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Abstract—We consider the problem of the recovery of the kth order divided difference from a
sequence given with an error with bounded divided difference of nth order, 0 < k < n. The solution of
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inequality.
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1. INTRODUCTION
For functions z(-) € Lo(R) whose (n — 1)th derivative is locally absolutely continuous and
x(”)(-)eLg(R) forall 0<k<n-1,
Taikov [1] obtained the sharp inequality

B (M) < Kl e (| 22",

where

ka1 —-1/2 % + 1 (2n—2k—1)/4n
n ) <2n — 2k — 1)

(this inequality is sharp, because it is impossible to replace the constant K by a smaller one). This
problem is closely related to the following extremal problem:

2®(0) » max,  Je( )@ <6, 2™ ()@ < L. (1.1)

2
K = ((2k +1)sinm

By the generalized Smolyak theorem (see, for example, [2], [3]), the value of this problem is equal to the
optimal recovery error of the kth derivative at zero from the function itself given with an error under the
condition that this function belongs to the Sobolev class WJ'(R) consisting of functions z(-) € La(R)

whose (n — 1)th derivative is locally absolutely continuous and ||z (- M o) < 1. Problems of such

type were studied in [4]. We consider a discrete analog of (1.1) and its relation with the problem of the
recovery of a sequence given with an error.

Let L35, h > 0, denote the space of sequences x = {z;};ez, x; € Cfor which

1/2
lalles, = (hz \xﬁ) < .
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DISCRETE ANALOGS OF TAIKOV’S INEQUALITY 19
Let

Abr=RApp = L2000 Akp = A(AFT), k=23,
h JEZ

Let 13, denote the class of sequences o = {;} ez for which
x € Loy and ARz, <1.

We consider the problem of the optimal recovery of (Alflx)o, 0 <k <mn, from a sequence z € ly,
given with an error. It is assumed that, for each z € I ;, a sequence & € Lo j, such that [z — Z||z,, <6

is known. As the recovery method, we consider all possible mappings m: Ly — C. By the error of the
method m we mean the quantity

e(k,n,h,6,m) = sup  |(Afx)o —m(T)|-
:L‘Glg’h,5€[’27h
lz—lc, , <6

By the optimal recovery error we mean the quantity
E(k,n,h,0) = inf  e(k,n,h,d,m).

m: Lo p—

The method for which the lower bound is attained is called the optimal method.

2. MAIN RESULTS
Theorem 1. Foralln € Nand 0 < k <n — 1, the following relation holds:
sin'/2(m(2k + 1)/2n) ( (2k + 1)62 )(2”—2’“—@/4”
16v/2k + 1 sin(m(2k + 3)/2n) \2n — 2k — 1

For a sufficiently small error, the optimal method is to take the kth divided difference of the
approximate data. Then the optimal recovery error can be calculated exactly.

E(k,n,h,0) = K + h% + o(h?).

Theorem 2. Suppose thatn € N,0 < k <n — 1, and the following condition holds:

R\"( (k+2)2k+4)- (2k+2n) \?
5S<§) ((2k+1)(2k+3)"-(2k+2n—1)> . (2.1)

Then

ok /(2K — 1)1\ 2

and the method m(z) = (A¥T)o is optimal.

For small n and k, the problem posed above can be solved for any § and k. Forn =1 and k = 0, we
have the following result.

Theorem 3. The following equality holds:

K s<
g pey, 5e
Neh ) NG

For § < h/v/2, the method m(T) = Ty is optimal, while, for § > h/\/2, the method

s h 262 — hy/452 — p2\ U1 _
VAT — 17 202 — 1,

is optimal.
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20 VVEDENSKAYA, OSIPENKO

Thus, if the input data is given with a large error, for the best recovery of the sequence, we must use

all the approximate values, smoothing them in a suitable way.

A similar result holds forn = 2 and k£ = 0, 1. In view of Theorem 2, we formulate the theorem only in

the case § > h%/\/4k +6.
Forz = {z;}jez € Lo andy = {y;}jez € Lo, we set

(z, y)l:Q,h =h Z ;Y-
JEZL
Theorem 4. Let § > h?/\/4k + 6. Then, for k = 0,1,

(d, +-1)3/47k/2\/8k p3/2k
25/4=k /(2k + 1)dy + 2

E(k,2,h,8) =

)

where dy, is the solution of the equation

(dp + 1)((3 — 2k)d3 + (2k — 1)dy, +2) _ 1667

(2k + 1)dy + 2 h*

The method

P 4 ~

M(T) = — == (A, D)5

hy/di — 1
where
ljl+1
15 2 ) 2
=1 =(1- 1—
(Vk); ml—ui’ Mk ( dk+1>( t dk—1>’

is optimal.

3. PROOFS

We shall need the following auxiliary result.

(2.3)

Lemma 1. Suppose that there exist Xl >0, /):2 >0,and T € lg’h, such that, for all x € Ly, the

following identity holds:
(Af2)o = M (2, D)z, , + Aa(Afiz, ATT)z,

and the element T satisfies the conditions

@l 2op =0, |ARZ| gy, =1 for A2 >0 or  ||AF||g,, <1 for Ap = 0.

Then the method
(@) = M(Z,2)z,,
is optimal and
E(k,n,h,8) = A6 + Ao
Proof. Letm be an arbitrary recovery method and z € I3}, such that [|z| ¢, ,, <. Then

2(Afx)o| = [(Aka)o — m(0) — (AR (=)o — m(0))| < 2e(k,n, h,6,m).
Since the method is arbitrary, we have

E(k,n,h,6) > sup [(Afz)o| > (AFF) = Md” + Xo.
J?Elg’h
Izl e, <6

(3.1)
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DISCRETE ANALOGS OF TAIKOV’S INEQUALITY
On the other hand, using identity (3.1), we obtain
[(A%z)o = (@)] = |(Ahz)o = M2, D)z, + (T — 2,0z, |
< oAz, AR, , |+ A10% < X + A162.

This implies relation (3.2) and also the optimality of the method m. The lemma is proved.

With each sequence {z;};cz € Lo, we associate the function
Z xj E LQ
JEL

where T is the closed interval [—, ] with identified endpoints and

lz( )Ly () = (%/T\x(t)\Z dt>1/2.

@ Diair) = 5= [t

Set

Then it is readily verified that
(:C’ y)£2,h = h(F:C( ) )’ Fy( ) ))LQ(T)-
Thus, identity (3.1) can be written as

21 Jr
Since
F(Ay2)(t) = %(e_it C ) Fa(),
we have
F(Ak2)(t) = %(e_it _ )R Ea).

Therefore, relation (3.3) can be rewritten as

1 —1

Auh Fz(t) /):2 it 2n =
= —W/TFIL'(t)FfL'(t)dt—FW/T’e —1‘ F,’I;(t)F;I;(t)dt
Hence
hankfl(eit o 1)k
Arh2n 4 gleit — 1[2n”

Fa(t) =

and A1 and Ay must be chosen from the conditions (we begin by searching for Ao > 0)
WIFZ( )7, m = 6% RIFARD) ()T m =1,

which are written as

h4n 2k—1 / ’ 1‘2k
~ ~ dt = 62,
2m T (A h2" + Aoleit — 1]27)2
h2n—2k—1 / ’ez’t _ 1‘2(n+k)
(

= ~—— dt =1
2m T (A h2" + Ag|eit — 1]27)2
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22 VVEDENSKAYA, OSIPENKO

Proof of Theorem 1. Making the replacement u = tan(¢/2) in (3.5), we obtain
4kh4n72k71 u2k(1 4 u2)2n7k71
/l:? (X1h2n(1 + u2)n + X24nu2n)2
Antkp2n—2k-1 u2(ntk) (1 + u2)nfk71
/l:? (X1h2n(1 + u2)n + X24nu2n)2
We us now pass to the variable v = h~!u, obtaining the system
4k ’L)Qk(l + h2v2)2n—k—1
T Jr (1 + h202)n 4 Agdny?n)2
4n+k / U2(n+k)(1 + h2v2)n—k—1
R (A1 (1 4 h202)" + Apdnp2n)2

du = 62,
T

(3.6) {eq3.6:v5
du=1.

s

™

Setb = 4”X2/X1. Then this system can be rewritten as
4k 2k 1 h2 2\2n—k—1 N
Sl i ) dv = 622,
7 Jr ((1 + h2v2)n + bv2n)2
4n+k U2(n+k)(1 + hQ,UQ)nfkfl
/R (1 + h202)" + bv?n)?

(3.7) {eq3.7:v5
dv = X%

T
Thus, for b, we obtain the equation
®(1,b) =0, (3.8) {eqg3.8:v5
where 7 = h?, and

2k 2\2n—k—1 2(n+k) 2\n—k—1
@(r,b)z/ v 1+ ) dv—(524"/v o)™ g
r (1 + 702)" 4 bv?")2 r (14 702)" 4 bv2n)2

Set h = 0. Then
2% p2(ntk)

v
$(0,0) = S (T VL . —, /1)
( 9 ) /R(l‘l'b’l)Qn)Q v /R(l_kbv2n)2 v

Making the replacement 42" = bv®?, we obtain

2k 2(n+k
®(0,b) = b(zk“)/%/ L R - 524"b(2"+2k+1>/2n/ G
| (1 + w)? R T+ )
Let us use the equalities
2 2% + 1
/(1+u72n)2du:;—2(2n—2k:—1)sinl7r 2+ ,
R u n n
u20k+n) - k41 (3.9) {eqg3.9:v5
————du=—(2k 4+ 1)sin~
/R (1 + u2n)2 u 2n2( +1)sin” 7 o

which are easy to obtain by expressing the integrals on the left-hand sides in terms of the beta function
B(-, ) and applying the reduction formula

s
B(a,1 —a)= .
(0,1 -0a) sina
Then we have
2k +1
o(0,b) = b*(%*l)/%% sin~ 7 ; (2n — 2k — 1 — 6%4™b~ 1 (2k + 1)).
n n
Hence ©(0,b9) = 0, where
2k+1
by = 074" ————.
0 2n — 2k — 1
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DISCRETE ANALOGS OF TAIKOV’S INEQUALITY 23

In order to apply the implicit-function theorem, we calculate ®/.(0, o) and ®;(0, by), obtaining

@ (0,b) = (2n — k —1) / LA A / L
=2n—k— ————dv—2n [ —————=dv
T R (1 + bv2n)2 R (1 + b’l)2n)3
1}2”+2k+2 2n+2k+2

—24”——1/7 24”2/7
54" (n — k )R(1+b1)2”)2dv+5 n R(1+bv2”)3dv

Let us make the same replacement u?" = bv?". Then

u2k+2 u2k+2

@/ D =02n—k—1 b—(2k+3)/2n/ du — 2 b—(2k‘+3)/2n/ d
+(0,0) = (2n ) Ri(l—l—u%)? u— 2n R7(1+u2”)3 u

_ 524TL k-1 b(2n+2k+3)(2n)/ d
(n ) R (1 + u2n)2 u
u2n+2k+2

u2n+2k+2

624712 b—(2n+2k+3)/2n/ du.
* " R (1 + U2n)3 b

Just as in the case of (3.9), we can write

w2k+2 - o3
/Rmdu:%(4n—2k—3)(2n—2k—3)sm T
u2n+2k+2 T X % +3
———du = —(2n — 2k — 3)(2 - .
Thus,
! T (2k+3)/2n (0 o aywn—1 2K 3
®7(0,b) 4n2b (2n —2k —3)sin " 7 5
_s2an T —(2n+2k+3)/2n . 1 2k+3
074 4n2b (2k +3)sin™ " 7 5
Hence
- 2k +3
P (0. b)) = —— " pm@kE)/2n o -1 .
+(0,b0) w2k 1) sin” T —

For ®;(0,b), we have
22k A2k

d0b0)=-2] ———d 2524"/7d.
b( ) ) /R(l—f—bv2”)3 v+ R(1+bv2”)3 v

Replacing u?" = bv?", we obtain

2n+2k An+2k
B}(0,b) = —2p~ Grt2ktD)/2n / RRTDE S E du, + 26747 p~ (2R 2 / T i 75 du

’ 1+ u2n 1+ u2n

R R

_ _2b7(2n+2k+1)/2nﬂ-(2k +1)
8n3
2k +1
x sin~!xr 2+ (2n — 2k — 1 —36%4"b 1 (2n + 2k 4+ 1)).
n
Thus,
/ - m(2n =2k — 1), _@nt2kt1)/2n . 1 2k+1
$3,(0,b9) = BT PR by sin” m——.

By the implicit-function theorem, in a sufficiently small neighborhood of zero, there exists a function
b = b(7) satislying Eq. (3.8) and

_(I>/T(0, bo) 2nsin(w(2k +1)/2n) ((Qk + 1)524n)(n—1)/n

VO =~ 3 0.00) = 2k — 1)@k + 1) sin(n(2k +3)/20) \ 20 — 2% — 1
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24 VVEDENSKAYA, OSIPENKO

Hence
2k +1
— 24n
b = o T
. 2n sin(m(2k + 1)/2n) (2k + 1)§24m\ (n=D/m 224 o)
(2n — 2k — 1)(2k + 1) sin(w(2k + 3)/2n) \ 2n — 2k — 1 ’

To find the asymptotics A1 consider the function

C(T) _ 4n+k/ U2(n+k)(1 +TU2)nfk71
7 Jr (14 702)" 4 bv2n)?
We have
o(0) = 4n+k/ p2(n+k) iy — gn+k b_(2n+2k+1)/2n/ u2(ntk) "
T (1 4 bov2n)2 o 0 g (1 +u2n)2
ntky—@n+2k+1)2n 2k +1 . 4 2k +1
=4""%b, gz S T —.
Further,
gn+k p2nt+2k+2
'(0) = k-1 / L —
c'(0) = (n ) & (1 + bov2n)2 v
4n+k 02n+2k+2 4n+k U4n+2k
-—2 dv — 2(0) | —————d
2 O [
2k +1)(2n =2k =5) . 4 2k+3
— ygntk—1 (27’L+2/€+3)/2n( 1 '
b n?(2n — 2k — 1) ™
Hence
=Ve(r) = v/e(0) + \/— +o(7)
_ 2n+k71/2b—(2n+2k+1)/4n V2k+1 cin—1/2 7r2k2+ 1
n n

| gnth=5/2p - (2nt2k45) /n ¥ 2k 4 1(2n — 2k — 5) sin'/?(w(2k +1)/2n) B2+ o(h2).
n(2n — 2k —1) sin(m(2k + 3)/2n)

Therefore, for the optimal recovery error we have

- b
E(k,n,h,8) = M2 + Ay = A (52 4n>
_ K5(2n—2k—1)/2n

sinl/2(m(2k + 1)/2n) ( (2k + 1)62 )(2”‘2’“‘5)/ an

+ h? + o(h?).
162k T Lsin(m(2k + 3)/2n) \2n — 2k — 1 o(h")

The theorem is proved.

Proof of Theorem 2. Now set /):2 = 0. Then

N (eit _ 1)k
F(L‘(t) = /\7“
A hF+

)

and Xl must be chosen from the conditions

WFZ()Z,m =07 hIFARE)()IIT,m <1,

MATHEMATICALNOTES Vol.92 No.4 2012



DISCRETE ANALOGS OF TAIKOV’S INEQUALITY 25

which can be Written as

‘elt 1’2/9 dt = 52
27T)\2h2k+1

Using the well-known formula

P UTEeETY /Ty PR g < 1. (3.10)
1

/2 — !
. 9k 7w (2k— 1)
/0 sin“" 7 dr = 2 @R

we obtain

. t 2k — 1)1
/ e’ — 112 dt = 4% / sin? L gt = opgr 2= DY
T T 2 (2k)11

Thus, conditions (3.10) are written as

4k k-1 52 gntk(2n 4 2k — 1)

X%h%“ (2k)! ’ X%h2n+2k+1 (2n + 2k — L
Hence
- 2k (2k — 1)\ V2
A= SR ( (21! ) ’
and § must satisfy condition (2.1). The theorem is proved. O

Proof of Theorem 3. For§ < h/+/2, the assertion of the theorem follows from Theorem 2. We assume
that § > h/+/2. In the case under consideration, system (3.7) takes the form

= dv = 62X 2 dv = N2, 311
w/R(l—}—(h2+b)02)2 v L 7T/R(1+(h2+b)v2)2 U= (3.11)

Replacing v = (k% + b)~ /21 we obtain (see (3.9))

1 (2 1/2/ 1 _ T2 —1/2
/R(l—l—(h2+b)02)2dv_(h +b) R(1_|_u2)2du—2(h +b)" .

Similarly,
2

2
v — (B2 I L —3/2
/R(l—l—(h2+b)02)2 dv=(h"+1b) /R(1+U2)2 du 2(h +b) )

Thus, using system (3.11), we find that

1 L1, 1 _ ~ PPt
S+ 072 o2 (W2 1 0) T2 =608, 2k +0)7 = AT

Hence

~ V2 ~ 202 — b2
b =46 — 2h2, N=—— Ay = .
' 2T V2 (402 — h2)3/A

(462 — h2)3/%°
Therefore,
h h(452 — h2)3/4 1
)\1h2+2)\2(1—cost) \/5(2(52 — h2) a —cost’

where a = 262/(262 — h?). To find the Fourier coefficients of the function FZ(-), we use the easily
verified equality

2
|j\ ijt _ )/2M
E m (3.12)
= 1—|—,u)/2u—cost
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26 VVEDENSKAYA, OSIPENKO
which holds for all 1, 0 < |u| < 1. Setting

262 — h\/462 — h?
p=a—va?—-1= 252 — h2 )

we obtain

1 2p 131 it 1 gl gt 20° — I 13l idt
— e = - e = e,
a — cost 1—M2jezzlu \/az—ljezzu h\/462—h2jezzu

Thus,
452 — p2)1/4
F2(t) = [t h Z“m ijt
JEL
Hence
2 _ p2\1/4

7= (402 — )Y/ Iulj\_

! V2
The theorem is proved. O

Proof of Theorem 4. Here it is more convenient to deal with system (3.6), which, in the case under

consideration, has the form
4kh772k / _ u2k(1 + u2)3fli s — 52’
T ()\1h4(1 + u2)2 + 16)\2u4)2
42+k:h3—2k; / u4+2k(1 + u2)1—k;
(A hA(1 4 u2)? + 16Agut)?

I
=

m
This system can be rewritten as
4k u2k(1 + u2)3*k

_ 142k 5232
r (1 +u?)? + a?u)? du=hTT0A,

(3.13)
42+k / u4+2k(1 +u2)1—k d — h5+2k}:2
T (14 u2)? + a2u?)? Ls
where a = 4h=2,/A\y/)1. Set ¢ = p + iq, where
V1+aZz -1 _ V1+a?+1 (3.14)
2o1+a2) 1T\ 2014 '

Then c? = —(1 +ia)~!
(1+u®?+a%uh)? =1+ d®)* (u—)?(u+e)?(u—-72)>2(u+72)

Let us calculate each of the integrals using the residues (the multipliers 4* in both integrals will be
taken care of later). In the upper half-plane, there are two poles of the denominator of multiplicity 2, ¢
and —¢. Therefore,

B 1 2k(1—|—u )3 k
L= Ty /]R (w—0)2(u+ )2 (u — ©)2(u+ )2 du

_ ik (1 4 c2)3=F 2k —1 (6 —2k)c 2 2
_2(1+a2)202(c—6)2(c+6)2( c 1+ c? _C—E_c—|—6>
ic2k (1 +¢2)3k 2k —1 (6 —2k)e 2 2
2(1 + a2)2¢2(c — ©)2(c + ©)? <_ ¢ l+¢2 _c—6+c+5>’
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DISCRETE ANALOGS OF TAIKOV’S INEQUALITY 27

Since
4a>
2 2 _ .
(C_C) (C+C) _(1+a2)25 (315) {eq3.15.V
we have
o FA+ PR (6-2k)c 2%k—-1  4c
= 8a2c? 1+ ¢2 c 2 —¢?
et (4R (6-2k) 2k—1  4c
8a?c? 1+¢2 c c2-¢c%)
Taking into account the equalities 1 + ¢ = —iac?, and 1 + ¢2 = iac?, we obtain
3—k 3 w3y, (2k—1)a"* R N el Gt D)
f = g (@~ ED )+ g (Pt e e
Thus,
ho= S ald® ~ 3%) — 1-(6" ~ 139% + )
2 4p ’
p(® —3¢%)  p*— %" + 44
111 = — — .
a 4q
Substituting the expressions p and g from (3.14), we find that
VVI+aZ+ a?++vV1+a2+3
10 = —23/2 —vV1+a2+ 5 I = )
2v/2(1 + a?) AV2(1+a232V/V1+a2+1
Let us now calculate the second integral:
1 W2k (] 4 g 2) 1k
I2k = 6 / ( +u )_ — du
(14 a?)? Jg (u—c)? (u+ ¢)?(u —¢)%(u +¢)?
o BiPTR (14 )k 20 —k)e 3+2k 2 2
(1 +a®)2(c—2)2(c+e)2\ 142 c c—¢ c+e
gic>t?F (14! 21—k 342k 2 L2
(1+a?)?(c—7)%(c+7)? 1+¢? C c—¢ c+c)’

Using relation (3.15), we obtain

21 k(21 =k)e 3+2k 4c
Iy, = —ECQJer(l +62)1 k( ( ) + - >

1+ c2 c c? —¢?
_ 2 1 _ _ _ .
a2 € (1+2%) 1+¢2 C 2 —c2
Taking into account the equalities 1 + ¢ = —iac?, and 1 + &2 = iac?, we obtain

4 —4k 6 + 4k

_ _sy, 8((=Dfe —2%)
IQk = W((—l)kc3 — 63) — W((—l)kcg + Cg) +

ikaltk(c2 —¢2) "

(3.16) {eq3.16:v
Hence
Iy = 8—3(3192 — A+ —(2p* - p*® + ¢*),
a ap
In = —(3p* - ¢*) + aéq(ﬂl — 10p°q* + 5¢*).
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28 VVEDENSKAYA, OSIPENKO

The substitution of p and ¢ from (3.14) yields
23/2(2 4+ V1 +a?) 0 222+3V1+a?)
it +1(1+a232 0 (VIFa+ 13214 a2)3?
First, consider the case £ = 0. Then system (3.13) is of the form
STl A
ﬁ(:&a? —V1+4a2+5) = hé*)i,
82+ V1+a?) :h5X%.
V1+a2+1(2(1+a?))3/?
Setting d = Va2 + 1 we see that d satisfies Eq. (2.2), where k = 0:
(d+1)(3d* —d+2) 166
d+2 h*

It is readily verified that, for d > 1, this equation has a unique solution for all § > h?/+/6 (it can be found
explicitly by using the well-known formulas for the roots of the cubic equation). For A\; and Ay, we obtain

~ 224 ~ dn'N (2 - Dkt
YT+ ) ABRRR T 16 6

Therefore, for § > h?/1/6, we have

Iy =

. . N 2 4 3/4
E(0,2,h,8) = M2+ XAy =\ (52 + ("= 1)h ) _@d+1) \/Eh3/2.

16 C25/4/d 12
Let us now construct the optimal recovery method zy. We have
h? h3 1

Fa(t) = ——— _ "
W Aht 4 4Xo(1 —cost)?  4xg A+ (1 — cost)?

_ih? 1 B 1
8\ \1+iX—cost 1—i\—cost)’

where

We choose |p| < 1 from the condition

L ;“2 =1+,
obtaining
2 .
o= (=) (=)
Using (3.12), we find that
1 1 2 , AT} N\ i
1+iX—cost 1—i\—cost jez(l —H,u2'um 1 —HﬁQ Mb)e "
Therefore,
5, = < 21 it 21 —j|) R BT
T e L2t Tt W& 1oy L2
The case k = 1 is treated in a similar way. The theorem is proved. O
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