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Optimal recovery of a solution of a system
of linear differential equations from initial
information given with a random error

1. S. Maksimova and K. Yu. Osipenko

Abstract. The problem of the optimal recovery of a solution of a system

of linear differential equations from initial information containing a random

error is considered. Optimal methods are searched for among all possible

(not necessarily linear) recovery methods. Depending on the given variance

of random errors, the optimal recovery methods constructed in the paper,

which turn out to be linear, use only part of the available information.
Bibliography: 17 titles.

Keywords: optimal recovery, systems of linear differential equations,
information with random errors.

§ 1. Introduction

In the general statement of the recovery problem one must find the values of
a fixed functional or operator acting on some classes of functions from incomplete
information about these values. Classes are usually defined in terms of the smooth-
ness or analyticity properties of functions forming them. Usually, local or individual
information consists of some characteristic of a function which are available to us
(the values of the function at some point, its moments, Fourier or Taylor coeffi-
cients, Fourier transform and so on). This information can be prescribed with an
error, deterministic or random.

To this date, optimal methods have been found for various recovery problems in
a considerable number of papers. Problems with deterministic errors were consid-
ered, for instance, in [1]-[9].

Problems with random errors were investigated in [10]-[16]. In [11] recovery
methods were estimated on the basis of linear functionals, and in [12] an estimate
for a nonlinear recovery method was found in terms of estimates for linear methods.

The problem of estimating the error of a method of recovery from a random
variable with normal distribution was considered in [13], where inequalities for the
minimax nonlinear risk were obtained.

For a solution of a system of linear homogeneous equations the recovery problem
was considered in [17], but there the error in the data was deterministic.
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This paper is concerned with the construction of optimal recovery methods
for a solution of a system of linear homogeneous equations from initial informa-
tion known with a random error. We reproduce the statement of the problem
from [14] and use a number of ideas from there to prove our general result in the
final-dimensional case. We consider various forms of the prescription of information:
the problem is solved under the assumptions that the initial point lies in an ellipsoid
and its coordinates at the initial moment of time are known with a random error.
We must recover the solution at time 7 > 0. We also consider the problem when
a solution is known with a random error at some moment of time t = T3, and we
must recover it at another moment of time 7, 0 < 7 < T7.

The general result is also applied to the problem of the recovery of the kth
derivative of a trigonometric polynomial from its coefficients, which are known
with a random error.

In these problems we do not limit ourselves to random variables with normal
distribution. We consider arbitrary distributions of a random vector with fixed
expectation and a fixed estimate for variance. As in problems with deterministic
error, here we discover such phenomena as the linearity of the optimal method and
the opportunity to use only part of the information available for measurements.

§ 2. Statement of the optimal recovery problem for
a solution of a system of linear differential equations

Consider the Cauchy problem for a system of linear differential equations

dx
& _ A
a0 (2.1)
z(0) = zo,
where z(t) € R™, ¢t > 0, and
a1 ai2 N A1n
A= . |, a;eR
apl Ap2 ... GQpp

Assume that the matrix A is selfadjoint, and let

K1, p2, ---5 fn

be its eigenvalues. Let {e;}}_; denote the orthonormal basis of eigenvectors cor-
responding to the eigenvalues pj, 7 =1,...,n. Let

n
o = E Zj€j5.
j=1

Then the solution of (2.1) can be expressed by

n

z(t) = Z etitz e;.

j=1
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Assume that we know the coordinate of the initial point 2y with a random error.
Moreover, we know some ellipsoid containing the point xyo. We must recover the
solution at time 7 > 0.

We turn to the precise statement of the problem. For z = (z1,...,z,) € R" set

n
W:{xeR”:Zij?<1}7 Te=(e""2y,...,e""x,) and Tx=(z1,...,2,).
j=1

Fix § > 0, and for each x € W consider the set of random vectors

Ys(x) = {y = (y1,---,yn): B(y) = Iz, D(y;) <&, j=1,...,n}.

Let 1% denote the space of vectors x = (z1,...,2,) with the norm
n 1/2
lelhy = (S 1asP)
j=1

A recovery method assigns to a random vector y € Ys(z) an element of I3, which is
regarded as an approximation of Tz. The error of a recovery method ¢: R" — [J
is the quantity

1/2
(W, 150)=( s B(Tr-ewl}))
zeW, yeYs(x)

(we consider only measurable maps ¢). The problem consists in finding the optimal
recovery error

E(T,W,1,0)= inf (T, W,1,6,¢)

p: Rr—=I2

and a method delivering the infimum, which is called an optimal method.
To solve this problem we consider a more general problem, solve it and apply
the result obtained to the original problem.

§ 3. General result

Let X be a linear space, Z be a normed linear space and T': X — Z be a linear
operator. We must recover the values of T' on a certain set (class) W C X from
values of a linear operator I: X — R", which are given with a random error.
For each x € W and § > 0 we consider the set of random vectors

Ys(z)={y=(y1,---,yn): E(y) = Iz, D(y;) <6°, j=1,...,n}
and, similarly to § 2, define the error of a recovery method ¢: R™ — Z by
o1\ /2
(T W,1,0,9) = swp  B(ITz—(y)l))
z€EW, y€Ys(x)

(only measurable methods ¢ are considered). The problem consists in finding an
optimal recovery method (if it exists) and the optimal recovery error

E(T,W,I1,6) = inf (T, W,I,5,). (3.1)
¢: Rr—Z
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Set
W = {:,E eR™: ZVj|.Tj|2 < 1},
=1

where v; > 0, j = 1,...,n. Consider the linear operators T: R" — [ and
I: R™ — R"™ defined by

Tr = (p121, -, n®yn) and Tz = (z1,...,2,),

|,Uj| >0,7=1,...,n.
We introduce the notation

T J . 1/2
’yj:\/—7 j=1,...,n, and @:(ZV;G(;Z—l)) , J=1...,n.

il Pt
Let 717 < -+ < 9n. Then it is easy to see that 0 = &; < -+ < &,.

Theorem 1. Let 1/§ € (§5,&s41] for some 1 < s<n—1o0rl/fe (&, +o0) (and
then set s =n). Then

B(T,W,I,6) = 5(ZS: |Mk|2(1 — M))1/27

k=1 n

where .
6271 Zkzl(yk/vk) (32)

=1- -
“ 1+522221Uk

and the method

e(y) = i(l - %(1%61))/%me

k=1
where {ex} is the standard basis in 13, is optimal.

Proof. 1. A lower bound. Fix some 7 = (71,...,7,) € W such that
= 2T, > 0.

Consider the set
B={zely: zj=+1;, j=1,...,n}.

It is obvious that B C W. Set

52

i = 5 5 ':1’...777;.
p] 52+T]2 .7

By the monotonicity condition on the 7; we have

O<pr < <pp <L
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An arbitrary = € B is expressed in the form

n

z = si(x)ie;,

Jj=1

where s;(x) € {—1,1}. We define the distribution n(x) for x € B by

0 with probability pq,
s1(@)7 e1 with probability ps — p1,
1—p
s ()T
Z J J e; with probability ps — po,
1 1— pj
]_
ME) =
2 s(a)T
J J e; with probability p, — pp_1,
= 1P
" s;(2)7j
Z J J e; with probability 1 — p,.
Pt

Thus, the components of n(x) = (11(x), ..., (x)) has the following distributions:

0 with probability p;,
ni(x) = § $i(2)7;
1 —pj

j=0,1,...,n.

with probability 1 — p;,

It is easy to see that E(n;(z)) = x;, j =1,...,n. In addition,

2
Diyy(@) = (L= p)) gy — 78 = 8% j=1
"7]55 p] (1-p)2 Tj 3 Vi N A
J

Therefore, n(x) € Y5(x) for x € B.
Let ¢ be a recovery method. Since the cardinality of B is 2", we obtain

2
zg)

3@%%L&wﬁ>¥gmﬂw—@m@m@

= sup <7§(Pj —Ppj-1) ‘Tx - 50(2:1 Sk(x)Tkek)

1—pg
z€B =1 1 Dk

1 n+1 j—1 Sk($)7'k 2
> 5 2 (L —mn)[r2 - o ) )
re€B “Mj=1 k=1 2
1 nty T ik sk(x)Tk 2 . 3 3
= on 2 (Pj*pj—l)z T = quk . (3.3)
7j=1 xeEB k=1 2

here py = 0 and p,+1 = 1. Set

Bs,,..s;., ={z € B: s1(x) = s51,...,8j_1(x) = 551},



520 1. S. Maksimova and K. Yu. Osipenko

j=1,...,n+1 (for j =1 this set coincides with B). Then

j—1 2
Pj— Dj—1 Ts ( sk (@) Tk )
- ra— E 4 § :7616
2 reB k=1 1 — Pk

j—1
_Pj—Pj—1 _ SkTh
e E LT )

Ifx e le,...,sj,17 then

j-1 n
xr = Z spTrer + z(x), where z(x) = Zsk(x)ﬂcek.
k=1 k=j

Moreover, together with each element

Z spTeer +2(x) € By, s,y

the set Bs,,...s;,_, contains also the element

j—1
Z SpTrer — 2(x).
k=1

k=1 Iy

i-1 -
e %8 () (S5
) k=1

k=1

N i1 2
Bt Y S ()

2

n
12

e S5—1

22 5 LT )55
Mo Z > (H (Zskrkek)+Tz()

~~~~~ -1 x€DB; 1Sy
N sem . N Tk ?
— e + T( SpTrE ) —Tz(x) — < e ) )
AL e (S ne) - ol e
Pj —Pj-1 P 1
>=ot= ) > ITE@l = P Y T @)l

81,..,8j—1 TEBg, ... 5. zeB

n
= (pj —pj1) Y_ Ikl
k=
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Substituting this into (3.3) we obtain

+
(T, W,1,6,0) > Y (pj — pj—1) Z|/~Lk|2Tk

j=1
= Z(I%ZMH Tk bj Z |Mk|2 ) = ij|/ij|27j2 = meﬂ%ﬁ
J=1 k=j k=j+1 j=1 j=1 J

Since the method ¢ can be arbitrary, we have the estimate

EXT.W,1,0)>  sup Z 52 FEpa |y P77 (3.4)
7§ 1
Ty > >'rn>0-7
Consider a vector 7 = (11,...,7%,0,...,0) € W such that 7y > --- > 7, > 0,
1 < k < n. For sufficiently small € > 0 set 7. = (11(€), ..., Tn(€)), where

Then
k k n
Zz/ ZV‘TZ—EZV‘+CQE Z V»—ZU»TZ<1
5. 7' J J Jly x +
j=1 =1 j=k+1 j=1

Thus, 7. € W. For ¢ < 72 /(1 + C?) we have

\/TE—e>Cy/e.

Hence for such ¢
It follows from (3.4) that
E*(T,W,1,6)>> 52+72 |MJ|QTJ.2(5).
j=1 J

Taking the limit as € — 0 we obtain

k 52
2T, W,1,9) 72,
;52+T |:u’J|

Thus,

EXT,W,1,6 272, 3.5
( i [ ) félvpi/ Z(P—‘rT |N’]| ( )
e >0I=1
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2. An upper bound. We find the error of methods of the form

n
y) =Y ayse;.
j=1

Set z(x) = y(x) — Iz. Then E(z(z)) = 0 and D(z;(z)) < 62, j =1,...,n. We have
(T, W,1,6,0) =  sup  E(|Tz - o(y())|7)

y(a)EVs ()
= swp E(|Tz - ¢(Iz) — o(2(2))|7)
y(@)E V()
= s (I~ eIl + Bl — 2B (a(0), T — (1)
y(@) Vs ()

here (-,-) is the inner product in 5. It follows from the form of ¢ that

n

E(p(z(z)), Tz — p(Iz)) (Z ajzi(x)ej, Tx — (Ix))

Z ej, Tz — p(Ix))y E(z(x)) = 0.

Since
B(le(:(@))Iy) = (Zlajl (@) = Y la; D)

we have

AT Lbg) = s (|sza<fx> %;+Zaj|2D<zj<x>>)
y(2)EYs () i=t

= sup ||Tw - o(Iz)|% +6ZZ o .
j=1

Consider the extremal problem
T2z — ap([m)”é — max, xeW.
We can write it as
n n
Z|/Ljfaj|2|xj|2amax, Zyj|xj|2<1
j=1 j=1

From the inequality

- |1y — oyl?
D s = ayfP P =0 ” Lvj|ay?
Jj=1 j=1 J
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we deduce that

_ 2 _ 2
sup ||Tx—<p([a:)||12g gmax{ i = o e [1n = }
zeW 141 Vn
Thus,
2 1 —aaf? |tn — an|? 2\ 2
e“(T,W, 1,0, ) < max ey +0 Z|aj|.
151 Un .
j=1
Set
(&7 .
cj:—J, j=1...,n.
M

Then the error of the method ¢ satisfies the inequality

2 11— cif? 11— cuf? 2\ 2(,. |2
e“(T,W, 1,0, ) < max s 5 +94 ij\ 1
71 gt e

n

523

2.1. Let 1/6 € (&, &s41] for some 1 < s <n — 1. Then it is easy to show that

1 < 0% > h (/) < 1
Vs+1 1 +52 ZZ:I Vi Vs

Defining ¢; by (3.2) we obtain

Let

1—
e, =1— 7017 k=2,...,s, k=0, k=s+1,...,n.
1

Then we have
(1—cp)? (1—cp)?

= , k=2 ...,s.
o0 "
Fork>s+1
(1—cp)? 1 1 (1 —cp)?
2 7S 3 p)
Vi T o Vs+1 71
Therefore,
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Hence
1—¢p)? ®
(T, W, 1,6,¢) < (Wzl) +6% ) |unlch
1 =
_d-a) +52Z|ﬂk| (1—cx)? = (1 —cp) +cx)
(1—c1)? : ol
=+ w1 —a)?
M 1 7
*522| k|2 (1—c1) +522|Nk|20k
k=1
*522\%\2
*522\%\2

S
= 522 |
k=1

Consider a vector 7 € I§ such that

A_52<711>, k=1,...,s, 7.=0, k=s+1,...,n
( )Yk

1—01

Then we have

n s 2 s
~2 2 gi! " Vk 2
=4 — 1) = L5
Dot =P () e

k=1

k=1 o1 Tk

<1+522uk> —522yk_1

Thus, 7 € W. Substituting 7 into (3.5) we obtain

BT, w.rs) > Y LT 5 00/ (L)) =)

Ll T Pui-am
S 1 _ S

2(5ZZ|Mk|2<1—( cl)%) =02 |unlPer >
k=1 m k=1

Hence ¢ is an optimal method.

(10 +522yk (1-c1) 52712”’“)
((101 (1+5 Z’/k>5 ylz”’“)

S

(T, W, 1,5, ).
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2.2. Now let 1/ > &,. Then

023 e (/) oL
1+ 62 ZZ:l Vi Tn ’

Set .
a=1-m ed® 3 et (Vi/ k)
1+ 02 30 vk
Then
1-— C1 1
< .
§a! Tn
Let )
cr =1— _Cl k=2,....n
Y1

Then we have
(1 — Ck)2 o (1 — 61)2
" V3

, k=2,....,n.

525

Thus, as in the previous case, we have equality (3.6). Repeating the calculations

n (3.7) for s = n, we obtain

(T, W,1,6,0) <6 |l *ex.

Consider the vector 7 € {7 of the form

Then
- 2 2 - g &n S Vg 2 -
VpTE =0 l/k< — ): — =9 Uk
—<1+622uk>—6 S =t

Thus, 7 € W. Plugging 7 into (3.5) we have

"2 PR /(= ) — 1)
E*(T,W,1,6) > _k
( )22 E /(1= 1))

mzw( N )622|uk|ck (T 1,64,

Hence ¢ is an optimal method.
Theorem 1 is proved.
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§ 4. Optimal recovery of a solution
of a system of linear differential equations

Here we present the solution of the recovery problem for an initial point in an
ellipsoid and then consider the special case of a ball. After that we consider the
problem of recovery from the coefficients at time T and for the terminal point in
an ellipsoid. Next we discuss the special case of a ball.

4.1. Recovering solutions of a linear differential equations from informa-
tion with a random error for the initial moment of time. Consider the
Cauchy problem for a system of homogeneous linear differential equations

dx
o AT (4.1)
x(0) = xo,

where z(t) € R", t > 0, and A = (a;;) € R.
Let A be a selfadjoint matrix and

be its eigenvalues. Let {e;}}_; denote the orthonormal basis of eigenvectors cor-
responding to the eigenvalues pj, 7 =1,...,n.

Let
n
o = E Zji€j.
j=1

Then the solution of (4.1) can be expressed in the form
n
z(t) = Ze“jtasjej.
j=1

Assume that we know the coordinates of the initial point zy with a random
error. We also know an ellipsoid containing zg. We must recover the solution at
time 7 > 0.

For z = (z1,...,2,) € R™ set

n
W:{xEanzijigl}, Ter=(e""xy,...,e""x,) and Tx=(z1,...,2,).
j=1

As in the general statement, a recovery method assigns to a random vector
y € Y5(x) an element of R™ viewed as an approximation of Tz. Thus, the present
recovery problem reduces to the one considered above. We use Theorem 1.

Set

o J ) 1/2
'yj:e\/uji, j=1,...,n, and @—(Zuk(z’i—l)> , J=1,...,n
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Theorem 2. Let 1/0 € (,6541] for some 1 < s<n—1,orlet 1/§ € (&,,+00)
(and then set s =n). Then

E(T,W,1,6) = 5(2 ezw<1 B %(1_01)))1/2,

pt !
where 52 .
e =1— gi! Z2k:1£l/k/7k) (4.2)
1+ ) Zk:l Vi
and the method
S 1 _
p(y) = (1 - M>6u“yk€ka
k=1 n
is optimal.
Let A be a selfadjoint matrix,
AL > A > > A\,
be its eigenvalues and 7 be the multiplicity of the eigenvalue Ay, £ = 1,...,m.

Let {eg; };’;1 denote an orthonormal system of vectors corresponding to the eigen-
value A\,. Then
€11, ---, 617‘17 ceey Emly ee, emrm

is an orthonormal basis of R".
Let

m Tk
o = E E Ckj€kyj-
k=1j=1

Then the solution of (4.1) has the expression

m Tk
At
z(t) = E er E Chj€kj-
k=1 j=1

Now assume that at the initial moment of time the point zg lies in a ball of
radius R:

m Tk
Sy <

k=1j=1
Then the problem of the recovery of the solution at time 7 > 0 reduces to the
previous problem for

m Tk
W {oct SN R <1,
k=1 j=1

Am T A

_ AT AT T
Te=(€""211,. .., Ty €™ Tp1, oy € Ty )

and
Iz = (T11, -, T1ryy e oy Tmdy - -+ s Tonryy )
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Set

=1,...,m.

k 1/2
&k = <Z ri (e AT 1)) , k
J=1

Theorem 3. Let 1/§ € (&5,&s41] for some 1 < s<m—1, orlet 1/6 € (&, +00)
(and then set s =m). Then

s 1/2
E(T,W,1,0) = 6(2 ATy (1- ePi=AR)7T (1 — cl))> ,

k=1
where 52R 2, r Z Tke
= 1+ 0°R 2 Ekil " (4:3)
and the method
s Tk
o(y) = Z( AT — eMT(1 — 1)) Zykjekja
k=1 j=1

is optimal.

2. Recovering solutions of linear differential equations from informa-
tion with a random error for time Tj. Consider the Cauchy problem for
a system of homogeneous linear differential equations

dx
A
at " (4.4)
z(0) = zo,
where z(t) € R”, t > 0, and A = (a;5), ai; € R.
Let A be a selfadjoint matrix and
AL > A > > A\,
be its eigenvalues. Let {e;}}_; denote the orthonormal basis of eigenvectors cor-
responding to the elgenvalues )\], j=1,...,n.
Let

n
o = E Tj€j.
j=1

Then the solution of (4.4) has the expression

E Ajt
€ Zj€j.

Moreover, assume that at the initial moment of time zq lies in an ellipsoid

B = {a: cR"™: ijx? < 1}.
j=1
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We must recover the values of the solution at time 7, 0 < 7 < T;. Let x; denote
the coordinates of the solution at time 77. Then the condition that zg lies in an
ellipsoid means that

n
g bje_QAjTlx? < 1.
Jj=1

Thus, our recovery problem reduces to the one considered above, for

W = {x ely: Zz@-x? < 1},
j=1

where v; = bje” 22T j=1,... n.
For x = (z1,...,z,) € R™ set
Tx = (ekl(Tl_T)xl, cee eA"(Tl_T)xn), I = (21,...,2p).

As in the general setting, each recovery method assigns to a random vector
y € Ys;(z) an element of R™ viewed as an approximation of Tz. To solve the
problem stated we use Theorem 1.

Set

Assume that v1 < -+ < Yy

Theorem 4. Let 1/5 € (&5,8&s41] for some 1 < s <n—1, orlet 1/ € (§,, +00)
(and then set s =n). Then

s 1/2
E(T,W,I,6) = 5(2 e 2w(Ti=7) <1 — l’“(1 — c1)>> ,

P 71

where ) s
0 D e (/)
1462 ZZ:I Vg

01:1

and the method

S
oly) = ((1 e c1>)e-“<T1—f>ykek,
1 Y1

is optimal.
Consider the Cauchy problem for the system of linear differential equations

dz
& Q9
a (4.6)

x(0) = xo,

where z(t) € R", t > 0, and A = (a;;), a;; € R.
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Let the matrix A be selfadjoint,
AL > > > A,

be its eigenvalues, and let r; be the multiplicity of the eigenvalue A\, k =1,...,m.
Let {ex; ;’; 1 denote an orthonormal system of vectors corresponding to the eigen-
value A,. Then the vectors

€11, ---5 €lryy ---5 Eml, --5 Empy,

form an orthonormal basis of R"”.
Let

m T

To = E E Ckj€kyj-

k=1 j=1

Then the solution (4.6) can be expressed in the form

m Th
x(t) = g et g ChjChj-
k=1 j=1

Assume that we know the value, with some random error, of the solution of (4.6)
at time ¢ = T7. Asin the general case, a recovery method assigns to a random vector
y € Ys5(z) an element of R™, set to be an approximation of Tx. Also assume that at
the initial moment of time ||zo|| < R (|| - || is the Euclidean norm in R™). We must
recover the value of the solution at time 7, 0 < 7 < T7. If x; denote the coordinates
of the solution at time T, then the condition ||z¢|| < R means that

Thus, our recovery problem reduces to the one considered above, for

W = {xel;: iiykﬂ:ij < 1},

k=1j=1
where vy, = v; = R~ 2e 2Dk =1,...,m,
Tx= (e‘Al(Tl_T)arll, ... ,e_)‘l(Tl_T)J;lrl Y ,e‘Am{Tl_T)xml, . ,e_A’“(Tl_T)mem)
and
Iz = (T11, - s T1ryy e o oy Timdy - - s Tony )
Set

k 1/2
&e=R7! (ere”jTl (e(Af)"“)T—l)> , kE=1,...,m.
j=1
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Theorem 5. Let 1/ € (§,&541] for some 1 < s <m—1, orlet 1/6 € (&, +00)
(and then set s =m). Then

s 1/2
E(T,W,1,8) = 5(2 rre” M=) (1 eGamAe (] cl))> ,

k=1

where
62R—2€—A1T ZZ:]_ ,rke(—QTl—‘rT))\k

a= 1+62R25;_ rpe 2T 7 (47)
and the method
S Tk
4,0(2/) _ Z(ef)\k(ﬂf'r) - e)q'rf)\le(l _ Cl)) Zykjekja
k=1 j=1
is optimal.
§ 5. Recovering trigonometric polynomials
Let 7,, denote the set of trigonometric polynomials
a n
pn(t) = ?0 + Z(aj cos jt + b; sin jt). (5.1)

j=1
Set
77 = {pa() € Tu: [P O)llaey < 17 > 1,

where T = [—m, 7] (with distinguished endpoints) and

(Lo @) = ( /|:17 |2dt>

We consider the problem of the recovery of the kth derivative of a polynomial
in 7,7, 0 < k < r, from the coefficients of this polynomial, which are known with
a random error. We reduce this to the general problem (3.1). The set 7,7 is the set
of polynomials (5.1) such that

n
> i (a? +b?) <1
j=1

Hence setting

n
T = (a‘07a'17b17~'~7an7b71)7 W= {x € RQHJ"I; ijr(a'? +b?) g 1}7
j=1
1, k=0,

ao k k
Ixr=x and Txr=|—7%xk,a1,b1,...,n%an,n"b, |, =
<\/§Xk 1,01 ) Xk = {0 k>
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we arrive at (3.1). Note that the values of the operator T" are coefficients of the
expansion with respect to the orthonormal basis

o cos t—i—lk sin t—i—W—k cos nt—i—lk sin nt—i—ﬁ—k
\/i) 2 b 2 Yt 2 b 2 .

We cannot apply Theorem 1 to this problem because here we have 1 = 0. Thus
we use a modification of this theorem. Consider a set W and an operator T in the
case when v; = 0 and py > 0. We introduce the notation

T J _ 1/2
’yj:\/j j:2,...,n, and §j<zyk<3’i >) ) j:23"'an7

Il k=2
and assume that v < -+ < v,

Theorem 6. Let 1/0 € (£,6541] for some 2 < s<n—1,orlet 1/ € (&,,+00)
(and then set s =n). Then

. e 1/2
E(T,W,I,5)25(|/~L1|2+Z|“k|2<1_%(722)>) ’
k=2

where ) .
72 ) o (W /)
1+623 7 vk

Cy = 1
and the method
S
k 1—-c
e(y) = pyrer + Z(l - M)Mkykek
s V2
is optimal.

Proof. Using the same arguments as in the lower estimate in the proof of Theorem 1
we arrive at inequality (3.5).
In estimating the error of methods of the form

n
e(y) = ajyse;
j=1
from above, we obtain again the equality

n
A(T,W,1,6,0) = sup [T — o(I)[F + 8% oy .
TEW =
However, the extremal problem
Tz — go(Ix)H?S — max, xzeW,
since we now have v; = 0, can be written this time in the form

n n
Z I — aj?|z;]? — max, Zyj|asj|2 < 1.
J=1 Jj=2
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For oy # p1 the solution of this problem is equal to co, so we assume below that
a1 = p1. From the inequality

|12 — as| | —anl*\ © 2
< max{ P ey . = ZVj‘xﬂ
=2
we obtain
a2 a2
sup |7z — ¢(Iz)]|% < ma {|M2 az| ey [ = | }
zeW 2 1 Un
Thus,
|p2 — ap]? lpin — an|? -
eQ(T,V[CI,é,cp)gmaX{ e }+522|aj|2
Vg Un =1
Set o
cj:—J, J=2,...,n.
Hj
Then for the error of the method ¢ we have
1—cof? 1—cpl? Z
(T, W, 1,6,¢) < max{' 722' . 7 }+62|u1|2+622|uj|2lcj|2-
1 n

j=2
Let 1/ € (&5,&s41] for some 2 < s < n — 1. Then it is easy to show that

1 < 0% > pa (vie/ ) < i
Vs+1 1+ 92 22:2 Vi Vs

If we define ¢5 by (5.2), then

1 <1—02<i

~
Vs+1 72 Vs

Let

1_
e =1— v 702, fork=3,...,s, and ¢, =0, fork=s+1,...,n.
2

Then we have

1— 2 1— 2
Uoa) _O-ef  4_3.

Fork>s+1
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and therefore

1—col? 1—cpl? 1—cy)?
m{ili onl }:< ) (5.3)
Y2 Tn Y2
Consequently,
2T W I§ <(1*C2)2 52 2 528 22
6( s YV, 4y 7‘)0)\ 72 =+ |:u1| + Z|:uk| Ck
2

k=2

Using transformations similar to (3.7) we obtain

(T, W, 1,6,0) < 8] + 62 Y |u|*c.

k=2
Consider a vector T € {3 of the form
L =T1, ?13—52((1_7022)%—1> fork=2,...,s, Tx=0fork=s+1,...,n.

Then we have
S =Y u(i ) = T 2
k=2 k=2 (1 —e2)m l=co i e k=2
S S
= <1+522yk> -6 =1
k=2 k=2

Thus, 7 € W. Substituting 7 (for 71 > 72) into (3.5) we obtain

PP PP 0k (2/ (L= ex)m) — 1)
E>(T,W,1,6) > = !
TWEDZ2. 5 2 =5 T2 Pufi-amw
5 W1| 7'1 QZ 2 — C2)Vk _ 52|M1|2712 228 2
- 52+ 2 | 2 +5 |/1’ | Vo - 52+T12 +6 o |Mk| Ck-

Letting 7 tend to infinity yields

E*(T,W.1,6) > 52w1\2+622|uk|2ck (T, W.1,6,9).
k=1

Hence ¢ is an optimal method.
Now let 1/6 > &,. Then

023 hea (Ve / ) oL
1+ 52 ZZ:Q Vi Tn ’
Set .
6% > ko (W/ )

—1- .
C2 Y2 1 T 52 ZZZQ Vi
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Then
1-— C2 1
<

Y2 Tn

Let
1 —
e, =1—y 02, k=3,...,n.
Y2

Then we have
(1 —cp)? (- c2)?
" V3

, k=3,...,n.

Thus, as in the previous case, we obtain (5.3). Using transformations similar to (3.7)
for s = n, we obtain

(T, W, 1,6,¢) < 6| [ + 62 |l e
k=2

Consider the vector 7 € [7 of the form

~ ~2 2 /2
=T L =0 ———"-——-1 k=2,...,n.
1 1 k ((1 CQ)k; >7 ’ y 1

Then we have

- 22 _ 52 - _ _ 52 Tk _ 52
ZVka— ZV}C 1—62 . 1 —1_022 Zl/k

k=2 k=2 k= 2

n n

- <1+522yk> —8*) ue=1.

k=2 k=2

Thus, 7 € W. Plugging 7 (for 71 > 72) into (3.5) we obtain

n_ g9 1240 2 4 B B
BT W L6 > S Ll e P +Z5 k2 (2/((1 = ea)n) = 1)

2+72 24 1f 8292/ ((1 — e2)vk)

k=1

5
|M1 T1 +52Z|u |2< 722)%)

PPt
- 52_,_ 21 +5QZ|H1¢|201¢

Letting 7 tend to infinity yields

E2<TaW7156) 52‘:“’ ‘2 +62Z|Mk|20k (T W1, (5 90)
k=1

Hence ¢ is an optimal method.
Theorem 6 is proved.
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Now we apply this theorem to the solution of our problem. Set
J 1/2
& = (22(1 S (FE Y (A 1)’”_k)) , J=2...n+L
=2

Theorem 7. Let 1/6 € (&, 8&s41] for some 2 < s < n, or let 1/6 € (41, +00)
(and then set s=n—+1). Then

2 s 1/2
E(T,W,I,(S):(S(XQ’“+22((l—1)2’“—(l—1)r+’“(1—02))> ,
=2

where
2023 o (L = 1)tk

1202y (1)

Cy =

and the method
ol0) = S+ S (1= =)
X ((l — 1)*a,_1 cos ((l —1t+ ﬂ:) + (1= 1)%b_4 sin((l - t+ 7r2k>>

where y = (50,51,31, o ,En,gn), s optimal.
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