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On the best methods for recovering derivatives
in Sobolev classes

G. G. Magaril-I'yaev and K. Yu. Osipenko

Abstract. We construct the best (optimal) methods for recovering deriva-
tives of functions in generalized Sobolev classes of functions on R? provided
that for every such function we know (exactly or approximately) its Fourier
transform on an arbitrary measurable set A C R?. In both cases we con-
struct families of optimal methods. These methods use only part of the
information about the Fourier transform, and this part is subject to some
filtration. We consider the problem of finding the best set for the recovery
of a given derivative among all sets of a fixed measure.

Keywords: optimal recovery, Sobolev class, extremal problem, Fourier
transform.

§ 1. Statement of the problems and results

Let d be a positive integer and F the Fourier transform in Ly(R%). When z(-) €
Ly(R9), it is convenient to regard Fz(-) as a function on R? with the Lebesgue
measure divided by (27)%. The norm of a function y(-) in the space of square-
integrable functions on R? with such a measure is denoted by ||y( - )z, gays that is,

1/2
Ve = (e [, IWOPdE)

For every r > 0, the generalized Sobolev space (or the space of Bessel potentials)
H5(R?) is defined as the set of functions z(-) € Lo(R?) such that

1/2
oM = (o [ A+IEP [FDOPaE) <o

where [|£]|? = &7 + - -+ + &3, The corresponding generalized Sobolev class is the set
Hy(RY) = {a(-) € H5(R) | [|2(-)ll2¢g(ma) < 1}-

For a positive integer r, a function z(-) (of the variables t1,...,t;) belongs
to H5(RY) if and only if all its generalized derivatives 91Tz /9t .. Ot
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with (aq,...,aq4) € Zi and aj + -+ + ag < r belong to Ly(R?). In this case, the

norm

a1+ Fag<r

gorttaag( )
o Oty

Lo (R4)

is equivalent to the norm in H5(R?). Thus, for positive integers r, H5(R%) is the
classical Sobolev space of functions on R%.

We now define fractional derivatives. For a = (aq,...,qq) € ]Ri and £ =
(1,.--,&) € RY we put (€)™ = (i) - (i€a)*?, where (ig;)* = |§[|% x
exp{%m'signfj}, j=1,...,d (sign0 = 0, 0° = 1), and let £% be the operator
of multiplication by the function & — (i€)® in Ly(R?). If a function z(-) € La(R9)
is such that (€% o F)z(-) € Ly(R%), then the following function is well defined:

Dx(-) = (F ' o&%0 F)x(-) € Ly(RY),

where F~! is the inverse Fourier transform. This function is called the « th deriva-
tive (in the sense of Weyl) of (- ). Clearly, if (- ) is sufficiently smooth and rapidly
decreasing on R? and a = (aq,...,aq4) € fo_, then

axa1+~-+ad(t)
Doty =22 Y
z(?) oL Do

We are interested in questions which may informally be stated as follows.

1. Suppose that for every function z(-) € Hj(R%) we know (exactly or approxi-
mately) its Fourier transform on some subset of R%. Then what is the best way to
recover Dz( ) from this information?

2. Suppose that we can measure (exactly or approximately) the Fourier trans-
forms of the functions z(-) € H5(R?) on any set of measure not exceeding some
number ¢ > 0. In other words, we can measure a fixed ‘number of harmonics’.
Which harmonics should be taken for the best recovery of D*z(-)?

We now state the problems 1, 2 exactly. Suppose that A is an arbitrary mea-
surable subset of R? and, for every function z(-) € H5(R?), we know its Fourier
transform on A either exactly or within accuracy & > 0 in the metric of Ly(A),
that is, we know a function y(-) € La(A) such that [(Fz)(-) — y(-)HZQ(A) < 6.
From this information we want to recover D%z (- ), o € R%, in the metric of Ly(R?).
This is understood in the following sense.

Let I9(A): H5(RY) — L,(A) be the map assigning to each function z(-) €
H3(R) the set I (A)a(-) = {y(+) € La(A) | [Fa(-) - y()llz,n <8} (I(A) is
the familiar map sending each function z(-) to the restriction Fz(-)|4 of the func-
tion Fz(-) to A). We denote the image of this map by Im I?(A).

A method of recovery must associate with every function (observation) y(-) €
Im I°(A) a function in Lo(RY) which is approximately equal to the ath derivative
of the function in H}(R?). Thus every method is a map ¢: ImI°(A) — Lo(R?).
The error of a method is defined as

(D™ Hy(®RY, A6,0) = sup [ D%(-) = p(- )|, me
x(-)eHs (RY)
y(-)EI’(A)
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When 6 = 0 this can be written in a shorter form:

e(DaaHg(Rd%AaOv@) = sup ||Da‘r() 7¢(F:C()|A)()||L R4Y)"
o) e Hy (RY) 29

We are interested in the quantity

E(D*, Hy(R%), A,8) = inf e(D*, H5(R), A,6,¢),
©

where the infimum is taken over all methods ¢: Im I%(A) — Ly(R%). This quantity
is called the optimal recovery error. We are also interested in the methods @ at
which the infimum is attained, that is,

E(Daa Hg(Rd)a A7 5) = e(Daa Hg(Rd),A’ 63 Q/D\)

Such methods @ are called optimal recovery methods.

An exact statement of problem 1 is to find the optimal recovery error and optimal
recovery methods.

For every o > 0 let A, be the family of all measurable subsets of R? whose
Lebesgue measure does not exceed o. We are interested in the quantity

E, (D, H3(R"),0) = int B(D", H}(R"), A,.0) (1)

and in the sets at which the infimum is attained. Such sets are called optimal sets.
An exact statement of problem 2 is to find the quantity (1) and the optimal sets.
The original ideas underlying these problems date back to Kolmogorov, who
introduced in [1] the notion of width, the quantity characterizing the best approx-
imation of a class of functions by subspaces of a fixed dimension. The study of
best quadratures on classes of functions began in the 1950s (the first investigations
were those of Sard [2] and Nikol’skii [3]). In 1965 Smolyak [4] posed the general
problem of the optimal recovery of a linear function on a class of elements from
imprecise information about these elements. He proved that if this class is a convex
centrally symmetric set, then there is a linear optimal method. Subsequently, the
more general problem of the recovery of linear operators was posed, and the theory
of optimal recovery underwent rapid development. One can get an impression of
this from the surveys and monographs [5]-[11]. The optimal recovery problems
studied in [12]-[17] are close to those considered in the present paper. We mention
separately our paper [18], whose subject is the same problem as here but with A
being the whole space R?.
Before stating our main results we introduce some definitions and notation.
Given any a = (a1,...,0q4) € Zi and € = (&1,...,&) € R we put

d d d
a=>Y a;, a"=]]e, 1 =T I&1%.
j=1 j=1 j=1
Suppose that 0 < @ < r. We define a function f(-) on R? by the formula
5 2c
o= cert

(T + llgl)
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Clearly, f is bounded and tends to zero as ||£]| — oco. A simple calculation shows
that its maximal value

TT’

X:

is attained only at the points

(i«/ A/ ad).
rT—o r—«
sz(f—ay”

.

and define a function h on the half-line [0, co] by the formula

We put

aOé

(1 _ tQ/T)a—th(l—a/’l‘)7 0 g t < g’

—a—1

h(t) ="
A, t>0.

It is easy to see that h(¢) is strictly increasing on the closed interval [0, d], h(0) = 0

A~

and h(8) = A.
For every A > 0 we define a set

0 ={EeR"| f(€) > A}
and associate with every measurable subset A of R¢ a number
AMA) =inf{X > 0| mes(AN Q) = mes Q) }.

Clearly, mes(AN€Q5) = mes Q5 since mes Q5 = 0. On the other hand, if A coincides
a.e. with R?, then A(4) = 0. Thus, 0 < A(4) < .

If § = 0 and A(A) = 0, then we have complete information about the desired
function, and the recovery problem becomes obvious. Therefore we do not consider
the case 6 + A(A) = 0 in what follows.

For every § > 0 and each measurable subset A of R? with & + A(A) # 0, we put

3, 0<68<d, AA) <h(),
A=A(3,A) = h7HAA)), 0<6<3, AA) > h(),
s, 5> 0,
and define the numbers
A= M(8A) = =5 (@27 = AYMR(B), Ao =Ka(6,4) = A(A).
«

Note that h(A) = max{A(A), h()}.
Finally, we write (-,-) for the scalar product in R
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Theorem 1. Suppose that o € Ri, 0O<a<mr, 6 20, Ais a measurable
subset of R% and 6 + AN(A) # 0. Then D%z(-) € Ly(R%) for every function
z(+) € H5(RY) and we have

702 ~
E(D%, H5(RY), A,6) = \/( x (02/m — A2/7) + 1>h(A). (2)

a 2
If § =0, if a(-) is any measurable function on A satisfying
14+ é- 2\r/2
ale) - 11 < VA HED Q
for a.e. £ € A, and if we define a method @, by the following rule for a.e. t € R%:
~ 1 e ,
BulFr( )0 = G [ (9 a(€)Fa(e)e'e e

then the method @, is optimal.
If 6 >0, if a(-) is any measurable function on A satisfying

AL+ Ao+ [€]12)"

ALA 2\r/2
) lélﬂ(mﬂ'é2>r>“"5'2“‘“1+&<1+ e (@)

a(§)

for a.e. € € A, and if we define a method 3, by the following rule for a.e. t € R%:

N 1 o t
Blu( 1) = o /A (i€)a(€)y(E)e ) de,

then the method @, is optimal.

We now comment on Theorem 1.
1. If § = 0, then the expression (2) for the optimal recovery error implies that

E(D*, H5(R?), A,0) = V/A(A).

Hence it suffices to know the Fourier transforms of functions in Hj (R%) only on a set
A’ C A (the inclusion is understood up to a set of measure zero) with A(A") = A(A4).
The set 25(4) is minimal among such sets.

The optimal method is the ath derivative of the function whose Fourier transform
vanishes outside A and is equal on A to the ‘smoothing’ of Fz(-) by means of a( -).
The function & — (i€)*a(€)Fx(€) belongs to Ly(A) by (3). If it also belongs
to L1(A) (for example, when the measure of A is finite), then the expression for
the optimal method is the Fourier inversion formula. Otherwise the integral in the
expression for the optimal method should be understood as the principal value
for every t € R%.

The function f(-) does not exceed A\(A) on the set A\ Qy(4). By (3), one can
put a(-) = 0 on this set and, therefore, it suffices to integrate only over Qy4).
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If we put a(-) =1 on A, then (3) holds trivially. Hence one need not smooth
the observed Fourier transform.

Finally, if A(A) = A, then f(€) < A for all £ € R, The inequality (3) holds when
a(-) =0 on A and, therefore, the zero method is optimal in this case.

To summarize, we see that the optimal method

B(Fa()|a)() = ﬁ /Q (i) Fa(e)e's) de
A(A)

is the most ‘reasonable’ because it uses a minimal amount of information about
the Fourier transform and requires no processing of this information. (Moreover,
in the case when A(A) = X, the integral is taken over a set of measure zero and,
therefore, = 0.)

2. If 6 > 0, then a straightforward (but quite routine) calculation shows that
the optimal recovery error is a decreasing function of A(A) provided that A(A)
decreases from A to h(9). Tt follows easily from the definition of A that this error

then stabilizes at the level
\/ (;(Sw _ 82y 4 1) h(o).

Thus the information on the Fourier transform outside a set with A(A4) < h(d) turns
out to be redundant. The set €2,(5) is minimal among such sets.

In Theorem 1 we represent a family of optimal methods, each of which is the ath
derivative of a function whose Fourier transform vanishes outside A and coincides
on A with the ‘smoothing’ of y(-) by means of a(-).

One can put a(-) = 0 on A\ Qp(a) (we recall that h(A) = max{A(A),h(d)}).
Indeed, in this case the inequality (23) in § 2, which is equivalent to (4), implies that
we must have f(§) < Az on A\ Qp(a). This inequality does indeed hold because
A2 = h(A). Thus, for every a(-) satisfying (4), the most economical optimal
method is given by

Baly())(t) = @ /Q (i) a(€)y () de.
h(A)

We also present explicitly the optimal method corresponding to a function a(-)
for which the left-hand side of (4) is equal to zero:

ey(-))(@)
:L Tk aAQ 1 2\r - e(g,t)
[, 07 (1+ (617 ) w(E)e€de

r 8\2/7" — A2/r

Before stating our next theorem, we give some definitions. Clearly, the function
m: A — mes{y is monotone decreasing on (0,A], m(\) — oo as A — 0 and

m(A) = 0. For every o > 0 let A(o) be the unique solution of the equation m(A) = o.

Theorem 2. Suppose that o € Ri, 0O<a<r, 620, >0 and Ao,d) =
max(A(c), h(d)). Then every set that coincides with Qx,.5) up to a set of measure
zero is optimal.
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We note that if § = 0, then A(o,d) = A(c) because h(0) = 0. Therefore Q)
is an optimal set, and the optimal recovery error \/A(c) becomes smaller as o
increases.

If 6 > 0 and o > 0 are such that A\(o) < h(d), then the information on the Fourier
transform outside {2,(5) turns out to be redundant since the optimal recovery error
does not decrease.

§ 2. Proofs

Proof of Theorem 1. We first claim that if x(-) € H5(R?), then Dx(-) € Lo(R?).
Indeed, by the definitions of A and H5(R?) we have

2a
ﬁ/w €% [P (€)]* dé = (271T)d /Rd (1 _||_€|||§||2)r (L+ (€ [Fa(€)|? dg
1

<Aoo [0+ Y 1FalP de < .

Using the definition of the ath derivative and Plancherel’s theorem, we get

1 2c 2 _ a 2
i L[ IPa(@Pde = [ et

that is, Dz(-) € La(R?).
We now obtain a lower bound for the optimal recovery error E(D%, H5(R%), A, §).
We claim that this error is not less than the value of the extremal problem

1D (- )|y ey — max,  [[Fz(-)llg, 4y <6 N2()lgesy <L, (5)

that is, the supremum of the functional maximized under these constraints. (If
d = 0, then the first constraint takes the form Fa(-) =0 for a.e. £ € A.)

Indeed, let xo(-) be an admissible function for (5) (that is, xo(-) satisfies the
constraints). Then, clearly, the function —xo(-) is also admissible and, for every
©: Ly(A) — Ly(RY) (where (0)(-) is the value of ¢ on the zero function) we have

2D%0( )|z, ey < [[D%20(+) = 2(0)()| , gy T [P (=20) () = (0O) ()] 1, gy

<2 sup HDQZ‘(')—QO(O)(')HLZ(HW)
x(-)eHz (RY)
||F$(')HZ2(A)§5

2 sup HDQJJ(')—<P(y('))(')HL2(Rd)-
o(-)eHy (RY),y(-)€L2(A)
IFz()=y()llz,a)<O

N

Taking the supremum of the left-hand side over all admissible functions for (5) and
the infimum of the right-hand side over all methods ¢, we get the desired result.

We now bound the value of the problem (5) from below. To do this, it is conve-
nient to rewrite the problem in terms of Fourier images. By Plancherel’s theorem,
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the squared value of (5) is equal to the value of the problem

1 1
gt [ PR s~ max, o [ Pa(@Pas < o,

1
(2m)?
When 6 =0, the first constraint in this problem is given by Fa(-)=0 for a.e. £ € A.
We consider some cases separately.

Case 1: 6 > 5. We put
= ai Qq
6 = < —_— " —_ >7
Vr—a Vr—a
where oo = (a1, ..., aq). For every € > 0 we introduce the notation
~ £ ~
56 = (1 + /\)57
€]l

consider the ball B, = {¢ € R? | || — &|| < ¢} and define the following functions
on R%:

(©)
[0l mpas <1

—1/2

(€)= (zﬂ)d”(/ (1+||n||2)7“d77> , £eB.,

B.
0, § ¢ Be.

Clearly, z.(-) € Ly(R%). We claim that the functions z.(-) = F~'z.(-) are admis-
sible in the problem (6).

Indeed, the second requirement in (6) obviously holds. If AN B, = &, then the
first requirement holds for trivial reasons. R R R

Suppose that AN B, # @. We easily verify that (1+ [|£]|?)™" =62 and [|£]| > ||€]|
for all £ € B.. Therefore we have

-1
ﬁ‘/fJer(g)P d¢ = #/AHB |Fx6(§)|2 dé < (/B (1+ ||77||2)Td77> mes B.

=

—1
< (/ 1+ ||§|2)Td17> mes B. = (11 [E]?)" = 52 < &2,
B.

Thus, for every € > 0 the function z.(-) is admissible in the problem (5) and,
therefore, the value of this problem is not less than

L P Fa@Pas = ([ ey d77>1 ] e ac

€

As e — 0, this quantity tends (by the mean value theorem) to the quantity

R |g|2o¢
fl€)=—""—,
©) (L +[1€)%)"

which is equal to \ since the maximum of f is attained at the point fA (this was
mentioned before statement of the theorem).
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Since the squared optimal recovery error is not less than the value of (5), we
obtain the following estimate for § > 9:

E(D®, Hy(RY), 4,5) > VA, (7)

The right-hand side of (7) coincides with the optimal recovery error indicated in
the theorem because in the case considered we have A = § and h(J) = A.

Case 2: 0 <8< 0, A(A) < h(5). Put

- (a2 [aa(1— 627
- aer N T )

For every € > 0 we introduce the notation

£ = (1 — ‘i)f
€l

and consider the ball B. = {¢ € R% | ||¢ — &| < e}
Since § < & and, therefore, r(1 — 6%/") /@ > 1, we have
- ‘g|2oz
f(&) = ——— = —
(L+ gz ra

= 21— 8Mn(5) > h(5) = A(A).

1— 62/7")57152(17&/7“)

a1 (

e

It follows that €~ € int 24y, whence B. C int Q)4 for sufficiently small e and,

therefore, mes(A N B;) = mes B, for such €. We define the following functions
on R%:

5 _
(27T)d/27~» § € B,
2:(&) = \/ mes B,
0, ¢ ¢ B..

Clearly, z.(-) € Ly(R%). We claim that the functions z.(-) = F~'z.(-) are admis-
sible in the problem (6). The first requirement obviously holds. We easily verify
that ||€]] < ||€]| if € € Be and 6%(1 + ||£]|*)" = 1. Hence

2

1 2\7r 2 _ 5 2\1
gt IR 1Pr o ds = —— [ (14 JelPy de

e Y Be

52 - - ~
< —(1+ [[€ 1) mes B. = 8*(1+ [[€]I*)" = 1.

€

Thus the functions z.(-) are admissible in the problem (5) and, therefore, the
value of this problem is not less than

1 2a 2 _ 52 2a
gt [P P as = —— [ e

mes B, JB.

1 2
— — — > d.
(1 + &) mes B. /B 4™ de
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for all sufficiently small € > 0. As ¢ — 0, this quantity tends (by the mean value
theorem) to the number

Z12a a (1 — 2/r\a -
_ e o (2;)52 = (T(52/T — 8%y + 1)h(6).
(1L+|g2yr @~ o o

Arguing as above, we get the following estimate in the case considered:

E(DOl7 HQT(Rd), A, 5) > \/(;(SQ/T — 62/r) + 1) h(9). (8)

The right-hand side coincides with the optimal recovery error indicated in the
theorem because A = § in this case.

Case 3: 0 < 6 < 9, A(A) > h(5). We first assume that A(4) = A. Then
mes(ANQy) <mesQy for all A, 0 < A < A. Hence, for such A, we have

mes(Q2y N (R?\ A)) = mes(Qy \ A) = mes Q) — mes(ANQy) > 0.

We put Gy = QN (R%\ A) and define the following functions on R%:

-1/2
<2w>d/2(/ (1+||77|2)rd77) L cea,
G
0, fgﬁG,\.

z\(§) =

Clearly, zx(-) € EQ(Rd). We put z)(-) = F~125(+). It is easily verified that the
functions x,(-) are admissible in the problem (6). For all indicated values of A
(taking into account that f(§) > X\ when £ € 0,), we have

e MG A Inz)rdn)_l [t e
= (f ) [ e

-1
2\7r 2\r _
> (/GA(1+||77|| ) dn) A/J”'“ )" de = A,

whence the value of (6) is not less than A. Letting A — X, we see that the value of

this problem is not less than .
Again, since the squared optimal recovery error is not less than the value of (6),

we get the following estimate when A(A) = X
E(D*, Hy ("), A,6) > VX, (9)

where the quantity on the right again coincides with the optimal recovery error
indicated in the theorem because A = ¢ in this case.
We now assume that A(A) < A. First, we claim that the measure of the set

Fo= R\ A) N (Qyay-c \ Qaa))
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is positive for all ¢, 0 < € < A(A). Indeed, suppose that mes F. = 0 for some &.
Since x4y C Qya)—e, We get
mes(A N (Q)\(A)—a \QA(A))) = mes(Q)\(A)_E \ Q)
= mes Q)\(A),E — mes(Q/\(A) N Q)\(A)fe) = mes Q)\(A),E — mes Q)\(A).

On the other hand,

Hleb(A N (Q)\(A)fe \ Q/\(A))) = meb((A N Q/\(A),E) \Q)\(A))
=mes(A N Qya)—c) — mes(ANQya)).

We easily see from the definition of A(A) that mes(A N Qy4)) = mesQy(4). Then
the expressions above yield that mes(A N Qy4)—.) = mes Qy4)_. contrary to the
definition of A(A). Thus mes F; # 0 for 0 < ¢ < A(A).

Assume first that § = 0. For ¢ as above we define the following functions on R%:

2 (€) = (QWZ/Z(/ (1+|772)Tdn)_1/2, ¢eF.,

€

0, £ ¢ Fe.

Clearly, z.(-) € Ly(R%). We put z.(-) = F~1z.(-) and verify in an elementary
manner that the functions z.(-) are admissible in the problem (6). The same
argument as above shows that

gt L 6P PP de > A(4) —e,

whence it follows (as above) that
E(D*, Hy(R%), A,0) > \/A(A). (10)

The right-hand side of (10) coincides with the optimal recovery error in the state-
ment of the theorem because § = 0 and h(A) = A(A) in the case considered.
We now assume that 6 > 0. Put

, (a1 = A2 (1 — A2/7)
=W mr VT A

For every € > 0 we introduce the notation

’_ € ’
= (1 ||§'||>g

and consider the ball B, = {¢ € R? | ||¢ — ¢/|| < €}
Since A(A) < A, we have A = h=1(A(4)) < h~1(X) = 4. As in Case 2, it follows
that

’ ‘€/|2a a® AZ/T 571A2(175/r)
1= a3 epy ~ et AT

= %(1 — AYT)h(A) > h(A) = A(A).
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This means that & € int Qy4). Hence, for sufficiently small € > 0, the ball B! lies
in Q(4) and, therefore, BN F. = @.

We easily verify that ||¢]] < ||¢|| when & € B and (1 + ||€/||?)" = 1/A2. Since
A(A) > h(d), we further have A = h=1(A(A)) > § and, therefore,

2 2

62 /112 2 1112 d
| ar gy d = g1ty = 55 <.
B

mes B

/ (1+ €))7 de <
B!

mes B

We denote the leftmost expression by C. and, with € as above, define the follow-
ing functions on R%:
_ 5
\/mes B.’
2 () = e
OV eneviza( [ avmrra) T eer

e

0, £¢ BLUF..

(2m)%/? ¢ € B,

Clearly, z.(-) € Ly (RY). We claim that the functions z.(-) = F~1z.(-) are admis-
sible in the problem (6).
Indeed, since B, C Qy(4), we have mes B, = mes(A N B.) and, therefore,

52 52
ﬁé\m@ﬁdg: /AOB/ de = mes(A N BL) = 62,

mes B/ mes B
We further have

52
0+ a6 de =

mes B

eaT [ ieryae

-1
+<lcs></F (1+||n||2)rd77> /F<1+\|5H2>Tds:cs+1fos:1,

whence the functions z.(-) with sufficiently small ¢ are admissible in the prob-
lem (6). Then, for every such ¢, the value of this problem is not less than

1 N 62 N
o [ e @R ae = o | g

. ca( / s IInIIQ)Tdn>1 / Iefrae ()

Proceeding as above, we see that the product of the last two factors in the second
term of (11) is not less than A(A) — e. Estimating the first term and C. by the
mean value theorem, we see that, as ¢ — 0, the right-hand side of (11) tends to

2| ¢/ 200 2 12yr _ o (1—A%nx

PIEP 4 (1= B+ IR = S S

+ (1 - AQ))\(A) = (;‘IQ@?/T — ATy 4 l)A(A).
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Hence, when 0 < 6 < 6 and A(A) > h(d), we get the estimate

rd2

E(DO‘,Hg(Rd)7A, 6) > \/(OZAQ

(32/7 — A2/T) 4 1))\(A), (12)

whose right-hand side coincides with the optimal recovery error in the statement
of the theorem because h(A) = A\(A) in this case.

Thus, for all 6 > 0 and all measurable sets A C R? with § + A\(A4) # 0, we
have obtained a lower bound for the optimal recovery error (see (7)—(10) and (12)),
which coincides with the value of the optimal recovery error given in the statement
of the theorem. We now obtain an upper bound for this quantity and construct the
optimal methods.

We fix § > 0 and A C R? with 6 + A(A) # 0. The optimality of a method
o: ImI*(A) — Lo(R%) means that its error, that is, the value of the problem

1D%2(-) — oW ) (e — max, () € HE(RY,

- (13)
[Fo() =yl <6 o) € La(a),
coincides with E(D%, H3(R?), A, ).

When ¢ = 0, problem (13) can be rewritten as
[D%2(-) = o(Fa()[a) (), gay = max,  @(-) € Hy(RY). (14)

We consider some cases separately.

Case (a): 6 = 0. Since the map z(-) — D%x(-) in the Fourier images is the
multiplication of the function £ +— (:£)® by Fx(-), it is natural to search for
optimal methods among such maps. For every measurable function a(-) on A with
a(-)\/f(+) € Loo(A) we consider the map ¢, : ImI°(A) — Ly(R%), which acts on
Fourier images by the rule Fip,(y(-))(&) = (i€)“a(£)y(€) for a.e. £ € RY, where
a(-)=ua(-),y(-)=y(-)onAanda(-) =0, y(-)= 0 outside A. This map is well
defined because if y(-) € ImI°(A), then y(-) = Fx(-)|4 for some z(-) € H5(R?),
and then

ﬁA’Feﬁa<y<->><s>mg _

O |[Fx(8)]? d¢

)2 \§|2°‘
(T4 11El*)r

<lfa(-)s(- HLO@(A)% [ 16y Pa(e) P de < .

L+ [1€1%)" [Fz(©)]* de

Thus ¢, (y(-))(-) € L2(RY) by Plancherel’s theorem.

Let ¢, be such a map. We estimate the square of the functional in (14) to be
maximized with ¢ = ¢,. To do this, we pass to Fourier images by Plancherel’s
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theorem (f(£) < A(A) when ¢ € R?\ A):
277 / ‘ i) Fx(€) — po(Fx(- | d¢
= Gy / G Fe©) — e Fa©) e + g [ IFate) g
2«
g [, 1~ a0 e (L 1617 o) de

1 ‘§|2a 2\ Qd
oy Lo, T T I PO

: 1 2\7r
< vanisup 1= a(€) 1) g [ (14 €18 [Fa(€) e
1 2\7r 2
A [ LA Fa©P e 1)

It follows that if

11— a(€)Pf() < MA) (16)
for a.e. £ € RY, then the right-hand side of (15) does not exceed A(A) and, therefore,
the error in the method ¢, does not exceed y/A(A). Using (10), we then have

VAA) < B(D*, H5(RY), A,0) < e(D*, Hy(RY), A,0,0,) < /A(A),

that is, F(D%, H}(R%), A,0) = \/A(A), and ¢, is an optimal method.

The existence of such functions a(-) is obvious. For example, one can take the
function which is identically equal to unity.

If A(A) = A, then f(¢) < A for all £ € R? and (16) holds with a(-) = 0. Hence
the zero method is optimal in this case.

When the function & — (i§)*a(§)Fxz(€) belongs to Li(A) (for example, when
the measure of A is finite), the expression for the optimal method in the theorem
is just the Fourier inversion formula. Otherwise the integral should be understood
as the principal value for every t € R
Case (b): 6 > 0, AM(A4) = . We claim that the zero method is optimal in this
situation.

Indeed,

E(D, H5(R"), A, ) < e(D*, H3(R), A,6,0)
= sup [ D%()[[pywey < sup  [|D%2()||pyray- (17)
o(-)EHF (RY),y(-)eL(A) @(-)eHg (RY)

IF2z(-)=y()llz,a)<O

By Plancherel’s theorem, the squared right-hand side of (17) is equal to the value
of the problem

o PO 6 =, i [ 0 PP <1 0
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Hence, by the definition of X, we have

2 _ 1 |£|2a 2\7 2 N

that is, the value of the problem (18) does not exceed by Therefore, in the cases
d=2d0and 0< I <d, MA) =\ (see (7) and (9)) we have

V< E(D*, H5(RY), A,6) < e(D*, Hy(R?), 4,5,0) < VA,

that is, F(D%, Hy(R%), A,§ \5 and @ = 0 is an optimal method.

) =
Case (¢): 0 <0< 5, 0< AA) < X. In this situation, our lower bounds for the
optimal recovery error (see (8) and (12)) can be combined into one formula:

E(D*, H5(R%), A,8) = /A16% + Xa, (19)

where A; > 0,7 =1,2.

Let a(-) be a measurable function on A such that the function £ — (i€)“a(€)
belongs to Lo (A). As above, we search for optimal methods among those maps
¢q: Im I°(A) — Lo(R?) which act on the Fourier images by the rule F, (y(-))(£) =
(i€)*a(¢)y(€) for a.e. £ € RY where a(-) =a(-), y(-) =y(-) on A and a(-) =0,
7(-) = 0 outside A. Clearly, pu(-) € Lo(R?).

Let ¢, be such a method. We estimate the value of the problem (13) in this
situation. Passing by Plancherel’s theorem to Fourier images, we see that the square
of this value is equal to the value of the following problem:

a 1 «
Gyt 7 F©) — Gera@) de v g |1 ) s — max

@ [ 1Pate) ~ 0P de < 2, (20
oo [LAHIEPTIPo@P e <1 o) €M@Y, u(-) € Lal)

We now estimate the first integrand in this functional by the Cauchy-Bunyakovskii
inequality for every £ € A:

|(i€)° Fa(€) - (i€)°a(©)y()|” = €2 [(1 = a(&)) F(€) + a(&) (Fa(¢) — y(&)[*

—al&)2 al€)2
<lefe (o + 80 (o + gy Pater?
FalFa(©) -~ (@), (@)

We put

Loalf, lOF),

S, = vraisup |£ 20‘( ;
R W e Y
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Assuming that S, < 1, we can integrate the inequality (21) over A and take into

account that f(£) < A(A) outside A in order to obtain the following estimate for
the functional in (20):

1 297 | ()2 1 . 2
Mgt [ €Y 1Pa@)P e+ dgsg [ 1Pa(e) — o) ae

L |£|2 2\r F 2d
G oo (HH&HQ)T(Husn) Fa(e)?de

/ (4 €Y 12O d + M g / Fa(€) — y(©) de
A

1
(2m)

< Az

1
(2m)4

+A(4) / (1 + (181" [Fa(€)|* de. (22)
R\ A
If A(A) < h(d), then A = § and, therefore, A(4) < h(A) = Aa. But if A(A) > h(J),
then Ay = h(A) = AM(A). Thus we always have A\(A) < Ay. Therefore, using the
constraints in the problem (20), we obtain from (22) that the functional to be
maximized in (20) does not exceed Ay + A1d%. Hence the error in the method ¢,
does not exceed v/ Az + A\162. Together with (19), this means that the method ¢, is
optimal.
We now prove the existence of functions a( -) such that S, <1

If the inequality
sl L—a@F | |oo)
€l (A2<1+||f||2>r+ " ><1 (23)

holds for a.e. £ € R?%, then S, < 1. Furthermore, if
— P R (L) =0 vEERT (24)

then we easily see (by completing the square) that (23) is equivalent to the corre-
sponding hypothesis of the theorem. It follows that for every measurable function
a( -) satisfying the hypotheses of the theorem, the function £ — (i€)*a(€) belongs
to Loo(A), and hence there are ‘sufficiently many’ optimal methods.

It remains to prove (24). To do this, we define a function g(-) on the half-line
[0,00) by the formula

g(2) = 2@~ 1)

We easily see that this function is concave on [z, 00), where xg = (r/(r — @))".

Q

In our case, A < 5 or, equivalently, A=2 > xy. A direct calculation shows that
the line x +— A\ + Ao is tangent to the graph of g(-) at the point A=2. Since g(-)
is concave, it follows that

g(x) < A+ Aoz Vo> .

Suppose that ¢ € R? and put z¢ = (1 + [|£]|?)". Then

fo% om
g(xf) = ﬁ”ﬁ“ «.



1154 G. G. Magaril-II'yaev and K. Yu. Osipenko

It follows from the inequality between the arithmetic and geometric means (see [19],
Russian p. 29) that

2 a® 2a
1€° *allﬁ\l *

Combining the last two formulae and taking into account that x. > xg, we obtain
2 - 7 2a 2\r
€17 < == [1€1PY = g(we) < A1+ dawe = A+ Ao (1 + [IEI1°)"
o «

This proves (24) and hence establishes the expression for the functions a(-) in the
statement of the theorem.

Asin the case § = 0, when the function & — (i€)%a (&) Fz(€) belongs to Ly (A) (for
example, when the measure of A is finite), the expression for the optimal method
in the theorem is the Fourier inversion formula. Otherwise the integral should be
understood as the principal value for every ¢ € R%. O

Proof of Theorem 2. Suppose that A, € A,. We claim that A(4,) > A(0). Indeed,
if A(A4,) < A(0), then there is a A < A(o) such that mes(A, N§y) = mesQy. Since
mes 2y > mes (1y(s) = 0, we have mes A, > o. This is impossible.

Suppose that § = 0. Then it follows from Theorem 1 that

E(D*, H3(R%), A,,0) = /A(As) = VA(
But since mes Qo) = 0 and A(25()) = A(0), the set Q,\(o) is optimal and, clearly,
every set which differs from €2y, only by a set of measure zero is also optimal.

Ifo> g, then for every set (and, in particular, for every A,) we have
E(D*, H}(R%), A,,0) = VA

Hence every set is optimal in this case.

We now suppose that 0<§ <3 and A, € A,. If A(o) = h(0), then A(o,d) = A(0).
It was proved above that A\(A,) > A(o) and, therefore, A\(A,) > h(d). In this case,
as noted in comment 2 on Theorem 1, the optimal recovery error decreases as A\(A)
decreases. Since A(A,) = A(0) = A(Qx(s)), we have

E(D*, H3(RY), A,,0) > E(D*, Hy(R%), Q) (5),6).

Therefore €24 is an optimal set.
Suppose that A(o) < h(d). Then A(o,d) = h(d). If A(A,) = h(d), then the
argument used in the previous case shows that

E(D*, Hj(RY), Ay, 8) > E(D*, Hy (R"), U5, 6).
But if A(4,) < h(0), then, by Theorem 1,

E(D*, H5(R), Ay, 0) = \/(;(SQ/T —02/m) + 1) h(8) = E(D*, Hy(RY), Q5),6),

whence 1,5y is an optimal set.
Thus, for 6 > 0, the set 4,5y is optimal, and so is every set which differs from
Q(0,5) by a set of measure zero. [J
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We now consider an example. Take o = (1,0,...,0) and » = 2. In other words,

consider the problem of recovering the partial derivative z;, (- ) on the class H2(R?).
In this case,

1
47

= {(517~-~,€d) GRd’

1

A= o=
27

A+ ++&)2 7 )

We easily see that the set Q) with A < 1/4 consists of two balls:

2
o= {( g B[ (- ) @+ v -1}

I )
By Theorem 1, E(D® H3(R%),A,5) = 1/2 when § > 1/2. If § < 1/2, then
Vo, AA) <3,
E(D* H3(R%),A,5) =
’ B 1—4XA)N ., )

A family of optimal methods in this case can easily be obtained from Theorem 1.
In particular, the method

1

BE( )0 = o “

/,41+1_A§A(1+5%+~~+§§)2

Fa(€)e'*" de

is optimal for 0 < 6 < 1/2, where

By the well-known formula for the volume of a d-dimensional ball we have

27Td/2 1 a/2
D=————|-—-1
MO = P2+ 1) (4)\ >
and, therefore,

1/, 1(a (d KA

AMo)=—(1+—=( ="z +1 .

=55 G) )
It was mentioned in the proof of Theorem 2 that all sets are optimal for § > 1/2.

When ¢ < 1/2, the same theorem shows that the balls

(€ &) e (6] -VRE+1) + &+ + 8 < B
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are optimal sets, where

1]
2]
3]
[4]

[5]

[6]

[9]

(10]

(1]

(12]

(13]

Afopfd W 2 (1 N\
Jm\2 \2 7S rarr(d2+ 1)\ 20 ’

1 2 1 4/2
— 1 >— | — -1 .
Vas — & 72 T4RT(d)2 + 1) (25 )
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