OPTIMAL RECOVERY OF THE SOLUTION OF THE
HEAT EQUATION FROM INACCURATE DATA
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ABSTRACT. In the paper the problem of optimal recovery of the
solution of the heat equation on the hall space at the instant of
time from inaccurate observations of the solution at some other in-
stants of time is considered. Explicit forms for an optimal recovery
method and its error are given. The solution of a similar problem
with a priory information about temperature distributions at some
instants of time is also given. In all cases an optimal method uses
information about at most two observations.

INTRODUCTION

The initial stimulus for this paper was the following question: if
we have a possibility to observe the temperature of some body at the
instants of time t4, ..., ¢, with known errors, then what is the best way
to use this information to recover its temperature at some other instant
of time?

We answer this question for the problem of temperature distribution
in the space R?. More precisely, we state the problem of optimal re-
covery of the solution of the heat equation on R? at some instant of
time from inaccurate observations of this solution at other instants of
time and give explicit forms of optimal recovery method and its error.

Usually in practice besides observations there is an a priory informa-
tion about temperature distribution which is in the fact that at some
instants of time there are known the bounds such that the temperature
could not be out of them. In this paper the explicit solutions of this
problem is also given.

The structure of the paper is the following. The first three sections
are devoted to the solution of the optimal recovery problem of the heat
equation from inaccurate observations. In the fourth section the similar
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problem is solving when an a priory information is giving. Historical
and bibliographical comments are in the fifth section.

1. STATEMENT OF THE PROBLEM

It is well known that the temperature distribution in R¢ is described
by the equation

ou
1 — =A
(1) T u

(where A is the Laplace operator in R? and wu(-,-) is a function on
[0,00) x R?) with the given initial temperature distribution

(2) u(0,-) = uo(-).

We assume that ug(-) € Lo(R?). The unique solution of problem
(1)—(2) for ¢t > 0 is the Poisson integral

1 lz—¢)2

2\/5 R e UO(E) d£7
where x = ('xla cee axd)v 5 = (517 cee agd)7 |Q§' _€|2 = Z;’i:l(xi - gi)Q) and

moreover, u(t, ) — ug(-) as t — 0 in the Ly(R%)-metric.

We state the following problem. Let there be temperature distribu-
tions u(ty,-),...,u(t,,) at the instants of time 0 < ¢, < ... < t, given
approximately. More precisely, we know functions y;(+) € Lo(R?) such
that

(3) u(t, z) = ult, ¥ uo(+)) =

u(ti, ) = yi( ) Lomey < 6, i=1,...,n,

where §; > 0,7 =1,...,n. For every set of such functions we want to
find a function Ly(R?) which approximate a real temperature distribu-
tion in R? at a fixed instant of time 7 in a best way in some sense.

We mean by this the following. Any map m from (Ly(R%))" =
Ly(RY) x ... x Ly(R?) to Ly(RY) we call a method of recovery (of the
temperature in R? at the instant of time 7 from the given information).
The error of this method is the value

e(r,6,m) = sup (T, ) = m(G() ()l Lomay,
uo(+), Y(-)E(La(RE))™
lluti)=yi Ol ray<0is 1=1,0m

where 7(-) = (y1(+), ..., yn(-)) and 0 = (61,...,0,).
We are interested in the value

E(1,6) = inf e(t,6,m),
m: (Lz(R%))"— Ly (R)
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which we call the error of optimal recovery and in a method m, for
which the lower bound is delivering, that is,

E(r,0) = e(7,8,m),

which is called an optimal recovery method (of the temperature in R?
at the instant of time 7 from the given information).

2. THE STATEMENT OF THEOREM

Before the statement of the theorem we make some constructions.
On the two-dimensional plane (¢, z) we construct a set

M = cof (t;,In(1/5)), 1< j <n}+{(t0)] ¢>0},

where co A is the convex hall of A.

Define the function 6(-) on [0,00) by the equality 6(t) = max{x |
(t,x) € M}, where 0(t) = —oo, if (t,z) ¢ M for all z. It is clear
that the function #(-) is a concave polygonal line on [t;, 00). Denote by
ts; < ... <ts, its points of break (we consider the point ¢; as a point of
break too, that is t5, = t1), which are evidently the subset of the points
{t1,...,t,} (see the figure where represented points have coordinates
(ti,In(1/6;)) and the bold curve is the plot of (-)).

.........
..........................
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For every t > 0 formula (3) defines a continuous linear operator
in Ly(RY)," which we denote by P;, and if P, denotes the identical
operator, then u(t, -;ug(-)) = Paug(-) for all ¢ > 0.

Theorem 1. For all 7 > 0 the equlity
E(1,6) = e @
holds.
(1) If t; > 0 and 0 < 7 < t1, then any method is optimal;
(2) if T =t,;, 1 < j <k, then the method m defined by the equality
m(y(-))(-) = ys,(-) is optimal;
(3) ifk>2and 7 € (L, 1s,,,), 1 <j < k—1, then the method m
defined by the equality
T/fl(y())() = (Ksj * ys]‘)(') + (KS]'H * y5j+1)('>7
where K, () K., (-) are functions from Ly(R?) with the
Fourier transforms

(ts), — )62 o€ (T—ts;)

FKS(f) = Sj+1 i § 7
J (tsj+1 - 7')552,”1 + (1 — tsj)(sgje 21€[2(ts; 41 —ts;)
(T — tsj)63j6_|§\2(7'+tsj+1 _Qtsj)
FKSJ‘H (6) =

(Fojpr = 7)0%,, + (7 = tsj)62j e 2Pty 1)

Sj+1 S
18 optimal;
(4) if T > ts,, then the method m defined by the equality

m(y()) () = Prs,, Ys, (*)
18 optimal.

We give some remarks apropos to the formulated theorem.

1. Ift; > 0 and 0 < 7 < ¢, then §(7) = —oco so that E(7,0) = +oo0,
that is, the past could not be recovered from inaccurate present. In
this case any method may be considered as optimal.

2. Note that the optimal method is linear, it “smooths” observations
(the convolution is an infinite differentiable function) and uses the in-
formation about at most two observations before and after the instant
of time 7 or only before 7 (if 7 > t;, ).

3. If 7 =t; and ¢; is not a point of break of (-), then the optimal
recovery method makes possible to correct this observation.

4. The case T > t;, means that the most precise observation of the
temperature was before the instant of time 7. In this situation the

It follows, for example, from Young’s inequality since the Poisson integral is the
convolution of bounded function with function from Lo (R?).
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optimal recovery method is the solution of the heat equation at the
instant of time 7 — ¢, with the initial temperature distribution ys, (-).

3. PROOF OF THEOREM 1

The proof consists of two parts: the lower bound of the optimal
recovery error F(7,6) and the upper bound of this value with presen-
tation of optimal method.

1. The lower bound of E(7,6). Recall that P, is a continuous linear
operator in Ly(R?) which is defined by (3) for ¢ > 0 and P, is the
identical operator.

Let 7 > 0. Consider the problem

(4) | Pruo() | Lazey — max, || Pytto( W oy <65, G =1,...,m,
uo(+) € Ly(RY).

Denote its value (that is, the upper bound of || Prug(-)| 1,®e) with the
given constraints) by S and show that E(7,8) > S.

Indeed, let ug(-) be an admissible function in (4) (that is, ug(-) sat-
isfies all constraints of the problem). Then —y(-) is also admissible in
(4) and for any m: (Ly(R%))™ — Ly(R?) we have

2)|Prao () Loeey = [ Prio(-) =m(0) () +m(0)(-) = Pr(=uo ("))l Lore) <

2 sup [1Pruo(-) = m(0) ()| Lorey <
uo(-)GLQ(Rd)
IIPtjuo(')||L2(]Rd>§6j7 Jj=L,...n,

<2 Sup [1Pruo(-) = m(F(-)) ()l acra)-
wo(-)ELa (R, J(-)€(La(R)"
12405 Ol oty 05 5=t

Passing to the lower bound over all methods m in the right hand side
and to the upper bound over all admissible functions in (4) in the left
hand side, we obtain that E(r,8) > S.

The next step is the proof of the fact that S = e % 7). Let
F: Ly(R?) — Ly(R%) be the Fourier transform. It is well known (see,
for example, [1]) that for all ¢ > 0 the equality

F(Puo()))(€) = e ¥ Fug(€), € eRY,
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holds, and therefore by Plancherel’s theorem the squared value of prob-
lem (4) equals the value of the following problem

6) oy [, (O d — max.
(er)d/ 2P | Fug(€)[Pde <62, j=1,....,n, uo(-) € La(R?).
R4

It can be shown that there is no existence in this problem, therefore
we consider its “extension”, namely we consider the following problem
(formally replacing (27) 4| Fug(€)|? d€ on a positive measure):

(6) / e 247 dy(€) — max,

/Rd 21 du(€) < 532, j=1,...,n, du(-)>0.

It is a convex problem. Its Lagrange function has the form

—2¢°r 4 - A ( —2[EP% g - 52) ,
SNCEDY e dute) - &

where A = (Ag, A1 ..., A,) is a set of Lagrange multipliers.
If we find an admissible measure dfi(-) in (6) and Lagrange multipliers

X0<0,Xj20,1§j§n,suchthat

(7) i £(dp(-), %) = £(df(), ).

L(dp(), N) = Ao /

R4

where \ = (XO,XI, . ,Xn) and

®  &([erane-2) =0 i=t..n
Rd

then dp(-) will be a solution of problem (6). Indeed, let du(-) be an ad-
missible measure in (6). Then using this fact (and taking into account

that \; > 0, 1 <j <n), and then (7) with (8), we have
% / 2T () > R / e () +
Rd Rd

n
~

EDIRY (/ e M dpu(€) — 5?) > %o / 2T dji(g)+

j=1
PN ([ e ane - 2) <R [ e aate)
R4 R4



OPTIMAL RECOVERY OF THE HEAT EQUATION 7

Dividing on Xo < 0 we obtain the required assertion.

From conditions (7) and (8) one can see what should be a measure
dp(-) and Lagrange multipliers. Indeed, write the Lagrange function
in the form

O LN = [ R duce Zm,

where
U) = )\0 + Z )\je—2v(tj—7')'
j=1

Hence we see that if f(|¢[*) > 0 for all ¢ € R? and the support of
measure dfi(-) is at zeros of this function, then for all du(-) > 0 we
have L(du(-),\) > =377 Aj07 = L(df(-), \), that is, condition (7)
holds. But for all non-negative Ay, ..., A, the function f(-) is convex
on R and therefore if a point vy € R such that f(vg) = f'(vo) = 0, then
f(v) >0 for all v € R. We will be guided by this observation.

Consider separately three cases: (a) 7 > t; and there is a break point
of O(+) right of 7, (b) 7 > t; and there are not break points of 0(-) right
of 7, (¢) T < ty.

(a) Let 7 € [ty;,ts,,,). Put dii(§) = Ad(§ — &), where 0(- — &) is the
delta-function at the point &j, and choose A with &, from the conditions

(10) / e 2Pt gfi(e) = Aol = 52 k= s;550.
R4

Hence it is easy to deduce that

sj+1 2ts]-
A— 5;jj+1 tsj 5S]+13+1 —ts;
and
&2 = 111((55]./55?1) _ In 1/isj+1 — 111 1/6s,
sjit1  Usj sji+1  Usj

Such point & € R? exists since it follows from the construction of the
polygonal line 0(+) that the slope of the line which pass threw the points
(ts;,In 1/5 ) and ( s;01,In1/6,,, ) is positive.

Put )\0 = —1, )\k =0, k # sj,5j41, and choose )\8 and )\S 41 such
that f(|&]?) = f’(|§0| ) = 0, that is, as the solution of the linear system

>\sj _2|EO‘2(t5j _T) + /\8j+1 6_2|§0‘2(tsj+1_‘r) — 17
Aoy (b, = 7)e 20RO L0 (., — m)e 20 0n ) — g,

Sj+1
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Hence
2(7'7755]'>
N\ = bsjpr — 7 5Sj+1 fg1 Ty
oty —t ) ’
Sj+1 55 sj
2(tsjq1-7)
N T — tSj ( 58j tsjp1 s
Sj+1 - .
bsjn — ts; 58j+1

Thus, f(]£]?) > 0 for all £ € R? and the positive measure dji(-) is sup-
ported at the point & where f(]&]?) = 0. Consequently, the condition
(7) is fulfilled.

If 7 € (t,,ts,.,), then evidently ij > 0 and XSHI >0, and if 7 =1,
then ij =1 and ijﬂ = 0, so that in view of (10) the condition (8)
is also fulfilled. It remains to check the admissibility of the measure
dpi(+) in problem (6).

It follows from the construction of the polygonal line #(-) that all
points (¢;,In1/4;), i = 1,...,n, are not higher that its plot, and since
this polygonal line is concave its plot is not higher than the line

~ In1/6
B t

1 1 5 B tsj+1—t B t—tsj
RLLLLE (F—ty) + 10— = Indy, 7% 5, 0
Sj 5 Sj I

Sj+1
tsj 8j

Sj+1

p(t)

connecting the points (,,,In1/d,,) and (,,,,,In1/d,,,). Then (taking
into account the expressions for A and |&|?) we have

Sj41

ts; gt ti—ts,

—2l¢lt; g —2|€0*t: 2Tty Tt
» e du(&) = Ae = s, 85,00 =

_ 1 .
:e—Qp(ti) Se 21n5i :53’ 7 = 1".,’77,,

that is, zi(+) is an admissible measure in problem (6) and, moreover, is
a solution of it.

Substituting i(+) in the functional that should be maximize, we ob-
tain the value of problem (6)

tsj+1 -7 T—tsj

—2[[°T g —2|¢o/27 2t5j+1*t5j 2t5j+1*t51 —2p(7) —260(7)
g e du(¢)=Ae =0, Os; 4 =e =e .

J

Approximating the delta-function by a sequence of delta-shaped
functions in a standard way, we obtain that the value of problem
(5) is the same. But then e is the value of problem (4), that
is, S = e 97,

(b) Let 7 > t,, (in particular, ts, = ¢y, if 6(-) is a line). Put Xo = —1,
X, = 1, ij =0, j # k, and dfi(-) = 67 6(-) (6(-) is the delta-function
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at the zero). Then evidently (8) is fulfilled. Since for all £ € R? the
inequality

FUER) = =14 e 260 > 0

holds and f(0) = 0, (7) is fulfilled. The function 6(-) identically equals
In(1/ds,) in the interval [t, , 00) and it is clear that In(1/6;) < In(1/ds, ),
1 <@ < n. Consequently,

_ol€124 1~ —2In - —2In L+ .
/ 2Pt gp(e) = 02 = M < eME =02, i=1,...,n,
R4

that is, the measure dp(§) is admissible in problem (6) and therefore
is a solution of it.
Te value of problem (6) is

—21ln

[ e ane) = g = — e
Rd

and hence by the same arguments as in the previous case the value of
problem (4) equals e=%(7).

(c) Let 7 < t;. We show that in this case the value of problem (6)
equals +o00. Let ¢y > 0. Evidently there exists a line x = at+b, a > 0,
which separate the point (7, —xg) and the set M, in particular,

—at —x9 > b > —atﬁ—ln(sl, 1<i<n.
Denoting A = e % and choosing & € R? such that |£]? = a, from
these inequalities we obtain that Aexp(—2|&|*;) < 62, 1 < i < n,
that is, the measure du(-) = d(- — &) is admissible in problem (6) and
Aexp(—2|&|*T) > exp(21). In view of arbitrariness of zy the value of
problem (6) equals +00. Hence as in the previous cases the value of
problem (4) equals +oc.

Thus it is proved that for all 7 > 0 the error of optimal recovery
E(1,8) > e,

2. The upper bound of E(r,8) and optimal method. Let T > t;
and /):j, 1 < j < n, be the Lagrange multipliers which were found for
problem (6) for a given 7. The upper bound of E(7,§) and finding of
optimal method will be based on the following statement.

Lemma 1. Let the function §(-) = (yi(), ..., yn(-)) € (La(RI))™ be
such that there exists a solution Ug(-) = uo(+,7(+)) of the problem

(1) D NIPuo() = 5O, gey — min,  uo(-) € Ly(RY).
j=1



10 G. G. MAGARIL-IL’YAEV, K. YU. OSIPENKO
Then for all v; > 0, 1 < j < n, the value of the problem

(12)
| Pruo(-) — Prto () || pyray — max, || Py uo(-) — 45 () || nowey < 5,
1<j<n, u(-) € Lo(RY

is not greater than the value of the problem

(13) | Pruo()l|aqrey — max, Y Al PyuoC) 7,0 < D A5

Uo() & LQ(Rd)

Proof. The minimizing functional in (11) is a smooth convex functional
on Ly(R?) and, consequently, vanishing of the derivative of this func-
tional at the point Ug() is the necessary and sufficient condition for
the function () to be its minimum, that is, for all ug(-) € Ly(RY) the
equality

(14) Re Z A / (P, o (z) — y;(2))Pyyuo(z) dz = 0
should be fulﬁlled.

Taking into account this fact it is easy to check that for all ug(-) €
Ly(R?) the equality

D NP o) =y ()17 @) Z)\ 1P u0(-) = Pryto ()17, ey +

+ Z M Pyio() =y (N2, ey
j=1
holds.

Let ug(+) be an admissible function in (12). Then it follows from the
last formula that

ZA 12 (o () = To( )17 yme) <

< Z/\jllptjUO(') — 4N, @ey < Z)\ﬂ?
j=1 j=1

and thus ug(-) — Up(+) is an admissible function in (13). Moreover, the
values of maximizing functionals in (12) and (13) coincide at elements
uo(+) and ug(+) — up(-). This yields the required result. O
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The scheme of using this lemma is the following. First, we prove that
for v; = 9;, 1 < j < n, the values of problems (4) and (13) coincide
(that is, the value of problem (13) equals e~%™). If we assume that
for all 7(-) € (La(R%))™ there exists a solution of problem (11), then
the statement of Lemma means that the error (7, d, M) of the method
m: 7(-) — P.y(-,7(-)) does not exceed e~?") and, moreover, E(7,0) <
e~ Together with the proved lower bound hence e(7, 8, m) = E(,0)
and so that m is an optimal method.

However the solution of (11) exists not for all 7(-) € (Ly(R%))" and
this fact will require some correction of the given arguments.

Thus we will prove the coincidences of the values of problems (4)
and (13) for v; = d;, 1 < j < n. In just the same way as we passed
from problem (4) to problem (6) (using Plancherel’s theorem and then
replacing (27)~%| Fug(€)|? d€ by a positive measure), we pass from (13)
to the problem

(15) / e 21 dpu(€) — max,

ij/ e dp(e) <Y N2, dp(-) > 0,
j=1 /R =1

This is a convex problem. Its Lagrange function has the form

Co(du(),v) = o / e 2T () ¢

Rd
+1 (Z A / e 21 dpu(€) — Ziﬂﬁ) :
j=1 JRI j=1

where v = (1, 1) are the set of Lagrange multipliers.

We show that the solution dji(-) of problem (6) is also the solution of
this problem. For this reason (similarly to what was done for problem
(6)) it is sufficient to check that the measure dfi(-) is admissible in (15)
and that for some 7 < 0 and 7; > 0 analogs of conditions (7) and (8)
for this problem are fulfilled, namely,

min Ly(du(),v) = La(du(-), v),

dp(-)20

where U = (1, 71) and

n (Z A / P dpe) - 37362 ) -
=1 j=1
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It follows immediately from the admissibility of the measure dji(-)
in problem (6) its admissibility in problem (15). Put 7 = —1 and
Dy = 1. Then L£i(du(-),7) = L(du(-),X) and, consequently, the first
of the written relations is equivalent to (7) and therefore is fulfilled.
The second relation immediately follows from (8). Thus, du(-) is the
solution of problem (15) and it means that its value coincides with the
value of problem (6).

Further, as above, approximating the delta-function by delta-shaped
functions we obtain that the squared of the value of problem (13) equals
the value of (15) and it means that the values of problems (4) and (13)
coincide.

Now we use the lemma. For this reason at first we find the value of
problem (11) for the function 7(*) = (y1(*), ..., y.(+)) € (Lo(R?))™, for
which functions F'y;(+), 1 < i < n, are compactly supported.

Let 7 € [t,,,t,,,,). In this case, as it was proved, only Lagrange

~ o~

multipliers Ay, and Ay,,, may not be zeros (and simultaneously are not
zeros) and therefore problem (11) has the form

)\Sj ||Pts]-u0('>_ysj(')||%2(Rd)+)\5j+l ||Ptsj+1 uU(')_ij+1(')H%2(Rd) - HliIl,
Uo() S LQ(Rd)
If wo(-) = wo(-,7(+)) is the solution of this problem, then condi-

tion (14) is fulfilled, which according to Plancherel’s theorem after the
Fourie transform will be written in the form

Rod A /M(Rd)(e—'&'zt%mo(f) — Fys, (€)™ Fuo(€) dg = 0.

It is easy to verify that this relation will be fulfilled for all ug(-) €
Ly(RY), if the function @g(+) € Lo(R?) such that its Fourier transform
has the form

Ao e P Py (6) + A, e Pt Py,
(16)  Fiy(e) = )4 e Yoy (&)

—2[¢%ts; | Y —2[¢|2ts;
A€ i+ Ag, € i+1

But the expression in the right-hand side belongs Lo(R?) since the
functions Fy,,(-) and Fy,, ,(-) are compactly supported and therefore
Uo(") = 1o(+,y(+)) € La(RY). In view of sufficiency of condition (14) the
function uy(-) defined by formula (16) is the solution of problem (11).

Note that if 7 = £, then ij =1, ijﬂ = 0, and the solution of
equation (11) in this case is evident (and of course it follows from (16))
and has the form

(17) Fiig(€) = el Py, ().
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It is well known that compactly supported functions are dense in
Ly(R%). Then by Plancherel’s theorem it follows that functions which
have compactly supported Fourier transforms are also dense in Lo(R?).

Now let () € Ly(RY) and T(-) = (1(-)- .. ya() € (Lo(RD)"
be such that [[P;uo(-) — v;(:)||lomey < 65, 1 < j < n. Further, let
Ue() = (ie()s - yar(5)) € (La(RY))™, k € N, be a sequence with the
property that functions F'y;j(-) are compactly supported and ||y;(-) —
yjk(')”Lg(Rd) < 1/1{3, 1<j<n,keN.

Fix £ € N. As it was proved, for 7,(-) there exists the solution
fio(-, i (+)) of problem (11). Since ||y io() — ()1, cee) < 1Py io(-) —
Yi( Moy + 1195 ¢) = yie(Oll zowey < 65 +1/k, 1 < j < n, the function
Uo(-) is admissible in problem (12) with v; = ~v,;(k) = 0; + 1/k, 1 <
J < n. Due to the statement of lemma the value of this problem does
not exceed the value of problem (13), which after replacing wuy(-) =

a(k)vo(+), where a(k) = \/2?21 Xﬂf(kz)/ > 1)\35]2, takes the form

a() | P00 )| agee) — max, Z)‘ 1200 2, <Z)\j 2

Uo(‘) & LQ(Rd)

The value of this problem as it has proved coincides with the value
of problem (4) multiplied by a(k), that is, it equals a(k)e=%"). In
particular (in view of admissibility of ug(-) in (12)), we obtain that

(18) 1P = Pl Tyl < al)e

Let 7 € (t;,ts,,,). The Fourier transform of functions K, () and
K,,,,(-) from the statement of the theorem belong to the space of
rapidly decreasing infinitely differentiable functions on R?. In this
space the Fourier transform is an isomorphism and therefore the func-
tions K, (-) and K, ,(-) belong to this space. In particular, they are
bound and then according to Young’s inequality the method m from
the statement of theorem is continuous linear operator from (Ly(R%))"
to LQ (Rd)

It follows from the form of method m, expressions of functions
FK,(-) and FK,,  (-), and formula (16) that

Fm(@k())(g) - FKSJ- (g)Fysjk(f) + FK8j+l (g)Fy8j+lk'(€) =
= e PTG (-, 7)) (€),
that is,
(19) m(F5, () () = Prido (-, i (+))-
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If 7 = t,,, then it follows from the form of method m that

Fin(Gi())(€) = Fye,e(€) = ¢ I Fiio(-, 5 ())(©),
that is, again formula (19) holds.
Returning to tg(-) € La(RY) and 5(+) = (y1(), ..., Yn(*)) € (Lao(RE))™
such that || P, uo(-) — v ()|l pomey < 95, 1 < j < n, according to (19)
and (18), we have

I Priio(-) = MG Ol zagey < I Priio(-) = Pritoc, Gl Dlleaa+
+ 1A = BT o) <
< a(k)e™ " + [1mG(-) = y(-) Ol ore)-

This is true for any & € N. Passing to the limit as £ — oo (taking
into account that a(k) — 1 and that the method m is continuous), we
obtain the inequality

1P7a0() = (G () (M ipmay < €7

Passing here to the upper bound over all uy(-) € Ly(R?) and 7(-) =
W1():-- - yn()) € (L2(RY))" such that [P () — y; ()l ruwey < 05,
1 < j < n, we obtain that e(7,8,m) < e %), This and the proved
lower bound yield that

e’ < B(r,0) < e(r,8,m) < e,

that is, E£(7,0) = e~%") and m is an optimal method.

Thus for the case when 7 € [t,,,t,,,) the theorem is proved.

Let 7 > t,,. If 7 =t,,, then just the same arguments as for the case
when 7 = {,, give the required estimate and optimal method.

Let 7 > t,,. Here arguments are also similar to the previous ones
Eut rather more simply, therefore we will be short. In the given case
As, = 1 and all the rest Lagrange multipliers are vanishing therefore
problem (11) takes the form

1P, 10() = Yo, (WL, mey = min,  up(-) € La(R?).

Ifg(-) = (va(-), .., yn(-)) such that functions Fy;(-), 1 < j < n, are
compactly supported, then the solution wy(-) = ug(+,7(+)) of the given
problem exists and Fiy(&) = e/’ Fyy,, ().

Further, repeating word for word the previous arguments we arrive
at the inequality (18).

The method m from the statement of the theorem by definition
is a continuous linear operator from (Lo(R%))™ to Ly(RY). If 7(-) =
7.(-), then it is clear that Fm(g,(-))(€) = e EPTtpy, (&) =
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e KR (-, 5y ())(€), - m@())(-) = Priio(-,7x(-))(-). Further ar-
guments are the same as in the previous case. The theorem is proved.

4. OPTIMAL RECOVERY WITH A PRIORY INFORMATION

We again consider problem (1)-(2) and instants of time 0 < ¢; <

. < tn. Let A and B be subsets of {1,...,n} (one of which may be
empty) such that AN B =0 and AUB = {1,...,n}. We state the
following problem. We know the following a priory information: the
temperature could not fall outside some limits at instants of time t;,
i € A, that is, we know that [|u(t;,-)||,®ae) < d;, where §; > 0, i € A.

Let B # () and assume we know approximately temperature distri-
butions u(t;, ) at instants of time t;, ¢ € B, that is, we know functions
yi(-) € La(R?) such that ||u(t;, ) — yi(*)|| Lyway < 6, where §; > 0. As
above, with any set of such functions we want to associate a function
from Ly(R?) which approximate the real temperature distribution in
R? at a fixed instant of time 7 in some sense in a best way.

If B # 0 and card B = [, then again any map m from (Ly(R%))! to
Ly(R%) is considered as a method of recovery. The quantity

e(TaAyB7gy m) - Sup H/U/(T’) _m(gB())()HLQ(Rd)7
uo ("), Tp()E(L2(RY))!
||u(ti7')||L2(]Rd)§5i, €A

Hu(tiv')_yi(')”L2(Rd) <d;, i€B

where 75(-) = {yi(*) }iep and 6 = (61, ..., 6,), is called the error of this
method.
We are interested in the quantity
E(1,A,B,d) = inf e(t,0,m),
m: (La(R)) = Ly(R)
which also called the error of optimal recovery and in the method m
delivering the lower bound, that is, for which

E(r,A,B,6) = e(1, A, B,§,m),

which is called an optimal recovery method (of the temperature in R?
at the insant of time 7 from the giving information).

Note that if A = (), then we arrive at the previous setting. If
B = (), then there are no observations and thus there are no sense
to speak about any recovery method. But we can speak about esti-
mate of temperature at the instant of time 7, that is, about finding
of bounds which temperature certainly could not exceed for a given a
priory information. It is natural to take the Chebyshev radius of the
set {u(r,-)() € Loa(RY) | |lulti, )l pymay < 6, 1 < @ < n} as such
estimate, that is, the minimal radius of balls containing the given set.
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Since the set is centrally symmetric it is easy to verify that this quantity
is
E(TvAvﬁvé) = sup ||u(7-7')(')||L2(Rd)'
ug(-)EL2(RY)
s, |y sty <0is i=1,enem

The mentioned setting, as it was noted, generalized the initial setting
and we could consider precisely the problem with a priory information
at the very beginning. But we wanted to remain the simplicity of the
initial setting the more so the proof of the generalized result actually
the same and we only show those changes which one should do in the
previous arguments.

Theorem 2. For all A and B and any T > 0 the equality
E(1,A,B,3) = e %0

holds. Let B # (). Then

(1) ifty >0, 0 <7 < tq, then any method is optimal;

(2) if T =t,, 1 <j <k, and s; € B, then the method m, defined
be equality m(y(-))(-) = ys,() is optimal, and if s; ¢ B, then
the zero mapping is optimal method;

(B)ifk > 2, 7€ (ts;,ts;,.,), 1 < j < k—1, and 55,5511 € B,
then the method m, defined in (3) in Theorem 1 is optimal; if
s; € B, and sj11 ¢ B, thenm(y(-))(-) = (K, *ys;) () is optimal
method (K, () from Theorem 1); if s; ¢ B, and sj41 € B, then
the method m(y(-))(-) = (K, * Ys;y,) () 1s optimal (K, (+)
from Thorem 1); finally, if sj, sj+1 ¢ B, then the zero mapping
1s optimal method;

(4) if T > ts, and s, € B, then the method m, defined in (4) in
Thorem 1, is optimal, if sy ¢ B, then the zero mapping is
optimal method.

Proof. Let B = (). Then E(7, A, (,0) coincides with the value of prob-
lem (4) (which, as it was proved, equals e for all 7 > 0) so that
E(r, A,0,5) — e,

Let B # (). Then repeating word for word the arguments from the
beginning of the proof of Theorem 1, we obtain that E(7, A, B,d) no
less than the value of problem (4) and thus for any sets A and B and
for all 7 > 0 the lower bound E(r, 4, B, ) > ¢~ holds.

We proceed to the proof of the upper bound and to presentation of
appropriate optimal methods. Here we will be based on the following
statement which formally generalize Lemma 1 but is proved in just the
same way.
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Lemma 2. Let the functionGg(-) = {y;(:)} ;e be such that there exists
a solution uy(-) = up(-,Yg(+)) of the problem

> NP a0 ey + Y Adll Pyuo() = 550117, ey — min,
jEA jEB
Uo() - LQ(Rd)

Then for any ~v; >0, 1 < j <mn, the value of the problem

[ Pruo(-) — Priio () || yray — max, |[Puo()|L,may < 55 J € A,
1Puo(-) = y; ()| zamey < 750 J € B, uol+) € La(RY),

is not greater than the value of the problem

1Pruo ()l pyrey — max, Y Nl Pruo() I,y < > A
j=1 =1

uo(-) € Ly(RY).

Let 7 € [ts;,ts,,,). If 55,5511 € B, then just the same arguments as
in Theorem 1 prove the optimality of appropriate methods.

Let s; € B and s;41 ¢ B. In this case according to Lemma 2 the
analog of problem (11) has the form

As; HPtsjuo(‘) - ysg-(')H%Q(Rd) + Asjia HPtSjHUO(')H%Q(Rd) — min,
Uo() S LQ(Rd)
Again the same arguments as in Theorem 1 (with y,,,,(-) = 0) lead to
the proof of the optimality of appropriate methods.

If s; ¢ B and s;+1 ¢ B, then the analog of problem (11) has the
form

)\Sj”PtsjUO(‘)HiQ(Rd) T Asjn HPtSjHUO(')H%Q(Rd) — min,
ug(+) € Lo(RY),

and here the zero function evidently is a solution. The optimality of
the zero method immediately follows from Lemma 2.
The rest cases are considered similarly. O

5. COMMENTS

Optimal recovery problems solved in this paper are included in the
following general scheme. Let X be a linear space, W a subset (class)
in X, Y1,...,Y,, and Z normed spaces, I;: X — Y;, 1 < i <r, linear
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operators. We state the problem of optimal recovery of a linear oper-
ator A: X — Z on the class W from the following information about
elements from this class: for every element x € W we know a vector
Yy = (yl,---;yr) € Yi X ... X Y; such that HLIB—%Hm < (Si, (SZ > O,
1<y <r.

By optimal recovery of A on W from the given information we mean
the following. Any map m from Y; X ... x Y, to Z is admitted as a
recovery method (of A on W from the given information). The quantity

e(A,W,1,6,m) = sup [Az —m(y)lz,
€W, yeY1 X...XY,
1 liz—yilly; <ds, i=1,...m
where I = (I1,...,1,) and § = (d,...,0,), is called the error of this
method.
The quantity
E(AW,1,0) = inf e(N,W,1,6,m),
m: Y1 X..XY,—Z
is called the error of optimal recovery, and a method m delivering the
lower bound, that is, for which

E(ANW,I,6) =e(A,W,1,5,m),

is called an optimal method of recovery (of A on W from the given
information).

For example, in according with these notation in the problem with
a priory information and when B # () (card B = [) we have: r = [,
X=Y=...=Y,=7Z=Ly(RY),

W= {uo(") € La(RY) | [ Pruto ()| porey < 0, i € A}

(if A= 0, the we put W = X = Ly(R?)), ; =P,,,i € B, A= P,.

The stated approach to definition of optimal method (in an abstract
problem) ideologically goes back to the papers of A. N. Kolmogorov
of the 1930’s devoted to finding of the best approximation tool for all
functions from the given class at once. The setting mentioned here for
the case when r = 1, X and Y are finite-dimensional spaces, Z = R
(the problem about the recovery of a linear functional) and 6; = 0
(the information is given precisely) was considered for the first time by
S. A. Smolyak [2]. He proved that if W is a convex centrally symmetric
set, then among optimal methods there exists a linear one. Quite many
papers (see [3]-[7]) were devoted to the extension of this fact to more
general situations but in some sense the final result in this field, namely
necessary and sufficient conditions of existing of linear optimal method,
was obtained by authors [8]. Quite extensive literature is devoted to
optimal recovery of linear functionals. The general approach to the
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solution of similar problems based on standard methods of extremum
theory is explained in [9]. Many concrete results and further references
may be found in the books [10]-[14].

The general result concerning the existence of linear method for op-
erators (Z is a Hilbert space) was proved in [15] and there were also
obtained concrete results about optimal recovery of linear operators.
Further development of these subjects was given by authors [16]-[18]
where other approaches were used based on general principles of ex-
tremum theory.

An application of optimal recovery of linear operators to problems
of mathematical physics may be found in [19]-[23].
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