A An
SRMTIILLLLERRIYY o
)\]Tl k- )‘?111 k—2
Ac=1] M Ak
2n—k —
Aln )\%n k
STTITIRILETEPRTSY e
A" Azt
Since

m __ Jj—1
)"j = OmMy >

where

Tm

lom| =1, Mm—e n,

matrices A and A, may be rewritten in the forms

n—1
on ... Onlh
A= e ,
O2n—1 O2n—1HMyn_1
On Oy
n—1
Oon—k—2 -+« O2n—k—2M23y_ >
n—1
Ay = Ok cee OkMy
n—1
O2n—k cee O2n—kMop_k
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If we put x(-) =X{(-) in (1), then we obtain

T0) = RO, sy + IRPCIE e, -

Thus, ®¥(0) > 0. Using this fact and the formula for the Vandermonde determinant we have

n
|k — pntj-1l
70(0) = 1—[ | ntj

i an—k1 = Mntj—1l
J#n—k

Since

[p — sl = 2|sin(p — s)e|,

we obtain
n
79(0) = 1—[ [sin(n+j — k — 1)«|
i Isin(n +j + K|
Jj#n—k
B 1 1_[] k+1 sm]oc
sin((2k + 1)a) ]_[]k:] sinjo ]_[] 11 sinj
1 ]_[]'7;,;] sinjo 1_["+n<+1 sinjo

T sin((2k 4+ 1) ]_[’.‘ | sinjo ]_[” 1 sinjo

_ j k+1 Sln]a
~ sin(( 2k+1 HCOU 1" T T sinia

] 1 sinjo
n—k—1 1 k
= cotjo cotjo = ——— | [ cot?ja.
sin(( 2k+ 1_[ J l_[ J (2k+])oz)]lj J
Theorem 1. The following equality
2n—2k—1 2k+1
E(WI(R,). 8) —;4\ 2n an 2n an 52n—22k—1
KA O = on —2k—1 2k + 1

holds. Moreover,

fi(y) = pr+t / V(e ROBD) dt
R

_(m-2k—1\T
N 2k+1 ’
is the optimal method of recovery.

Proof. From (1) by the Cauchy-Schwarz inequality we obtain

1/2
KO < (ROEyqey) + KON e, )
1/2
X (KOEge + KON ge,)

Taking into account (5) we have

-~ 1/2
KOO < Ank (IXC)IE, e,y + XN 20)



K.Yu. Osipenko / Journal of Complexity 48 (2018) 111-118 115
Put y(t) =X(bt), b > 0. Then

YOI ey = EW')H%Z(M Iy ON gy = D" IRPOI -

Substituting y(-) into (7) we obtain that for all b > 0 the inequality

1/2
A2, < nk( IRC)IE e,y + D2 IR, R+>
holds. In view of (5) and (2) we get that for all b > 0 the inequality f(b) > 0 is fulfilled, where
F(b) = BMRVONZ g,y — A2 b+ AL — [RVOIP e, -

It is easily seen that f(-) has the unique minimum on R

1
b (2k+ 1) 2n—2k—1
0o — .
2070 ||L2 )

On the other hand, f(1) = 0. Consequently, by = 1. Thus,

—~ 2k + 1
IRy ) = Ank I

It follows from (5) and (2) that

—~ 2n—2k—1
Ky ®s) = Ank B a—

PutX;(t) = aX(Bt), a, B > 0. Choose o and g such that |[X1(-)|l,®,) = § and |I4 Oll®y = 1.
We have

B ROy = 82, 2B RO ) = 1-
Hence,

-1 2n 2n—2k—1 %8]’%
o = n,
nk\ 2n — 2k — 1 2k + 1

_ 2n—2k —1 71"6_1
- 2k 41 ’

Substituting X(t) = a~'%;(t/B) in (1) we obtain
x0) = o f XOR(/B)dt + o' B f XWXt/ B) dt
Ry Ry

We change variables t = gs and putz(s) = x(8s). Then we have that for all z(-) € WJ(R, ) the equality

200y = A, / 2(s)R1(s) ds + Ay / ZM(sRY(s) ds (8)
R4+ R4+
holds with
IBICJrl 1
M= T e

It follows from general results about optimal recovery of linear functionals (see, for example, [5])
that

E(Wj(R:),8)= sup [zZX(0)]. 9)
z(-)ewg(lhr)
2Ly (r )<
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From (8) by the Cauchy-Schwarz inequality we obtain
Ef(W3(Ry), 8) < 218% + Xa. (10)

Let us estimate the error of method (6), which may be written in the following way

RY) = A / WOR@) dt
Ry

Suppose that z(-) € WJ(Ry)and ||z(-) — ¥(-)ll,r,) < . Taking into account (8) we have
1219(0) — m(y)|
= |90~ [ R+ [ (@0 —y(tm(r)dt‘
Ry Ry

= ?»1/ (z(t) — y(O)a(t) dt+k2/ 2R () de| < 3162 + Ao
Ry R4
Consequently,
Ed(WJ(RL), 8) < ex(WI(R,), 8, M) < A18% + Ay. (11)

The last inequality together with (10) gives
E(WS(Ry),8) = 187 + 4
2n—2k—1 1

2k+1
_ /A\ 2n 4n 2n 4n 8 2n—22k—]
=\ o Z2k—1 2k + 1

Inequality (11) implies also that 1 is the optimal method of recovery. O

Note that the exact solution of extremal problem (9) gives us the exact inequality
) I ) 2k+1
X90)] < KuIXOlldt, K002,

where
2n—2k—1 2k+1

I< _K 2n 4an 2n 4n
=k on Z2k—1 2k + 1 '

It may be also obtained from exact inequality (7) by Proposition 4 from [7, p. 119].
We now proceed to the Stechkin problem.

Theorem 2. The following equality

ok — 1\ T onoe
SUW(R,), Ny = Az [ 2K T (20 = 2k 1Y
2n—2k —1 2n

holds. The functional

G xC) =BT [ x(EX(But) de

R+

2n ﬁ N 2k+1
P = (2n—2k—1> (%)

is extremal.

where
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Proof. As was proved in the optimal recovery problem among all optimal methods there exists a

method defined by a linear continuous functional, therefore

EW(WJ(R,),8) = inf  inf sup 1X90) — (v*, y(-))|

N>0 1yl &) =N x()ewl Ry ), y()elp(®y)
Iyl (R )<

< inf sup  [x9(0) — (v*, X(-))| + 8N = S(WJ(R,), N) + SN.

- Ily*llLy(m ) =N X)W (R4)
Consequently, forallN > 0
Sk (W5 (Ry), N) > Ex(W5(Ry), 8) — 8N.

We define the linear functional 7* as follows

G () =A1/ (R dt.

R4

Then [[¥*||,®, ) = *18. If we choose § such that N = A48, then it follows from (12) that

Sk(W3(R4.), N) > 2,.
On the other hand, in view of (8) we have

SKWS(RL),N) < sup  [xXN(0) — 37, x(-))| = Az

X(-)eWS(R+)

Consequently, Sy (W} (R4 ), N) = A,. If N = 146, then

2n

M — 2k —1/2n— 2k — 1\ %5 (A, Z+
§ =46y = — .
2k +1 2n N
For § = 8y we have

P ok — 1\ T omoe
i :AZkkJ'l 2k +1 2n—2k—1 2+1N_22’<2+k11.
m 2n—2k—1 2n

The functional ¥* may be written in the following way

(y”‘,x(-»:ﬂk“/ x(t)X(Bt) dt

R4

where g is defined in Theorem 1. For § = 8y

2n %ﬂ N ﬁ
= = —_— = . D
ﬂ 'BN <2Tl —2k— 1) <An,k>
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