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THE BEST APPROXIMATION OF A SET
WHOSE ELEMENTS ARE KNOWN APPROXIMATELY

G. G. Magaril-II’yaev, K. Yu. Osipenko, and E. O. Sivkova UDC 517.518.8

ABSTRACT. This paper is concerned with the problem of the best (in a precisely defined sense) approxi-
mation with given accuracy of periodic functions and functions on the real line from, respectively, a finite
tuple of noisy Fourier coefficients or noisy Fourier transform on an arbitrary set of finite measure.

Introduction

We start with the general formulation of the best approximation problem with fixed accuracy to
elements of a given class, provided that these elements are known approximately. Let X be a vector
space, and W be a nonempty subset (class) of elements of X. Next, let ¥ be a normed linear space,
I: X — Y be a linear operator, and § > 0. The elements from W are known approximately, i.e.,
regarding each element x € W one knows (“observes”) an element y € Y such that ||[Ix — y|ly < § (if
9 = 0, then one knows Iz). So, the information about elements from W is contained in the triple (Y, I, 0).

To recover from a given information the values of some linear operator T': X — Z on a class W with
given accuracy is to put forward a recovery method ¢: Y — Z with the required approximation accuracy
(error); the latter is defined as follows:

e(6,0) =e(T,W,Y,1,6,0) = sup y 1Tz — o(y)| 2.

Hz—ylly <é

Assume that pairs (Y, I) are taken from the set Z, and moreover, corresponding to each (Y, I) there is
some nonnegative number v(Y, I), referred to as the amount of information used. The question is: Which
minimal amount of information is required to recover the values of a given operator T on the class W
with error not exceeding a given number €? More precisely, if ®(Y") is the set of all mappings from Y
to Z, then it is required, for given ¢ > 0 and ¢ > 0, to find, first, the quantity

V(e,8) =inf{v(Y, 1) | 3 (¢, (Y,I)) € ®(Y) x L: e(d,¢) < e},

and second, the tuples (95, (17, I )) on which the infimum is attained. Such tuples will be called optimal.

If the set of those (i, (Y,I)) € ®(Y) x Z for which e(8, ) < ¢ is empty, then we put V (e, ) = +oo.
This means that from the given information one is unable to recover the elements from W with given
accuracy.

This statement of the problem has its source in the definition of the e-entropy of a set—this is the
quantity characterizing the nearly best e-approximation of a set by a finite set of elements (see, e.g., [1]).
Moreover, this statement is, in a certain sense, converse to the problem of optimal recovery of functions
from a given class from their noisy spectrum. Similar problems have been studied by a number of authors.
We note the works [2-7].
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1. Periodic Case

Given a natural number n, let W3'(T) be the Sobolev class of 27-periodic functions x(-) for which the
(n — 1)th derivative is absolutely continuous and ||z (-)]| Lo() < 1, where

12 ()| ocry = <217TT/]x(t)|2dt>l/2'

The Fourier coefficients of z(-) € W3'(T) are given by

¢ =c;(z(") = % /x(t)e_ijt dt, jeZ.

T

We pose the following problem. Assume that, for any finite tuple of integers, one is able to measure
(exactly or approximately) the Fourier coefficients of each function z(-) € W3 (T) with subscripts from
a given tuple. Our aim is to use this information to recover in the metric of Ls(T), with fixed accuracy,
the original elements x(-) and their kth derivatives (1 < k < n — 1), choosing from the set of tuples the
one having the least number of elements.

We refine the statement of the problem to be in line with the general scheme outlined above. Let
X be the space of 27-periodic functions for which the (n — 1)th derivative is absolutely continuous and
the nth derivative belongs to the space La(T), W = W3(T), and Z = Lo(T). To each finite tuple o of
()

integers we assign the pair (ljovo(a), Ia), where N () is the number of elements in a tuple, lévo is the space

CN(@) of vectors y = (1, YN(a)) With norm [yl N = IE%VX( )|yi|, and I: X — 150 is the linear
oo 1<i<N(«
operator assigning to a function xz(-) its Fourier coefficients with numbers from the tuple a. So, in our

setting, 7 is the set of pairs (lévo(a), Ia) labeled by finite subsets of the set of integers, and for § = 0 the

available information (lévo(a), I, 6) about a function z(-) € WJ(T) is contained in the Fourier coefficients
of () with numbers from «, while for § > 0, we have at our disposal N(a)) numbers, each of which differs

in absolute value from the corresponding Fourier coefficient at most by J. We set v(loj\g(a), Ia) = N(a).
Given 0 < k < n — 1, let D* be the kth order differential operator (D° is the identity operator) and
let ¢ lévo(a) — Lo(T) be a recovery method. In accordance with the general scheme, its error is as follow:

6(57 QD) - e(Dkvng(T)vlo]\g(a)7Ia767 QO) = Sup HDkx() _90(y>(>HL2(T)
2()eW(T), yelll'™

Haz()=yll n(a) <8
In this setting, the quantity we are interested in is

Ve, o) = inf{N(a) ‘ 3 (go, (ngO@,Ia)) e D(IN@) x T e(5,0) < g}.

Moreover, we are interested in & and ¢ for which the infimum is attained on tuples (gb, (lévo(d), Id)). In

this case, we say that & is an optimal tuple and ¢ is an optimal method.
Given ¢ > 0, we set

N
Ns = maX{N cZ, ‘ 25223'2” < 1}
j=0
and Ny = +o0. Next, for each m € Z,, we define

Em = ;_1_25251:]-21@ 1_ L 2(n—k)
" (m 4 1)2(n—k) m+ 1

Jj=0

1/2

It is readily checked that 1 =9 > &1 > --- > en; for 6 > 0.
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Theorem. Let n be a natural number, k be an integer number, 0 < k <n—1, and let e > 0. Ife > 1
and k > 1, then V(e,8) =0. Ife > 1 and k =0, then V(g,6) = 1 and o = {0} is an optimal set. Next,
ifem <e<éem_1, m=1,2,..., N;, then

2m+1, k=0,

2m, k>1.

Ve, o) = {

The set

{0,£1,...,£m}, k=0,
{£1,...,£m}, k>1,
s optimal, and the method
j 2(n—k)
~ _ .k . it
¢(y)() Z (24) (1 (m+1> )yae
li]<m
is optimal. If 6 > 0 and € < en;, then V(e,6) = 400 is optimal.
Proof. Let a be a tuple of integers, § > 0, and ¢: l]ovo(a) — Lo(T).

(1) We estimate e(Dk, W;(T),lévo(a),la,d, gp) from below. First, we claim that this quantity is not
smaller than the value of the problem

12 ® O yemy) = max, Moz ()llye <6 12" ()llym < 1, (1)

i.e., it is not smaller than the supremum of the functional to be maximized under these constraints.
Indeed, let x(-) be an admissible function for problem (1) (i.e., x(-) satisfies the constraints of the
problem). Then, clearly, the function —z(-) is also admissible, and so

20| (Y a(my < [2P() = 2(0)(Wza(m + | = 2 () = 9(O) ()l o)

<2 sup [#() = (0) () Lycr) < 2 sup 28 () = () O -
Mozl (e <6, ’ Mo ()=l () <5 Fa
20 (Ol pym <1 yelsd™, (2™ ()l (m <1

The required result follows if we take the supremum on the left over all admissible functions for problem (1).
(2) Now let us estimate from below the value of problem (1). By Parseval’s identity, the squared
value of this problem equals the value of the problem

>l = max, o)l <6, jea Y e <1 (2)
JET JET
Further, we assume that k£ > 1 (the case k = 0 is simple and is dealt with similarly). For each s € N
we denote Ay = {£1,...,+s} and set

§ = max{s € N | card(a N A;) = 2s},
assuming that § = 0 if the set in curly bracketed is empty. Next, let
P
pO:maX{p ‘ 26> %" <1,0<p< s}
j=0

Consider the sequence ¢;, j € Z, defined as follows: if py < 3, then ¢; = § for |j| < po,

1 - >,
Cpo+1 = C—(po+1) = \ﬁ(po +1)7 |1 207 ZJZH’
§=0
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and c¢; = 0 for the remaining j. If pg = 8, then it is clear that either py + 1 or —(po + 1) does not lie in o

Let m be the number (of these two) that does not lie in a. We set

Po
Cm = (po+1)7", |1 =252 j*,
j=0

¢; = 6 for |j| < po, and ¢; = 0 for the remaining j. The so-defined sequence is admissible for problem (2).

Indeed, if pg < 8, then |¢;| < § for |j| = po + 1, for otherwise

1 Po po+1
(Po+1)™", | 1—202) j2n >0 < 20> " <1,

V2 =0 =0
contradicting the definition of py. Moreover, > j2n|cj|2 = 1, which is clear. This equality holds if and
only if pg = 8. JEL

Hence, the value of problem (2) is not smaller than the value that the maximized functional takes on

this sequence; i.e., it is not smaller than

Po Po
202" 2 + (po + 1) 720 (1 267 Zf”) = &5
=0 =0

Therefore, it follows from (1) that
e(d, ) = e(D*, W3 (T), 15, Lo, 0,0) > epy. (3)

(3) We claim that this estimate is attained for the method

(1) = Y (i) wjye",

l71<po

where
j 2(n—k)
wj=1-— , 1 < po.
Jj (p0+1> 17l < po

By definition, the squared error of this method is equal to the value of the extremal problem

> e —wiyP 4 Y 5 lel? o max, e -y <65, jea, Y TP <1
jez

171<po l71>po

Let us estimate its value from above. We set
A= (PO + 1)72(nik)7 >‘j = j2kwj7 ‘J‘ < po.

If 0 < |j| < po, then, using the straightforward equality
2
2k wj n (1 —wj)?
Aj g2\
and applying the Cauchy—Schwarz inequality, we see that

2k
2 = 3% |wj(c; — yj) + ¢ (1 —wj)?

2 2
<j2k wj (1—Wj> (\c'—y-]2)\-+]c-\2/\j2”):]c~—y'\2)\'+\c'l2)\j2"
< 7)\]- T 2n 7 Yil A j 7~ Yil A J :

If |j] > po, then clearly j2* < \j2". From these relations it follows that the maximized functional in (4)

-2k
7% ej — wjy;

is estimated from above by the quantity
Z lej — yj|2)\j + A Z j2n|cj|2 < 62 Z N+ A= 512)0.

|71<po l71>po l71<po
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Hence by (3) it follows that
6(57 ()5) = Epo- (5)
(4) Let &,,, < € < gy—1 for some m > 1. Then, for the tuple o = {£1,...,+m}, it follows from (5)
that
e(0,p) =¢em <e.
Assume that there exists an « and a method ¢ such that N(«a) < 2m and e(0,¢) < e. Then § < m and
po < m — 1. Hence, in view of (3),

€ <em-1<ep, <e(0,p) <e.

This contradiction shows that V' (e,0) = 2m. The case € > 1 is dealt with similarly.
Let 6 > 0 and € < en;. Since pg < Nj for all o, we have

e(d,p) > epg 2 EN; > €
for any method. This means that in our setting V' (e, ) = +o0. O

2. Aperiodic Case

We shall be concerned with functions on the real line. Let W3'(R) be the Sobolev class of functions
z(+) for which the (n — 1)th derivative is locally absolutely continuous and ||$(n)(')||L2(R) <1.

Consider the following problem. Assume that, for any measurable subset of R of finite Lebesgue
measure, one may find (exactly or approximately) the Fourier transform of each function z(-) € W3(T)
on this set. Our aim is to use this information to recover in the metric of Ly(R), with fixed accuracy, the
original elements x(-) and their kth derivative (1 < k < n — 1) by choosing from these subsets the one
that has the smallest measure.

We refine the statement of the problem to be in line with the general scheme. Let X be the space of
functions on R for which the (n — 1)th derivative is locally absolutely continuous and the nth derivative
belongs to the space La(R). Also let W = W (R), Z = L2(R), and let F': Ly(R) — L2(R) be the
Fourier transform. To each set A C R of finite Lebesgue measure corresponds the pair (La(A), 14), where
Ip: X — Lo(A) is the linear operator assigning to a function z(-) the restriction Fx(-)|4 of Fz(-) to A.
So, in this setting 7 is the set of pairs (L2(A), I4) labeled by subsets A of finite measure, and for § = 0 the
available information (L2(A), 14, d) about a function z(-) € W3'(R) is that we know the Fourier transform
of z(-) on A, while for § > 0 we know only a function y(:) € La(A) such that ||[Fz(-) —y(-)|1,4) < . We
set v(La(A),I4) = mes A.

Let, as before, D* be the kth order differential operator (D° be the identity operator), A be a set of
finite measure, and ¢: La(A) — Lo(R) be a recovery method. In accordance with the general scheme, its
error is

e(8,p) = e(D*, W' (R), L2(A), 14,0, ) = sup ID* () = (W) ()l o)
z()EWZ (R), y(-)€L2(A)
I1Fz()=y()llLya)<o
and
V(e,8) =inf{mes A | 3 (p, (L2(A),14)) € ®(L2(A)) x I: (8, ) < €}.

If for A and  the minimum is attained at the tuple ((/3, (Lo (/1), I A)), then we say that A is an optimal
set and ¢ is an optimal method.

Theorem. Let n be a natural number, k be an integer number, 0 < k <n —1, and let € > 0. Then
V(e,0) = 1/ (k),
The optimal set is the interval A = [—o.,0.], where 20. = V (¢,0), and the optimal method is
. 1 . i
SERO )0 = 5 [ Fale)e de.
A
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Let § > 0. If

52\ (1= (2n)
e< (271_> s

52\ (k) 2n)
> [ 2
=)

then V (g,0) = 20, where o¢ is the unique root of the equation

n—k (k:)k/(”k) 52 o 1 )

by 20—k ©

then V(g,0) = +o00, and if

n n

(to include the case k = 0, we assume here that 0° = 1 and that oo® = 1 in the optimal method considered
below). The optimal set is the interval A = [—o., 0] and the optimal method is

N -1
PO = 5 [0 (1 s (E) ) ()6 de.
A

We note that from the noise-free information (6 = 0) about the Fourier transform one may recover
elements from the class W3'(R) with any accuracy and that the best recovery method of the kth derivative
(0 <k <n-—1)is “natural”: one needs to take the kth derivative (if & > 1) of the inverse Fourier transform
on the interval [—o,, o.].

If § > 0, then not for all € can one recover functions and their kth derivatives with given accuracy.
Moreover, for ¢ for which it is possible, an optimal method utilizes information only from the interval
[—0e,0¢], but first it “smooths” this information.

Proof. Let A be a subset of finite measure of R, § > 0, and ¢: La(A) — La(R).
(1) First, we show that the quantity e(D*, WJ(R), La(A), I, d, ) is not smaller than the value of the
problem

H:L‘(k)()HLQ(R) — max, HFx()HLz(A) <9, Hx(n)()HLQ(R) <1 (6)

(where ||Fz(:)| 1,4y < 6 with 6 = 0 means that Fz(-)|4 = 0). Indeed, let x(-) be an admissible func-
tion in (6) (i.e., z(-) satisfies the constraints of the problem). Then, clearly, the function —z(-) is also
admissible, and so

2SO Ly < 1600) = OO gy + I-00) = 2O O e

<2 sup Hl’(k)() - ‘P(O)(')HLQ(R)
1F2 ()l Ly (a) <8, l2(M ()| Ly <1
<2 sup Hx(k)() - @(y('))(')}}LQ(R)'

1F2()=y( )Ly a) <6,
y(-)€L2(A), 2™ ()]l Ly @ <1

The required result follows if we take the supremum on the left over all admissible functions for problem (6).
(2) Setting
a =sup{a > 0| mes{AN[—a,a]} = 2a},

we claim that if @ = 0, then the value of problem (6) is infinite. Indeed, it follows from Plancherel’s
theorem that in the Fourier images the squared value of this problem agrees with the value of the problem

1 1
o [ EIFs@Pde —max, [IFs@P@dc<®, o [eps@Pic<t @)
R R

A
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We have @ = 0, and hence mes{M, N [—¢,¢]} < 2¢ for any € > 0. Consequently, the measure of the set
Q. = {(R\ M,) N [—e,¢|} is positive. Let a function z.(-) be such that

th!#wﬂ_m,geQ&

0, £ ¢ Q.
This function is admissible for problem (7), and so
, f £2k d¢ f 5271572(717]’6) d¢
Qe

2k 2 g0 _ —2(n—k)
— Fa.(6)2 d¢ = _ > .
277/5 [Pz (€)[7 de [ T dr [ ¥ dr =€
R Qe Qe

Fz.(§) =

Hence, since ¢ is arbitrary, the value of the functional to be maximized in (7) may be made arbitrarily
large.
(3) Let 6 = 0. We claim that

e(0,¢) = e(D¥, W3 (R), La(A), 14,0, ) > o~ "=F) (8)

where 20 = mes A.
Since 6 = 0, the first constraint in problem (7) means that Fz(§) = 0 for a.a. £ € A, and now
problem (7) itself can be rewritten as

1

1
o [ EFs@Pdg—max o [ @Pa©Pd <1 )

R\A R\A
Let us estimate its value from below. If a¢ = 0, then by (2) this value is +00. Hence, it follows from (1) that
e(0, ) = 400 and (8) is clearly satisfied. Let @ > 0. For any natural m, the set [-a—1/m, a+1/m]\[—a, a
contains a subset F,, of positive measure not lying in A (for otherwise this would contradict the definition
of a). Consider the sequence of functions z,,(-) € L2(R) with Fourier transforms

@+ 5) ", E€ B,
F-’Em(f) — mes Ep, ( m)
0, £ ¢ Em.

That these functions are admissible for problem (9) is clear. Next,

1 —2n
(& + ) a** mes E,, — a2 > g2k

1 2k 2
ool R NG

R\A

mes F,, m

since clearly @ < o, and hence the value of problem (9) is not smaller than ¢~2("~*). Hence, by (1) and
since the value of problem (9) is the squared value of problem (6), it follows that e(0, ) > o~ (*~*) which
is (8).

(4) We claim that inequality (8) becomes an equality with A = [—0, 0] and with the method from
the statement of the theorem, but with o taken for o.. We denote this method by ¢. Indeed, for any
z(-) € W3 (R), it follows from Plancherel’s theorem that

R\[—0,0]

o | e de <07 [ @rFao)R dg < o0,
s
R\[—0,0] R

This means that e(D*, WZ'(R), La([—0, o)), Il 60],0,0) < o~ (=% and so inequality (8) is sharp.
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(5) Now we are able to show that V(e,0) = e~ /("% for any £ > 0. Indeed, for a given € > 0, we set
0. = e 1/("=k)_ By (4) the estimate

e(DF, WIH(R), La(Ac), Ia.,0,3) < &

holds for the set A. = [~0./2,0./2] and the corresponding method . Hence, V(g,0) < e~ 1/(n=F),
Assume that this inequality is sharp; i.e., there exist a set A, mes A = 20, and a method ¢ such that
o < 0. and

e(DF, W3 (R), Ly(A), 14,0, ¢) < e.
Hence, by (8)
e=0-"F < 7R < o(DF WI(R), La(A), 14,0, ¢) < e.

This contradiction shows that V (g,0) = ¢~ 1/(=k),
That the set and the method from the theorem are optimal follows from the above analysis.
(6) Let 6 > 0. Henceforth we assume that k& > 1 (the case k = 0 is dealt with similarly, but is

technically simpler). Setting
N nA 1/(2(n—k) / §2 —1/(2n)
7 (E) <27T> :

we claim that the estimate

\/M(k)k/(n_k)gia% + s, 0 S0,
e(D*, W3 (R), Ly(A), 14,6,0) > (10)
(%)(n—k)/(%)’ o> 6,

holds for any method ¢ and set A, mes A = 20.

Note that the function (of o) on the right is defined on the half-open interval (0, 6] and is monotonically
decreasing on it. Moreover, at & its minimal value is (62/27)"~%)/(2?)_ For any A and ¢, the error may
not be smaller than this quantity.

Let us estimate from below the value of problem (7). If @ = 0, then by (2) this value is +00, and now
it follows from (1) that

e(D*, W3 (R), La(A), 14,9, p) = +00

and (10) is trivially satisfied.
Let @ > 0. Assume that o < 6. Given a natural number m, we set

2n
1 kN L/ (2(n—k)) 1
=1-—1(= a+ — .
Cm 2m <<n> ot 2m

We have G < 0 < &, and hence C,, > 0 for sufficiently large m. Next, v = (k/n)"/2"=%) < 1, and so the
interval A, = [ya — 1/2m,~va + 1/2m)| lies in the interval [—a, a| for sufficiently large m. Finally, let E,,
be the set defined in (3). For this m, we consider the family of functions x,,(-), whose Fourier transform
is as follows:

mesry (0+ ) VO, € B,
Frp(§) = § vm, £€lnp,
0 ¢ EnUA,.
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It is easily checked that x,,(-) are admissible functions for problem (7). Next,

1
27r/52’“|F ©Fde= 5 /52’“|F ©Fde+ o [ HFnne)Pde
A

A 1\ 2» 2k 52 [ k\ ¥/ (k) ok n—k /k\0k) 52 ok 1
(o) o £ )

The expression on the right is monotonically decreasing (qua a function of a) on the half-open interval
(0,6], and since a < o < &, the value of problem (7) is not smaller than the expression under the root
sign on the right of (10). By (1) this proves estimate (10) for o < &.

Let 0 > 6. If a < &, then we arrive at formula (11) by the same argument as above. The minimal

value of the expression on the right of (11) is (52/(27r))(n_k)/n. This proves (10) in the case in question.

Let @ > 6. Since y1 = (62/ (QTF))_l/(Qn) < &, it follows that for sufficiently large m the interval
Ay, = [y1—1/m,~1] lies in the half-open interval (0, ]. For such m, we consider the sequence of functions
Zm(+) with Fourier transforms

vmoé, &€ Ay,
0, E¢ A

As before, it is easily checked that these are admissible functions for problem (7), and moreover,

_1/(2n 2k n—k)/n
. 2 (72N Ve N
= F > 2 i o
7T/£ [Frm(©)F de > 27 ((27r m)  \or ’
R

proving estimate (10).

Now we claim that this estimate is attained on the set A = [0, 0] and on the method from the
statement of the theorem in which o is taken for o.. We denote this method by ¢. Indeed, let z(-) €
W2 R), y() € La([~0,0]), and [[Fz(-) — y(*)|| Ly([-0,0]) < 0. Taking o¢ = min(o, &), we set

_ k[ k\F/ (k) ot
A= r <> 08’“, A2 =0y 2An=k),

n n

Next, it is easily seen that

-1
N nom\k/n=k) €\
A1+ Aol (1 jy (E) <00> ) (12)

and —&2F + X\ + \€2" > 0 for any € € R.
By Plancherel’s theorem it follows by (12) that

2

A d, (13)

(i&)"Fa () — (if)kaoo

=96 = SO0 = 57 [ ©(e)
R

where x4, (-) is the characteristic function of the interval [—oy, og].
Let £ € [—0p,00]. Then, for such £, using simple transformations, applying the Cauchy—Schwarz
inequality, and taking into account that the polynomial & — —&2F 4+ X\; + \2&2" is nonnegative on R, we
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have, for the integrand on the right of (13),
2

A
(i&)F Fa(¢) — (if)kmy@)
_ 2k V)‘an n 2
=¢ Ve /\ §2n VA (Fx )) + P W=D VA Fr(€)

2k Al Aol 2 2n 2
=¢ <(A1 A2 T Ot ww) A F2(§) = y(E)I7 + Maf™ [F2(€)[%)

€2k
EPYES WL

Integrating this inequality over the interval [—oy, og], we see that the integral on the right of (13) is
estimated on this interval by the quantity

! 1
Mg [ PO -veF s +oag [ EnIReF de

[€]<o0 I€|<oo

(MIFz(€) = y(O)7 + M |Fx(§)?) < M|Fx(€) — y(&)” + A& |Fx(9).

If |¢] > 00, then for such £ the estimate for the expression on the right of (13) is given by

1 1
o [ Ps@Pdc= 5 [ el i
o oo otneb L / €7 Fa(€)? dE = ha- / €| Fa(6)| de.

= 0 %
[€]>00 l€]>00

Adding these inequalities, we have

n n

102 n—k K\ 2 1
(k) ~ 1 _ 9 2k
[0 = SN Ol < 57+ =" (1) G

in view of the choice of z(-) and y(-) and the expression for A\; and .

If 09 = 7, then the expression on the right assumes the required value. This proves that inequality (10)
is sharp.

(7) Now we prove the second part of the theorem (with 6 >0). Let e < (6%/(27 )) mR2 We claim

(R

that there do not exist a set A of finite measure and a method ¢ such that e(D¥, W3'(R), La(A), I 4,6, ) <e.
Indeed, if such A and ¢ exist, then by (10) we would get

52 (n—k)/2n
e < (2 ) < e(D¥, W3 (R), Lo(A), 1a,8,¢) <€
s

This contradiction proves that V' (e, ) = +oo.

Let ¢ > (52/(271_))(71—1@)/271 and let o, be from the statement of the theorem. By (6), the estimate
e(DF, WH(R), La(A:), L., 6,¢) < € is satisfied for the set A. = [~o., 0.] and the method ¢, and hence
V(e,d) < 20.. Assume that the inequality is sharp; i.e., there exist a set A, mes A = 20, and ¢ such that
o < 0. and e(D¥, W (R), La(A), I4,6,¢) < . Now, if we denote by f(-) the function of o on the right
of (10) (f(-) is strictly monotone decreasing on (0, 5]), then by the definition of o, and estimate (10),

e = flo.) < f(o) < e(D* WiH(R), Ly(A), 14,6, ¢) < e.

This contradiction proves the required assertion.
The optimality of the set and the method from the statement of the theorem follow from the above
arguments. ]
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