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Meroauueckre yka3zaHUs IPEAHA3HAYEHbI IS CTYJIECHTOB
PITY- «<MATHU» umenn K.D. IInoakoBCKOro, u3ydaromux B
paMKax Kypca BBICIIEH MareMaTuku TeMy «BapuamumoHHoe
HUCUMCIICHHME». B HUX paccMaTpuBaIOTCS OCHOBHBIEC ITOHSTHS

BApUAIITMOHHOTO UCUYHCIICHUS, npocTeinime 3a1a4u
BapUAITMOHHOT'O MCUYUCIICHUS, TIOCTATOUYHBIC YCIOBHUS IKCTpEMyMa
dyHKIIMOHAaA.

[IpuBomMTCS pELICEHWE THUIIOBBIX 3ajJad II0 BCEM
paznenam. Jlnsg  3akpeluieHUuss mMaTrepualia  CTyJIeHTam
IpeUIaracTcs  BBIIOJIHUTH  KypCOBO€  3aJaHME 10
paccMaTpUBAEMbIM TEMAaM.

Hacrosimme METOJNYECKHUE yKa3aHUs MOTYT
UCIIOJIb30BAThCSl CTYJEHTaMM Ha BceX (aKyJbTeTax U
CHEIHATBHOCTSX.

TEOPETUYECKOE ITPUJIO’KEHUE

OcHOBHbBIE TOHSATHSA BApHAIIUOHHOTO UCYNCJICHUSA.

1. HonsaTne pynxkumonana. [lycte 1an HEKOTOPHIN Ki1acc M

byukiuit Y(X). Ecnu xaxmon gyukmun Y(X)€ M mo HekoTopomy
3aKOHY ITOCTaBJICHO B COOTBETCTBHE OIPEACIICHHOES YHCIIO J , TO
TOBOPSAT, 4TO B Kiacce M omnpeaene gyuxyuonan J[Y].

Kmacc M ¢ynukmuii  y(X), Ha KOTOPOM OIpEICIICH
dbynaknmonan J [y] Ha3pIBaeTCs 00.1acmuio 3a0anusi (PyHKYUOHAA.
Kpusbie (pynkiuu) Y(X), HA KOTOPBIX CPaBHUBAIOTCS 3HAYCHUS
dyskronana J [V] ., Ha3bIBAIOTCS 0ONYCMUMbBIMU KPUBLLMU VT
KPUBLIMU CDABHEHUS.

Bapuayueii wnn  npupawenuen dY  aprymenta  Y(X)
¢yaknmonana J [y] HaspIBaeTcs pa3sHOCTh MEXAY JIBYMS
dysksamu Y(X) u Yo(X), npuHamiexamumMu kraccy M GyHKITUI:
dy=y(x)- yo(x)-
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OcHosénas ~ 3a0aua  6APUAYUOHHO20 ~ UCHUUCTEHUSA — —
UCCleA0BaHuE (PYHKIHMOHAJIOB HAa 3KCTPEMYM U OTBICKAHHE TEX
GyHKIMI, HA KOTOPBIX 3TOT 3KCTPEMYM JocTUTaeTcs. bosbliyio
poabL B Pa3sBUTUU BApPUALMOHHOIO MCYHUCIIEHUS CBITPAIIU
CIEAYIOIIUE KIACCUYECKUE 3aa4UH:

1) 3adaua o bpaxucmoxpone — MIOCKON JIMHUH, 10 KOTOPOM
MaTtepuajibHas ToO4YKa OBICTpEEe BCEro COCKaJIb3bIBACT 0]
JCHCTBUEM TOJIBKO CHIIBI TSKECTH U3 TOYKU A B Touky B (B Hike
A ¥ TOYKH HE JISKAT Ha OJTHON BEPTHKAIBLHOU MPSMOK).

2) 3adaua o 2eodezuyeckol auHUU — JTUHAA HAUMEHBIICH
JUIMHBI, PACIIOJIOKEHHOM HA  3aJaHHOW TMOBEPXHOCTH U
COEIUHSIIONICH JIBE JaHHBIE TOUKHU.

3) 3adaua /[uoonvr — nereHmapHoOi KaphareHCKON IapeBHHBI,
KOTOPOM TOHAJO0OWIOCh PEMEMIKOM (PUKCUPOBAHHOW JJTUHBI
OTrpaHUYUTh YIACTOK 3eMJIM HaHnOOJIBIICH TUTOIATH.

2. bim3octs KpuBbIX. ['oBOpAT, 4TOo KpHBEIE y=Yy(X) H
y = ¥:(x), 3anaHHble Ha oTpeske [a,0], 6nusku 6 cmvicne bauzocmu
HYIe8020 NopsoKa, eciau 1 3aganHoro € = 0 u misg Bcex XE [a,b]
crpaBesmiBo:  |y(x)- y;(x)|<e. Teomerpudecku 5TO O3HAUAeT,

4TO ITH KpHMBBIC Ha oTpe3ke [a,b] onusku no opounamanm.

ByneM roBopurs, 4To KpUBBIE y=Yy(X) U y=y,(X), 3a1aHHbIE
Ha oTpe3ke [a,b], 6nusku 6 cmvicne bruzocmu nepsoco nopsioka,

ecin Juis 3aganHoro € > 0 m g Bcex X€ [@,b] cnpaeemnuBo:
|y(X)- vi(x)|<e u |y§x)- y4(x)|<e.TcomeTpuuecky 310 03HaYACT,

4TO KpUBBIE Ha OTpe3Ke [a,0] 01M3Ku Kak 1Mo opuHaTaM, TaK U 10
HAIIPABJICHHUSM KacaTeIbHBIX B COOTBETCTBYOIIMX TOYKAX.

Kpusbie y=y(x) u y=y,(x), 6nusku 6 cmvicne oauzocmu K -eo

nopsioka, ecnv s 3agaHHoro € >0 wm g Bcex XE [a,b]
CIIPaBEIMBO:

V(¥)- ya(x)|<er [yex)- v <esly® (%) - yy(x)|<e.
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Ecnu kpuBbie OJIM3KH B CMBICIE On30cTH K -TO TIOpsaka, To
OHH TeM OoJiee OJIM3KHA B CMBIC/IE OJIM30CTH JOOOTr0 MEHBIIIETO
nopsiaKa.

Paccmosnuem mexncoy xpusvimuy=y(x) u y=y,(x), rae
y=y(x) 1 y=y,(x)

HeTpephIBHBIE Ha [a,0] dyHKIMYM, Ha3pIBaeTCS HEOTPHUIIATEIHHOE
4HCIO T, paBHOE Makcumymy |y(X)- y,(x)Ha orpeske [a,b]:

r,= max|y(x) - yl(x)|.

A [a,b]

ITycts kpuBble y=y(X) U y=y,(X)UMe0T Ha oTpe3ke [a,b]
HENPEPBIBHBIC MPOU3BOIHBIC N -0 MopsaKa. Paccmosinuem N -2o
nopsoka  medcoy kpusvlmuy=y(x) H y=Yy,(x)Ha3pIBaeTCA
HAWOOJBIIMI M3  MAKCUMyMOB  CIEOYIOLIUX  BCIIMYUH!
() - w0 [v80) - vy () - ¥u(x)| ma orpeske [a.b].

bynem 00603HayaTh 3TO pacCTOSIHUE TaK:

r, =max max [y (x)- y(")l(x)‘.

0£ken X [a,b]

3. Bapnauus ¢ynxknuonana. Ilycte ¢yakmumonan J [Y]
3aJjaH  Ha MHOkectBe M dyskmui  Y(X). [llpupaweruem
¢ynxyuonana J [y], oTBedaromMM NpHpaIICHUIOdyapryMeHTa,

HasbIBaeTcs BenmunHa VI gy (x)g=J gy(x)+dyg- Jgy(x)g.

Ecnmu  mpupainiende  QyHKOMOHanma — VJgy(x)§y — MOXKHO
npencraButh B Buje VJ gy(x)g=Lgy(x),dyg+ogy(x).dyg,
rae Lgy(x),dyg— JUHEHHBIA 110 OTHOIIEHMIO K dyQyHKIIMOHAM, a
ogy(x),dy§® 0 MmpH max|dy|® 0, TO JIMHEHHAs MO OTHOUICHUIO K

dydacTe mpupamieHus (yHKIIMOHAA, Lgy(x),dyy Ha3bIBACTCsH
sapuayuel QyHKkyuoHaia 1 ooo3HavaeTcs dJ.

4. JkcrpemyM pyHkumonasa. ['oBopst, yto PpyHkuuonan J
[y] nmocturaer Ha KpHMBOH vy, (x)MakCUMyMa, €CIM 3HAuYECHUs
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ynkiuonana J [y] Ha mo0Ooit  OGunuskoil K y,(x) KpHBOH He
OoJbLIE, YEM J gy, (X)§, T-€. DI = Jgy(x)§- J &y, (X)§£O-

Ecion DJ £0, npuaem DI =0TOIBKO IIPH y =y, (x), TO TOBOPAIT,

4TO Ha KPMBOU y =y, (X) AOCTUTACTCS MAKCUMYM.

AHAJIOrMYHO ONPEHENSACTCAs KpuBas y=y,(x), Ha KOTOpPOM

peanusyercss MUHUMYM. B aTom ciyyae DJ 3 OHa BCEX KpPUBBIX,
ONM3KUX K KPHBOH y =y, (X).

Ipocreiimas 3a1a4a BApUALUOHHOTO0 UCUYHCIICHHUS.
YpaBHenue Jijiepa

1. Tlocranoska 3amaum. Ilycts QyHkKums F=F(xy,y)

MMEET HEMPEPBhIBHBIC YACTHBIE MPOU3BOJHBIE IO BCEM
apryMEHTaM JI0 TPEThErO MOpsifKa BKIHOUUTENbHO. Cpeau Bcex
GyHKIMA y=y(x), MMEIOIIUX HENPEPLIBHYIO IMPOM3BOAHYIO U
YAOBIIETBOPSAIOIINX YCIOBUSIM

Y(%) = Yor Y(%) = s

HAaWTH Ty (QYHKIUMIO, KOTOpass JOCTaBIISIET AKCTPEMYM
(GyHKIIMOHAITY

J[y]:élF(x,y,dex

Jpyrumu ciioBamMM, NOpOCTEWIas 3a7aya BapUALMOHHOIO
UCYHUCJIEHUSI COCTOMT B OTBICKAHUU SKCTpemMyma (yHKIMOHaIa
BUJa J[y] Ha MHOXKECTBE BCEX IJaJKUX KPHUBBIX, COCTHHAIOIINX

JABE 3aJaHHBIE TOYKH A(X,Y,);B(x,y). OTy 3a1ady TaKxKe
HA3BIBAIOT 3a0ayell C 3aKpeneHHbIMU SPAHUYAMU.

2. YpasHenue Jujepa. g Toro 4rodsl ¢pynkuuonan J[y],
ONPENECICHHbI Ha MHOXECTBE (QYHKIMH y=y(x), HMEIOIIUX

HENPEPBIBHYIO TMEPBYKD MPOU3BOAHYID W  YJOBJIECTBOPSIOIIMX
TPAaHUYHBIM YCIIOBHUAM y(X,) =Y, y(x)=y, [OCTHTral Ha JaHHON
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dyakun Y(X) skcTpeMyma, HEOOXOIUMO*, 4TOOBI dTa (PYHKITUS
YAOBJIETBOPsJIa YpaBHEHUIO Diliiepa

d
Py Fue

! -0
|
Fy(%)=Yor y(x)=w

HHTrerpanbHble KpUBBIE YpPAaBHEHUsI OWJIEpa Ha3bIBAKOTCS
JKCTPEMAIISIMU.

YpaBHeHue Dusiepa B pa3BEpHYTOM BUJIE:

yQFyW + y¢:yy¢ *Fye- F,=0

YpaBHeHue Ditnepa PEJCTaBIISIET co0oit
nuddepeHimaibHOe YpaBHEHHE BTOPOrO MOPsJKa, TaK YTO €ro
oOllee peleHrue JAO0MKHO 3aBUCETh OT JBYX MPOU3BOJIBHBIX
MOCTOSIHHBIX. 3HAYEHUsS OTUX TMOCTOSHHBIX, BOOOIIE TOBOPS,
ONPEACIISIIOTCS U3 TPAHUYHBIX YCIOBUM

V(%)= Yo V(%) = V-

OKcTpeMyM (QyHKHuoHanma J[y] MOXET pealu30BaThCs

TOJIBKO Ha TEX JOKCTpCMAJIIX, KOTOpPBIC  YAOBJICTBOPAXOT
I'PaHUYIHBIM YCJIIOBHAM.

Kpaeas 3agaua

F-9F -0

y Y/

Y(Xo)); Yor Y(X) =%

S /

—_—

HC BCCraa UMCCT PCUICHUC, 4 CCIIM PCIICHHUC CYIICCTBYCT, TO
OHO MOJKET OBITH HE CINHCTBCHHBIM.

JlanbHEMIIIEe HCCICAOBAHUE TOI0O, JACHMCTBUTCIBHO JIM Ha
PELICHUSAX ATOW 3a4a4d JOCTUTAETCS IKCTPEMYM, IMPOBOIAUTCS C
VCTIOJIb30BAHUEM JIOCTATOYHBIX YCIIOBUU KCTPEMYMA.

3. UacTHbIe CJIy4Yal HHTETPHUPYEMOCTH YPABHEHUS
Jilsiepa.
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1) F ne 3aBucHut o1 Y& F=F(xy).

B sTOoM ciiyuae ypaBHeHUE Duiepa UMEET BU/
F,=0
OTO ypaBHEHHE SBISETCA  aireOpamyeckuMm, a  He
muddepenimanbabiM. OHO oOmpenenser OJHY WM KOHEYHOE
YHCJIO KPUBBIX, KOTOPHIE MOTYT U HE YJIOBJIETBOPSATH I'PAHUYHBIM

yCaoBUAM. JIMIIb B MCKIXOYUTEIBHBIX ClydYasX, KOrjaa KpHUBasd
pELICHUN MPOXOAUT Yepe3

TPAHUYHBIC TOYKH y(X))=Y,; y(x)=y,, CYILIECTBYCT KpuBas, Ha
KOTOPOU MOXKET JOCTUTaThCs IKCTPEMYM.

2) F 3aBHCHT oT yl1uHeltHo, T.€.
F(xy,yd=M(x,y)+yiN(xy).

YpaBHeHUE DUIiepa B 3TOM CIIy4ae UMEET BHU]L

™ (x,y) TN(xY) o
fly fix

[lonmyuyeHHoe ypaBHEHHME, Kak W B ciydae 1), sBisercs
anreOpanvyeckuMm, a He auddepeHunanbHbiM. Kpupas, stum
onpezenseMas ypaBHEHUEM, BOOOIIE TOBOPS, HE YJIOBJIETBOPSET
IPaHUYHBIM YCIIOBUSIM, W, 3HA4YUT, BapuUalMOHHAs 3a/aya, Kak
paBUJIO0, HE UMEET PEIICHUS B KJIAaCCE HEMPEPHIBHBIX (PYHKIIMM.

Ecnmu B HexoTopo#t obmactu D mimockoctu Oxy ™ ' -g | 1O

BBIDXKEHUE  F(x,y,y§=M(x,y)+yWN(x,y) SBIAETCA  IOJIHBIM
muddepeHimaiom U GyHKIHOHAI

(Xlryl)
J[y] :QX:F(x,y,y(I)dx: O M(x y)dx+ydN(x,y)dy

(%.Y0)

HE 3aBHCHT OT IIyTH WHTCTPUPOBAHUS. 3HaUeHHE (yHKIIMOHAIIA
J[y] omHO W TO K€ Ha JIOIMYCTHMBIX KPUBBIX. Bapuanmonnas

3aj1a4a TCpsACT CMBICII.

3) F 3aBucuT Jauib ot Yo, T.€. F = F(y9.
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YpaBHeHue Dujiepa UMEET BUJ

yﬁFm =0

B sTOoM ciyyae J3KCTpeMaiasMU SBJISIOTCS BCEBO3MOXKHBIE
nopsMbie  JauMHMHM  y=Cx+C,, r1A¢ C;C,— TIPOHU3BOJbHBIC
MIOCTOSIHHBIC.

4) F He 3aBHCHT OT Y, T.e. F =F (x,y9.
B sTOoM ciiyuae ypaBHeHUE Duiepa UMEET BU/
Fo(x.y9=C,

rne C — mnpousBoibHAas IMOCTOSIHHAs. YpaBHEHUE €CThb
muddepeHimaibHoe ypaBHEHHE NepBOro mnopsaka. MHrerpupys
€ro, HaXOJA1M SKCTpPEeMalIi 3a/1a4u.

5) F He 3aBHCHT SIBHO OT X , T.e. F =F(y,yd.

B sTOoM ciiyuae ypaBHeHUe Dijiepa IPUHUMAET BU/L

Fy B y(u:yw' y¢:yy¢ =0

YMHOXHUB Ha y¢ 00€ 4acTu 3TOro ypaBHEHUsI, B JIEBOU YACTH
d
dx
F-yF,=C,rne C — npousBobHAsA TOCTOSIHHASA. DTO ypaBHEHUE

IIOJyYUM TOYHYI0 NPOU3BOJAHYIO, T.€. (|: - y‘Fy¢)=0’ OTKYy[1a

MOXXET  OBbITb  MNPOMHTETPUPOBAHO  MYTEM  pa3peuieHus
OTHOCHUTEIBLHO Y& W pasdeicHuss IEPEMEHHBIX WU I[yTeM

BBEJICHUS ITapaMeTpa.

O000meHusI MpocTeie 3aga4u
BAPUAIMOHHOTO MCYHUCJIEHUSA

1. ®yHKIMOHAJIBI, 3ABUCSIINE OT MPOU3BOJAHBIX BbICIINX
MOPSI/IKOB.

[TycTh nmeeM QpyHKIIMOHAT
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I[y]= QX:F (x,y(x),y@(x),y‘lI(x),...,y(”)(x))dx

rne F — ¢ynkums, nmuddepenuupyemas N+2 paza 1Mo Bcem
aprymMeHTam, y(x)i C"[x,,x], @ TPaHUYHBIC YCIOBHS UMCIOT BUJI

Y(%) = Yo YAX,) = y§:- ¥ (%) = Y
y(%) =i ¥x) = y8. sy (%) = "

OKcTpeMasssMu QYHKIMOHANA J[y| ABJIAIOTCA MHTErPalbHbIE
KpuBbIC ypaBHEeHUs Juiiepa-Ilyaccona:

d d? nd”
F, - &Fy¢+y|:y¢- ~+(-1) v F =0

OOmiee pelieHUe OSTOrO ypaBHEHUS 3aBUCUT OT 2N
IPOU3BOJIBHBIX  IOCTOSIHHBIX, KOTOPBIE  ONPEAEISIOTCS U3
I'PaHUYHBIX YCIIOBUH.

2. ODYHKIUOHAJIbI, 3ABUCSIIUE OT HECKOJIbKUX (PYHKIIHIA.
Jst byHKIIMOHANA, 3aBUCSIIIETO oT m
bynxumi v, (X), Y, (X). ., Y (%),
J[y]= C\,il': (x, yl(x),yz(x),...,ym(x),yﬁ(x),ygi(x),...,yg(x))dx,

rne F — Tpwxael guddepeHuupyemas (QyHKIUS CBOUX
apryMEHTOB, IIPU T'PAaHUYHBIX YCIOBUSIX BHUJIA

yk(XO) = yg, yk(xl) = Yi’ k=12,..,m

DKCTPEMAIIM HAXOHATCSA U3 CIEAYIOIIEH CHUCTEMbl YPaBHEHUM
Dinepa:
F d F.=0 k=12
g D KT e
OOmiee pelreHre CUCTEMBI M YpaBHEHHUM BTOPOro MOPSAKa
3aBHUCHUT OT 2M MPOU3BOJBHBIX MOCTOSHHBIX, OMPEACTIACMbIX W3
I'PAHUYHBIX YCIIOBUN.
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3. OYHKUMOHAJIbI, 3aBUCALINE OT (PYHKIUI HECKOJbLKHX
HEe3aBHCHUMBbIX IIEPEMEHHBIX.

PaccmotpuM (pyHKIIMOHAT BUIA

Jgz(x,y)g= C‘E‘f % Y,z2(X,y),— iz ﬂzodxdy,
g x'fy o
rne F — Tpuxasl nuddepenuupyemas QyHKUIHUS CBOMX

apryMEHTOB, M TNPEIIOJIONKUM, 4To uIeTcs GyHkums Z= z(X,y),
HEIpephIBHASA BMECTE CO CBOMMH IIPOHM3BOIHBIMH JIO BTOPOIO
HopsiJIka BKJIIOYMTEIBHO B oOmactm D, mnpuHHMMaromas Ha
rpanutie /' obnactu D 3amaHHbIe 3HAaUEHUS U JIAIOIIAs DKCTPEMYM

GyHkuuonany Jgz(x,y)g-

Ecim Ha moBepXHOCTH Z= Z(X,y) peaqu3yeTcss 3KCTPEeMyM
Gynkumonana Jgz(x,y)g, To GyHKUMA Z= Z(X,y) yZOBIETBOPSET

ypaBHEHHIO Jiepa-OcTporpajacKkoro:

F,- 1|= - 1|= =0,
™" Ty "
i€ A1 KpaTKOCTH 0003HAYEHO p :%, q= ;qz :
X y

VYpaBHenue Oinepa-OCTporpajgckoro MpeacTaBiasieT  coOou
HEe00X0MMOE YCIIOBUE JKCTpeMyMa QyHKuuoHana Jgz(x,y)g. Ono

SBIIICTCS  ypPaBHEHHEM  BTOPOr0  MOPSAAKA B YaCTHBIX
IIPOM3BO/THBIX, npuaeM WIIETCS perieHue z=z(X,y),
IPUHUMAOIICE Ha TpaHuIie [, 3aJJaHHbIC 3HAUYCHMS.

IHoJie 3xkcTpemadien
1. ITonsiTHE MMOJISI IKCTPEMAJICH.

[Ipennonoxum, 4To Kpaepas 3ajada g YpaBHEHU JWiepa

J[y]:élF(x,y,dex

10

PDF created with pdfFactory trial version www.pdffactory.com



http://www.pdffactory.com

(%)= Yo V(%) =W

onpeieNuia JKCTpeManb y=9fx) (mamee — wu3ydaemas MM

UcciemyeMas dKCTpeMallb), Ha KOTOPOM MOXKET JOCTHTaThCs
DKCTPEMYM  BApUAIlMOHHOM  3a/Ja4yd C  3aKPEIUICHHBIMU
IPAHULIAMH.

OgnuM w3 TpeOoOBaHMM, BXOASAIIMX B  HauboJsee
paclpOCTPaHEHHBIE JIOCTATOYHBIE YCJIOBUA OKCTPEMYyMa JTOU
3a1a4M, SIBISETCA BO3MOXHOCTHb BKIIIOUEHUs HCCIEAYEMOM
DKCTPEMAJIH B MOJIE SKCTPEMAJIEH .

CeMelicTBO KpUBBIX y=y(x,C) 00pasyer coocmeennoe none B

3aianHon obactu D mockoctu OXy , eciiv yepe3 KaxAayro TOUKY
(X,y) oToii oOnacT TPOXOAWT OJHA M TOJIBKO OJHA KpHBas
CeMencTBa y=y(x,C).

Yriosoit koapdumment P(Xy) KacaTeIbHOW K KPHUBOM
cemeiictBa  y=y(x,C), mpoxoxasmei uepes Touky (X.Y),
HA3BIBACTCS HAKIOHOM NOJisi B TOUKE (X,Y).

CeMelcTBO KPUBBIX y=y(x,C) 00pasyer yenmpanvHoe nojue B
obmactu D mmockoctu OXy , eciaum BCe KpPUBBIE CeMECTBa
y=y(x,C) IPOXOAAT 4epe3 HEKOTOPYIO TOUKY (x,,Y,)1 D (yewmp
nyuka Kpuewlx), TIOKPBIBAIOT BCIO 00jacTh D W Hurae, kpome
IIEHTpa IMy4YKa, OOJIbIIe He TIepeCeKaroTCs.

B o00oux moisx BBIOOpOM JF00OW TOYKH oOiactu (Kpome
IICHTpAa IIyYKa B IICHTPAJbLHOM IIOJI€) 3aJaeTcs CAMHCTBEHHAs
IKCTpeMallb, MPOXOMsIIasi dYepe3 dTy Touky. Ecmu moie
(coOCTBeHHOE MM IIEHTpajbHOE) O00pa30BaHO CEMEHCTBOM
DKCTpEMAJIE HEKOTOPOW BapUAllMOHHOW 3aJadyd, TO OHO
HA3BIBACTCS nOJIeM IKCmpemanell.

ITycTs kpuBas y = 9fx) ABIAETCA DKCTPEMANbIO QYHKIMOHATIA
J[y]= QfF(x,y,yG)dm

IPOXOJAILEHN Yepe3 TOUKH  A(X,, Y, ), B(X, Y1)

11
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["0BOpAT, 4TO SKCTPEMAIb y = 9hx) 6KIIOUEHA 6 COOCMEEHHOE
noje JSKcmpemaneu, €CIN HAWJICHO CEMEHUCTBO JKCTpemasen
y=y(xC), oOpasyiomiee IOJE, COAEpHKaIIee IMPH HEKOTOPOM
3HAYEHUH C=C, JKCTpeMalb y=9fx), NPUYEM 3Ta IKCTPEMAIIb
y = 9fx) HE JIEKHUT Ha TPAHMIIE obsactu I, B KOTOpOU CEMENCTBO
y = y(x,C)o0pasyer mnoue.

Ecan my4ok sKcTpeMajaeid ¢ LEHTPOM B TOYKE (x,,y,) B
OKPECTHOCTH JKCTpEMalld y=$fx), HPOXOUSIICH Yepe3 Ty IKe
TOYKY, 0Opa3yeTr MoJje, TO TOBOPSAT, YTO HAUOEHO YEeHMPAlbHOe
nojie, BKJIIOYAIOIIEE NAHHYIO DKCTpeMaib y=9fx). 3a mapaMeTp

CeMEHUCTBA

y = y(x,C)IpUHMMAETCA YIJIOBOM KOS(GGHULUEHT KacaTeNnbHOM K
KPHUBBIM ITy4Ka B TOUKE (X, Y,)-

2. YcJaoBUS BO3MOKHOCTH BKJIIOYEHHS IKCTPEMaJid B
1oJjie IKCTpeMaJsieu.

Vcnosue Hxobu. IlycTh uMeeM MPOCTEHITYIO0 BapUALMOHHYIO
3a1auy

J[y]:élF(x,y,dex

Y(%)= Yo Y(%) =W

Hnst Toro, 4robbl ayry skctpemanu AB (A(x,.y,): B(x.v.))

MOXHO OBbLIO BKIIOYHTL B LEHTPAILHOE IIOJIE DKCTPEMAEl ¢
LICHTPOM B TO4YKe A(X,,Y,), AOCTATOYHO, YTOOBI CYIIECTBOBAIIO

pemenue u=u(x) ypaBHeHus Sxobu

d 6 d
a]m:yy ) _Fyy¢8u ) —(wa,lﬂ) =0,
& dx *'g dx

YIAOBIETBOPSAIOLIEE  YCIOBHIO  u(X,)=0, KOTOpOE€  HE
oOpailaercs B HyJIb HU B OJJHOM TOUYKE MOJIYUHTEPBANA X, < X £ X, -

12
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3ameuanue. YcioBue AkoOHu sABIgeTCI HEOOXOMUMBIM JUIA
JNOCTIDKEHUS  ODKCTpemMyma  GyHKuMoHanma J[y], T.e. s

skcTpemanu AB, peanusyromen 3KCTpeMyM, COOTBETCTBYIOLIEE
pemienre u=u(x)ypaBHenus SIkoOu He MOXET oOpamarscs B

HYyJIb HU B OJTHOW TOYKE MOJIYHUHTEPBAJIA X, < X £ X, -

B YPaBHEHHUU Sxobu B DyHKIHHI
FW ( XY, yg’ I:yy(IZ( XY, yg ) Fyq]q:( XY, y‘]) BMECCTO

y(X) Hamo MOJACTAaBHTH MPABYIO YacTh YPaBHEHUS IKCTPEMaH
y=y(xC,)

Ycunennoe ycnosue Jlexcanopa. J|0CTaTOYHBIM YCJIOBUEM
71 BKJIIOUEHUS DKCTPEMATIM BAapUALMOHHOW 3aJayd B MOJIE
OKCTpEMaJICH ABJISETCS BBIMOJHEHUE HEpAaBEHCTBA F >0 BO Beex

TOYKaX paccMaTpUBaeMOM dKCTpeMaiH (T.€. IIPU BCEX X, < X£ X, ).

JocraToyHble yCa0BUsA IKCTPeMyMa GYHKUIMOHAIA

PaccmarpuBaercss mpocreuinas BapualMOHHAsA 3ajada JIjis
dbyHKIMOHANA: HaWTH Ty (QYyHKIUIO, KOTOpas JOCTaBIseT
KCTpEMYM (PYHKIIHMOHATY

J[y]ZQ)le(x,y,yG)dx

P YCIOBHAX Y (X,) = Yo Y(X) = Vi

1. ocTaTounble ycaoBus Beitepmrpacca.

Dynxyuer  Beilepwumpacca E(xY,p,y9 HA3bIBACTCS
byHKIMS, onpeaeasieMasl paBEHCTBOM

E(xy,p.Y)=F(xy,y9- F(xy,p)- (Y& p)F,(x Y. p),

rae p= pP(X,y) — HaKJIOH TOJIA DKCTPEMaJed paccMaTpHBacMOM
BapUAIMOHHOW 3aJ1auu B TOUKE (X,Y).

13
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JlocTaToOYHbIE YCIOBHSA €J1a00ro IKCTpeMyMa.

Kpusas C oocmasnsem cnabwiii sxcmpemym @yHKYuoHamy
[y]= QX:F(X, y, y§dx, ecu:

1) Kpusas C sBnserca skcTpemanbio (QyHKIHOHana J[y|,
YIOBIIETBOPSIONIEH TPAHUYHBIM YCIOBHAM (X)) = Yy; Y(%) = V;-

2) Oxcrpemasib C MoxeT OBITh BKIIOYCHA B TOJIE
IKCTpeMaJieil (B 9acCTHOCTH, 3TO OyJIET, €CJIA BBITIOJHEHO YCIIOBHE
SxoOu nimm ycuiieHHOe yciaoBue Jlexanapa).

3) ®ynkuusa Beliepmrpacca E(X,y, p, y)J0IKHA COXPaHATH

3HaK BO BceX Todkax (Xy), Omus3kux Kk skcrpemanun C, um mis
Ommskux K P(X,y) 3Hauenuit y¢. Odynkuuonan J{y] OymeT MMETb

MakcumyM Ha C, eciii E £0, 1 MEHUMYM, eciii E 3 0.

I[OCTaTO‘IHI)Ie YCI0BUSI CWIIBHOI'O 3KCTPEMYMaA.

Kpusas C docmasnsem cunvhwlili sxcmpemym QYHKYUOHALY
J[y], ecnu:

1) Kpuas C sBnserca skcTpemaneio (QyHKOuoHana J[y|,
YJIOBJICTBOPSIOIIEH

TPAaHUYHBIM YCIOBUAM Y(X,) =Y, Y(X) = ;-

2) Oxcrpemasib C  MoxeT OBITh BKIIOYCHA B TOJIE
JKCTpEMAJIEH.

3) ®ynkuus Beliepmtpacca E(X,y, p,y cOXpaHsSeT 3HAaK BO
Bcex Toukax (Xy), Omm3kux Kk okctpemasn C, um s
por3BOJIbHBEIX 3HaueHu y¢. Ilpu E £0 Oyaer MakcUMyM, a MpH
E3 0— MUHUMYM.

3ameuanue. VYcioBue Beliepuirpacca HE0O0XOAMMO IS
HaAJIMYMUSA DKCTPEMYMa B CIEAYIOLIEM CMBICIIE — €CIM B TOYKaXx
KCTpeMau sl HEKOTOphIX 3HaueHui y¢ dynkuus E umeer

IMPOTHUBOITIOJIOKHBIC 3HaKH, TO CUJILHBIN IKCTPEMYM HE

14
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nocturaercs. Eciay 3To CBOMCTBO UMEET MECTO MPH CKOJIb YTOAHO
ONMM3KUX K P 3HadeHUsIX Y¢To He JocTHraeTcss W ClaalbId

DKCTPEMYM.
2. JloctaTouHble ycjaoBus Jlexxkanapa.

[Tycts ¢yHKUMS F(X,y,y HMECT HENPEPHIBHYIO YaCTHYIO
NIPOM3BOJHYIO F.o(X,y,y§u mycts skctpemans C BKiroueHa B

I10JI€ DKCTPEMAJIEH.

Ecmu na skcrpemanu C umeeM F >0, T0 Ha KpuBoii C
JIOCTUTAETCSA CIIA0bIi MUHUMYM; €Clii  F <0 Ha skcTpemanmu C,

TO Ha HEW JoCTUraeTcsl cilaldbli MakCuMyM (yHKIIMOHANA. JTH
YCIIOBUS HA3bIBAIOTCS yCUNeHHbIMU Ycaosuamu Jledcanopa. B Tom
cimydae, Korma Fe(xy,y§30 B Toukax (X)), Omm3kmx K
skctpeManu C, mpu NMpOW3BONBHBIX 3HAUYCHHSIX Y¢ TO mMmeeM

CHJILHBIN MHUHHUMYM, a4 B CJIydac, Koriaa i1 YKa3aHHBIX 3HAa4YCHUU

apryMEHTOB F (X, Y, Y9 £0, nMeeM CHIIbHEI MaKCUMYM.

SAJAYA JIA KYPCOBbBIX U KOHTPOJIbBHBIX PABOT

B xaxmom Bapuante B 3amauyax 1,2,3 TpeOyeTcs HaWTU
AKCTpEeMasu 3aJaHHbIX (YHKIIMOHAJIOB, B 3a/1aue 4 - UcclieioBaTh
(GYHKITMOHAT Ha SKCTPEMYM (TO €CTh HAalTH KPUBYIO, HA KOTOPOU
JOCTUTAeTCsl MHHUMYM HJIM MaKCHMyM JaHHOTO ()YHKIIMOHAJa).
3anaya 5 chopmyarupoBaHa OTAEIBHO JJIs KaKI0TO BapHUaHTA.

Bapuanr 1
b
10 /1+(yﬂ)2dx, y(a)=y(b)=0.
b
2. d 9y? +(y(II)2 +ex)dx.
3. @‘j(lxzyygygd&dxz.
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2

4, dyz +(y9° - 2xy)dx, y(0)=0, y(2)=3.

0

5. Halitu 10mycTHMBIE SKCTPEMAJIH:

1 1 1

vy dx. ¥(0)=0,y(1)=1 ¢ydx=0, Jyx=0,

0 0 0
BapuanTt 2

b 2
1 ¢ %dx, y(a)=h, y(b) =0.

2. 84y2 +5(y8° +(y8°) ox

3. @‘j(lygd&dxz.

1

4, c‘jax((yd)2 + y) dx, y(0)=1y(1)=2e

0

5. Haiitu nonycTrumMbie 3KCTpEMAaIIH:

p p
cysinxdx, y(0)=0,y(p)=0, dy@zdx:%.
0 0

Bapuant 3

16
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3. @‘j(z(yg{‘ + y¢)dx,dx,.

1

4.7 (v9 dx, y(0)=1y(1)=

0

5. Haiitu nonycTrumMbie 3KCTpEMAaIIH:
1

Ovdx,  y(-1)=y(1) =0, B1+(y§*dx=p.

-1

Bapuanr 4

1. 2p - y\/1+( G)dx y(-a)=y(a)=R

-a

O,O\“ e

- 4(yd’ (y‘ﬁ)z)dx, y(o):s,y?—;gzlyc(o):4,ya‘§%g:-4.

3. @4 Ygygaxdx,.

n

4. (v +3y?)ax ¥(0)=0,y(In2)= 5

0

5. Haiiti nOIyCTUMBIE DKCTPEMAIIN !
1 1
Ggyddx, y(0)=0,y(1)=2 ¢y’dx=4.
0 0

Bapuant 5

\

S%
2 asyz -2y - (v

(yG) _dx O<ac<bh.
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3. @}y (ve) +(ve) oo

Y

—

4. (yd’ +y?- 4ysinx)dx, y(0)=0, y(T) =y,

o

5. Haiitu nonycTrumbie 3KCTpEMAaIH:

ok, (0)={0:0, Y(1) ={1.3).

0

Bapuaur 6

1. 2c“12xy+ yy¢+(y<1)2)dx, y(0)=2y(2)=3.

2. oy~ (9 + (87

3. @1y +(v8) +(vg) exte

£

4 3e(y8dx y(1)=3y(2)=1

1

5. Haiitn nonyctrMbie 3KCTpEMAaIIH:
1 r r 1
Gy9* +(y92)dx,  y(0) ={0;0}, y(1) ={0;0}, Y y,ox=-2.
0 0
Bapuanr 7/

1. 1c“y+2xy+(y<1)2)dx, y(0)=A y(1)=B.

2. bc“Sy2 - 4(y<1)2 +(y(11)2)dx.
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\\1
3. @yygygdxldxz.
¥,

6

4. 42y (¥9)ax, y(0)=1y(6)=1

0

5. Haiitn nonyctrMbie 3KCTpEMAaIIH:

1

1

G(y9* +x*)dx,  y(0)=y(1) =0, ¢y’dx=2.

0 0
BapuanTt 8

1. a(yﬂ)2 - 4y2)dx.

2. c“Zy2 - 3(y<1)2 +(y‘l¥)2)dx.

3. (‘o‘y xy$ xy¢dx dx, .

P 1+ (vd?

4, c‘)ﬂdx, y(0)=0,y(p)=1.

o Y

5. Haiitu reoae3nyueckue IMHUM KPYraoro nwimHapa r = R,

Bapuaunrt 9

1. 8y2+x2yﬂ)dx, y(0)=0,y(1)=a
2. dZyZ +(y9° - (yGI)z)dx.

Y
3. @%dxldxz.

S‘/2 2
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4. z‘jyﬂf dx, y(0)=0,y(2)=8.

5. Hanucars nuddepenunanbHoe ypaBHEHUE SKCTPEMATICH:

X

Xéip(x)(yl“)z +g(x)y)dx, y(0)=y(x)=0, ¢y (x)ydx=1.

0

Bapuanr 10

b

1. dezy + 2(y<1)2)dx.

2. 15y* +6(y9 +(v8”)cx

3. @wdxldxz.
v, Y%

1

4. L, y(0)=1y(1)=05.
0 l y(I)
5. Haittu skcTpemarns:
d(yltl)2 +(20° - 4xz- 4z) dx, y(0)=0,
y(1)=1,2(0)=0,z(1) =1 J(¥9* - xy¢ (29°)dx=2.

Bapmanr 11

b 2
1+

1. O—dx.
. Yo

2. d5y2 +4(y<1)2 - (y(ll)z)dx.
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3. c‘@gxz(yg)zd&d@.

Y,

4. 32 (yd° +12y2)dx, y(1)=0,y(2)=7.

I—"O/\I\)

5. Haiitn xpuByto y = y(x) 3amanHoit amunsl | = 7, qyis kotopoi
iomaas GUrypsl, orpaHudeHHor quauamMu y = 0, x =1, x =4, y
= y(x), mocTHTaeT MaKCUMyMa.

BapuanT 12

1. ayz - 2yCOSX- (yd)z)dx.

2. d8y2 - 6(y<I)2 +(y‘l¥)2)dx.

3 @ (vg) + ygg)dxlde

Ya
! 2
4. y+2ye+ (v )k, y(0)=1y(1) =2
0
5. Haittu ¢opmy abcomOTHO THOKOrO0  HEPACTSHKUMOIO

OJTHOPOJHOro KaHata mmmHou | = 5, monpemennoro B Toukax A(0;
2) u B(2; 4).

Bapuanr 13

b 1 2

2. d8y2— 2(y<1)2— (y‘ll)z)dx.
3. @ v$ +(v$))dxax,.
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2

4. ryor(v9)ax, y(0)=1 y(2) =0,

0

5. Haiitu nonycTrumMbie 3KCTpEMAaIIH:

Gy9%dx, y(0)=0,y(2)=-3, ¢yydx=5.

Bapuant 14

L 08 vz y(2)=1

O

2. ()20y* +9(y4” +(y8° o

WY (YE)’
() prare s dx.dx,.

§;2 (yg)Z Xl X2
4, d(yﬂ)2+2yy¢~ 16y2)dx, y(0)=y(3)=0.

5. Haiitu skcTpemym ¢GyHKIIMOHANIA

2\1/24'3(3’92 +(yg) ox, {’(0) ={23, {/(1) ={1,0} npu ycaoBun

Y, +2y,- x=0.

BapuanTt 15

b
1. c“xz(yﬂ)2 +12y2)dx, O<ac<b.

a

2. c“ZOy2 +(y<I)2 - (y@z)dx.

22
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3. @)/(v$)* +(v$)* dxclx,

2

4, (‘)yﬂ(1+ xzy(9 dx, y(-1)=1y(2)=
-1

5. Haiitu akcTpemym ¢GyHKIIMOHANA

azyf- y22+(y10‘)2+(yg:)2)dx, y(0)={0;3}, yg—__{l 1} npu

yCJIOBUU
Y, +Y,- 2snx=0.

Bapuanr 16

1. 2‘{4xy¢f (v87)ax, y(a)=A y(b)=
2. 12y - 7(y8° +(y8)oe

1+(yg) )dxldxz.

3. @4y
¥,

4, 0/G(1+x y<1)dx =3,y(2)=5

5. Haiitu nonycTruMbie 3KCTpEMAaIH:

2
01+ Y . y(1)=0,y(2) =1 gydx=2.

Bapuant 17

b

1 Qy?+(v8°)ax.

a
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2

3

4

5

. c“lZy2 +(y9° - (y‘ll)z)dx.
: @‘y [1+ y$dxdx,.

: _z‘)y0(1+ xzy(l) dx, y(-1)=y(2)=1.

. Hantu momyctumsie 3KCTpEMAIIN

SEOY =0 y(2)=-1

'
Bapmuanr 18
1
1. X2 +8y? +(y&?)dx
e voy (4]
1
2. q2v+(v®’)ax, ¥(0) = y40) = y§0) = y(1) = y{1) = y1) =0.
0
3. @x %)y g - ygdxdx,.
5,
P
Navz - (Vi _q RO
4. §4y (v8° +8y)ax, y(0) Ly 2=0
5. Haiitu skcTpemym ¢GyHKIIMOHANA
b
2 L
o+ 5+ (o + (98 ) 9(0)={- 13, Y 2={- -1} mpu
0
YCIIOBUU

Y, - ¥, +8sinx=0.

Bapmuanur 19
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1. Ob‘ /y(l+ (y‘l)z)dx.

a

2. axz- xyC+ y‘ll)dx.
2
3. ;‘ 2y - yg+3(y§2) )dxldxz.

4, z“(yd)2 +2yye 16y2)dx, y(0)=y(3)=0.

5. Haiitu xpuByto y = y(x) 3agannoit aounel | = 5, qi1g koropoi
I01Aab PUryphl, orpaHuyeHHON TuHUAMH y = 0, x =-1,x =2, y
= y(x), nocTuraeT MaKkcUMyMa.

Bapuant 20
b
1. ¢yy1- (yﬂ)zdx.
° 2 2
2. o+ (y9’ + yy®r ygo+ (yo°

3. c‘@gy( y¢ )3 dx dx,.

4. fy+ oo 4(y9?)ek y(0)=1y(1)=2

5. Haittu ¢opmy abComOTHO THOKOrO  HEPACTSHKUMOIO

OJTHOPOJIHOTO KaHaTa JuyHOM | = 7, moaBemieHHOro B Toukax A(-
1, 3) u B(2; 2).

BapuanTt 21
b
1. c“(yﬂ)2 +y°- 2ysinx)dx.
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b
2. d4yy¢+3(yd)2 + 3yy®+ Sy/a- (yﬁl)z)dx.

3. @‘sz + y) yy$ax,dx,.
v,

1

N Y
4, dx, y(0)=1 y(1)=0,5.
RO
5. Haiitn nonycTrmMbie 3KCTpEMAaIIH:
1
e

¥+ (9" +(y9°)lx, 9(0)={1'0},§(1)=‘ie+ © %EZJ y&- y,=0.

BapuanTt 22

2
1. d16y2 - Syyt- 4(y<1)2 +sinx)dx, y(0)=1y(2)=3.
0

b
2. dSyy¢+ 5( y<I)2 +5yyl+ 4G+ 2( yﬁgz) dx.

3. @XY Xy xy¢dxdx,.
v,

2

4, (‘sz(y(l)2 +12y*)dx, y(1)=0,y(2)=7.

1

5. HaiiTu skcTpeManu u 3KCTpeMyM (pyHKI[MOHATa

O2+3v9 + (92, ¥(0)={23, Y(1)={10}, y, +2y, - x=0.
Bapuanr 23

1
1. J20y° +7yye 5(yd” +x¢)ax, y(0)=y(1)=1.
0
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b
2. c“Z(yﬂ)2 - AyyCt 2yy@- 3yGe+ 3(y‘ll)2)dx.

3. u“ 16y? - (yg)z)dxldxz.

4, (‘)/G(1+ xzy(l) dx, y(1)=3 y(2)=5.

5. Haiitu ycnoBHBIN 3KCTpEMYM (PyHKIIMOHATA

AL+ (97 + (y92dx, Y(0)={L 2, Y(1)={21,2y,- y,=3x
Bapuant 24

1. ¢{12y* - 3yyer3(y9’ +&*)dx, y(-1)=y(1)=0,
b
2. Q4(yY’ - yyor dyy® 2yge+ 4(ye ) ax.

3. ;‘ 3y+y¢- (yg}z)z)dxldxz.

Y,

2 3

X
4. ¢ dx, y(1)=1y(2)=4.
gt =22
5. Haiitu ycnoBHBIN 3KCTpEMyM (PyHKI[MOHATA
1
JO92+ (92 ok, Y(0)={- 10, V(1) ={- LT, v, + ¥, - 2¢ +x+1=0.
0
Bapuanr 25

2
1. d18y2 +11yy¢+ 2(y(1)2 + xzezx)dx, y(0)=2y(2)=4.
0
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b
2 dZny:— 3(yd) - Byyl+ 7yt 5(y«:)2)dx
3 dy(e) 8] .
¥,
® 2
4. Jr2xy+(yd7)dx, y(1)=0,y(3)=
1
5. Haiitu skcTpemanu QpyHKIMoHaMa

{97 - (v9?)x, y(0)={0,0}, 3%

—_———

0]
a

° QeI

B lu +S|nX
4’ 2‘5
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