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Ââåäåíèå

Ïðè ðåøåíèè ìíîãèõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè è îñîáåííî
ïðè èõ ÷èñëåííîé ðåàëèçàöèè åñòåñòâåííûì îáðàçîì âîçíèêàþò
çàäà÷è, ñâÿçàííûå ñ äèñêðåòèçàöèåé ôóíêöèé, âîññòàíîâëåíèåì
ôóíêöèé, ôóíêöèîíàëîâ èëè îïåðàòîðîâ îò íèõ ïî íåêîòîðîé
íåïîëíîé è íåòî÷íîé èíôîðìàöèè î ôóíêöèè. Òàêîãî ðîäà
çàäà÷è, èíòåíñèâíî èçó÷àþùèåñÿ â ïîñëåäíåå âðåìÿ (îñîáåííî
â ñâÿçè ñ ðàçâèòèåì êîìïüþòåðíîé òåõíèêè) ñîñòàâëÿþò íîâîå
íàïðàâëåíèå, ïîëó÷èâøåå íàçâàíèå � îïòèìàëüíîå âîññòàíîâëåíèå.
Êðóã èññëåäóåìûõ â ýòîé îáëàñòè ïðîáëåì ñîäåðæèò òàêèå âàæíûå
çàäà÷è, êàê ïîñòðîåíèå îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ
ôóíêöèé, çàäàííûõ òî÷íî èëè ïðèáëèæåííî â êîíå÷íîì ÷èñëå
òî÷åê, ïîñòðîåíèå îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë, âîññòàíîâ-
ëåíèå ïðîèçâîäíûõ (÷èñëåííîå äèôôåðåíöèðîâàíèå), âûáîð îïòè-
ìàëüíûì îáðàçîì èíôîðìàöèè, êîòîðóþ íåîáõîäèìî çíàòü î
ôóíêöèè, ÷òîáû ñ íàèìåíüøåé ïîãðåøíîñòüþ âîññòàíîâèòü åå,
àïïðîêñèìàöèÿ ôóíêöèè ïî åå ïðèáëèæåííûì êîýôôèöèåíòàì
Ôóðüå èëè ïðåîáðàçîâàíèþ Ôóðüå è äð.
Ïåðâûé ýòàï òåîðèè ïðèáëèæåíèé ñîñòîÿë â ïðèáëèæåíèè

èíäèâèäóàëü-íûõ ýëåìåíòîâ íåêîòîðîãî ìíîæåñòâà ñ ïîìîùüþ
ýëåìåíòîâ ëèíåéíîãî ïîäïðîñòðàíñòâà, òî åñòü â îïðåäåëåíèè
âåëè÷èíû

min
z∈L

‖x− z‖,

ãäå x ∈ X, X � íîðìèðîâàííîå ïðîñòðàíñòâî, L � àïïðîêñèìè-
ðóþùåå ïîäìíîæåñòâî X.
Òåîðèÿ ïðèáëèæåíèé ôóíêöèé áåðåò ñâîå íà÷àëî îò ðàáîò

Ï.Ë. ×åáûøåâà. Îí ââåë îäíî èç îñíîâíûõ ïîíÿòèé òåîðèè �
ïîíÿòèå íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè ïîëèíîìàìè, à èìåííî:
íàèëó÷øèì ïðèáëèæåíèåì íåïðåðûâíîé ôóíêöèè f íà îòðåçêå
[a, b] îáîáùåííûìè ïîëèíîìàìè

∑n
k=1 akϕk(x) â ìåòðèêå C([a, b])

íàçûâàåòñÿ âåëè÷èíà

En(f)C = min ‖f −
n∑

k=1

akϕk(x)‖C([a,b]),

ãäå ϕ1, . . . , ϕn � íåêîòîðàÿ ñèñòåìà íåïðåðûâíûõ íà [a, b] ëèíåéíî
íåçàâèñèìûõ ôóíêöèé, à ìèíèìóì áåðåòñÿ ïî âñåì ÷èñëàì
a1, . . . , an. Ïîëèíîì, äëÿ êîòîðîãî äîñòèãàåòñÿ ýòîò ìèíèìóì,
íàçûâàåòñÿ ïîëèíîìîì íàèëó÷øåãî ïðèáëèæåíèÿ. Â ÷àñòíîñòè,
×åáûøåâ óñòàíîâèë, ÷òî íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè xn+1 íà
îòðåçêå [−1, 1] â ìåòðèêå C([−1, 1]) àëãåáðàè÷åñêèìè ìíîãî÷ëåíàìè
ñòåïåíè n ðàâíî 1/2n, à ìíîãî÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ òàêîâ,
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÷òî äëÿ íåãî

xn+1 −
n∑

k=0

akx
k = (1/2)n cos(n + 1) arccos x.

Íà ñëåäóþùåì ýòàïå òåîðèè ïðèáëèæåíèé èçó÷àëîñü ïðèáëèæå-
íèå íà êëàññå, òî åñòü ñòàâèëàñü çàäà÷à ïðèáëèçèòü ôóíêöèþ èç
íåêîòîðîãî êëàññà W ôóíêöèÿìè çàäàííîé ñèñòåìû L (íàïðèìåð,
ìíîãî÷ëåíàìè), è îïðåäåëèòü âåëè÷èíó

sup
f∈W

min
z∈L

‖f − z‖.

Ïðèìåðàìè òàêèõ çàäà÷ ÿâëÿþòñÿ ïðèáëèæåíèå ôóíêöèè èç
ñîáîëåâñêîãî êëàññà W r

q ìíîãî÷ëåíàìè ñòåïåíè íå âûøå n, èëè

Enq

(
W r

p

)
= sup

f∈W r
p

inf
Pn

‖f − Pn‖Lq .

À.Í. Êîëìîãîðîâ íà÷àë èçó÷åíèå çàäà÷è î íàõîæäåíèè ïðè
ôèêñèðîâàííîì n òàêîé ñèñòåìû ôóíêöèé ϕ1, . . . , ϕn, äëÿ
êîòîðîé íàèëó÷øèå ïðèáëèæåíèÿ ôóíêöèé çàäàííîãî êëàññà
ïîëèíîìàìè

∑n
k=1 akϕk(x) áûëè áû íàèìåíüøèìè. Â 1936 ã.

ðàáîòîé [2] áûë îòêðûò íîâûé ýòàï èññëåäîâàíèé â òåîðèè
ïðèáëèæåíèé. Â ýòîé ðàáîòå áûëè îïðåäåëåíû àïïðîêñèìàòèâíûå
õàðàêòåðèñòèêè íîâîãî òèïà � ïîïåðå÷íèêè. Ïîïåðå÷íèêîì

íàçûâàåòñÿ âåëè÷èíà, õàðàêòåðèçóþùàÿ óêëîíåíèå ìíîæåñòâà â
íîðìèðîâàííîì ïðîñòðàíñòâå îò íåêîòîðîé ñèñòåìû îáúåêòîâ (êàê
ïðàâèëî, êîíå÷íîìåðíûõ) ïðè îïðåäåëåííîì ìåòîäå ïðèáëèæåíèÿ,
à òàêæå âåëè÷èíà, õàðàêòåðèçóþùàÿ òî÷íîñòü âîññòàíîâëåíèÿ
ýëåìåíòà èç äàííîãî ìíîæåñòâà:

pϕ(C, X) = inf
f∈ϕ

sup
x∈C

‖x− f(x)‖,

ãäå X � íîðìèðîâàííîå ïðîñòðàíñòâî ñ åäèíè÷íûì øàðîì B,
C ⊂ X � àïïðîêñèìèðóåìîå ïîäìíîæåñòâî â X, A ⊂ X, �
íåêîòîðàÿ ñîâîêóïíîñòü àïïðîêñèìèðóþùèõ ïîäìíîæåñòâ, F (C, A)
� íåêîòîðàÿ ñîâîêóïíîñòü îòîáðàæåíèé f : C → A, ϕ
� çàäàííàÿ ñîâîêóïíîñòü îòîáðàæåíèé èç àïïðîêñèìèðóåìîãî
â àïïðîêñèìèðóþùåå ìíîæåñòâî. Â ÷àñòíîñòè, ïîïåðå÷íèê ïî

Êîëìîãîðîâó:

dn(C, X) = inf{d(C, LN , X)|LN ∈ LinN(X)} =

= inf
F∈F(C,LinN (X))

sup
X∈C

‖x− F (x)‖,

ãäå LinN(X) � ñîâîêóïíîñòü ïîäïðîñòðàíñòâ X ðàçìåðíîñòè ≤
N , F(C, LinN(X)) � ñîâîêóïíîñòü âñåõ îòîáðàæåíèé F èç C âî
âñåâîçìîæíûå ëèíåéíûå ïîäïðîñòðàíñòâà LN ∈ LinN(X).
Èäåÿ ïîèñêà ñàìîãî ëó÷øåãî ïîïåðå÷íèêà ëåæèò â îñíîâå çàäà÷è,

ñôîðìóëèðîâàííîé Ñ.À.Ñìîëÿêîì [3]. Ñ.À.Ñìîëÿê ðàññìàòðèâàë
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âîïðîñû îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî ôóíêöèîíàëà
L íà íåêîòîðîì ìíîæåñòâå W ëèíåéíîãî ïðîñòðàíñòâà X ïî
çíà÷åíèÿì ëèíåéíûõ ôóíêöèîíàëîâ l1, . . . , ln. Ïîëîæèì äëÿ x ∈ W

Ix := (l1x, . . . , lnx).

Îïåðàòîð I : W → Kn, ãäå K = R èëè C, íàçûâàåòñÿ
èíôîðìàöèîííûì îïåðàòîðîì. Âåëè÷èíà

e(L, W, I) := inf
S:Kn→K

sup
x∈W

|Lx− S(Ix)|

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèî-
íàëà L íà ìíîæåñòâå W . Âñÿêèé ìåòîä S0, äëÿ êîòîðîãî

sup
x∈W

|Lx− S(Ix)| = e(L, W, I),

íàçûâàåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ. Â [3] áûëî
äîêàçàíî, ÷òî â âåùåñòâåííîì ñëó÷àå äëÿ âûïóêëîãî è öåíòðàëüíî-
ñèìåòðè÷íîãî ìíîæåñòâàW ñðåäè îïòèìàëüíûõ ìåòîäîâ âîññòàíîâ-
ëåíèÿ ñóùåñòâóåò ëèíåéíûé è èìååò ìåñòî ðàâåíñòâî

e(L, W, I) = sup
x∈W
Ix=0

|Lx|.

Ñ ðàáîòàìè, ïîñâÿùåííûìè èññëåäîâàíèþ çàäà÷ âîññòàíîâëåíèÿ íà
êëàññàõ ãëàäêèõ ôóíêöèé, ìîæíî ïîçíàêîìèòüñÿ ïî ñòàòüå [4] è
ìîíîãðàôèè [5].
Äàëüíåéøåå ðàçâèòèå òåîðèè îïòèìàëüíîãî âîññòàíîâëåíèÿ

ñâÿçàíî ñ ðàáîòàìè Â.Ì. Òèõîìèðîâà, Ã.Ã. Ìàãàðèë-Èëüÿåâà è
Ê.Þ. Îñèïåíêî. Èìè ðàçðàáîòàí åäèíûé ïîäõîä ê ðåøåíèþ çàäà÷
îïòèìàëüíîãî âîññòàíîâëåíèÿ, èñïîëüçóþùèé ïðèíöèï Ëàãðàíæà.
Áûëà ïîêàçàíà ñâÿçü çàäà÷è îïèìàëüíîãî âîññòàíîâëåíèÿ

çíà÷åíèÿ ëèíåéíîãî ôóíêöèîíàëà x′ íà êëàññå C, ïðèíàäëåæàùåì
ëèíåéíîìó ïðîñòðàíñòâó X, ïî èíôîðìàöèè y = Fx, ãäå F : C →
Y � ëèíåéíûé îïåðàòîð èç X â äðóãîå ëèíåéíîå ïðîñòðàíñòâî
Y , òî åñòü çàäà÷è îïðåäåëåíèÿ ïîãðåøíîñòè îïòèìàëüíîãî
âîññòàíîâëåíèÿ

E(x′, C, F ) = inf
ϕ:F (C)→K

sup
x∈C

|〈x′, x〉 − ϕ(Fx)|

ñ âûïóêëîé ýêñòðåìàëüíîé çàäà÷åé

Re〈x′, x〉 → max, Fx = 0, x ∈ C.

Ôóíêöèÿ Ëàãðàíæà äëÿ ýòîé çàäà÷è èìååò âèä

L(x, λ, λ0) = λ0 Re〈x′, x〉+ Re〈λ, Fx〉,

ãäå λ0 ≤ 0 è λ ∈ Y ′ (Y ′ � àëãåáðàè÷åñêè ñîïðÿæåííîå ê Y ) �
ìíîæèòåëè Ëàãðàíæà. Â [6] äîêàçàíà ñëåäóþùàÿ òåîðåìà:
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Òåîðåìà 1 (Ïðèíöèï Ëàãðàíæà äëÿ çàäà÷ âîññòàíîâëåíèÿ).
Ïóñòü X è Y � ëèíåéíûå ïðîñòðàíñòâà íàä R èëè C, C �

âûïóêëîå óðàâíîâåøåííîå ïîäìíîæåñòâî X è F : X → Y
� ëèíåéíûé îïåðàòîð. Òîãäà äëÿ òîãî ÷òîáû äîïóñòèìàÿ â

ðàññìàòðèâàåìîé ýêñòðåìàëüíîé çàäà÷å òî÷êà x̂ áûëà ðåøåíèåì

ýòîé çàäà÷è, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íàøåëñÿ òàêîé

ìíîæèòåëü Ëàãðàíæà λ̂ ∈ Y ′, ÷òî

min
x∈C

L(x, λ̂,−1) = L(x̂, λ̂,−1).

Ïðè ýòîì x̂ � îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ è

E(x′, C, F ) = Re〈x′, x̂〉.

Â [7], [8] ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ îïòèìàëüíîãî âîññòàíîâ-
ëåíèÿ ëèíåéíîãî îïåðàòîðà ïî èíôîðìàöèè, çàäàííîé ñ ïîãðåøíî-
ñòüþ (òåîðåìà 7, ãëàâà 1).

Êðàòêîå ñîäåðæàíèå ðàáîòû

Â 1-é ãëàâå ðàññìàòðèâàåòñÿ îáùàÿ ïîñòàíîâêà çàäà÷è îïòè-
ìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî îïåðàòîðà: äëÿ âåêòîðíîãî
ïðî-ñòðàíñòâà X, íîðìèðîâàííîãî ïðîñòðàíñòâà Z è îïåðàòîðà T
òðåáóåòñÿ âîññòàíîâèòü çíà÷åíèÿ T íà íåêîòîðîì ìíîæåñòâå W ⊂
X ïî íåòî÷íîé èíôîðìàöèè î êàæäîì ýëåìåíòå x ∈ W , çàäàâàåìîé
ñ ïîìîùüþ íåêîòîðîãî èíôîðìàöèîííîãî îòîáðàæåíèÿ I(x),
âîîáùå ãîâîðÿ, ìíîãîçíà÷íîãî, èç W â âåêòîðíîå ïðîñòðàíñòâî
Y . Äàþòñÿ îïðåäåëåíèÿ ïîíÿòèé ïîãðåøíîñòè âîññòàíîâëåíèÿ
äëÿ äàííîãî ìåòîäà ϕ, ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ
è îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ. Îïèñûâàåòñÿ ìåòîä
ïîñòðîåíèÿ îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî îïåðàòîðà ïî
èíôîðìàöèè, çàäàííîé ñ ïîãðåøíîñòüþ, ðàçðàáîòàííûé â ðàáîòàõ
Ã.Ã.Ìàãàðèë-Èëüÿåâà è Ê.Þ.Îñèïåíêî. Ôîðìóëèðóþòñÿ ñëåäñòâèÿ
èç ýòèõ ðàáîò äëÿ çàäà÷ âîññòàíîâëåíèÿ íåêîòîðûõ ëèíåéíûõ
îïåðàòîðîâ.
Îïðåäåëÿåòñÿ òàêîå ïîíÿòèå, êàê îáîáùåííîå ðåøåíèå ãèïåðáî-

ëè÷åñêîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ.
Âî 2-é ãëàâå ñòðîèòñÿ ìåòîä îïòèìàëüíîãî âîññòàíîâëåíèÿ

ðåøåíèÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ äëÿ íà÷àëüíûõ äàííûõ,
çàäàâàåìûõ ôóíêöèÿìè èç L2.
Ðàññìàòðèâàåòñÿ îáùàÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ

íåêîòîðîãî ëèíåéíîãî îïåðàòîðà ìóëüòèïëèêàòîðíîãî òèïà Q :
X → l2, çàäàííîãî ðàâåíñòâîì

Qx = (η1x1, η2x2, . . .),
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ãäå x = (x1, x2, . . .) ∈ X, à

X =

{
x = (x1, x2, . . .) : ‖x‖X =

( ∞∑
j=1

νj|xj|2
)1/2

< ∞
}

,

νj > 0, xj ∈ R, j ∈ N. Ïóñòü µj = η2
j . Ïðåäïîëàãåòñÿ, ÷òî µj/νj → 0

ïðè j →∞. Òîãäà ïðè âñåõ x ∈ X Qx ∈ l2. Òðåáóåòñÿ âîññòàíîâèòü
îïåðàòîð Q ïî ïðèáëèæåííûì çíà÷åíèÿì ïåðâûõ N êîìïîíåíò
x1, . . . , xN .
Ïîëîæèì

W = {x ∈ X : ‖x‖X ≤ 1 }.
Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y =
(y1, . . . , yN) òàêîé, ÷òî

‖INx− y‖lN2
=

( N∑
j=1

|xj − yj|2
)1/2

≤ δ

(çäåñü INx = (x1, . . . , xN)). Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ
ðàññìàòðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ ϕ : lN2 → l2.
Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ
ðàâåíñòâîì

e(Q,W, IN , δ, ϕ) = sup
x∈W, y∈lN2
‖INx−y‖

lN2
≤δ

‖Qx− ϕ(y)‖l2 .

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E(Q,W, IN , δ) = inf
ϕ : lN2 →l2

e(Q,W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W
ïî èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN2 .
Ïðåäïîëîæèì, ÷òî ν1 < . . . < νN , νN+1 < νN+2 < . . . è

limj→+∞ µj/νj = 0. Îáîçíà÷èì ÷åðåç ej, j = 1, 2, . . ., � ñòàíäàðòíûé
áàçèñ â l2

(ej)k =

{
1, k = j,

0, k 6= j,
k = 1, 2, . . . .

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

A = max
1≤j≤N

µj

νj

, B = max
j>N

µj

νj

.

Ïóñòü 1 ≤ p ≤ N , q > N è p ≤ r ≤ N òàêîâû, ÷òî

µp

νp

= A,
µq

νq

= B, µr −Bνr = max
p≤j≤N

(µj −Bνj).
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Ïóñòü, êðîìå òîãî, sk+1 � íàèáîëüøåå èç ÷èñåë òàêèõ, ÷òî sk <
sk+1 ≤ r è

µsk+1
− µsk

νsk+1
− νsk

= max
sk<j≤r

µj − µsk

νj − νsk

, k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r.
Ïîëîæèì

Jk =

{
j ∈ N ∩ [1, N ] :

µj

νj

>
µsk+1

− µsk

νsk+1
− νsk

}
, k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

µj

νj

> B

}
.

Òåîðåìà 2. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(Q, W, IN , δ) =

√
µq

νq

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé. Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

νp

E(Q, W, IN , δ) =

√
µp

νp

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé;

(ii) ïðè
1

√
νsk+1

≤ δ <
1

√
νsk

, k = 0, 1, . . . ,m− 1,

E(Q,W, IN , δ) =

√
µsk

νsk+1
δ2 − 1

νsk+1
− νsk

+ µsk+1

1− δ2νsk

νsk+1
− νsk

,

à ìåòîä

ϕ̂(y) =
∑
j∈Jk

ηj

(
1 +

µsk+1
− µsk

µsk
νsk+1

− µsk+1
νsk

νj

)−1

yjej

� îïòèìàëüíûé;

(iii) ïðè δ <
1
√

νr

E(Q,W, IN , δ) =

√
µrδ2 + µq

1− δ2νr

νq

,

à ìåòîä

ϕ̂(y) =
∑
j∈Jm

ηj

(
1 +

µq

µrνq − µqνr

νj

)−1

yjej

� îïòèìàëüíûé.
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Ïîëó÷åííûé ðåçóëüòàò èñïîëüçóåòñÿ äëÿ ïîèñêà îïòèìàëüíîãî
ìåòîäà âîññòàíîâëåíèÿ ðåøåíèÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ.
Äàëåå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ

ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ ñ ïîãðåøíîñòüþ, çàäàííîé â
ðàâíîìåðíîé ìåòðèêå. Ïðåäïîëàãàåòñÿ, ÷òî äëÿ êàæäîãî x ∈ W
íàì èçâåñòåí âåêòîð y = (y1, . . . , yN) òàêîé, ÷òî

|xj − yj| ≤ δj, j = 1, ..., N.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-
íûå îòîáðàæåíèÿ ϕ : lN∞ → l2. Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ
äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ ðàâåíñòâîì

e(Q,W, IN , δ, ϕ) = sup
x∈W, y∈lN∞

|xj−yj |≤δj , j=1,...,N

‖Qx− ϕ(y)‖l2

(çäåñü δ = (δ1, ..., δN), INx = (x1, . . . , xN)).
Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷è-

íà

(1) E(Q, W, IN , δ) = inf
ϕ : lN∞→l2

e(Q, W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W
ïî èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN∞.
Ïóñòü νj ìîíîòîííî âîçðàñòàåò,

lim
j→+∞

νj = +∞, lim
j→+∞

µj/νj = 0.

Âûáèðàåòñÿ q > N òàêîå, ÷òî
µq

νq

= max
j>N

µj

νj

.

Åñëè ν1δ
2
1 < 1 è

µ1

ν1

>
µq

νq

,

ïîëîæèì

p0 = p0(δ) = max

{
p :

p∑
j=1

νjδ
2
j < 1,

µp

νp

>
µq

νq

, 1 ≤ p ≤ N

}
,

â ïðîòèâíîì ñëó÷àå ñ÷èòàåì, ÷òî p0 = 0.
Ïîëîæèì

q0 =


q,

µq

νq

≥ µp0+1

νp0+1

p0 + 1,
µq

νq

<
µp0+1

νp0+1

.

Òåîðåìà 3. Èìååò ìåñòî ðàâåíñòâî

(2) E(Q, W, IN , δ) =

√√√√µq0

νq0

+

p0∑
j=1

(
µj −

µq0

νq0

νj

)
δ2
j ,
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ïðè ýòîì ìåòîä

(3) ϕ̂(y) =

p0∑
j=1

ηj

(
1− µq0νj

νq0µj

)
yjej

ÿâëÿåòñÿ îïòèìàëüíûì.

Ïîëó÷åííûé ðåçóëüòàò ïðèìåíÿåòñÿ äëÿ ïîñòðîåíèÿ îïòèìàëü-
íîãî ìåòîäà âîññòàíîâëåíèÿ ðåøåíèÿ îäíîìåðíûõ âîëíîâûõ
óðàâíåíèé.
Ðåçóëüòàò òåîðåìû 2 èñïîëüçóåòñÿ äëÿ ðåøåíèÿ çàäà÷è

îïòèìàëüíîãî âîññòàíîâëåíèÿ k-é ïðîèçâîäíîé ôóíêöèè èç
ñëåäóþùèõ êëàññîâ:
1) Ñîáîëåâñêèé êëàññ W r

2 (T), ñîñòîÿùèé èç 2π-ïåðèîäè÷åñêèõ
ôóíêöèé, ó êîòîðûõ (r − 1)-ÿ ïðîèçâîäíàÿ àáñîëþòíî íåïðåðûâíà
è ‖x(r)(·)‖L2(T) ≤ 1.

2) Êëàññ Õàðäè-Ñîáîëåâà Hr,β
2 (T) � ìíîæåñòâî 2π-ïåðèîäè÷åñêèõ

ôóíêöèé x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ = {z ∈ C :
|=z| < β} è óäîâëåòâîðÿþùèõ óñëîâèþ

‖x(r)(·)‖Hβ
2 (T) ≤ 1,

ãäå Hβ
2 (T) � ïðîñòðàíñòâî Õàðäè 2π-ïåðèîäè÷åñêèõ ôóíêöèé x(·),

àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è óäîâëåòâîðÿþùèõ
óñëîâèþ

‖x(·)‖Hβ
2 (T) = sup

0<ρ<β

(
1

4π

∫
T
(|x(t + iρ)|2 + |x(t− iρ)|2)dt

)1/2

< ∞.

3) Êëàññ Áåðãìàíà-Ñîáîëåâà Ar,β
2 (T)� ìíîæåñòâî 2π - ïåðèîäè-

÷åñêèõ ôóíêöèé x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è
óäîâëåòâîðÿþùèõ óñëîâèþ

‖x(r)(·)‖Aβ
2 (T) ≤ 1.

Çäåñü Aβ
2 (T) � ïðîñòðàíñòâî Áåðãìàíà 2π-ïåðèîäè÷åñêèõ ôóíêöèé

x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è óäîâëåòâîðÿþùèõ
óñëîâèþ

‖x(·)‖Aβ
2 (T) =

 1

4πβ

∫
T
dt

β∫
−β

|x(t + iρ)|2dρ

1/2

< ∞.

Îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ ñòðîèòñÿ ïî èíôîðìàöèè
I2N+1
δ , çàêëþ÷àþùåéñÿ â òîì, ÷òî íàì èçâåñòíû ÷èñëà {yj}|j|≤N

òàêèå, ÷òî äëÿ êîýôôèöèåíòîâ Ôóðüå {xj}|j|≤N ôóíêöèè x(·)∑
|j|≤N

|xj − yj|2 ≤ δ2, δ > 0,
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èëè ïî èíôîðìàöèè Iδ, åñëè ìû ðàñïîëàãàåì ÷èñëàìè {yj}j∈Z
òàêèìè, ÷òî äëÿ êîýôôèöèåíòîâ Ôóðüå {xj}j∈Z ôóíêöèè x(·)∑

j∈Z

|xj − yj|2 ≤ δ2, δ > 0.

Îïåðàòîð äèôôåðåíöèðîâàíèÿ îáîçíà÷àåòñÿ ÷åðåç Dk. Â êà÷åñòâå
ìåòîäà âîññòàíîâëåíèÿ äîïóñêàåòñÿ ëþáîå îòîáðàæåíèå ϕ : l2 →
L2(T).
Îáîçíà÷èì µj = j2k,

νj(W ) =


j2r, W = W r

2 (T),

j2r ch 2jβ, W = Hr,β
2 (T),

j2r sh 2jβ
2jβ

, W = Ar,β
2 (T).

Íàéäåì ïðè ν
− 1

2
s+1(W ) ≤ δ < ν

− 1
2

s (W ), s ≥ 1, òàêîå N0, ÷òî

N0 = max{k :
µk

νk

≥ µs+1 − µs

νs+1 − νs

}.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 4. Ïðè ν
−1/2
s+1 (W ) ≤ δ < ν

−1/2
s (W ), s ≥ 1, ìåòîä

ϕ(y) =
∑

j∈[−N0,N0]

γj

(
1 + νj

µs+1 − µs

µsνs+1 − µs+1νs

)−1

yjeij

ÿâëÿåòñÿ îïòèìàëüíûì.

Òàêèì îáðàçîì, äëÿ îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ ìîæíî
èñïîëüçîâàòü òîëüêî çíà÷åíèÿ yj ∈ [−N0, N0], òî åñòü îãðàíè÷èòüñÿ
òîëüêî ÷àñòüþ èñõîäíîé èíôîðìàöèè.

Â 3-é ãëàâå ïîëó÷åíû îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ
ðåøåíèÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ íà åäèíè÷íîé ñôåðå â
d-ìåðíîì ïðîñòðàíñòâå:

Sd−1 = {x ∈ Rd : |x| = 1}.

Ðàññìîòðèì îáîáùåííîå âîëíîâîå óðàâíåíèå ñ íóëåâîé íà÷àëüíîé
ñêîðîñòüþ

(4)

utt + (−∆S)α/2u = 0,

u|t=0 = f,

ut|t=0 = 0,

ãäå f ∈ L2(Sd−1).
Çäåñü ∆SY � ñôåðè÷åñêèé ëàïëàñèàí èëè îïåðàòîð Ëàïëàñà-

Áåëüòðàìè.
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Ðåøåíèå ýòîé çàäà÷è èìååò âèä

(5) u(x′, t) =
∞∑

k=0

ak∑
j=1

ckj cos Λ
α/4
k tY

(k)
j (x′),

ãäå ñèñòåìà îäíîðîäíûõ ñôåðè÷åñêèõ ãàðìîíèê Y
(k)
j , k =

0, 1, . . . , j = 1, . . . , ak, ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì â
L2(Sd−1), Λk = k(k + d − 2) − ñîáñòâåííûå ÷èñëà îïåðàòîðà
Ëàïëàñà-Áåëüòðàìè íà ñôåðå, à

f(x′) =
∞∑

k=0

ak∑
j=1

ckjY
(k)
j (x′).

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ ïåðâûõ
N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) y1, . . . , yN , ïðè÷åì

k0−1∑
k=0

ak < N ≤
k0∑

k=0

ak, Ñ = N −
k0−1∑
k=0

ak.

Ïðè ýòîì

(6)
k0−1∑
k=0

ak∑
j=1

|ckj(f)− yj|2 +
Ñ∑

j=1

|ck0−1,j(f)− yj|2 ≤ δ2, δ > 0.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (4) â ìîìåíò âðåìåíè τ íà êëàññå

W β
2 (Sd−1) = {f ∈ L2(Sd−1) : ||(−∆S)β/2f ||L2(Sd−1) ≤ 1, f ⊥ 1 }

ïî èíôîðìàöèîííîìó îïåðàòîðó FN
δ , êîòîðûé êàæäîé ôóíêöèè

f(x) ∈ W β
2 (Sd−1) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y = (y1, . . . , yN),

óäîâëåòâîðÿþùèõ óñëîâèþ (88).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : lN → L2(Sd−1). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

= sup
f∈W β

2 (Sd−1), y∈lN2Pk0−1
k=1

Pak
j=1 |ckj(f)−yj |2+

PÑ
j=1 |ck0−1,j(f)−yj |2≤δ2

‖u(·, τ)− ϕ(y)‖L2(Sd−1).

Âåëè÷èíà

E(τ, α, W β
2 (Sd−1), FN

δ ) = inf
ϕ : lN2 →L2(Sd−1)

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
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Ïîëîæèì

A = max
1≤k≤k0

cos2 Λ
α/4
k τ

Λβ
k

=
cos2 Λ

α/4
p τ

Λβ
p

,

B = max
k≥k0

cos2 Λ
α/4
k τ

Λβ
k

=
cos2 Λ

α/4
q τ

Λβ
q

,

r îïðåäåëÿåòñÿ èç óñëîâèÿ

cos2 Λα/4
r τ −BΛβ

r = max
p≤k≤k0

(cos2 Λ
α/4
k τ −BΛβ

k),

ïîñëåäîâàòåëüíîñòü sl îïðåäåëÿåòñÿ ðàâåíñòâàìè

cos2 Λ
α/4
sl+1τ − cos2 Λ

α/4
sl τ

Λβ
sl+1 − Λβ

sl

= max
sl<k≤r

cos2 Λ
α/4
k τ − cos2 Λ

α/4
sl τ

Λβ
k − Λβ

sl

,

l = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r, à

Jl =

{
k ∈ N ∩ [1, k0] :

cos2 Λ
α/4
k τ

Λβ
k

>
cos2 Λ

α/4
sl+1τ − cos2 Λ

α/4
sl τ

Λβ
sl+1 − Λβ

sl

}
,

l = 0, . . . ,m− 1,

Jm =

{
k ∈ N ∩ [1, k0] :

cos2 Λ
α/4
k τ

Λβ
k

> B

}
.

Òîãäà èç òåîðåìû 2 âûòåêàåò

Òåîðåìà 5. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Sd−1), FN

δ ) = | cos Λα/4
q τ |/

√
Λβ

q ,

è ìåòîä ϕ̂(y) = 0 ÿâëÿåòñÿ îïòèìàëüíûì.

Åñëè B < A, òî

(i) ïðè δ ≥ 1√
Λβ

p

E(τ, α, W β
2 (Sd−1), FN

δ ) = | cos Λα/4
p τ |/

√
Λβ

p ,

è ìåòîä ϕ̂(y) = 0 ÿâëÿåòñÿ îïòèìàëüíûì;

(ii) ïðè
1√

Λβ
sl+1

≤ δ <
1√
Λβ

sl

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Sn−1), FN

δ )

=

√
cos2 Λ

α/4
sl t

Λβ
sl+1

δ2 − 1

Λβ
sl+1 − Λβ

sl

+ cos2 Λ
α/4
sl+1t

1− δ2Λβ
sl

Λβ
sl+1 − Λβ

sl

,



13

ϕ̂(y) =

∑
k∈Jl

ak∑
j=1

cos Λ
α
4
j t

(
1 +

cos2 Λ
α
4
sl+1t− cos2 Λ

α
4
sl t

Λβ
sl+1 cos2 Λ

α
4
sl t− Λβ

sl cos2 Λ
α
4
sl+1t

Λβ
j

)−1

yjY
(k)
j (x′)

� îïòèìàëüíûé ìåòîä;

(iii) ïðè δ <
1√
Λβ

r

E(τ, α, W β
2 (Sd−1), FN

δ ) =

√
cos2 Λ

α/4
r t δ2 + cos2 Λ

α/4
q t

1− δ2Λβ
r

Λβ
q

,

ϕ̂(y) =

∑
k∈Jm

ak∑
j=1

cos Λ
α/4
j t

(
1 +

cos2 Λ
α/4
q t

Λβ
q cos2 Λ

α/4
r t− Λβ

r cos2 Λ
α/4
q t

Λβ
j

)−1

yjY
(k)
j (x′)

� îïòèìàëüíûé ìåòîä.

Àíàëîãè÷íûì îáðàçîì íàéäåíû îïòèìàëüíûå ìåòîäû âîññòàíîâ-
ëåíèÿ äëÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ ñ íóëåâûì íà÷àëüíûì
çíà÷åíèåì u è íåíóëåâîé íà÷àëüíîé ñêîðîñòüþ

(7)

utt + (−∆S)α/2u = 0,

u|t=0 = 0,

ut|t=0 = f ;

è äëÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ ñ ïîãðåøíîñòüþ, çàäàííîé
â ðàâíîìåðíîé ìåòðèêå.
Ïîëó÷åí îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ ðåøåíèÿ îáîáùåí-

íîãî âîëíîâîãî óðàâíåíèÿ â d-ìåðíîì øàðå Bd.
Ïóñòü f ∈ L2(Bd). Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t),

óäîâëåòâîðÿþùóþ óðàâíåíèþ

(8) utt + (−∆)α/2u = 0

ñ íà÷àëüíûìè óñëîâèÿìè

(9)
u|t=0 = f,

ut|t=0 = 0

è ãðàíè÷íûì óñëîâèåì

u|Sd−1 = 0.

Òî÷íîå ðåøåíèå ýòîé çàäà÷è èìååò âèä

(10) u(x) =
∞∑

k=0

∞∑
s=1

ak∑
j=1

cksj cos
(
(µ(p)

s )α/2t
)
Yksj(x),

ãäå cksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f.
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Ïîñòàâèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ óðàâíå-
íèÿ (8) â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó íàáîðó êîýô-

ôèöèåíòîâ Ôóðüå ôóíêöèè f íà ñîáîëåâñêîì êëàññå W β
2 (Bd),

îïðåäåëÿåìîì êàê ìíîæåñòâî ôóíêöèé f ∈ L2(Bd), äëÿ êîòîðûõ

||(−∆S)β/2f ||L2(Bd) ≤ 1.

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ N
êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) yksj ∈ YN òàêèå, ÷òî s ≤
s0, k ≤ k0. Ïðè ýòîì äëÿ íåêîòîðûõ ôèêñèðîâàííûõ s è k ìîãóò
áûòü èçâåñòíû âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ôóðüå
äëÿ j = 1, . . . , ak, à äëÿ äðóãèõ s è k èçâåñòíà òîëüêî ÷àñòü
ïðèáëèæåííûõ çíà÷åíèé êîýôôèöèåíòîâ.
Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 6. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑk1s1

νk1s1

è ϕ̂(y) = 0.
Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

νh

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑh

νh

,

è ϕ̂(y) = 0,

(ii) ïðè
1

√
νml+1

≤ δ <
1

√
νml

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Bd), FN

δ )

=

√
ϑml

νml+1
δ2 − 1

νml+1
− νml

+ ϑml+1

1− δ2νml

νml+1
− νml

,

ϕ̂(y) =∑
k,s∈Ml

ak∑
j=1

cos((µ(p)
s )α/4τ)

(
1 +

ϑml+1
− ϑml

ϑml
νml+1

− ϑml+1
νml

νk

)−1

yksjYksj(x),

(iii) ïðè δ <
1
√

νr

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑrδ2 + ϑq

1− δ2νr

νq

,
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ϕ̂(y) =∑
k,s∈Mq

ak∑
j=1

cos((µ(p)
s )α/4τ)

(
1 +

ϑq

ϑrνq − ϑqνr

νk

)−1

yksjYksj(x).

Äîêëàäû è ïóáëèêàöèè

Îñíîâíûå ðåçóëüòàòû ðàáîòû áûëè ïðåäñòàâëåíû íà Ìåæäóíà-

ðîäíîé øêîëå-ñåìèíàðå ïî ãåîìåòðèè è àíàëèçó ïàìÿòè Í. Â.

Åôèìîâà, Àáðàó-Äþðñî, 2006 ã.; Ìåæäóíàðîäíîé êîíôåðåíöèè

EPCoRA2007, Ìîñêâà, 2007 ã.; 3-é Ìåæäóíàðîäíîé êîíôåðåíöèè

"Ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Äèôôåðåíöèàëüíûå îïåðàòîðû.

Îáùàÿ òîïîëîãèÿ. Ïðîáëåìû ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ”,

Ìîñêâà, 2008 ã.; íàó÷íîì ñåìèíàðå êàôåäðû "Âûñøàÿ ìàòåìàòèêà"

ÌÀÒÈ-ÐÃÒÓ èì. Ê.Ý.Öèîëêîâñêîãî; íàó÷íîì ñåìèíàðå êàôåäðû

"Îáùèå ïðîáëåìû óïðàâëåíèÿ" ìåõàíèêî-ìàòåìàòè÷åñêîãî ôà-

êóëüòåòà ÌÃÓ; íàó÷íîì ñåìèíàðå êàôåäðû íåëèíåéíîãî àíàëèçà

è îïòèìèçàöèè ÐÓÄÍ è îòðàæåíû â ïÿòè ïóáëèêàöèÿõ ([15]-[19]).

Ãëàâà 1. Îáùàÿ ïîñòàíîâêà çàäà÷è

âîññòàíîâëåíèÿ è èñïîëüçóåìûå ðåçóëüòàòû

1.1. Îáùàÿ ïîñòàíîâêà çàäà÷è âîññòàíîâëåíèÿ

Îáùàÿ çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî îïåðà-
òîðà òàêîâà: äëÿ âåêòîðíîãî ïðîñòðàíñòâà X, íîðìèðîâàííîãî
ïðîñòðàíñòâà Z è îïåðàòîðà T òðåáóåòñÿ âîññòàíîâèòü çíà÷åíèÿ
T íà íåêîòîðîì ìíîæåñòâå W ⊂ X ïî íåòî÷íîé èíôîðìàöèè
î êàæäîì ýëåìåíòå x ∈ W , çàäàâàåìîé ñ ïîìîùüþ íåêîòîðîãî
èíôîðìàöèîííîãî îòîáðàæåíèÿ I(x), âîîáùå ãîâîðÿ, ìíîãîçíà÷-
íîãî, èç W â âåêòîðíîå ïðîñòðàíñòâî Y .
Ìåòîäàìè âîññòàíîâëåíèÿ ìîãóò áûòü ëþáûå îòîáðàæåíèÿ ϕ :

Y → Z. Ïîãðåøíîñòüþ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T,W, I, ϕ) = sup
x∈W

y∈I(x)

‖Tx− ϕ(y)‖Z .

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè-
÷èíà

E(T,W, I) = inf
ϕ:Y→Z

e(T,W, I, ϕ).

Ìåòîä, íà êîòîðîì äîñòèãàåòñÿ ïîãðåøíîñòü îïòèìàëüíîãî âîññòà-
íîâëåíèÿ, íàçûâàåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ

îïåðàòîðà T íà êëàññå W ïî èíôîðìàöèè I.
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Â ÷àñòíîñòè, ìîæíî ðàññìîòðåòü ñëåäóþùóþ çàäà÷ó âîññòàíîâ-
ëåíèÿ: çàäàíî ëèíåéíîå ïðîñòðàíñòâî X è åâêëèäîâû ïðîñòðàíñòâà
Y1, ..., Yp. Â ïðîñòðàíñòâàõ Y1, ..., Yp çàäàíû ïîëóñêàëÿðíûå ïðîèçâå-
äåíèÿ (x, y)Yj

è ñîîòâåòñòâóþùèå ïîëóíîðìû

‖x‖Yj
=
√

(x, x).

Îïðåäåëèì ìíîæåñòâî W :

W = {x ∈ X : ‖Ijx‖Yj
≤ δj, j = 1, ..., l, 0 ≤ l ≤ p}.

Ëèíåéíûå îïåðàòîðû Ij, j = l + 1, ..., p, çàäàþò îòîáðàæåíèÿ X â
ïðîñòðàíñòâà Y1, ..., Yp : Ij : X → Yj.
Ñòàâèòñÿ çàäà÷à âîññòàíîâëåíèÿ ëèíåéíîãî îïåðàòîðà T ïî

çíà÷åíèÿì îïåðàòîðîâ Il+1, ..., Ip, çàäàííûì ñ ïîãðåøíîñòüþ, à
èìåííî: äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y = (yl+1, ..., yp) ∈
Yl+1 × ...× Yp òàêîé, ÷òî

‖Ijx− yj‖Yj
≤ δj, j = l + 1, ..., p.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ îïåðàòîðà T ðàññìàòðèâàþòñÿ
ïðîèçâîëüíûå îïåðàòîðû ϕ : Yl+1 × ... × Yp → Z. Ïîãðåøíîñòü
âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ êàê

e(T, W, I, δ, ϕ) = sup
x∈W, y=(yl+1,...,yp)∈Yl+1×...×Yp

‖Ijx−yj‖Yj
≤δj , j=l+1,...,p

‖Tx− ϕ(y)‖Z ,

ãäå I = (Il+1, ..., Ip), δ = (δl+1, ..., δp). Ïîãðåøíîñòü îïòèìàëüíîãî
âîññòàíîâëåíèÿ

E(T, W, I, δ) = inf
ϕ:Yl+1×...×Yp→Z

e(T, W, I, δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì.
Ñ ýòîé çàäà÷åé âîññòàíîâëåíèÿ òåñíî ñâÿçàíà ýêñòðåìàëüíàÿ

çàäà÷à

(11) ‖Tx‖2
Z → max, ‖Ijx‖2

Yj
≤ δ2

j , j = 1, ..., p.

Ôóíêöèÿ Ëàãðàíæà L(x, λ) äëÿ ýòîé çàäà÷è èìååò âèä

L(x, λ) = −‖Tx‖2
Z +

p∑
j=1

λj‖Ijx||2Yj
,

ãäå λ = (λ1, ..., λp), λj ≥ 0, j = 1, ..., p.
Â ðàáîòàõ [7], [8] áûë ðàçðàáîòàí ìåòîä ïîñòðîåíèÿ îïòèìàëüíîãî

âîññòàíîâëåíèÿ ëèíåéíîãî îïåðàòîðà ïî èíôîðìàöèè, çàäàííîé
ñ ïîãðåøíîñòüþ. Èç ýòèõ ðàáîò âûòåêàåò ñëåäóþùèé ðåçóëüòàò
(êîòîðûé äëÿ ïîëíîòû èçëîæåíèÿ ïðèâåäåì ñ äîêàçàòåëüñòâîì):
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Òåîðåìà 7. Ïóñòü ñóùåñòâóþò òàêèå λ̂j ≥ 0, j = 1, ..., p, ÷òî

äëÿ λ̂ = (λ̂1, ..., λ̂p)

(a) L(x, λ̂) ≥ 0 ∀x ∈ X.

Ïóñòü, êðîìå òîãî, ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü {xn}
äîïóñòèìûõ ýëåìåíòîâ â (11), ÷òî âûïîëíåíû óñëîâèÿ:

(b) lim
n→∞

L(xn, λ̂) = 0,

(c) lim
n→∞

( p∑
j=1

λ̂j‖Ijxn‖2
Yj
− δ2

j

)
= 0.

Åñëè ïðè ýòîì äëÿ âñåõ y = (yl+1, ..., yp) ∈ Yl+1×...×Yp ñóùåñòâóåò

xy � ðåøåíèå ýêñòðåìàëüíîé çàäà÷è

(12)
l∑

j=1

λ̂j‖Ijx‖2
Yj

+

p∑
j=l+1

λ̂j‖Ijx− yj‖2
Yj
→ min, x ∈ X,

òî

(13) ϕ̂(y) = Txy

� îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ è

(14) E(T,W, I, δ) =

√√√√ p∑
j=1

λ̂jδ2
j .

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî çíà÷åíèÿ çàäà÷è (11) è çàäà÷è

(15) ‖Tx‖2
Z → max,

p∑
j=1

λ̂j‖Ijx‖2
Yj
≤ S,

ãäå

S =

p∑
j=1

λ̂jδ
2
j ,

ñîâïàäàþò è ðàâíû S. Äåéñòâèòåëüíî, äëÿ ëþáîãî äîïóñòèìîãî â
(11) èëè â (15) ýëåìåíòà x ∈ X èìååì ñ ó÷åòîì (a)

−‖Tx‖2
Z ≥ −‖Tx‖2

Z +

p∑
j=1

λ̂j

(
‖Ijx‖2

Yj
− δ2

j

)
≥ −S.

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ïîñëåäîâàòåëüíî (b) è (c), ïîëó÷àåì,
÷òî

− lim
n→∞

‖Txn‖2 = lim
n→∞

(
−‖Txn‖2

Z +

p∑
j=1

λ̂j(‖Ijxn‖2
Yj
− δ2

j )

)
= −S,

ò.å. S � çíà÷åíèå çàäà÷ (11) è (15).
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Îöåíêà ñíèçó. Äëÿ ëþáîãî ìåòîäà ϕ ïðè âñåõ x ∈ W òàêèõ, ÷òî
‖Ijx‖Yj

≤ δj, j = l + 1, . . . p, èìååì

2‖Tx‖Z ≤ ‖Tx− ϕ(0)‖Z + ‖T (−x)− ϕ(0)‖Z ≤ 2e(T,W, I, δ, ϕ).

Ñëåäîâàòåëüíî, äëÿ ëþáîãî ìåòîäà ϕ

e(T, W, I, δ, ϕ) ≥ sup
x∈W

‖Ijx‖Yj
≤δj , j=l+1,...p

‖Tx‖Z =
√

S.

Òàêèì îáðàçîì,

(16) E(T,W, I, δ) ≥
√

S.

Îöåíêà ñâåðõó. Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî E = Y1×. . .×Yp

ñ ïîëóñêàëÿðíûì ïðîèçâåäåíèåì

(y1, y2)E =

p∑
j=1

λ̂j(y
1
j , y

2
j )Yj

.

Òîãäà ýêñòðåìàëüíàÿ çàäà÷à (12) ìîæåò áûòü ïåðåïèñàíà â âèäå

‖Ĩx− ŷ‖2
E → min, x ∈ X,

ãäå Ĩ = (I1, . . . , Ip), à ŷ = (0, . . . , 0, yl+1, . . . , yp). Åñëè xy � ðåøåíèå
ýòîé çàäà÷è, òî íåòðóäíî ïîêàçàòü, ÷òî äëÿ âñåõ x ∈ X âûïîëíÿåòñÿ
ðàâåíñòâî

(Ĩxy − ŷ, Ĩx)E = 0.

Îòñþäà ñëåäóåò, ÷òî

(17) ‖Ĩx− ŷ‖2
E = ‖Ĩx− Ĩxy‖2

E + ‖Ĩxy − ŷ‖2
E.

Åñëè x ∈ W , à ŷ òàêîâ, ÷òî ‖Ijx− yj‖Yj
≤ δj, j = l + 1, . . . , p, òî èç

(17) âûòåêàåò, ÷òî

‖Ĩx− Ĩxy‖2
E ≤ ‖Ĩx− ŷ‖2

E =
l∑

j=1

λ̂j‖Ijx‖2
Yj

+

p∑
j=l+1

λ̂j‖Ijx− yj‖2
Yj
≤ S.

Ïîëàãàÿ z = x− xy, ïðèõîäèì ê íåðàâåíñòâó
p∑

j=1

λ̂j‖Ijz‖2
Yj
≤ S.

Òåì ñàìûì äëÿ ìåòîäà (13) èìååì

‖Tx− ϕ̂(y)‖Z = ‖Tz‖Z ≤ sup{‖Tx‖Z :

p∑
j=1

λ̂j‖Ijx‖2
Yj
≤ S} =

√
S.

Ó÷èòûâàÿ (16), ïîëó÷àåì ðàâåíñòâî (14) è îïòèìàëüíîñòü ìåòîäà
(13). �

Â ñëó÷àå, åñëè ñóùåñòâóåò äîïóñòèìûé â (11) ýëåìåíò x̂, íà
êîòîðîì äîñòèãàåòñÿ ìèíèìóì ôóíêöèè Ëàãðàíæà, èç òåîðåìû 7
âûòåêàåò
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Ñëåäñòâèå 1. Ïóñòü λ̂j ≥ 0, j = 1, ..., p, è äîïóñòèìûé â (11)
ýëåìåíò x̂ òàêèå, ÷òî âûïîëíåíû óñëîâèÿ:

(a) L(x, λ̂) ≥ 0 ∀x ∈ X,

(b) L(x̂, λ̂) = 0,

(c)

p∑
j=1

λ̂j

(
‖Ijλ̂‖2

Yj
− δ2

j

)
= 0.

Òîãäà çíà÷åíèå ýêñòðåìàëüíîé çàäà÷è (11) ðàâíî

p∑
j=1

λ̂jδ
2
j .

Åñëè ïðè ýòîì äëÿ âñåõ y = (yl+1, ..., yp) ∈ Yl+1×...×Yp ñóùåñòâóåò

xy � ðåøåíèå ýêñòðåìàëüíîé çàäà÷è (12), òî îïòèìàëüíûé ìåòîä
âîññòàíîâëåíèÿ è ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ

çàäàþòñÿ ñîîòâåòñòâåííî ôîðìóëàìè (13) è (14).

Ñôîðìóëèðóåì ñëåäñòâèÿ èç òåîðåìû 7 äëÿ çàäà÷ âîññòàíîâ-
ëåíèÿ íåêîòîðûõ ëèíåéíûõ îïåðàòîðîâ.
1. Ïóñòü îïåðàòîð Q : X → l2 çàäàí ðàâåíñòâîì

Qx = (η1x1, η2x2, . . .),

ãäå x = (x1, x2, . . .) ∈ X, à

X =

{
x = (x1, x2, . . .) : ‖x‖X =

( ∞∑
j=1

νj|xj|2
)1/2

< ∞
}

,

νj > 0, xj ∈ R, j ∈ N. Ïîëîæèì µj = η2
j è áóäåì ïðåäïîëàãàòü,

÷òî µj/νj → 0 ïðè j → ∞. Òîãäà ïðè âñåõ x ∈ X Qx ∈ l2. Íàñ
èíòåðåñóåò çàäà÷à âîññòàíîâëåíèÿ îïåðàòîðà Q ïî ïðèáëèæåííûì
çíà÷åíèÿì ïåðâûõ N êîìïîíåíò x1, . . . , xN .
Ïîëîæèì

W = {x ∈ X : ‖x‖X ≤ 1 }.
Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y =
(y1, . . . , yN) òàêîé, ÷òî

‖INx− y‖lN2
=

( N∑
j=1

|xj − yj|2
)1/2

≤ δ

(çäåñü INx = (x1, . . . , xN)). Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ
ðàññìàòðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ ϕ : lN2 → l2.
Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ
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ðàâåíñòâîì

e(Q,W, IN , δ, ϕ) = sup
x∈W, y∈lN2
‖INx−y‖

lN2
≤δ

‖Qx− ϕ(y)‖l2 .

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E(Q,W, IN , δ) = inf
ϕ : lN2 →l2

e(Q,W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W
ïî èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN2 .
Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∞∑
j=1

µj|xj|2 → max,

N∑
j=1

|xj|2 ≤ δ2,

∞∑
j=1

νj|xj|2 ≤ 1.

Ïîëîæèì uj = |xj|2, j ∈ N, è ïåðåïèøåì ýòó çàäà÷ó òàê:

(18)
∞∑

j=1

µjuj → max,
N∑

j=1

uj ≤ δ2,
∞∑

j=1

νjuj ≤ 1, uj ≥ 0.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(u, λ1, λ2) =
N∑

j=1

(−µj + λ1 + λ2νj)uj +
∞∑

j=N+1

(−µj + λ2νj)uj,

ãäå u = {uj}j∈N, à λ1, λ2 � ìíîæèòåëè Ëàãðàíæà. Òîãäà èç
ñëåäñòâèÿ 1 âûòåêàåò

Ñëåäñòâèå 2. Åñëè íàéäóòñÿ òàêèå λ̂1, λ̂2 ≥ 0, ÷òî äëÿ

äîïóñòèìîé â çàäà÷å (18) ïîñëåäîâàòåëüíîñòè û = {ûj}j∈N
âûïîëíåíû óñëîâèÿ

(a) min
uj≥0

L(u, λ̂1, λ̂2) = L(û, λ̂1, λ̂2),

(b) λ̂1

( N∑
j=1

ûj − δ2

)
= 0, λ̂2

( ∞∑
j=1

νjûj − 1

)
= 0,

òî û � ðåøåíèå çàäà÷è (18), à åå çíà÷åíèå ðàâíî λ̂1δ
2 + λ̂2. Åñëè

ïðè ýòîì äëÿ âñåõ y ∈ lN2 ñóùåñòâóåò ðåøåíèå xy ýêñòðåìàëüíîé

çàäà÷è

(19) λ̂1‖INx− y‖2
lN2

+ λ̂2‖x‖2
X → min, x ∈ X,

òî

(20) E(Q,W, IN , δ) =

√
λ̂1δ2 + λ̂2,

à ìåòîä

ϕ̂(y) = Qxy



21

ÿâëÿåòñÿ îïòèìàëüíûì.

2. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðà
Q : X → l∞, çàäàííîãî ðàâåíñòâîì

Qx = (η1x1, η2x2, . . .),

ãäå x = (x1, x2, . . .) ∈ X, à

X =

{
x = (x1, x2, . . .) : ‖x‖X =

∞∑
j=1

νj|xj| < ∞
}

,

νj > 0, xj ∈ R, j ∈ N. Ïîëîæèì µj = η2
j è áóäåì ïðåäïîëàãàòü,

÷òî µj/νj → 0 ïðè j → ∞. Òîãäà ïðè âñåõ x ∈ X Qx ∈ l2. Íàñ
èíòåðåñóåò çàäà÷à âîññòàíîâëåíèÿ îïåðàòîðà Q ïî ïðèáëèæåííûì
çíà÷åíèÿì ïåðâûõ N êîìïîíåíò x1, . . . , xN .
Ïîëîæèì

W = {x ∈ X : ‖x‖X ≤ 1 }.
Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y =
(y1, . . . , yN) òàêîé, ÷òî

|xj − yj| ≤ δj, j = 1, ..., N.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-
íûå îòîáðàæåíèÿ ϕ : lN∞ → l2. Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ
äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ ðàâåíñòâîì

e(Q, W, IN , δ, ϕ) = sup
x∈W, y∈lN∞

|xj−yj |≤δj , j=1,...,N

‖Qx− ϕ(y)‖l2

(çäåñü δ = (δ1, ..., δN), INx = (x1, . . . , xN)).
Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè-

÷èíà

(21) E(Q, W, IN , δ) = inf
ϕ : lN∞→l2

e(Q,W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W ïî
èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN∞. Ðàññìîòðèì
ýêñòðåìàëüíóþ çàäà÷ó

∞∑
j=1

µj|xj|2 → max, |xj|2 ≤ δ2
j , j = 1, ..., N,

∞∑
j=1

νj|xj|2 ≤ 1.

Ïîëîæèì uj = |xj|2, j ∈ N, è ïåðåïèøåì ýòó çàäà÷ó òàê:
(22)

∞∑
j=1

µjuj → max, uj ≤ δ2
j , j = 1, ..., N,

∞∑
j=1

νjuj ≤ 1, uj ≥ 0.
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Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(u, λ, λ1, ..., λN) =
N∑

j=1

(−µj + λj + λνj)uj +
∞∑

j=N+1

(−µj + λνj)uj,

ãäå u = {uj}j∈N. Òîãäà èç ñëåäñòâèÿ 1 âûòåêàåò

Ñëåäñòâèå 3. Åñëè íàéäóòñÿ òàêèå λ̂, λ̂1, ..., λ̂N ≥ 0, ÷òî äëÿ

äîïóñòèìîé â çàäà÷å (22) ïîñëåäîâàòåëüíîñòè û = {ûj}j∈N
âûïîëíåíû óñëîâèÿ

(a) min
uj≥0

L(u, λ̂, λ̂1, ..., λ̂N) = L(û, λ̂, λ̂1, ..., λ̂N),

(b)
N∑

j=1

λ̂j

(
ûj − δ2

j

)
= 0, λ̂

( ∞∑
j=1

νjûj − 1

)
= 0,

òî û � ðåøåíèå çàäà÷è (22), à åå çíà÷åíèå ðàâíî

N∑
j=1

λ̂jδ
2
j + λ̂.

Åñëè ïðè ýòîì äëÿ âñåõ y ∈ lN∞ ñóùåñòâóåò ðåøåíèå xy

ýêñòðåìàëüíîé çàäà÷è

(23)
N∑

j=1

λ̂j|xj − yj|2 + λ̂‖x‖2
X → min, x ∈ X,

òî

(24) E(Q,W, IN , δ) =

√√√√ N∑
j=1

λ̂jδ2
j + λ̂,

à ìåòîä

ϕ̂(y) = Qxy

ÿâëÿåòñÿ îïòèìàëüíûì.

1.2. Îáîáùåííîå ðåøåíèå âîëíîâîãî óðàâíåíèÿ äëÿ

íà÷àëüíûõ äàííûõ, çàäàâàåìûõ ôóíêöèÿìè èç L2

Äëÿ ðåøåíèÿ çàäà÷, ñâÿçàííûõ ñ ïîèñêîì îïòèìàëüíîãî
ìåòîäà âîññòàíîâëåíèÿ ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ, òðåáóåòñÿ
îïðåäåëèòü ïîíÿòèå îáîáùåííîãî ðåøåíèÿ òàêîãî óðàâíåíèÿ.
Ââåäåì âíà÷àëå ïîíÿòèå îáîáùåííîãî ðåøåíèÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (ñì., íàïðèìåð, [10]).
Ïóñòü D � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü n-ìåðíîãî ïðîñòðàí-

ñòâà Rn. Ðàññìîòðèì â (n + 1)-ìåðíîì ïðîñòðàíñòâå Rn+1 = Rn ×
t{−∞ < t < +∞} îãðàíè÷åííûé öèëèíäð QT = {x ∈ D, 0 < t < T}
ñ áîêîâîé ïîâåðõíîñòüþ ΓT = {x ∈ ∂D, 0 < t < T}. Îáîçíà÷èì
Dτ = {x ∈ D, t = τ} ñå÷åíèå ýòîãî öèëèíäðà ïëîñêîñòüþ t =
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τ, 0 ≤ τ ≤ T . Â ÷àñòíîñòè, D0 � íèæíåå îñíîâàíèå öèëèíäðà, DT

� åãî âåðõíåå îñíîâàíèå.
Â öèëèíäðå QT ðàññìàòðèâàåòñÿ ãèïåðáîëè÷åñêîå óðàâíåíèå

(25) utt − div(k(x)∇u) + a(x)u = g(x, t),

ãäå k(x) ∈ C1(D̄), a(x) ∈ C(D̄), k(x) ≥ k0 = const > 0, g(x, t) ∈
L2(QT ).
Ôóíêöèÿ u(x, t) ∈ C2(QT ) ∩C1(QT ∪ ΓT ∪D0), óäîâëåòâîðÿþùàÿ

â QT óðàâíåíèþ (25), íà D0 íà÷àëüíûì óñëîâèÿì

(26) u|t=0 = f,

(27) ut|t=0 = ϕ,

è íà ΓT ãðàíè÷íîìó óñëîâèþ

(28) u|ΓT
= 0,

íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì ïåðâîé ñìåøàííîé çàäà÷è äëÿ
óðàâíåíèÿ (25).
Èçâåñòíî [10], ÷òî åñëè u(x, t) ÿâëÿåòñÿ ðåøåíèåì ïåðâîé

ñìåøàííîé çàäà÷è, òî äëÿ ëþáîé ôóíêöèè v(x, t) ∈ H1(QT−δ), 0 <
δ < T , ãäå H1(Q) � ìíîæåñòâî ôóíêöèé èç L2(Q), èìåþùèõ
îáîáùåííûå ïðîèçâîäíûå 1-ãî ïîðÿäêà, ïðèíàäëåæàùèå L2(Q),
óäîâëåòâîðÿþùåé óñëîâèÿì

v|DT−δ
= 0, v|ΓT−δ

= 0,

ôóíêöèÿ u(x, t) óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

(29)

∫
QT−δ

(
k∇u∇v + auv − utvt

)
dxdt =

∫
D0

ϕvdx +

∫
QT−δ

gvdxdt.

Ñ ïîìîùüþ ýòîãî òîæäåñòâà ââîäèòñÿ ïîíÿòèå îáîáùåííîãî
ðåøåíèÿ ïåðâîé ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ (25). Ïóñòü
g(x, t) ∈ L2(QT ), f(x), ϕ(x) ∈ L2(D). Òîãäà ôóíêöèÿ u(x, t) ∈
H1(QT ) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì â QT ïåðâîé ñìåøàííîé
çàäà÷è (25) � (28), åñëè îíà óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ
(26), ãðàíè÷íîìó óñëîâèþ (28) è òîæäåñòâó

(30)

∫
QT

(
k∇u∇v + auv − utvt

)
dxdt =

∫
D0

ϕvdx +

∫
QT

gvdxdt

ïðè âñåõ v(x, t) ∈ H1(QT ), äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ

v|DT
= 0, v|ΓT

= 0.
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Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ äîêàçûâàåòñÿ ñ ïîìîùüþ
ìåòîäà Ôóðüå. Ïóñòü v1(x), v2(x), . . . � îðòîíîðìèðîâàííàÿ â L2(D)
ñèñòåìà îáîáùåííûõ ñîáñòâåííûõ ôóíêöèé ïåðâîé êðàåâîé çàäà÷è

(31) div(k∇v)− av = λv, x ∈ D, v|D = 0,

à λ1, λ2, . . . � ïîñëåäîâàòåëüíîñòü ñîîòâåòñòâóþùèõ ñîáñòâåííûõ
çíà÷åíèé. Òîãäà v1(x), v2(x), . . . � îðòîíîðìèðîâàííûé áàçèñ â
L2(D), λk → −∞ ïðè k → ∞, è 0 > λ1 ≥ λ2 ≥ . . .. Ðàçëîæèì
f(x), ϕ(x) è g(x, t) â ðÿäû Ôóðüå ïî ñèñòåìå v1(x), v2(x), . . . :

f(x) =
∞∑

k=1

fkvk(x), fk = (f, vk)L2(D),
∞∑

k=1

f 2
k = ‖f‖2

L2(D);

ϕ(x) =
∞∑

k=1

ϕkvk(x), ϕk = (ϕ, vk)L2(D),
∞∑

k=1

ϕ2
k = ‖ϕ‖2

L2(D);

g(x, t) =
∞∑

k=1

gk(t)vk(x),

gk(t) =

∫
D

g(x, t)vk(x)dx,
∞∑

k=1

g2
k(t) =

∫
D

g2(x, t)dx.

Òîãäà îáîáùåííîå ðåøåíèå ïåðâîé ñìåøàííîé çàäà÷è (25) � (28)
èìååò âèä:

(32) u(x, t) =
∞∑

k=1

Uk(t)vk(x),

ãäå

Uk(t) = fk cos
√
−λkt +

ϕk√
−λk

sin
√
−λkt

+
1√
−λk

t∫
0

gk(τ) sin
√
−λk(t− τ)dτ .

Äëÿ ðåøåíèÿ çàäà÷, ñâÿçàííûõ ñ îïòèìàëüíûì âîññòàíîâëåíèåì
ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ, ïðèìåì D = [0, π], QT = {x ∈
(0, π), 0 < t < T}, ΓT = {x = 0, 0 < t < T ; x = π, 0 < t < T}.
Ðàññìîòðèì îäíîðîäíîå âîëíîâîå óðàâíåíèå

(33) utt = uxx

ñ íà÷àëüíûìè óñëîâèÿìè (26) è (27), ãäå ôóíêöèè f(x) è ϕ(x)
ïðèíàäëåæàò L2([0, π]), è ãðàíè÷íûì óñëîâèåì

(34) u(x, 0) = u(π, 0) = 0.

Ôóíêöèÿ u(x, t) ∈ C2(0 < x < π, 0 < t < T )
⋃

C1(0 ≤ x ≤
π, 0 ≤ t < T ) áóäåò íàçûâàòüñÿ êëàññè÷åñêèì ðåøåíèåì ïåðâîé
ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ (33), åñëè îíà óäîâëåòâîðÿåò
ýòîìó óðàâíåíèþ è óñëîâèÿì (26), (27) è (34).
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Ïóñòü f(x), ϕ(x) ∈ L2([0, π]). Òîãäà ôóíêöèÿ u(x, t) ∈ H1(0 < x <
π, 0 < t < T ) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì â {x ∈ (0, π), 0 <
t < T} ïåðâîé ñìåøàííîé çàäà÷è (33),(26), (27), (34), åñëè îíà
óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (26), ãðàíè÷íîìó óñëîâèþ (34)
è òîæäåñòâó

(35)

π∫
0

dx

T∫
0

(
utvt − uxvx

)
dt =

π∫
0

ϕvdx

ïðè âñåõ v(x, t) ∈ H1(0 < x < π, 0 < t < T ), äëÿ êîòîðûõ
âûïîëíåíû óñëîâèÿ

v(0, t) = 0, v(π, t) = 0, v(x, T ) = 0.

Îðòîíîðìèðîâàííûì áàçèñîì â L2([0, π]) ÿâëÿåòñÿ ñèñòåìà
ñîáñòâåííûõ ôóíêöèé ïåðâîé êðàåâîé çàäà÷è

d2v

dx2
= λv, 0 < x < π, v(0) = 0, v(π) = 0,

à èìåííî vk(x) = sin kx. Ñîîòâåòñòâóþùèå èì ñîáñòâåííûå
çíà÷åíèÿ λk = −k2. Ðàçëîæèì f(x) è ϕ(x) â ðÿäû Ôóðüå ïî ñèñòåìå
sin x, sin 2x, . . . :

f(x) =
∞∑

k=1

fk sin kx, fk = (f, sin kx)L2([0,π]),
∞∑

k=1

f 2
k = ‖f‖2

L2([0,π]);

ϕ(x) =
∞∑

k=1

ϕk sin kx, ϕk = (ϕ, sin kx)L2([0,π]),
∞∑

k=1

ϕ2
k = ‖ϕ‖2

L2([0,π]).

Òîãäà îáîáùåííîå ðåøåíèå ïåðâîé ñìåøàííîé çàäà÷è (33),(26),
(27), (34) èìååò âèä:

(36) u(x, t) =
∞∑

k=1

Uk(t) sin kx,

ãäå

Uk(t) = fk cos kt +
ϕk

k
sin kt,

U1(t) = f1 + ϕ1t.
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Ãëàâà 2. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ

âîëíîâîãî óðàâíåíèÿ ïî íåòî÷íûì íà÷àëüíûì

äàííûì

2.1. Îïòèìàëüíîå âîññòàíîâëåíèå ëèíåéíîãî îïåðàòîðà

ìóëüòèïëèêàòîðíîãî òèïà ïî íåòî÷íûì çíà÷åíèÿì

ïåðâûõ N êîìïîíåíò

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ íåêîòîðîãî
ëèíåéíîãî îïåðàòîðà Q : X → l2, çàäàííîãî ðàâåíñòâîì

Qx = (η1x1, η2x2, . . .),

ãäå x = (x1, x2, . . .) ∈ X, à

X =

{
x = (x1, x2, . . .) : ‖x‖X =

( ∞∑
j=1

νj|xj|2
)1/2

< ∞
}

,

νj > 0, xj ∈ R, j ∈ N. Ïîëîæèì µj = η2
j è áóäåì ïðåäïîëàãàòü,

÷òî µj/νj → 0 ïðè j → ∞. Òîãäà ïðè âñåõ x ∈ X Qx ∈ l2. Íàñ
èíòåðåñóåò çàäà÷à âîññòàíîâëåíèÿ îïåðàòîðà Q ïî ïðèáëèæåííûì
çíà÷åíèÿì ïåðâûõ N êîìïîíåíò x1, . . . , xN .
Ê çàäà÷àì ïîäîáíîãî âèäà ñâîäèòñÿ ðÿä çàäà÷ îá îïòèìàëüíîì

âîññòàíîâëåíèè ïðîèçâîäíûõ [12] è ðåøåíèé óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ [9], [11]. Â ïåðå÷èñëåííûõ ðàáîòàõ ïîñëåäîâàòåëüíîñòü
{µj}j∈N îáëàäàëà ñâîéñòâîì ìîíîòîííîñòè, ÷òî â çíà÷èòåëüíîé
ñòåïåíè îáëåã÷àëî ïîèñê îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ.
Çäåñü ðàññìàòðèâàåòñÿ ñèòóàöèÿ, êîãäà íà ïîñëåäîâàòåëüíîñòü
{µj}j∈N íàêëàäûâàþòñÿ ìåíåå îãðàíè÷èòåëüíûå óñëîâèÿ.
Ïåðåéäåì ê òî÷íîé ïîñòàíîâêå çàäà÷è. Ïîëîæèì

W = {x ∈ X : ‖x‖X ≤ 1 }.

Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y =
(y1, . . . , yN) òàêîé, ÷òî

‖INx− y‖lN2
=

( N∑
j=1

|xj − yj|2
)1/2

≤ δ

(çäåñü INx = (x1, . . . , xN)). Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ
ðàññìàòðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ ϕ : lN2 → l2.
Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ
ðàâåíñòâîì

e(Q,W, IN , δ, ϕ) = sup
x∈W, y∈lN2
‖INx−y‖

lN2
≤δ

‖Qx− ϕ(y)‖l2 .
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Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E(Q,W, IN , δ) = inf
ϕ : lN2 →l2

e(Q,W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W
ïî èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN2 .
Ïðåäïîëîæèì, ÷òî ν1 < . . . < νN , νN+1 < νN+2 < . . . è

limj→+∞ µj/νj = 0. Îáîçíà÷èì ÷åðåç ej, j = 1, 2, . . ., � ñòàíäàðòíûé
áàçèñ â l2

(ej)k =

{
1, k = j,

0, k 6= j,
k = 1, 2, . . . .

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

A = max
1≤j≤N

µj

νj

, B = max
j>N

µj

νj

.

Ïóñòü 1 ≤ p ≤ N , q > N è p ≤ r ≤ N òàêîâû, ÷òî
µp

νp

= A,
µq

νq

= B, µr −Bνr = max
p≤j≤N

(µj −Bνj)

(äëÿ îäíîçíà÷íîñòè áóäåì ñ÷èòàòü, ÷òî p � íàèáîëüøåå, à q è r �
íàèìåíüøèå èç ÷èñåë, îáëàäàþùèõ ñîîòâåòñòâóþùèì ñâîéñòâîì).
Ïóñòü, êðîìå òîãî, sk+1 � íàèáîëüøåå èç ÷èñåë òàêèõ, ÷òî sk <
sk+1 ≤ r è

µsk+1
− µsk

νsk+1
− νsk

= max
sk<j≤r

µj − µsk

νj − νsk

, k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r.
Íà÷íåì ñ îäíîãî âñïîìîãàòåëüíîãî ðåçóëüòàòà, îïèñûâàþùåãî

ñâîéñòâà ïîñëåäîâàòåëüíîñòåé {µsk
} è {νsk

}.

Ëåììà 1. Ïîñëåäîâàòåëüíîñòè{
µsk

νsk

}
è

{
µsk+1

− µsk

νsk+1
− νsk

}
ñòðîãî ìîíîòîííî óáûâàþò è ïðè âñåõ 1 ≤ j < sk

(37)
µsk

− µj

νsk
− νj

≥
µsk

− µsk−1

νsk
− νsk−1

.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {µsk

νsk

} ñòðîãî

ìîíîòîííî óáûâàåò. Èç îïðåäåëåíèÿ p ñëåäóåò, ÷òî
µp

νp

=
µs0

νs0

>
µsi

νsi

äëÿ âñåõ i ≥ 1. Â ïðåäïîëîæåíèè, ÷òî

(38)
µsk−1

νsk−1

>
µsi

νsi
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äëÿ âñåõ i ≥ k, äîêàæåì, ÷òî

(39)
µsk

νsk

>
µsi

νsi

äëÿ âñåõ i ≥ k+1. Èç îïðåäåëåíèÿ sk ñëåäóåò, ÷òî äëÿ âñåõ i ≥ k+1

µsk
− µsk−1

νsk
− νsk−1

>
µsi

− µsk−1

νsi
− νsk−1

.

Îòñþäà

µsk
νsi
− µsk

νsk−1
− µsk−1

νsi
> µsi

νsk
− µsk−1

νsk
− µsi

νsk−1
.

Ñëåäîâàòåëüíî,

νsk
νsi

(
µsk

νsk

− µsi

νsi

)
> νsi

νsk−1

(
µsk−1

νsk−1

− µsi

νsi

)
− νsk−1

νsk

(
µsk−1

νsk−1

− µsk

νsk

)
.

Â ñèëó (38) è òîãî, ÷òî νsi
> νsk

, èìååì

νsk
νsi

(
µsk

νsk

− µsi

νsi

)
> νsk

νsk−1

(
µsk−1

νsk−1

− µsi

νsi

−
µsk−1

νsk−1

+
µsk

νsk

)
= νsk

νsk−1

(
µsk

νsk

− µsi

νsi

)
.

Ñëåäîâàòåëüíî, âûïîëíåíî íåðàâåíñòâî (39).
Èç âûáîðà ïîñëåäîâàòåëüíîñòè sk ñëåäóåò, ÷òî

µsk+1
− µsk−1

νsk+1
− νsk−1

<
µsk

− µsk−1

νsk
− νsk−1

.

Îòñþäà

µsk+1
− µsk−1

< (µsk
− µsk−1

)
νsk+1

− νsk−1

νsk
− νsk−1

.

Òîãäà

µsk+1
− µsk

= (µsk+1
− µsk−1

)− (µsk
− µsk−1

)

< (µsk
− µsk−1

)

(
νsk+1

− νsk−1

νsk
− νsk−1

− 1

)
= (µsk

− µsk−1
)
νsk+1

− νsk

νsk
− νsk−1

.

Ñëåäîâàòåëüíî,
µsk+1

− µsk

νsk+1
− νsk

<
µsk

− µsk−1

νsk
− νsk−1

.

Äëÿ äîêàçàòåëüñòâà íåðàâåíñòâà (37) ïîêàæåì ñíà÷àëà, ÷òî

(40)
µsk

− µj

νsk
− νj

≥
µsk

− µsk−1

νsk
− νsk−1
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ïðè sk−1 ≤ j < sk. Èç îïðåäåëåíèÿ sk âûòåêàåò, ÷òî

µj − µsk−1

νj − νsk−1

≤
µsk

− µsk−1

νsk
− νsk−1

.

Ñëåäîâàòåëüíî,

µj ≤ µsk−1
+ (µsk

− µsk−1
)

νj − νsk−1

νsk
− νsk−1

.

Òåì ñàìûì

µsk
− µj ≥ µsk

− µsk−1
− (µsk

− µsk−1
)

νj − νsk−1

νsk
− νsk−1

= (µsk
− µsk−1

)
νsk

− νj

νsk
− νsk−1

.

Îòñþäà âûòåêàåò (40). Ïóñòü l − 1 < j < l, l ≤ sk−1. Òîãäà â ñèëó

ìîíîòîííîãî óáûâàíèÿ
µsk

−µsk−1

νsk
−νsk−1

µsk
−µj =

µsk
− µsk−1

νsk
− νsk−1

(νsk
−νsk−1

)+...+
µsl

− µj

νsl
− νj

(νsl
−νj) ≥

µsk
− µsk−1

νsk
− νsk−1

(νsk
−νj),

îòêóäà âûòåêàåò (40). �

Ïîëîæèì

Jk =

{
j ∈ N ∩ [1, N ] :

µj

νj

>
µsk+1

− µsk

νsk+1
− νsk

}
, k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

µj

νj

> B

}
.

Åñëè íàíåñòè íà ïëîñêîñòü òî÷êè (νj, µj), òî ãåîìåòðè÷åñêèé
ñìûñë ââåäåííûõ âåëè÷èí âèäåí èç ðèñ. 1, íà êîòîðîì m = 3, à
D1 � îáëàñòü, â êîòîðóþ ïîïàäàþò òî÷êè èç ìíîæåñòâà J1.

Òåîðåìà 8. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(Q, W, IN , δ) =

√
µq

νq

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé. Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

νp

E(Q, W, IN , δ) =

√
µp

νp

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé;

(ii) ïðè
1

√
νsk+1

≤ δ <
1

√
νsk

, k = 0, 1, . . . ,m− 1,

E(Q,W, IN , δ) =

√
µsk

νsk+1
δ2 − 1

νsk+1
− νsk

+ µsk+1

1− δ2νsk

νsk+1
− νsk

,
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Ðèñ. 1.

à ìåòîä

ϕ̂(y) =
∑
j∈Jk

ηj

(
1 +

µsk+1
− µsk

µsk
νsk+1

− µsk+1
νsk

νj

)−1

yjej

� îïòèìàëüíûé;

(iii) ïðè δ <
1
√

νr

E(Q,W, IN , δ) =

√
µrδ2 + µq

1− δ2νr

νq

,

à ìåòîä

ϕ̂(y) =
∑
j∈Jm

ηj

(
1 +

µq

µrνq − µqνr

νj

)−1

yjej

� îïòèìàëüíûé.

Äîêàçàòåëüñòâî òåîðåìû 8. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∞∑
j=1

µj|xj|2 → max,
N∑

j=1

|xj|2 ≤ δ2,
∞∑

j=1

νj|xj|2 ≤ 1.

Ïîëîæèì uj = |xj|2, j ∈ N, è ïåðåïèøåì ýòó çàäà÷ó òàê:

(41)
∞∑

j=1

µjuj → max,

N∑
j=1

uj ≤ δ2,

∞∑
j=1

νjuj ≤ 1, uj ≥ 0.
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Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(u, λ1, λ2) =
N∑

j=1

(−µj + λ1 + λ2νj)uj +
∞∑

j=N+1

(−µj + λ2νj)uj,

ãäå u = {uj}j∈N, à λ1, λ2 � ìíîæèòåëè Ëàãðàíæà.
Âîñïîëüçóåìñÿ ðåçóëüòàòîì ñëåäñòâèÿ 1 è ñôîðìóëèðóåì

ýêñòðåìàëüíóþ çàäà÷ó (19) äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ.
Ïîñêîëüêó èíôîðìàöèîííûé îïåðàòîð INx = (x1, . . . xN),

‖INx− y‖2
lN2

=
N∑

j=1

|xj − yj|2,

‖x‖2
X =

∞∑
j=1

νjx
2
j ,

ïîëó÷àåì:

λ̂1‖INx− y‖2
lN2

+ λ̂2‖x‖2 = λ̂1

N∑
j=1

|xj − yj|2 + λ̂2

∞∑
j=1

νjx
2
j =

N∑
j=1

(
λ̂1|xj − yj|2 + λ̂2νjx

2
j

)
+ λ̂2

∞∑
j=N+1

νjx
2
j .

Ñëåäîâàòåëüíî, çàäà÷à (19) ìîæåò áûòü çàïèñàíà â âèäå
(42)

F (x) =
N∑

j=1

(
λ̂1(xj − yj)

2 + λ̂2νjx
2
j

)
+ λ̂2

∞∑
j=N+1

νjx
2
j → min, x ∈ X.

Íàéäåì åå ðåøåíèå ïðè ôèêñèðîâàííûõ λ̂1 è λ̂2.

∂F

∂xj

= 2λ̂1(xj − yj) + 2λ̂2νjxj = 0,

îòêóäà

xj =
λ̂1

λ̂1 + λ̂2νj

yj.

Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è (42) èìååò âèä:

xy =
N∑

j=1

λ̂1

λ̂1 + λ̂2νj

yjej.

Ïîýòîìó äîñòàòî÷íî íàéòè λ̂1, λ̂2 ≥ 0 è äîïóñòèìóþ â (41)
ïîñëåäîâàòåëüíîñòü û = {ûj}j∈N, äëÿ êîòîðûõ áóäóò âûïîëíåíû
óñëîâèÿ (a) è (b). Ïðè ýòîì ìåòîä

(43) ϕ̂(y) =
N∑

j=1

ηj
λ̂1

λ̂1 + λ̂2νj

yjej
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áóäåò îïòèìàëüíûì.

Ïóñòü B ≥ A. Ïîëîæèì λ̂1 = 0,

λ̂2 =
µq

νq

, ûq =
1

νq

, ûj = 0, j 6= q.

Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü {ûj} � äîïóñòèìàÿ.

Äåéñòâèòåëüíî, ûj = 0, j = 1, . . . N, ïîýòîìó
N∑

j=1

ûj = 0 ≤ δ2,

∞∑
j=1

νjûj = νq
1

νq

= 1.

Ïðîâåðèì âûïîëíåíèå óñëîâèé (b).

λ̂1 = 0 ⇒ λ̂1

( N∑
j=1

ûj − δ2

)
= 0,

λ̂2

( ∞∑
j=1

νjûj − 1

)
= λ̂2 · 0 = 0

� óñëîâèÿ (b) âûïîëíåíû.
Óáåäèìñÿ â âûïîëíåíèè óñëîâèÿ (a). Èìååì

L(u, λ̂1, λ̂2) =
∞∑

j=1

(
−µj +

µq

νq

νj

)
uj =

∞∑
j=1

νj

(
µq

νq

− µj

νj

)
uj ≥ 0,

òàê êàê

B =
µq

νq

≥ max
j∈N

µj

νj

= A.

Â ñèëó òîãî, ÷òî

L(û, λ̂1, λ̂2) = νq

(
µq

νq

− µq

νq

)
1

νq

= 0,

óñëîâèå (a) âûïîëíåíî.

Ïóñòü B < A. Íà÷íåì ñî ñëó÷àÿ (i). Ïîëîæèì λ̂1 = 0,

λ̂2 =
µp

νp

, ûp =
1

νp

, ûj = 0, j 6= p.

Çäåñü òàêæå ëåãêî ïðîâåðÿåòñÿ, ÷òî ïîñëåäîâàòåëüíîñòü {ûj} �
äîïóñòèìàÿ è âûïîëíåíû óñëîâèÿ (b). Äëÿ ýòîãî ñëó÷àÿ

L(u, λ̂1, λ̂2) =
∞∑

j=1

(
−µj +

µp

νp

νj

)
uj =

∞∑
j=1

νj

(
µp

νp

− µj

νj

)
uj ≥ 0,

òàê êàê
µp

νp

= max
j∈N

µj

νj

= A > B = max
j>N

µj

νj

.

Ïîñêîëüêó L(û, λ̂1, λ̂2) = 0, óñëîâèå (a) âûïîëíåíî.
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Ïåðåéäåì ê ñëó÷àþ (ii). Ïóñòü

(44)
1

√
νsk+1

≤ δ <
1

√
νsk

.

Ïîëîæèì ûj = 0 ïðè j 6= sk, sk+1, à ûsk
è ûsk+1

âûáåðåì èç óñëîâèÿ

ûsk
+ ûsk+1

= δ2,(45)

νsk
ûsk

+ νsk+1
ûsk+1

= 1.(46)

Òîãäà

ûsk
=

νsk+1
δ2 − 1

νsk+1
− νsk

, ûsk+1
=

1− νsk
δ2

νsk+1
− νsk

.

Â ñèëó (44) è (45) ïîñëåäîâàòåëüíîñòü {ûj} � äîïóñòèìàÿ â çàäà÷å
(18). Ïîëîæèì

λ̂1 = µsk
−

µsk+1
− µsk

νsk+1
− νsk

νsk
, λ̂2 =

µsk+1
− µsk

νsk+1
− νsk

.

Ïîêàæåì ñíà÷àëà, ÷òî λ̂1, λ̂2 > 0. Èìååì

λ̂1 =
µsk

νsk+1
− µsk+1

νsk

νsk+1
− νsk

=
νsk

νsk+1

νsk+1
− νsk

(
µsk

νsk

−
µsk+1

νsk+1

)
> 0,

òàê êàê ïî ëåììå 1 ïîñëåäîâàòåëüíîñòü {µsk
/νsk

} ìîíîòîííî
óáûâàåò. Èç îïðåäåëåíèÿ r ñëåäóåò, ÷òî µr −Bνr > µsm−1 −Bνsm−1 .
Òåì ñàìûì, ïîñêîëüêó sm = r,

µsm − µsm−1

νsm − νsm−1

> B.

Èç ìîíîòîííîãî óáûâàíèÿ ïîñëåäîâàòåëüíîñòè{
µsk+1

− µsk

νsk+1
− νsk

}
âûòåêàåò, ÷òî

(47) λ̂2 > B ≥ 0.

Èç (45) âûòåêàåò, ÷òî óñëîâèå (b) âûïîëíåíî. Äîêàæåì, ÷òî
óñëîâèå (a) òîæå âûïîëíåíî. Ïîêàæåì, ÷òî ïðè âñåõ uj ≥ 0

(48) L(u, λ̂1, λ̂2) ≥ 0.

Åñëè j > N , òî, ó÷èòûâàÿ (47),

−µj + λ̂2νj = νj

(
λ̂2 −

µj

νj

)
> νj

(
B − µj

νj

)
≥ 0.

Åñëè sk ≤ j ≤ r, òî

−µj + λ̂1 + λ̂2νj = (νj − νsk
)

(
µsk+1

− µsk

νsk+1
− νsk

− µj − µsk

νj − νsk

)
≥ 0
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â ñèëó îïðåäåëåíèÿ sk. Ïðè r ≤ j ≤ N â ñèëó îïðåäåëåíèÿ r

µj − µsk
=

µj − µr

νj − νr

(νj − νr) +
µr − µsm−1

νr − νsm−1

(νr − νsm−1) + ...

+
µsk+1

− µsk

νsk+1
− νsk

(νsk+1
− νsk

) ≤
µsk+1

− µsk

νsk+1
− νsk

(νj − νsk
),

îòêóäà

−µj + λ̂1 + λ̂2νj = (νj − νsk
)

(
µsk+1

− µsk

νsk+1
− νsk

− µj − µsk

νj − νsk

)
≥ 0.

Ïðè 1 ≤ j < sk, ó÷èòûâàÿ (37), èìååì

−µj + λ̂1 + λ̂2νj = (νsk
− νj)

(
µsk

− µj

νsk
− νj

−
µsk+1

− µsk

νsk+1
− νsk

)
≥ 0.

Òåì ñàìûì íåðàâåíñòâî (48) äîêàçàíî, à òàê êàê L(û, λ̂1, λ̂2) = 0, òî
äîêàçàíî è âûïîëíåíèå óñëîâèÿ (a). Òàêèì îáðàçîì, ïîäñòàâëÿÿ

λ̂1 è λ̂2 â (20) è (43), ïîëó÷àåì ïîãðåøíîñòü îïòèìàëüíîãî
âîññòàíîâëåíèÿ è îïòèìàëüíîñòü ìåòîäà

ϕ(y) =
N∑

j=1

ηj

(
1 +

µsk+1
− µsk

µsk
νsk+1

− µsk+1
νsk

νj

)−1

yjej.

Ïîêàæåì, ÷òî ìåòîä, â êîòîðîì ñóììèðîâàíèå áåðåòñÿ íå ïî âñåì
1 ≤ j ≤ N , à ëèøü èç ìíîæåñòâà Jk, òîæå áóäåò îïòèìàëüíûì.
Ïóñòü

Jk = {i1, . . . , i eN}.
Ðàññìîòðèì òó æå çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ, íî ñ
èíôîðìàöèîííûì îïåðàòîðîì

IJk
x = (xi1 , . . . , xi eN ).

Èç ëåììû 1 âûòåêàåò, ÷òî ïðè âñåõ j = 0, 1, . . . , k

µsj

νsj

>
µsj

− µsj−1

νsj
− νsj−1

>
µsk+1

− µsk

νsk+1
− νsk

.

Ïîýòîìó äëÿ íîâîãî èíôîðìàöèîííîãî îïåðàòîðà IJk
ïîñëåäîâà-

òåëüíîñòü sj, j = 0, 1, . . . , m̃, m̃ ≥ k, îñòàíåòñÿ áåç èçìåíåíèé.
Äàëåå, âîçìîæíû äâà ñëó÷àÿ: m̃ > k è m̃ = k. Ðàññìîòðèì ïåðâûé
èç íèõ (âòîðîé áóäåò âûòåêàòü èç àíàëîãè÷íûõ ðàññóæäåíèé äëÿ
ñëó÷àÿ (iii)). Ïî óæå äîêàçàííîìó ïîãðåøíîñòü îïòèìàëüíîãî
âîññòàíîâëåíèÿ â ñëó÷àå, êîãäà

1
√

νsk+1

≤ δ <
1

√
νsk

,

çàâèñèò ëèøü îò äâóõ òî÷åê (µsk
, νsk

) è (µsk+1
, νsk+1

). Ïîýòîìó

E(Q, W, IJk
, δ) = E(Q, W, IN , δ),
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à ìåòîä

ϕ̂(ỹ) =

eN∑
j=1

ηij

(
1 +

µsk+1
− µsk

µsk
νsk+1

− µsk+1
νsk

νij

)−1

yijeij ,

ỹ = (yi1 , . . . , yi eN ),

� îïòèìàëüíûé. Îöåíèì ýòîò ìåòîä äëÿ ñëó÷àÿ, êîãäà çàäàí
èíôîðìàöèîííûé îïåðàòîð IN . Ïóñòü x ∈ W , y ∈ lN2 è ‖INx−y‖lN2

≤
δ. Òîãäà è ‖IJk

x− ỹ‖
l

eN
2
≤ δ. Òåì ñàìûì

‖Q− ϕ̂(y)‖l2 = ‖Q− ϕ̂(ỹ)‖l2 ≤ E(Q,W, IJk
, δ) = E(Q,W, IN , δ).

Ýòî îçíà÷àåò, ÷òî ìåòîä ϕ̂ ÿâëÿåòñÿ îïòèìàëüíûì è äëÿ
èíôîðìàöèîííîãî îïåðàòîðà IN .
Â ñëó÷àå (iii) ïîëîæèì

λ̂1 = µr −
µq

νq

νr, λ̂2 =
µq

νq

, ûr = δ2, ûq =
1− δ2νr

νq

,

ûj = 0, j 6= r, q.

Èç îïðåäåëåíèÿ r âûòåêàåò, ÷òî

λ̂1 ≥ µp −Bνp = νp(A−B) > 0.

Ëåãêî óáåäèòüñÿ â äîïóñòèìîñòè ïîñëåäîâàòåëüíîñòè {ûj} è â

âûïîëíåíèè óñëîâèÿ (b). Ïîñêîëüêó è çäåñü L(û, λ̂1, λ̂2) = 0, òî äëÿ
äîêàçàòåëüñòâà âûïîëíåíèÿ óñëîâèÿ (a) îñòàåòñÿ äîêàçàòü, ÷òî ïðè
âñåõ uj ≥ 0 èìååò ìåñòî íåðàâåíñòâî (48). Ôóíêöèÿ Ëàãðàíæà â
ðàññìàòðèâàåìîì ñëó÷àå èìååò âèä

L(u, λ̂1, λ̂2) =
N∑

j=1

(
−µj + µr −

µq

νq

νr +
µq

νq

νj

)
uj

+
∞∑

j=N+1

(
−µj +

µq

νq

νj

)
uj =

N∑
j=1

((
µr −

µq

νq

νr

)
−
(

µj −
µq

νq

νj

))
uj

+
∞∑

j=N+1

νj

(
µq

νq

− µj

νj

)
uj.

Êàæäîå ñëàãàåìîå â ïåðâîé ñóììå íåîòðèöàòåëüíî â ñèëó
îïðåäåëåíèÿ r, à êàæäîå ñëàãàåìîå âòîðîé ñóììû � â ñèëó

îïðåäåëåíèÿ q. Ïîäñòàâëÿÿ λ̂1 è λ̂2 â (20) è (43), ïîëó÷àåì
ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîñòü
ìåòîäà

(49) ϕ̂(y) =
N∑

j=1

ηj

(
1 +

µq

µrνq − µqνr

νj

)−1

yjej.
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Ðàññóæäåíèÿ, àíàëîãè÷íûå òåì, êîòîðûå ïðîâîäèëèñü ïðè äîêàçà-
òåëüñòâå ñëó÷àÿ (ii), ïîêàçûâàþò, ÷òî â ìåòîäå (49) ìîæíî
îòáðîñèòü òî÷êè (νj, µj) /∈ Jm. Ïðè ýòîì ïîëó÷åííûé ìåòîä òîæå
áóäåò îïòèìàëüíûì, à ÷èñëî èñïîëüçóåìûõ èñõîäíûõ äàííûõ,
âîîáùå ãîâîðÿ, ñîêðàòèòñÿ. �

2.2. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ óðàâíåíèÿ

ãèïåðáîëè÷åñêîãî òèïà ñ ïîãðåøíîñòüþ, çàäàííîé â

ìåòðèêå l2

Ïóñòü D � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü n-ìåðíîãî ïðîñòðàí-
ñòâà Rn. Ðàññìîòðèì â (n + 1)-ìåðíîì ïðîñòðàíñòâå Rn+1 = Rn ×
t{−∞ < t < +∞} îãðàíè÷åííûé öèëèíäð QT = {x ∈ D, 0 < t < T}
ñ áîêîâîé ïîâåðõíîñòüþ ΓT = {x ∈ ∂D, 0 < t < T}. Îáîçíà÷èì
Dτ = {x ∈ D, t = τ} ñå÷åíèå ýòîãî öèëèíäðà ïëîñêîñòüþ t =
τ, 0 ≤ τ ≤ T . Â ÷àñòíîñòè, D0 � íèæíåå îñíîâàíèå öèëèíäðà, DT

� åãî âåðõíåå îñíîâàíèå.
Ðàññìîòðèì â öèëèíäðå QT îäíîðîäíîå ãèïåðáîëè÷åñêîå óðàâ-

íåíèå

(50) utt − div(k(x)∇u) + a(x)u = 0,

ãäå k(x) ∈ C1(D̄), a(x) ∈ C(D̄), k(x) ≥ k0 = const > 0, ñ
íà÷àëüíûìè óñëîâèÿìè

(51) u|t=0 = f,

ãäå f(x) ∈ L2(D),

(52) ut|t=0 = 0

è ãðàíè÷íûì óñëîâèåì

(53) u|ΓT
= 0.

Ïóñòü v1(x), v2(x), . . . � îðòîíîðìèðîâàííàÿ â L2(D) ñèñòåìà
îáîáùåííûõ ñîáñòâåííûõ ôóíêöèé ïåðâîé êðàåâîé çàäà÷è

(54) div(k∇v)− av = λv, x ∈ D, v|∂D = 0,

à λ1, λ2, . . . � ïîñëåäîâàòåëüíîñòü ñîîòâåòñòâóþùèõ ñîáñòâåííûõ
çíà÷åíèé. Òîãäà v1(x), v2(x), . . . � îðòîíîðìèðîâàííûé áàçèñ â
L2(D), λj → −∞ ïðè j → ∞, è 0 > λ1 ≥ λ2 ≥ . . .. Ðàçëîæèì
f(x) â ðÿä Ôóðüå ïî ñèñòåìå v1(x), v2(x), . . . :

f(x) =
∞∑

j=1

fjvj(x), fj = (f, vj)L2(D),
∞∑

j=1

f 2
j = ‖f‖2

L2(D).
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Òîãäà îáîáùåííîå ðåøåíèå ïåðâîé ñìåøàííîé çàäà÷è (50) � (53)
èìååò âèä:

(55) u(x, t) =
∞∑

j=1

Uj(t)vj(x),

ãäå
Uj(t) = fj cos

√
−λjt.

Ïðè ýòîì ôóíêöèÿ u(x, t) ∈ H1(QT ). Ïðåäïîëîæèì, ÷òî f(x) ∈
W γ

2 (D), ãäå

W γ
2 (D) = { f(x) ∈ L2(D) :

∞∑
j=1

γj|fj|2 ≤ 1}.

Ïîëàãàåì, ÷òî γj > 0, γj →∞ ïðè j →∞.
Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ

ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f , ïðè÷åì ïîãðåøíîñòü
çàäàíèÿ ýòèõ êîýôôèöèåíòîâ îïðåäåëÿåòñÿ óñëîâèåì

(56)
N∑

j=1

|fj − yj|2 ≤ δ2, δ > 0.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (50) � (53) â ìîìåíò âðåìåíè T íà êëàññå W γ

2 (D)
ïî èíôîðìàöèîííîìó îïåðàòîðó FN

δ , êîòîðûé êàæäîé ôóíêöèè
f(·) ∈ W γ

2 (D) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y = (y1, . . . , yN),
óäîâëåòâîðÿþùèõ óñëîâèþ (56).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : RN → L2(D). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T, W γ
2 (D), FN

δ , ϕ)

= sup
f(x)∈W γ

2 (D), y=(y1,...,yN )∈RNPN
j=1 |fj(f)−yj |2≤δ2

‖u(x, T )− ϕ(y)(x)‖L2(D).

Âåëè÷èíà

E(T, W γ
2 (D), FN

δ ) = inf
ϕ : RN→L2(D)

e(T,W γ
2 (D), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Ââåäåì îáîçíà÷åíèÿ:

A = max
1≤j≤N

cos2
√
−λjT

γj

=
cos2

√
−λpT

γp

,

B = max
k>N

cos2
√
−λjT

γj

=
cos2

√
−λqT

γq

,
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r : cos2
√
−λrT −Bγr = max

p≤j≤N
(cos2

√
−λjT −Bγj).

Ïóñòü sk+1 � íàèáîëüøåå èç ÷èñåë òàêèõ, ÷òî sk < sk+1 ≤ r è

cos2
√
−λsk+1

T − cos2
√
−λsk

T

γsk+1
− γsk

= max
sk<j≤r

cos2
√
−λjT − cos2

√
−λsk

T

γj − γsk

,

k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r.
Ïîëîæèì

Jk ={
j ∈ N ∩ [1, N ] :

cos2
√
−λjT

γj

>
cos2

√
−λsk+1

T − cos2
√
−λsk

T

γsk+1
− γsk

}
,

k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

cos2
√
−λjT

γj

> B

}
.

Òåîðåìà 9. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(T, W γ
2 (D), FN

δ ) =
| cos

√
−λqT |

√
γq

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé. Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

γp

E(T, W γ
2 (D), FN

δ ) =
| cos

√
−λpT |

√
γp

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé;

(ii) ïðè
1

√
γsk+1

≤ δ <
1

√
γsk

, k = 0, 1, . . . ,m− 1,

E(T,W γ
2 (D), FN

δ ) =√
cos2

√
−λsk

T
1− γsk+1

δ2

γsk+1
− γsk

+ cos2

√
−λsk+1

T
1− δ2γsk

γsk+1
− γsk

,

à ìåòîä

ϕ̂(y) =∑
j∈Jk

cos
√
−λjT

(
1 +

cos2
√

λsk+1
T − cos2

√
λsk

T

γsk+1
cos2

√
−λsk

T − γsk
cos2

√
λsk+1

T
γj

)−1

yjvj(x)

� îïòèìàëüíûé;
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(iii) ïðè δ <
1
√

γr

E(T,W γ
2 (D), FN

δ ) =

√
δ2 cos2

√
−λrT + cos2

√
−λqT

1− δ2γr

γq

,

à ìåòîä

ϕ̂(y) =

∑
j∈Jm

cos
√
−λjT

(
1 +

γj cos2
√
−λqT

γq cos2
√
−λrT − γr cos2

√
−λqT

)−1

yjvj(x)

� îïòèìàëüíûé.

Äîêàçàòåëüñòâî. Îïðåäåëèì ìíîæåñòâî F ñëåäóþùèì îáðàçîì:

F =

{
f = (f1, f2, . . .) : ‖f‖F =

( ∞∑
j=1

γj|fj|2
)1/2

< ∞
}

,

è ðàññìîòðèì îïåðàòîð Q : F → l2, çàäàííûé ðàâåíñòâîì:

Qf = (f1 cos
√
−λ1T , f2 cos

√
−λ2T , . . .).

Îòìåòèì, ÷òî ïîñëåäîâàòåëüíîñòü cos2
√
−λjT � íåìîíîòîííàÿ,

íî îãðàíè÷åííàÿ, à ïîñëåäîâàòåëüíîñòü γj → ∞ ïðè j →

∞, ñëåäîâàòåëüíî,
cos2

√
−λjT

γj

→ 0 ïðè j → ∞. Ïîýòîìó,

ïîëîæèâ µj = cos2
√
−λjT, νj = γj, ìîæíî âîñïîëüçîâàòüñÿ

ðåçóëüòàòàìè òåîðåìû 8 è ïîëó÷èòü ñîîòâåòñòâóþùèå âûðàæåíèÿ
äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîãî
ìåòîäà â êàæäîì äèàïàçîíå çíà÷åíèé δ.

�

Îïðåäåëèì òåïåðü îïòèìàëüíóþ ïîãðåøíîñòü âîññòàíîâëåíèÿ
ðåøåíèÿ óðàâíåíèÿ (50) ñ íà÷àëüíûìè óñëîâèÿìè

(57) u|t=0 = 0,

(58) ut|t=0 = f(x),

ãäå f(x) ∈ L2(D), è ãðàíè÷íûì óñëîâèåì (53). Ðàçëîæèì f(x) â ðÿä
Ôóðüå ïî ñèñòåìå v1(x), v2(x), . . . :

f(x) =
∞∑

j=1

fjvj(x), fj = (f, vj)L2(D),

∞∑
j=1

f 2
j = ‖f‖2

L2(D).

Òîãäà îáîáùåííîå ðåøåíèå ïåðâîé ñìåøàííîé çàäà÷è äëÿ
óðàâíåíèÿ (50) èìååò âèä
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u(x, t) =
∞∑

j=1

fj√
−λj

sin
√
−λjt vj(x).

Ïðè ýòîì ôóíêöèÿ u(x, t) ∈ H1(QT ), f(x) ∈ W γ
2 (D).

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ
ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f , ïðè÷åì ïîãðåøíîñòü
çàäàíèÿ ýòèõ êîýôôèöèåíòîâ îïðåäåëÿåòñÿ óñëîâèåì (56).
Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ

ðåøåíèÿ çàäà÷è (50), (57), (58), (53) â ìîìåíò âðåìåíè T íà êëàññå
W γ

2 (D) ïî èíôîðìàöèîííîìó îïåðàòîðó FN
δ , êîòîðûé êàæäîé

ôóíêöèè f(·) ∈ W γ
2 (D) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y =

(y1, . . . , yN), óäîâëåòâîðÿþùèõ óñëîâèþ (56).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : RN → L2(D). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T, W γ
2 (D), FN

δ , ϕ)

= sup
f(x)∈W γ

2 (D), y=(y1,...,yN )∈RNPN
j=1 |fj(f)−yj |2≤δ2

‖u(x, T )− ϕ(y)(x)‖L2(D).

Âåëè÷èíà

E(T,W γ
2 (D), FN

δ ) = inf
ϕ : RN→L2(D)

e(T,W γ
2 (D), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Ââåäåì îáîçíà÷åíèÿ:

A = max
1≤j≤N

sin2
√
−λjT

−λjγj

=
sin2

√
−λpT

−λpγp

,

B = max
j>N

sin2
√
−λjT

−λjγj

=
sin2

√
−λqT

−λqγq

,

r :
sin2

√
−λrT

−λr

+ Bγr = max
p≤j≤N

(
sin2

√
−λjT

−λj

+ Bγj).

Ïóñòü sk+1 � íàèáîëüøåå èç ÷èñåë òàêèõ, ÷òî sk < sk+1 ≤ r è

sin2
√
−λsk

Tλsk+1
− sin2

√
−λsk+1

Tλsk

λsk
λsk+1

(γsk+1
− γsk

)
=

max
sk<j≤r

sin2
√
−λsk

Tλj − sin2
√
−λjTλsk

λjλsk
(γj − γsk

)
,

k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r.
Ïîëîæèì
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Jk ={
j ∈ N ∩ [1, N ] :

sin2
√
−λjT

−λjγj

>
λsk+1

sin2
√
−λsk

T − λsk
sin2

√
−λsk+1

T

λsk
λsk+1

(γsk+1
− γsk

)

}
,

k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

sin2
√
−λjT

−λjγj

> B

}
.

Òåîðåìà 10. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(T,W γ
2 (D), FN

δ ) =
| sin

√
−λqT |√

−λqγq

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé. Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

γp

E(T,W γ
2 (D), FN

δ ) =
| sin

√
−λpT |√

−λpγp

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé;

(ii) ïðè
1

√
γsk+1

≤ δ <
1

√
γsk

, k = 0, 1, . . . ,m− 1,

E(T,W γ
2 (D), FN

δ ) =√
sin2

√
−λsk

T

−λsk

1− γsk+1
δ2

γsk+1
− γsk

−
sin2

√
−λsk+1

T

λsk+1

1− δ2γsk

γsk+1
− γsk

,

à ìåòîä

ϕ̂(y) =∑
j∈Jk

sin
√
−λjT√
−λj

(
1 +

λsk+1
sin2

√
λsk

T − λsk
sin2

√
λsk+1

T

γsk+1
λsk+1

sin2
√
−λkT − γsk

λsk
sin2

√
λsk+1

T
γj

)−1

yjvj(x)

� îïòèìàëüíûé;

(iii) ïðè δ <
1
√

γr

E(T,W γ
2 (D), FN

δ ) =

√
−δ2

sin2
√
−λrT

λr

−
sin2

√
−λqT

λq

1− δ2γr

γq

,

à ìåòîä

ϕ̂(y) =∑
j∈Jm

sin
√
−λjT√
−λj

(
1 +

γjλr sin2
√
−λqT

γqλq sin2
√
−λrT − γrλr sin2

√
−λqT

)−1

yjvj(x)

� îïòèìàëüíûé.
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Äîêàçàòåëüñòâî. Îáîçíà÷èì uj = f 2
j (f) è îïðåäåëèì ìíîæåñòâî

F è îïåðàòîð Q òàêèì æå îáðàçîì, êàê ïðè äîêàçàòåëüñòâå

òåîðåìû 9. Òîãäà, ïîñêîëüêó ïîñëåäîâàòåëüíîñòü
sin2

√
−λjT

−λj

�

íåìîíîòîííàÿ, íî îãðàíè÷åííàÿ, à ïîñëåäîâàòåëüíîñòü γj →∞ ïðè

j → ∞, ïîëó÷àåì, ÷òî
sin2

√
−λjT

−λjγj

→ 0 ïðè j → ∞. Ïîýòîìó,

ïîëîæèâ µj =
sin2

√
−λjT

−λj

, νj = γj, ìîæíî âîñïîëüçîâàòüñÿ

ðåçóëüòàòàìè òåîðåìû 8 è ïîëó÷èòü ñîîòâåòñòâóþùèå âûðàæåíèÿ
äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîãî
ìåòîäà â êàæäîì äèàïàçîíå çíà÷åíèé δ.

�

Ðàññìîòðèì â öèëèíäðå QT íåîäíîðîäíîå ãèïåðáîëè÷åñêîå
óðàâíåíèå ñî ñòàöèîíàðíîé íåîäíîðîäíîñòüþ

(59) utt − div(k(x)∇u) + a(x)u = g(x),

ãäå k(x) ∈ C1(D̄), a(x) ∈ C(D̄), k(x) ≥ k0 = const > 0, ñ íóëåâûìè
íà÷àëüíûìè óñëîâèÿìè

(60) u|t=0 = 0,

(61) ut|t=0 = 0

è ãðàíè÷íûì óñëîâèåì

(62) u|ΓT
= 0.

Ðàçëîæèì g(x) â ðÿä Ôóðüå ïî ñèñòåìå v1(x), v2(x), . . . :

g(x) =
∞∑

j=1

gjvj(x), gj = (g, vj)L2(D),

∞∑
j=1

g2
j = ‖g‖2

L2(D).

Òîãäà îáîáùåííîå ðåøåíèå ïåðâîé ñìåøàííîé çàäà÷è (59) � (62)
èìååò âèä:

(63) u(x, t) =
∞∑

k=1

1

−λk

gk(1− cos
√
−λkt) vj(x).

Ïðè ýòîì ôóíêöèÿ u(x, t) ∈ H1(QT ). Ïðåäïîëîæèì, ÷òî g(x) ∈
W γ

2 (D).
Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ

ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè g, ïðè÷åì ïîãðåøíîñòü
çàäàíèÿ ýòèõ êîýôôèöèåíòîâ îïðåäåëÿåòñÿ óñëîâèåì

(64)
N∑

j=1

|gj − yj|2 ≤ δ2, δ > 0.
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Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (59) � (62) â ìîìåíò âðåìåíè T íà êëàññå W γ

2 (D)
ïî èíôîðìàöèîííîìó îïåðàòîðó FN

δ , êîòîðûé êàæäîé ôóíêöèè
g(·) ∈ W γ

2 (D) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y = (y1, . . . , yN),
óäîâëåòâîðÿþùèõ óñëîâèþ (64).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : RN → L2(D). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T, W γ
2 (D), FN

δ , ϕ)

= sup
g(x)∈W γ

2 (D), y=(y1,...,yN )∈RNPN
j=1 |gj−yj |2≤δ2

‖u(x, T )− ϕ(y)(x)‖L2(D).

Âåëè÷èíà

E(T, W γ
2 (D), FN

δ ) = inf
ϕ : RN→L2(D)

e(T,W γ
2 (D), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Ââåäåì îáîçíà÷åíèÿ:

A = max
1≤j≤N

(1− cos
√
−λjT )2

λ2
jγj

=
(1− cos

√
−λpT )2

λ2
pγp

,

B = max
k>N

(1− cos
√
−λjT )2

λ2
jγj

=
(1− cos

√
−λqT )2

λ2
qγq

,

r :
(1− cos

√
−λrT )2

λ2
r

−Bγr = max
p≤j≤N

(
(1− cos

√
−λjT )2

λ2
j

−Bγj).

Ïóñòü sk+1 � íàèáîëüøåå èç ÷èñåë òàêèõ, ÷òî sk < sk+1 ≤ r è

λ2
sk

(1− cos
√
−λsk+1

T )2 − λ2
sk+1

(1− cos
√
−λsk

T )2

λ2
sk

λ2
sk+1

(γsk+1
− γsk

)
=

max
sk<j≤r

λ2
sk

(1− cos
√
−λjT )2 − λ2

j(1− cos
√
−λsk

T )2

λ2
sk

λ2
j(γj − γsk

)
,

k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r.
Ïîëîæèì

Jk ={
j ∈ N ∩ [1, N ] :

(1− cos
√
−λjT )2

λ2
jγj

>
λ2

sk
(1− cos

√
−λsk+1

T )2 − λ2
sk+1

(1− cos
√
−λsk

T )2

λ2
sk

λ2
sk+1

(γsk+1
− γsk

)

}
,

k = 0, . . . ,m− 1,
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Jm =

{
j ∈ N ∩ [1, N ] :

(1− cos
√
−λjT )2

λ2
jγj

> B

}
.

Òåîðåìà 11. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(T, W γ
2 (D), FN

δ ) =
|1− cos

√
−λqT |

−λq
√

γq

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé. Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

γp

E(T, W γ
2 (D), FN

δ ) =
|1− cos

√
−λpT |

−λp
√

γp

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé;

(ii) ïðè
1

√
γsk+1

≤ δ <
1

√
γsk

, k = 0, 1, . . . ,m− 1,

E(T,W γ
2 (D), FN

δ ) =√
(1− cos

√
−λsk

T )2

λ2
sk

1− γsk+1
δ2

γsk+1
− γsk

+
(1− cos

√
−λsk+1

T )2

λ2
sk+1

1− δ2γsk

γsk+1
− γsk

,

à ìåòîä

ϕ̂(y) =
∑
j∈Jk

1− cos
√
−λjT√

−λj(
1 +

(1− cos
√

λsk+1
T )2λ2

sk
− (1− cos

√
λsk

T )2λ2
sk+1

γsk+1
λ2

sk+1
(1− cos

√
−λjT )2 − γsk

λ2
sk

(1− cos
√

λsk+1
T )2

γj

)−1

yjvj(x)

� îïòèìàëüíûé;

(iii) ïðè δ <
1
√

γr

E(T,W γ
2 (D), FN

δ ) =√
δ2

(1− cos
√
−λrT )2

λ2
r

+
(1− cos

√
−λqT )2

λ2
q

1− δ2γr

γq

,

à ìåòîä

ϕ̂(y) =
∑
j∈Jm

1− cos
√
−λjT√

−λj(
1 +

γj(1− cos
√
−λqT )2λ2

r

γqλ2
q(1− cos

√
−λrT )2 − γrλ2

r(1− cos
√
−λqT )2

)−1

yjvj(x)

� îïòèìàëüíûé.
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Äîêàçàòåëüñòâî. Îïðåäåëèì ìíîæåñòâî G ñëåäóþùèì îáðàçîì:

G =

{
g = (g1, g2, . . .) : ‖g‖F =

( ∞∑
j=1

γj|gj|2
)1/2

< ∞
}

,

è ðàññìîòðèì îïåðàòîð Q : G → l2, çàäàííûé ðàâåíñòâîì:

Qg = (g1 cos
√
−λ1T, g2 cos

√
−λ2T, . . .).

Ïðè ýòîì ïîñëåäîâàòåëüíîñòü
(1− cos

√
−λjT )2

λ2
j

� íåìîíîòîííàÿ,

íî îãðàíè÷åííàÿ, à ïîñëåäîâàòåëüíîñòü γj → ∞ ïðè j → ∞,

ñëåäîâàòåëüíî,
(1− cos

√
−λjT )2

λ2
jγj

→ 0 ïðè j → ∞. Ïîýòîìó,

ïîëîæèâ µj =
(1− cos

√
−λjT )2

λ2
j

, νj = γj, ìîæíî âîñïîëüçîâàòüñÿ

ðåçóëüòàòàìè òåîðåìû 8 è ïîëó÷èòü ñîîòâåòñòâóþùèå âûðàæåíèÿ
äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîãî
ìåòîäà â êàæäîì äèàïàçîíå çíà÷åíèé δ.

�

Ïðèìåíèì ïîëó÷åííûå ðåçóëüòàòû ê ðåøåíèþ çàäà÷ îïòè-
ìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ.
1. Ðàññìîòðèì âîëíîâîå óðàâíåíèå ñ íóëåâûìè ãðàíè÷íûìè

óñëîâèÿìè è íóëåâîé íà÷àëüíîé ñêîðîñòüþ

(65)

utt = uxx,

u(0, t) = u(π, t) = 0,

u(x, 0) = f(x),

ut(x, 0) = 0.

Èç (36) ñëåäóåò, ÷òî òî÷íîå ðåøåíèå ýòîé çàäà÷è èìååò âèä

(66) u(x, t) =
∞∑

j=1

aj(f) cos jt sin jx,

ãäå

aj(f) =
2

π

∫ π

0

f(x) sin jx dx

� êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x).
Ïðåäïîëîæèì, ÷òî f(·) ∈ W n

2 ([0, π]), ãäå

W n
2 ([0, π]) = { f(·) ∈ L2([0, π]) : f (n−1)(·) àáñ. íåïð. íà [0, π],

‖f (n)(·)‖L2([0,π]) ≤ 1 },
à

‖g(·)‖L2([0,π]) =

√
2

π

∫ π

0

|g(x)|2 dx.
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Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ ïåðâûõ
N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(·) y1, . . . , yN , ïðè÷åì

(67)
N∑

j=1

|aj(f)− yj|2 ≤ δ2, δ > 0.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (65) â ìîìåíò âðåìåíè T íà êëàññå W n

2 ([0, π])
ïî èíôîðìàöèîííîìó îïåðàòîðó FN

δ , êîòîðûé êàæäîé ôóíêöèè
f(·) ∈ W n

2 ([0, π]) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y = (y1, . . . , yN),
óäîâëåòâîðÿþùèõ óñëîâèþ (67).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : RN → L2([0, π]). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T, W n
2 ([0, π]), FN

δ , ϕ)

= sup
f(·)∈W n

2 ([0,π]), y=(y1,...,y)∈RNPN
j=1 |aj(f)−yj |2≤δ2

‖u(·, T )− ϕ(y)(·)‖L2([0,π]).

Âåëè÷èíà

E(T,W n
2 ([0, π]), FN

δ ) = inf
ϕ : RN→L2([0,π])

e(T, W n
2 ([0, π]), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Åñëè f(·) ∈ W n

2 ([0, π]), òî

f(x) =
∞∑

j=1

aj(f) sin jx,

ãäå
∞∑

j=1

j2na2
j(f) ≤ 1,

ò.å. νj = j2n. Èç (66) âûòåêàåò, ÷òî µj = cos2 jT . Â ñîîòâåòñòâèè ñ
ââåäåííûìè îáîçíà÷åíèÿìè

A = max
1≤j≤N

cos2 jT

j2n
=

cos2 pT

p2n
, B = max

j>N

cos2 jT

j2n
=

cos2 qT

q2n
,

r îïðåäåëÿåòñÿ èç óñëîâèÿ

cos2 rT −Br2n = max
p≤j≤N

(cos2 jT −Bj2n),

ïîñëåäîâàòåëüíîñòü sk+1 îïðåäåëÿåòñÿ ðàâåíñòâàìè

cos2 sk+1T − cos2 skT

s2n
k+1 − s2n

k

= max
sk<j≤r

cos2 jT − cos2 skT

j2n − s2n
k

,

k = 0, 1, . . . ,m− 1,
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ãäå s0 = p, sm = r, à

Jk =

{
j ∈ N ∩ [1, N ] :

cos2 jT

j2n
>

cos2 sk+1T − cos2 skT

s2n
k+1 − s2n

k

}
,

k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

cos2 jT

j2n
> B

}
.

Òîãäà èç òåîðåìû 9 âûòåêàåò

Òåîðåìà 12. Ïðè B ≥ A äëÿ âñåõ δ > 0 îïòèìàëüíûé ìåòîä

âîññòàíîâëåíèÿ âîëíîâîãî óðàâíåíèÿ

u(x, T ) ≈ 0,

a äëÿ åãî ïîãðåøíîñòè ñïðàâåäëèâî ðàâåíñòâî

E(T, W n
2 ([0, π]), FN

δ ) =
| cos qT |

qn
.

Åñëè B < A, òî

(i) ïðè δ ≥ p−n

E(T,W n
2 ([0, π]), FN

δ ) =
| cos pT |

pn
,

à ìåòîä u(x, T ) ≈ 0 � îïòèìàëüíûé;

(ii) ïðè s−n
k+1 ≤ δ < s−n

k , k = 0, 1, . . . ,m− 1,

E(T, W n
2 ([0, π]), FN

δ ) =

√
s2n

k+1δ
2 − 1

s2n
k+1 − s2n

k

cos2 skT +
1− δ2s2n

k

s2n
k+1 − s2n

k

cos2 sk+1T ,

à ìåòîä

u(x, T )

≈
∑
j∈Jk

(
1 +

cos2 sk+1T − cos2 skT

s2n
k+1 cos2 skT − s2n

k cos2 sk+1T
j2n

)−1

yj cos jT sin jx

� îïòèìàëüíûé;

(iii) ïðè δ < r−n

E(T,W n
2 ([0, π]), FN

δ ) =

√
δ2 cos2 rT +

1− δ2r2n

q2n
cos2 qT ,

à ìåòîä

u(x, T ) ≈
∑
j∈Jm

(
1 +

cos2 qT

q2n cos2 rT − r2n cos2 qT
j2n

)−1

yj cos jT sin jx

� îïòèìàëüíûé.
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2. Âîëíîâîå óðàâíåíèå ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè,
íóëåâîé íà÷àëüíîé ôîðìîé ñòðóíû è íåíóëåâîé íà÷àëüíîé
ñêîðîñòüþ:

(68)

utt = uxx,

u(0, t) = u(π, t) = 0,

u(x, 0) = 0,

ut(x, 0) = f(x).

Â ãëàâå 1 ïîêàçàíî, ÷òî òî÷íîå ðåøåíèå çàäà÷è èìååò âèä:

(69) u(x, t) =
∞∑

j=1

bj(f) sin jt sin jx,

ãäå

bj(f) =
2

πj

∫ π

0

f(x) sin jx dx

� êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x).
Åñëè f(·) ∈ W n

2 ([0, π]), òî

f(x) =
∞∑

j=1

bj(f) sin jx,

ãäå
∞∑

j=1

j2nb2
j(f) ≤ 1,

ò.å. νj = j2n. Èç (69) âûòåêàåò, ÷òî µj =
sin2 jT

j2
. Â ñîîòâåòñòâèè ñ

ââåäåííûìè îáîçíà÷åíèÿìè

A = max
1≤j≤N

sin2 jT

j2n+2
=

sin2 pT

p2n+2
, B = max

j>N

sin2 jT

j2n+2
=

sin2 qT

q2n+2
,

r îïðåäåëÿåòñÿ èç óñëîâèÿ

sin2 rT

r2
−Br2n = max

p≤j≤N
(
sin2 jT

j2
−Bj2n),

ïîñëåäîâàòåëüíîñòü sk+1 îïðåäåëÿåòñÿ ðàâåíñòâàìè

s2
k sin2 sk+1T − s2

k+1 sin2 skT

s2
ks

2n+2
k+1 − s2

k+1s
2n+2
k

= max
sk<j≤r

s2
k sin2 jT − j2 sin2 skT

s2
kj

2n+2 − j2s2n+2
k

,

k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r, à

Jk =

{
j ∈ N ∩ [1, N ] :

sin2 jT

j2n+2
>

s2
k sin2 sk+1T − s2

k+1 sin2 skT

s2
ks

2n+2
k+1 − s2

k+1s
2n+2
k

}
,

k = 0, . . . ,m− 1,
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Jm =

{
j ∈ N ∩ [1, N ] :

sin2 jT

j2n+2
> B

}
.

Òîãäà â òåõ æå ïðåäïîëîæåíèÿõ îòíîñèòåëüíî êëàññà ôóíêöèè
f(x), ÷òî è â ïðåäûäóùåì ïóíêòå, è ïðè çàäàííûõ ïðèáëèæåííûõ
çíà÷åíèÿõ ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(·)
y1, . . . , yN , äëÿ êîòîðûõ

(70)
N∑

j=1

|bj(f)− yj|2 ≤ δ2, δ > 0,

èç òåîðåìû 10 âûòåêàåò

Òåîðåìà 13. Ïðè B ≥ A äëÿ âñåõ δ > 0 îïòèìàëüíûé ìåòîä

âîññòàíîâëåíèÿ âîëíîâîãî óðàâíåíèÿ

u(x, T ) ≈ 0,

a äëÿ åãî ïîãðåøíîñòè ñïðàâåäëèâî ðàâåíñòâî

E(T,W n
2 ([0, π]), FN

δ ) =
| sin qT |

qn+1
.

Åñëè B < A, òî

(i) ïðè δ ≥ p−n

E(T,W n
2 ([0, π]), FN

δ ) =
| sin pT |

pn+1
,

à ìåòîä u(x, T ) ≈ 0 � îïòèìàëüíûé;

(ii) ïðè s−n
k+1 ≤ δ < s−n

k , k = 0, 1, . . . ,m− 1,

E(T,W n
2 ([0, π]), FN

δ ) =

√
s2n

k+1δ
2 − 1

s2n
k+1 − s2n

k

sin2 skT

s2
k

+
1− δ2s2n

k

s2n
k+1 − s2n

k

sin2 sk+1T

s2
k+1

,

à ìåòîä

u(x, T )

≈
∑
j∈Jk

(
1 +

sin2 sk+1Ts2
k − sin2 skTs2

k+1

s2n+2
k+1 sin2 skT − s2n+2

k sin2 sk+1T
j2n

)−1

yj sin jT sin jx

� îïòèìàëüíûé;

(iii) ïðè δ < r−n

E(T,W n
2 ([0, π]), FN

δ ) =

√
δ2

sin2 rT

r2
+

1− δ2r2n

q2n

sin2 qT

q2
,

à ìåòîä

u(x, T ) ≈
∑
j∈Jm

(
1 +

r2 sin2 qT

q2n+2 sin2 rT − r2n+2 sin2 qT
j2n

)−1

yj sin jT sin jx

� îïòèìàëüíûé.
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3. Íåîäíîðîäíîå âîëíîâîå óðàâíåíèå ñ íóëåâûìè íà÷àëüíûìè è
ãðàíè÷íûìè óñëîâèÿìè è ñòàöèîíàðíîé íåîäíîðîäíîñòüþ:

(71)

utt = uxx + g(x),

u(0, t) = u(π, t) = 0,

u(x, 0) = 0,

ut(x, 0) = 0,

ãäå g(x) ∈ W n
2 ([0, π]). Òî÷íîå ðåøåíèå çàäà÷è èìååò âèä

(72) u(x, t) =
∞∑

j=1

gj

j
(1− cos jt) sin jx,

ãäå

gj =
2

π

∫ π

0

g(x) sin jx dx

� êîýôôèöèåíòû Ôóðüå ôóíêöèè g(x).
Ïóñòü íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ ïåðâûõ N

êîýôôèöèåíòîâ Ôóðüå ôóíêöèè g(x) y1, . . . yN , äëÿ êîòîðûõ

(73)
N∑

j=1

|gj(f)− yj|2 ≤ δ2, δ > 0.

Åñëè g(x) ∈ W n
2 ([0, π]), òî

g(x) =
∞∑

j=1

gj sin jx,

ãäå
∞∑

j=1

j2ng2
j ≤ 1,

ò.å. νj = j2n. Èç (72) âûòåêàåò, ÷òî µj =
(1− cos jT )2

j2
. Â

ñîîòâåòñòâèè ñ ââåäåííûìè îáîçíà÷åíèÿìè

A = max
1≤j≤N

(1− cos jT )2

j2n+2
=

(1− cos pT )2

p2n+2
,

B = max
j>N

(1− cos jT )2

j2n+2
=

(1− cos qT )2

q2n+2
,

r îïðåäåëÿåòñÿ èç óñëîâèÿ

(1− cos rT )2

r2
−Br2n = max

p≤j≤N
(
(1− cos jT )2

j2
−Bj2n),
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ïîñëåäîâàòåëüíîñòü sk+1 îïðåäåëÿåòñÿ ðàâåíñòâàìè

s2
k(1− cos sk+1T )2 − s2

k+1(1− cos skT )2

s2
ks

2n+2
k+1 − s2

k+1s
2n+2
k

=

max
sk<j≤r

s2
k(1− cos jT )2 − j2(1− cos skT )2

s2
kj

2n+2 − j2s2n+2
k

,

k = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r, à

Jk ={
j ∈ N ∩ [1, N ] :

(1− cos jT )2

j2n+2
>

s2
k(1− cos sk+1T )2 − s2

k+1(1− cos skT )2

s2
ks

2n+2
k+1 − s2

k+1s
2n+2
k

}
,

k = 0, . . . ,m− 1,

Jm =

{
j ∈ N ∩ [1, N ] :

(1− cos jT )2

j2n+2
> B

}
.

Òîãäà èç òåîðåìû 11 âûòåêàåò

Òåîðåìà 14. Ïðè B ≥ A äëÿ âñåõ δ > 0 îïòèìàëüíûé ìåòîä

âîññòàíîâëåíèÿ âîëíîâîãî óðàâíåíèÿ

u(x, T ) ≈ 0,

a äëÿ åãî ïîãðåøíîñòè ñïðàâåäëèâî ðàâåíñòâî

E(T, W n
2 ([0, π]), FN

δ ) =
|1− cos qT |

qn+1
.

Åñëè B < A, òî

(i) ïðè δ ≥ p−n

E(T, W n
2 ([0, π]), FN

δ ) =
|1− cos pT |

pn+1
,

à ìåòîä u(x, T ) ≈ 0 � îïòèìàëüíûé;

(ii) ïðè s−n
k+1 ≤ δ < s−n

k , k = 0, 1, . . . ,m− 1,

E(T,W n
2 ([0, π]), FN

δ ) =√
s2n

k+1δ
2 − 1

s2n
k+1 − s2n

k

(1− cos skT )2

s2
k

+
1− δ2s2n

k

s2n
k+1 − s2n

k

(1− cos sk+1T )2

s2
k+1

,

à ìåòîä

u(x, T )

≈
∑
j∈Jk

(
1 +

(1− cos sk+1T )2s2
k − (1− cos skT )2s2

k+1

s2n+2
k+1 (1− cos skT )2 − s2n+2

k (1− cos sk+1T )2
j2n

)−1

yj(1−cos jT ) sin jx

� îïòèìàëüíûé;
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(iii) ïðè δ < r−n

E(T,W n
2 ([0, π]), FN

δ ) =√
δ2

(1− cos rT )2

r2
+

1− δ2r2n

q2n

(1− cos qT )2

q2
,

à ìåòîä

u(x, T )

≈
∑
j∈Jm

(
1 +

r2(1− cos qT )2

q2n+2(1− cos rT )2 − r2n+2(1− cos qT )2
j2n

)−1

yj(1−cos jT ) sin jx

� îïòèìàëüíûé.

2.3. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ âîëíîâîãî

óðàâíåíèÿ ñ ïîãðåøíîñòüþ, çàäàííîé â ðàâíîìåðíîé

ìåòðèêå

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðà
Q : X → l2, çàäàííîãî ðàâåíñòâîì

Qx = (η1x1, η2x2, . . .),

ãäå x = (x1, x2, . . .) ∈ X, à

X =

{
x = (x1, x2, . . .) : ‖x‖X =

( ∞∑
j=1

νj|xj|2
)1/2

< ∞
}

,

νj > 0, xj ∈ R, j ∈ N. Ïîëîæèì µj = η2
j è áóäåì ïðåäïîëàãàòü,

÷òî µj/νj → 0 ïðè j → ∞. Òîãäà ïðè âñåõ x ∈ X Qx ∈ l2. Íàñ
èíòåðåñóåò çàäà÷à âîññòàíîâëåíèÿ îïåðàòîðà Q ïî ïðèáëèæåííûì
çíà÷åíèÿì ïåðâûõ N êîìïîíåíò x1, . . . , xN .
Ïîëîæèì

W = {x ∈ X : ‖x‖X ≤ 1 }.
Áóäåì ñ÷èòàòü, ÷òî äëÿ êàæäîãî x ∈ W íàì èçâåñòåí âåêòîð y =
(y1, . . . , yN) òàêîé, ÷òî

|xj − yj| ≤ δj, j = 1, ..., N.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-
íûå îòîáðàæåíèÿ ϕ : lN∞ → l2. Ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ
äàííîãî ìåòîäà ϕ îïðåäåëÿåòñÿ ðàâåíñòâîì

e(Q, W, IN , δ, ϕ) = sup
x∈W, y∈lN∞

|xj−yj |≤δj , j=1,...,N

‖Qx− ϕ(y)‖l2

(çäåñü δ = (δ1, ..., δN), INx = (x1, . . . , xN)).
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Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè-
÷èíà

(74) E(Q, W, IN , δ) = inf
ϕ : lN∞→l2

e(Q,W, IN , δ, ϕ),

à ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ
îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ îïåðàòîðà Q íà êëàññå W
ïî èíôîðìàöèè IN , çàäàííîé ñ ïîãðåøíîñòüþ â íîðìå lN∞.
Ïóñòü νj ìîíîòîííî âîçðàñòàåò,

lim
j→+∞

νj = +∞, lim
j→+∞

µj/νj = 0.

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
µ1

ν1

≥ µ2

ν2

≥ ... ≥ µN

νN

(ýòîãî ìîæíî äîáèòüñÿ ñîîòâåòñòâóþùåé ïåðåíóìåðîâêîé). Ïóñòü
q > N òàêîâî, ÷òî

µq

νq

= max
j>N

µj

νj

.

Åñëè ν1δ
2
1 < 1 è

µ1

ν1

>
µq

νq

,

ïîëîæèì

p0 = p0(δ) = max

{
p :

p∑
j=1

νjδ
2
j < 1,

µp

νp

>
µq

νq

, 1 ≤ p ≤ N

}
,

â ïðîòèâíîì ñëó÷àå ñ÷èòàåì, ÷òî p0 = 0.
Ïîëîæèì

q0 =


q,

µq

νq

≥ µp0+1

νp0+1

p0 + 1,
µq

νq

<
µp0+1

νp0+1

.

Òåîðåìà 15. Èìååò ìåñòî ðàâåíñòâî

(75) E(Q, W, IN , δ) =

√√√√µq0

νq0

+

p0∑
j=1

(
µj −

µq0

νq0

νj

)
δ2
j ,

ïðè ýòîì ìåòîä

(76) ϕ̂(y) =

p0∑
j=1

ηj

(
1− µq0νj

νq0µj

)
yjej

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó
∞∑

j=1

µj|xj|2 → max, |xj|2 ≤ δ2
j , j = 1, ..., N,

∞∑
j=1

νj|xj|2 ≤ 1.
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Ïîëîæèì uj = |xj|2, j ∈ N, è ïåðåïèøåì ýòó çàäà÷ó òàê:
(77)

∞∑
j=1

µjuj → max, uj ≤ δ2
j , j = 1, ..., N,

∞∑
j=1

νjuj ≤ 1, uj ≥ 0.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(u, λ, λ1, ..., λN) =
N∑

j=1

(−µj + λj + λνj)uj +
∞∑

j=N+1

(−µj + λνj)uj,

ãäå u = {uj}j∈N.
Â ãëàâå 1 (ñëåäñòâèå 2) ïîêàçàíî, ÷òî åñëè íàéäóòñÿ òàêèå

λ̂, λ̂1, ..., λ̂N ≥ 0, ÷òî äëÿ äîïóñòèìîé â çàäà÷å (77) ïîñëåäîâàòåëü-
íîñòè û = {ûj}j∈N âûïîëíåíû óñëîâèÿ

(a) min
uj≥0

L(u, λ̂, λ̂1, ..., λ̂N) = L(û, λ̂, λ̂1, ..., λ̂N),

(b)
N∑

j=1

λ̂j

(
ûj − δ2

j

)
= 0, λ̂

( ∞∑
j=1

νjûj − 1

)
= 0,

òî û � ðåøåíèå çàäà÷è (77), à åå çíà÷åíèå ðàâíî

N∑
j=1

λ̂jδ
2
j + λ̂.

Åñëè ïðè ýòîì äëÿ âñåõ y ∈ lN∞ ñóùåñòâóåò ðåøåíèå xy

ýêñòðåìàëüíîé çàäà÷è

(78)
N∑

j=1

λ̂j|xj − yj|2 + λ̂‖x‖2
X → min, x ∈ X,

òî

(79) E(Q,W, IN , δ) =

√√√√ N∑
j=1

λ̂jδ2
j + λ̂,

à ìåòîä

ϕ̂(y) = Qxy

ÿâëÿåòñÿ îïòèìàëüíûì.
Çàäà÷à (78) ìîæåò áûòü çàïèñàíà â âèäå

N∑
j=1

(
λ̂j(xj − yj)

2
)

+ λ̂

∞∑
j=1

νjx
2
j → min, x ∈ X,

èëè

F (x) =
N∑

j=1

(
λ̂j(xj − yj)

2 + λ̂νjx
2
j

)
+ λ̂

∞∑
j=N+1

νjx
2
j → min, x ∈ X.



55

Íàéäåì ìèíèìóì ôóíêöèè F (x).

∂F

∂xj

= 2λ̂j(xj − yj) + 2λ̂νjxj = 0, j = 1, ..., N,

∂F

∂xj

= 2λ̂νjxj = 0, j > N,

îòêóäà

xj =
λ̂j

λ̂j + λ̂νj

, j = 1, ..., N, xj = 0, j > N,

à ðåøåíèå ýêñòðåìàëüíîé çàäà÷è:

xy =
N∑

j=1

λ̂j

λ̂j + λ̂νj

yjej.

Ïîýòîìó äîñòàòî÷íî íàéòè λ̂, λ̂1, ..., λ̂N ≥ 0 è äîïóñòèìóþ â (77)
ïîñëåäîâàòåëüíîñòü û = {ûj}j∈N, äëÿ êîòîðûõ áóäóò âûïîëíåíû
óñëîâèÿ (a) è (b). Ïðè ýòîì ìåòîä

(80) ϕ̂(y) =
N∑

j=1

ηj
λ̂j

λ̂j + λ̂νj

yjej

áóäåò îïòèìàëüíûì.

Ïðåäïîëîæèì, ÷òî p0 > 0. Ïîëîæèì λ̂ =
µq0

νq0

, λ̂j = µj −
µq0

νq0

νj, j = 1, ..., p0, λ̂j = 0, p0 < j ≤ N.

ûj =


δ2
j , j = 1, ..., p0,

1−
∑p0

j=1 νjδ
2
j

νq0

, j = q0,

0, j > p0, j 6= q0.

Òîãäà ûj ≥ 0, ûj = δ2
j ïðè j = 1, . . . p0. Åñëè q0 > N , òî ûj = 0 ≤

δ2
j , j = p0 + 1, . . . , N . Â ñëó÷àå, êîãäà q0 ≤ N , âûïîëíåíèå óñëîâèÿ

ûq0 ≤ δ2
q0
ñëåäóåò èç âûáîðà q0. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü

ûj � äîïóñòèìàÿ. Ïðîâåðèì âûïîëíåíèå óñëîâèé (b).

∞∑
j=1

νjûj =

p0∑
j=1

νjδ
2
j + νq0

1−
∑p0

j=1 νjδ
2
j

νq0

= 1,

N∑
j=1

λ̂j(ûj − δ2
j ) =

p0∑
j=1

λ̂j(δ
2
j − δ2

j ) = 0,
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òî åñòü óñëîâèÿ (b) âûïîëíåíû. Ïðè ýòîì

L(u, λ̂, λ̂1, ..., λ̂N) =
∞∑

j=p0+1

(
−µj +

µq0

νq0

νj

)
uj ≥ 0,

òàê êàê â ñèëó âûáîðà q0

µq0

νq0

≥ µj

νj

, j > p0.

Ïîñêîëüêó L(û, λ̂, λ̂1, ..., λ̂N) = 0, óñëîâèå (a) âûïîëíåíî.

Ïîäñòàâëÿÿ λ̂ è λ̂1, ..., λ̂N â (79) è (80), ïîëó÷àåì ïîãðåøíîñòü
îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîñòü ìåòîäà

ϕ̂(y) =

p0∑
j=1

ηj

(
1− µq0νj

νq0µj

)
yjej.

Ïóñòü p0 = 0. Ïðè ýòîì ëèáî ν1δ
2
1 ≥ 1, ëèáî

µ1

ν1

≤ µq

νq

. Â

îáîèõ ñëó÷ÿõ ïîëîæèì λ̂ =
µq0

νq0

, λ̂j = 0, j = 1, ..., N, ûq0 =

1

νq0

, ûj = 0, j 6= q0. Òîãäà ïîñëåäîâàòåëüíîñòü ûj � äîïóñòèìàÿ,

L(u, λ̂, λ̂1, ..., λ̂N) =
∞∑

j=1

(
−µj +

µq0

νq0

νj

)
uj =

∞∑
j=1

νj

(
µq0

νq0

− µj

νj

)
uj ≥ 0

â ñèëó âûáîðà q0, à L(û, λ̂, λ̂1, ..., λ̂N) = 0, òî åñòü óñëîâèå (a)
âûïîëíåíî. Óñëîâèÿ (b) òàêæå î÷åâèäíûì îáðàçîì âûïîëíåíû. Ïðè
ýòîì èç (79) è (80) ñëåäóåò, ÷òî

E(Q,W, IN , δ) =

√
µq0

νq0

,

à ìåòîä ϕ̂(y) = 0 � îïòèìàëüíûé.
�

Ðàññìîòðèì âîëíîâîå óðàâíåíèå ñ íóëåâûìè ãðàíè÷íûìè
óñëîâèÿìè è íóëåâîé íà÷àëüíîé ñêîðîñòüþ (65), òî÷íîå ðåøåíèå
êîòîðîãî èìååò âèä (66).
Ïðåäïîëîæèì, ÷òî f(·) ∈ W n

2 ([0, π]), ãäå

W n
2 ([0, π]) = { f(·) ∈ L2([0, π]) : f (n−1)(·) àáñ. íåïð. íà [0, π],

‖f (n)(·)‖L2([0,π]) ≤ 1 },
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à

‖g(·)‖L2([0,π]) =

√
2

π

∫ π

0

|g(x)|2 dx.

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ
ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(·) y1, . . . , yN , ïðè÷åì

(81) |aj(f)− yj| ≤ δj, δj > 0, j = 1, ..., N.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (66) â ìîìåíò âðåìåíè T íà êëàññå W n

2 ([0, π]) ïî
èíôîðìàöèîííîìó îïåðàòîðó FN

δ (δ = δ1, ..., δN), êîòîðûé êàæäîé
ôóíêöèè f(·) ∈ W n

2 ([0, π]) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y =
(y1, . . . , yN), óäîâëåòâîðÿþùèõ óñëîâèþ (81).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : RN → L2([0, π]). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(T, W n
2 ([0, π]), FN

δ , ϕ)

= sup
f(·)∈W n

2 ([0,π]), y=(y1,...,y)∈RN

|aj(f)−yj |≤δj , j=1,...,N

‖u(·, T )− ϕ(y)(·)‖L2([0,π]).

Âåëè÷èíà

E(T,W n
2 ([0, π]), FN

δ ) = inf
ϕ : RN→L2([0,π])

e(T, W n
2 ([0, π]), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Åñëè f(·) ∈ W n

2 ([0, π]), òî

f(x) =
∞∑

j=1

aj(f) sin jx,

ãäå
∞∑

j=1

j2na2
j(f) ≤ 1,

ò.å. νj = j2n. Èç (66) âûòåêàåò, ÷òî µj = cos2 jT . Ñîîòâåòñòâåííî
q > N òàêîâî, ÷òî

cos2 qT

q2n
= max

j>N

cos2 jT

j2n
.

Ïóñòü k1, . . . , kN � ïåðåñòàíîâêà 1, . . . , N òàêàÿ, ÷òî

cos2 k1T

k2n
1

≥ . . . ≥ cos2 kNT

k2n
N

.

Îáîçíà÷èì

Np = {k1, . . . , kp}, 1 ≤ p ≤ N.



58

Òîãäà â ñëó÷àå, åñëè δk1 < 1 è
cos2 k1T

k2n
1

>
cos2 qT

q2n
, ïîëîæèì

p0 = p0(δ)

= max

{
p :
∑
j∈Np

j2nδ2
j < 1,

cos2 kpT

k2n
p

>
cos2 qT

q2n
, 1 ≤ p ≤ N

}
.

èíà÷å p0 = 0.
Ñîîòâåòñòâåííî

q0 =


q,

cos2 qT

q2n
≥ cos2 kp0+1T

k2n
p0+1

kp0+1,
cos2 qT

q2n
<

cos2 kp0+1T

k2n
p0+1

.

Èç òåîðåìû 15 âûòåêàåò

Òåîðåìà 16. Èìååò ìåñòî ðàâåíñòâî

E(T, W n
2 ([0, π]), FN

δ ) =

√√√√cos2 q0T

q2n
0

+
∑

j∈Np0

(
cos2 jT − cos2 q0T

q2n
0

j2n

)
δ2
j ,

ïðè ýòîì ìåòîä

u(x, T ) ≈
∑

j∈Np0

(
1− j2 cos2 q0T

q2
0 cos2 jT

)
yj cos jT sin jx

ÿâëÿåòñÿ îïòèìàëüíûì.

Äëÿ âîëíîâîãî óðàâíåíèÿ ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè,
íóëåâîé íà÷àëüíîé ôîðìîé ñòðóíû è íåíóëåâîé íà÷àëüíîé
ñêîðîñòüþ (68), òî÷íîå ðåøåíèå êîòîðîãî èìååò âèä (69), à ôóíêöèÿ
f(x) îïðåäåëåíà òàê æå, êàê â ïðåäûäóùåì ñëó÷àå, ïðè÷åì

(82) |bj(f)− yj| ≤ δj, δj > 0, j = 1, ..., N,

ïîãðåøíîñòüþ âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì
âåëè÷èíó

e(T, W n
2 ([0, π]), FN

δ , ϕ)

= sup
f(·)∈W n

2 ([0,π]), y=(y1,...,y)∈RN

|bj(f)−yj |≤δj , j=1,...,N

‖u(·, T )− ϕ(y)(·)‖L2([0,π]),

à ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ �

E(T, W n
2 ([0, π]), FN

δ ) = inf
ϕ : RN→L2([0,π])

e(T, W n
2 ([0, π]), FN

δ , ϕ).
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Òîãäà νj = j2n, µj =
sin2 jT

j2
. Ïðè ýòîì q > N òàêîâî, ÷òî

sin2 qT

q2n+2
= max

j>N

sin2 jT

j2n+2
.

Ïóñòü m1, . . . ,mN � ïåðåñòàíîâêà 1, . . . , N òàêàÿ, ÷òî

sin2 m1T

m2n+2
1

≥ . . . ≥ sin2 mNT

m2n+2
N

.

Îáîçíà÷èì
Mp = {m1, . . . ,mp}, 1 ≤ p ≤ N.

Òîãäà â ñëó÷àå, åñëè δk1 < 1 è
sin2 k1T

k2n+2
1

>
sin2 qT

q2n+2
, ïîëîæèì

p0 = p0(δ)

= max

{
p :
∑
j∈Mp

j2nδ2
j < 1,

sin2 mpT

m2n+2
p

>
sin2 qT

q2n+2
, 1 ≤ p ≤ N

}
.

èíà÷å p0 = 0.
Ñîîòâåòñòâåííî

q0 =


q,

sin2 qT

q2n+2
≥ sin2 mp0+1T

m2n+2
p0+1

mp0+1,
sin2 qT

q2n+2
<

sin2 mp0+1T

m2n+2
p0+1

.

Èç òåîðåìû 15 âûòåêàåò

Òåîðåìà 17. Èìååò ìåñòî ðàâåíñòâî

E(T, W n
2 ([0, π]), FN

δ ) =√√√√sin2 q0T

q4
0

+
∑

j∈Mp0

(
sin2 jT

j2
− sin2 q0T

q4
0

j2

)
δ2
j ,

ïðè ýòîì ìåòîä

u(x, T ) ≈
∑

j∈Mp0

(
1− j4 sin2 q0T

q4
0 sin2 jT

)
yj sin jT sin jx

ÿâëÿåòñÿ îïòèìàëüíûì.

Äëÿ íåîäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ (71), ãäå

g(x) =
∞∑

j=1

gj sin jx,

ïðè÷åì

(83) |gj − yj| ≤ δj, δj > 0, j = 1, ..., N,



60

ïîãðåøíîñòüþ âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì
âåëè÷èíó

e(T, W n
2 ([0, π]), FN

δ , ϕ)

= sup
f(·)∈W n

2 ([0,π]), y=(y1,...,y)∈RN

|gj−yj |≤δj , j=1,...,N

‖u(·, T )− ϕ(y)(·)‖L2([0,π]),

à ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ �

E(T, W n
2 ([0, π]), FN

δ ) = inf
ϕ : RN→L2([0,π])

e(T, W n
2 ([0, π]), FN

δ , ϕ).

Èç òîãî, ÷òî
∞∑

j=1

j2ng2
j ≤ 1,

ïîëó÷àåì, ÷òî νj = j2n. Ïîñêîëüêó òî÷íîå ðåøåíèå óðàâíåíèÿ (71)

èìååò âèä (72), µj =
(1− cos jT )2

j2
. Îïðåäåëèì q > N òàê, ÷òî

(1− cos qT )2

q2n+2
= max

j>N

(1− cos jT )2

j2n+2
.

Ïóñòü k1, . . . , kN � ïåðåñòàíîâêà 1, . . . , N òàêàÿ, ÷òî

(1− cos k1T )2

k2n+2
1

≥ . . . ≥ (1− cos kNT )2

k2n+2
N

.

Îáîçíà÷èì

Np = {k1, . . . , kp}, 1 ≤ p ≤ N.

Òîãäà â ñëó÷àå, åñëè δk1 < 1 è
(1− cos k1T )2

k2n+2
1

>
(1− cos qT )2

q2n+2
,

ïîëîæèì

p0 = p0(δ)

= max

{
p :
∑
j∈Np

j2nδ2
j < 1,

(1− cos kpT )2

k2n+2
p

>
(1− cos qT )2

q2n+2
, 1 ≤ p ≤ N

}
,

èíà÷å p0 = 0.
Ñîîòâåòñòâåííî

q0 =


q,

(1− cos qT )2

q2n+2
≥ (1− cos kp0+1T )2

k2n+2
p0+1

kp0+1,
(1− cos qT )2

q2n+2
<

(1− cos kp0+1T )2

k2n+2
p0+1

.

Èç òåîðåìû 15 âûòåêàåò
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Òåîðåìà 18. Èìååò ìåñòî ðàâåíñòâî

E(T, W n
2 ([0, π]), FN

δ ) =√√√√(1− cos q0T )2

q4
0

+
∑

j∈Np0

(
(1− cos jT )2

j2
− (1− cos q0T )2

q4
0

j2

)
δ2
j ,

ïðè ýòîì ìåòîä

u(x, T ) ≈
∑

j∈Np0

(
1− j4(1− cos q0T )2

q4
0(1− cos jT )2

)
yj(1− cos jT ) sin jx

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâà ïîñëåäíèõ òðåõ òåîðåì ñëåäóþò èç òåîðåìû 12
íåïîñðåäñòâåííîé ïîäñòàíîâêîé.

2.4. Îïòèìàëüíîå âîññòàíîâëåíèå ïðîèçâîäíûõ

ôóíêöèé ïî êîýôôèöèåíòàì Ôóðüå, çàäàííûì ñ

ïîãðåøíîñòüþ

Ðàññìîòðèì ôóíêöèè èç ñëåäóþùèõ êëàññîâ:
1) Ñîáîëåâñêèé êëàññ W r

2 (T), ñîñòîÿùèé èç 2π-ïåðèîäè÷åñêèõ
ôóíêöèé, ó êîòîðûõ (r−1)-ÿ ïðîèçâîäíàÿ àáñîëþòíî íåïðåðûâíà è
‖x(r)(·)‖ L2(T)

≤ 1. Ýêâèâàëåíòíîå îïðåäåëåíèå ñîáîëåâñêîãî êëàññà:

W r
2 (T) =

{
x(·) ∈ X :

∑
j∈Z

j2r|xj|2 ≤ 1

}
, X = L2(T), x ∈ C.

2) Êëàññ Õàðäè-Ñîáîëåâà Hr,β
2 (T) � ìíîæåñòâî 2π-ïåðèîäè÷åñêèõ

ôóíêöèé x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ = {z ∈ C :
|=z| < β} è óäîâëåòâîðÿþùèõ óñëîâèþ

‖x(r)(·)‖Hβ
2 (T) ≤ 1,

ãäå Hβ
2 (T) � ïðîñòðàíñòâî Õàðäè 2π-ïåðèîäè÷åñêèõ ôóíêöèé x(·),

àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è óäîâëåòâîðÿþùèõ
óñëîâèþ

‖x(·)‖Hβ
2 (T) = sup

0<ρ<β

(
1

4π

∫
T
(|x(t + iρ)|2 + |x(t− iρ)|2)dt

)1/2

< ∞.

3) Êëàññ Áåðãìàíà-Ñîáîëåâà Ar,β
2 (T)� ìíîæåñòâî 2π - ïåðèîäè-

÷åñêèõ ôóíêöèé x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è
óäîâëåòâîðÿþùèõ óñëîâèþ

‖x(r)(·)‖Aβ
2 (T) ≤ 1.
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Çäåñü Aβ
2 (T) � ïðîñòðàíñòâî Áåðãìàíà 2π-ïåðèîäè÷åñêèõ ôóíêöèé

x(·), àíàëèòè÷åñêè ïðîäîëæàåìûõ â ïîëîñó Sβ è óäîâëåòâîðÿþùèõ
óñëîâèþ

‖x(·)‖Aβ
2 (T) =

 1

4πβ

∫
T
dt

β∫
−β

|x(t + iρ)|2dρ

1/2

< ∞.

Ïðè ýòîì x(·) ∈ W = W r
2 (T), Hr,β

2 (T), Ar,β
2 (T) â òîì è òîëüêî â òîì

ñëó÷àå, åñëè

x(t) =
∑
j∈Z

xje
ijt,

ãäå {eij·}j∈Z � îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâàõ W r
2 (T),

Hr,β
2 (T), Ar,β

2 (T), è ∑
j∈Z

νj(W )|xj|2 ≤ 1,

ãäå

νj(W ) =


j2r, W = W r

2 (T),

j2r ch 2jβ, W = Hr,β
2 (T),

j2r sh 2jβ
2jβ

, W = Ar,β
2 (T).

Ïîñòàâèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ k-é ïðîèçâîäíîé
ôóíêöèè èç êëàññà W = W r

2 (T), Hr,β
2 (T), Ar,β

2 (T) (k < r) ïî
èíôîðìàöèè I2N+1

δ , çàêëþ÷àþùåéñÿ â òîì, ÷òî íàì èçâåñòíû ÷èñëà
{yj}|j|≤N òàêèå, ÷òî äëÿ êîýôôèöèåíòîâ Ôóðüå {xj}|j|≤N ôóíêöèè
x(·) ∑

|j|≤N

|xj − yj|2 ≤ δ2, δ > 0,

èëè ïî èíôîðìàöèè Iδ, åñëè ìû ðàñïîëàãàåì ÷èñëàìè {yj}j∈Z
òàêèìè, ÷òî äëÿ êîýôôèöèåíòîâ Ôóðüå {xj}j∈Z ôóíêöèè x(·)∑

j∈Z

|xj − yj|2 ≤ δ2, δ > 0.

Îïåðàòîð äèôôåðåíöèðîâàíèÿ áóäåì îáîçíà÷àòü ÷åðåç Dk. Â
êà÷åñòâå ìåòîäà âîññòàíîâëåíèÿ äîïóñêàåòñÿ ëþáîå îòîáðàæåíèå
ϕ : l2 → L2(T).
Ïîãðåøíîñòüþ ýòîãî ìåòîäà íàçîâåì âåëè÷èíó

e(Dk, W, I2N+1
δ , ϕ) = sup

x(·)∈W, y∈l2P
|j|≤N |xj−yj |2≤δ2

‖Dkx(·)− ϕ(y)(·)‖L2(T)

â ñëó÷àå, åñëè çàäàíà èíôîðìàöèÿ I2N+1
δ , èëè

e(Dk, W, Iδ, ϕ) = sup
x(·)∈W, y∈l2P
j∈Z |xj−yj |2≤δ2

‖Dkx(·)− ϕ(y)(·)‖L2(T),

åñëè çàäàíà èíôîðìàöèÿ Iδ.
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Ñîîòâåòñòâåííî ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ îïðå-
äåëÿåòñÿ êàê

E(Dk, W, I2N+1
δ ) = inf

ϕ : l2→L2(T)
e(Dk, W, I2N+1

δ , ϕ)

èëè
E(Dk, W, Iδ) = inf

ϕ : l2→L2(T)
e(Dk, W, Iδ, ϕ).

Îáîçíà÷èì µj = j2k. Ïîñëåäîâàòåëüíîñòè {µj} è {νj} îáëàäàþò
ñëåäóþùèìè ñâîéñòâàìè:
1){µj}j∈Z è {νj}j∈Z � ÷åòíûå ïîñëåäîâàòåëüíîñòè, ò.å. µj = µ−j è

νj = ν−j è µ0 = ν0 = 0;
2){µj}j∈N è {νjµ

−1
j }j∈N � ïîëîæèòåëüíûå âîçðàñòàþùèå ïîñëåäî-

âàòåëüíîñòè è νj →∞ ïðè j →∞.

Íàéäåì ïðè ν
− 1

2
s+1(W ) ≤ δ < ν

− 1
2

s (W ) òàêîå N0, ÷òî

N0 = max{k :
µk

νk

≥ µs+1 − µs

νs+1 − νs

}.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 19. Ïðè ν
−1/2
s+1 (W ) ≤ δ < ν

−1/2
s (W ), s ≥ 1, ìåòîä

ϕ(y) =
∑

j∈[−N0,N0]

γj

(
1 + νj

µs+1 − µs

µsνs+1 − µs+1νs

)−1

yje
ij·,

ãäå {eij·}j∈Z � îðòîãîíàëüíûé áàçèñ â ñîîòâåòñòâóþùåì ôóíêöèî-

íàëüíîì ïðîñòðàíñòâå, ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé, êîãäà çàäàíà èíôîðìàöèÿ
I2N+1
δ . Òðåáóåòñÿ íàéòè çíà÷åíèå ýêñòðåìàëüíîé çàäà÷è

(84)
∑
j∈Z

µj|xj|2 → max,
∑
|j|≤N

|xj|2 ≤ δ2,
∑
j∈Z

νj|xj|2 ≤ 1.

Îáîçíà÷èì uj = |xj|2, òîãäà çàäà÷ó (84) ìîæíî ïåðåïèñàòü òàê:

(85)
∑
j∈Z

µjuj → max,
∑
|j|≤N

uj ≤ δ2,
∑
j∈Z

νjuj ≤ 1, uj ≥ 0.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è:

L(u, λ1, λ2) =
∑

j∈[−N,N ]

(−µj + λ1 + λ2νj)uj +
∑
|j|>N

(−µj + λ2νj)uj.

Ïîñêîëüêó {µj

νj

} � ÷åòíàÿ ïîñëåäîâàòåëüíîñòü,∑
j∈[−N,N ]

(−µj + λ1 + λ2νj)uj +
∑
|j|>N

(−µj + λ2νj)uj =

2

(
N∑

j=1

(−µj + λ1 + λ2νj)uj +
∞∑

j=N+1

(−µj + λ2νj)uj

)
.
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Ñëåäîâàòåëüíî, ìîæíî ðàññìàòðèâàòü òîëüêî j ∈ N. Â ñèëó

ìîíîòîííîãî óáûâàíèÿ ïîñëåäîâàòåëüíîñòè {µj

νj

}

A = max
1≤j≤N

µj

νj

=
µ1

ν1

, B = max
j>N

µj

νj

=
µN+1

νN+1

, B < A, r = N.

Ïðè ýòîì ìíîæåñòâî Jm = JN0 = [−N0; N0]. Òàêèì îáðàçîì,
âûïîëíåíû âñå óñëîâèÿ òåîðåìû 8, èç êîòîðîé ñëåäóåò
îïòèìàëüíîñòü ïðåäëîæåííîãî ìåòîäà.
Ïîëó÷åííûé ðåçóëüòàò ñïðàâåäëèâ è ïðè N = ∞, òî åñòü â

ñëó÷àå, êîãäà çàäàíà èíôîðìàöèÿ Iδ.
�

Òàêèì îáðàçîì, äëÿ îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ ìîæíî
èñïîëüçîâàòü òîëüêî çíà÷åíèÿ yj ∈ JN0 , òî åñòü îãðàíè÷èòüñÿ
òîëüêî ÷àñòüþ èñõîäíîé èíôîðìàöèè.
Â ÷àñòíîñòè, åñëè x(t) ∈ W r

2 (T),

N
2(r−k)
0 ≤ (s + 1)2r − s2r

(s + 1)2k − s2k
, (N0 + 1)2(r−k) >

(s + 1)2r − s2r

(s + 1)2k − s2k
,

îòêóäà

(s + 1)

(
1−

(
s

s+1

)2r

1−
(

s
s+1

)2k

) 1
2(r−k)

− 1 < N0 ≤ (s + 1)

(
1−

(
s

s+1

)2r

1−
(

s
s+1

)2k

) 1
2(r−k)

.

Ýòà îöåíêà äëÿ ìèíèìàëüíîãî êîëè÷åñòâà ïåðâûõ êîýôôèöèåíòîâ

Ôóðüå, êîòîðûå íåîáõîäèìî çíàòü äëÿ ìàêñèìàëüíî òî÷íîãî

âîññòàíîâëåíèÿ îïåðàòîðà Dk, áûëà ïîëó÷åíà äëÿ ñëó÷àÿ, êîãäà

çàäàíà èíôîðìàöèÿ I2N+1
δ , â ðàáîòå [12]. Îäíàêî ýòîò æå

ðåçóëüòàò ìîæíî ïîëó÷èòü, â òîì ÷èñëå è â ñëó÷àå, êîãäà

èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ âñåõ êîýôôèöèåíòîâ Ôóðüå, è

êàê íåïîñðåäñòâåííîå ñëåäñòâèå òåîðåìû 8.

Ãëàâà 3. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ

ìíîãîìåðíîãî óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

3.1. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ

îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ íà ñôåðå

Ðàññìîòðèì åäèíè÷íóþ ñôåðó â d-ìåðíîì ïðîñòðàíñòâå, d ≥ 2:

Sd−1 = {x ∈ Rd : |x| = 1}.
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Îïðåäåëèì äëÿ ôóíêöèé, çàäàííûõ íà åäèíè÷íîé ñôåðå, ñôåðè-
÷åñêèé ëàïëàñèàí èëè îïåðàòîð Ëàïëàñà-Áåëüòðàìè:

∆SY (x′) = ∆Y

(
x

|x|

)
|x=x′

,

ãäå x′ ∈ Sd−1.
Îäíîðîäíûìè ãàðìîíè÷åñêèìè ìíîãî÷ëåíàìè ñòåïåíè k íàçû-

âàþòñÿ òàêèå îäíîðîäíûå ìíîãî÷ëåíû P , äëÿ êîòîðûõ ∆P =
0. Ñóæåíèå ìíîæåñòâà îäíîðîäíûõ ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ
ïîðÿäêà k íà ñôåðó Sd−1 íàçûâàåòñÿ ñôåðè÷åñêèìè ãàðìîíèêàìè

ïîðÿäêà k è îáîçíà÷àåòñÿ Hk. Èçâåñòíî (ñì., íàïðèìåð, [13]), ÷òî
ðàçìåðíîñòü ïðîñòðàíñòâà Hk ðàâíà ak, ãäå

ak = (d + 2k − 2)
(d + k − 3)!

(d− 2)!k!
, k ≥ 1, a0 = 1.

Åñëè Y
(k)
1 , . . . , Y

(k)
ak � îðòîíîðìèðîâàííûé áàçèñ â Hk, òî ñèñòåìà

îäíîðîäíûõ ñôåðè÷åñêèõ ãàðìîíèê Y
(k)
j , k = 0, 1, . . . , j = 1, . . . , ak,

ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì â L2(Sd−1), òî åñòü äëÿ
ëþáîé ôóíêöèè f ∈ L2(Sd−1) èìååò ìåñòî ðàâåíñòâî

f =
∞∑

k=0

ak∑
j=1

ckjY
(k)
j .

Îïðåäåëèì äëÿ α > 0 îïåðàòîð (−∆S)α/2 ñëåäóþùèì îáðàçîì:

(−∆S)α/2Y =
∞∑

k=0

Λ
α/2
k

ak∑
j=1

ckjY
(k)
j ,

Y =
∞∑

k=0

ak∑
j=1

ckjY
(k)
j .

Çäåñü Λk = k(k + d− 2) − ñîáñòâåííûå ÷èñëà îïåðàòîðà Ëàïëàñà-
Áåëüòðàìè íà ñôåðå.
1. Ðàññìîòðèì îáîáùåííîå âîëíîâîå óðàâíåíèå ñ íóëåâîé

íà÷àëüíîé ñêîðîñòüþ

(86)

utt + (−∆S)α/2u = 0,

u|t=0 = f,

ut|t=0 = 0,

ãäå f ∈ L2(Sd−1). Íà÷àëüíîå óñëîâèå ïîíèìàåòñÿ çäåñü â
ñëåäóþùåì ñìûñëå:

lim
t→0

∫
Sd−1

|u(x′, t)− f(x′)|2dx′ = 0.
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Ðåøåíèå ýòîé çàäà÷è èìååò âèä

(87) u(x′, t) =
∞∑

k=0

ak∑
j=1

ckj cos Λ
α/4
k tY

(k)
j (x′),

ãäå

f(x′) =
∞∑

k=0

ak∑
j=1

ckjY
(k)
j (x′).

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ ïåðâûõ
N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) y1, . . . , yN , ïðè÷åì

k0−1∑
k=0

ak < N ≤
k0∑

k=1

ak, Ñ = N −
k0−1∑
k=1

ak.

Ïðè ýòîì

(88)
k0−1∑
k=0

ak∑
j=1

|ckj(f)− yj|2 +
Ñ∑

j=1

|ck0,j(f)− yj|2 ≤ δ2, δ > 0.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (86) â ìîìåíò âðåìåíè τ íà êëàññå

W β
2 (Sd−1) = {f ∈ L2(Sd−1) : ||(−∆S)β/2f ||L2(Sd−1) ≤ 1, f ⊥ 1 }

ïî èíôîðìàöèîííîìó îïåðàòîðó FN
δ , êîòîðûé êàæäîé ôóíêöèè

f(x) ∈ W β
2 (Sd−1) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ y = (y1, . . . , yN),

óäîâëåòâîðÿþùèõ óñëîâèþ (88).
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü

ïðîèçâîëüíûå îïåðàòîðû ϕ : lN → L2(Sd−1). Ïîãðåøíîñòüþ

âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

= sup
f∈W β

2 (Sd−1), y∈lN2Pk0−1
k=1

Pak
j=1 |ckj(f)−yj |2+

PÑ
j=1 |ck0,j(f)−yj |2≤δ2

‖u(·, τ)− ϕ(y)‖L2(Sd−1).

Âåëè÷èíà

E(τ, α, W β
2 (Sd−1), FN

δ ) = inf
ϕ : lN2 →L2(Sd−1)

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Â ñîîòâåòñòâèè ñ ââåäåííûìè ðàíåå îáîçíà÷åíèÿìè ïîëîæèì

A = max
1≤k≤k0

cos2 Λ
α/4
k τ

Λβ
k

=
cos2 Λ

α/4
p τ

Λβ
p

,

B = max
k≥k0

cos2 Λ
α/4
k τ

Λβ
k

=
cos2 Λ

α/4
q τ

Λβ
q

,
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r îïðåäåëÿåòñÿ èç óñëîâèÿ

cos2 Λα/4
r τ −BΛβ

r = max
p≤k≤k0

(cos2 Λ
α/4
k τ −BΛβ

k),

ïîñëåäîâàòåëüíîñòü sl îïðåäåëÿåòñÿ ðàâåíñòâàìè

cos2 Λ
α/4
sl+1τ − cos2 Λ

α/4
sl τ

Λβ
sl+1 − Λβ

sl

= max
sl<k≤r

cos2 Λ
α/4
k τ − cos2 Λ

α/4
sl τ

Λβ
k − Λβ

sl

,

l = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r, à

Jl =

{
k ∈ N ∩ [1, k0] :

cos2 Λ
α/4
k τ

Λβ
k

>
cos2 Λ

α/4
sl+1τ − cos2 Λ

α/4
sl τ

Λβ
sl+1 − Λβ

sl

}
,

l = 0, . . . ,m− 1,

Jm =

{
k ∈ N ∩ [1, k0] :

cos2 Λ
α/4
k τ

Λβ
k

> B

}
.

Òîãäà èç òåîðåìû 8 âûòåêàåò

Òåîðåìà 20. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Sd−1), FN

δ ) = | cos Λα/4
q τ |/

√
Λβ

q ,

è u(x′, τ) ≈ 0 � îïòèìàëüíûé ìåòîä.

Åñëè B < A, òî

(i) ïðè δ ≥ 1√
Λβ

p

E(τ, α, W β
2 (Sd−1), FN

δ ) = | cos Λα/4
p τ |/

√
Λβ

p ,

è u(x′, τ) ≈ 0 � îïòèìàëüíûé ìåòîä,

(ii) ïðè
1√

Λβ
sl+1

≤ δ <
1√
Λβ

sl

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Sn−1), FN

δ )

=

√
cos2 Λ

α/4
sl τ

Λβ
sl+1

δ2 − 1

Λβ
sl+1 − Λβ

sl

+ cos2 Λ
α/4
sl+1τ

1− δ2Λβ
sl

Λβ
sl+1 − Λβ

sl

,

u(x′, τ) ≈

∑
k∈Jl

ak∑
j=1

cos Λ
α
4
j τ

(
1 +

cos2 Λ
α
4
sl+1τ − cos2 Λ

α
4
slτ

Λβ
sl+1 cos2 Λ

α
4
slτ − Λβ

sl cos2 Λ
α
4
sl+1τ

Λβ
j

)−1

yjY
(k)
j (x′)

� îïòèìàëüíûé ìåòîä,
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(iii) ïðè δ <
1√
Λβ

r

E(τ, α, W β
2 (Sd−1), FN

δ ) =

√
cos2 Λ

α/4
r τ δ2 + cos2 Λ

α/4
q τ

1− δ2Λβ
r

Λβ
q

,

u(x′, τ) ≈∑
k∈Jm

ak∑
j=1

cos Λ
α/4
j τ

(
1 +

cos2 Λ
α/4
q τ

Λβ
q cos2 Λ

α/4
r τ − Λβ

r cos2 Λ
α/4
q τ

Λβ
j

)−1

yjY
(k)
j (x′)

� îïòèìàëüíûé ìåòîä.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

bk =

ak∑
j=1

c2
kj, bÑ =

Ñ∑
j=1

c2
k0,j, bN̄ =

ak0∑
j=Ñ+1

c2
k0,j,

µk = cos2 Λ
α/4
k τ , νk = Λβ

k .

Ïðè ýòîì {µk} � îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü, {νk} �
âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü.
Èç òåîðåìû 7 è ñëåäñòâèÿ 1 âûòåêàåò, ÷òî òðåáóåòñÿ ðåøèòü

äâîéñòâåííóþ ýêñòðåìàëüíóþ çàäà÷ó. Äëÿ ðàññìàòðèâàåìîãî
ñëó÷àÿ îíà èìååò âèä:

(89)
∞∑

j=1

µkbk → max,

k0−1∑
k=1

bk + bÑ ≤ δ2,
∞∑

k=1

νkbk ≤ 1.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(b, λ1, λ2) =

k0−1∑
k=1

(−µk + λ1 + λ2νk)bk + λ1bÑ +
∞∑

k=k0

(−µk + λ2νk)bk,

ãäå b = {bk}k∈N, à λ1, λ2 � ìíîæèòåëè Ëàãðàíæà.
Âîñïîëüçóåìñÿ ðåçóëüòàòîì ñëåäñòâèÿ 1 è ñôîðìóëèðóåì

ýêñòðåìàëüíóþ çàäà÷ó (19) äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ.
Ïîñêîëüêó îïåðàòîð INf = (c11, . . . ck0−1, eN),

‖INf − y‖2
lN2

=

k0−1∑
k=1

ak∑
j=1

|ckj(f)− yj|2 +
Ñ∑

j=1

|ck0−1,j(f)− yj|2,

‖f‖2
L2(Sd−1) =

∞∑
k=1

νkbk,

ïîëó÷àåì:

λ̂1‖INf − y‖2
lN2

+ λ̂2‖f‖2 =
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λ̂1

(k0−1∑
k=1

ak∑
j=1

|ckj(f)− yj|2 +
Ñ∑

j=1

|ck0−1,j(f)− yj|2
)

+ λ̂2

∞∑
k=1

νkbk =

k0−1∑
k=1

ak∑
j=1

(
λ̂1|ckj(f)− yj|2 + λ̂2νkbk

)
+

Ñ∑
j=1

(
λ̂1|ck0j(f)− yj|2+

λ̂2νk0bk0

)
+ λ̂2νk0bN̄ + λ̂2

∞∑
k=k0+1

νkbk.

Ñëåäîâàòåëüíî, çàäà÷à (19) ìîæåò áûòü çàïèñàíà â âèäå

(90)

k0−1∑
k=1

ak∑
j=1

(
λ̂1|ckj(f)− yj|2 + λ̂2νkbk

)
+

Ñ∑
j=1

(
λ̂1|ck0j(f)− yj|2 + λ̂2νk0bk0

)
+

λ̂2νk0bN̄ + λ̂2

∞∑
k=k0+1

νkbk → min .

Âûðàæåíèÿ äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è
îïòèìàëüíîãî ìåòîäà ïîëó÷àþòñÿ òåïåðü èç ñîîòâåòñòâóþùèõ
ðåçóëüòàòîâ òåîðåìû 8. �

2. Ðàññìîòðèì îáîáùåííîå âîëíîâîå óðàâíåíèå ñ íóëåâûì
íà÷àëüíûì çíà÷åíèåì u è íåíóëåâîé íà÷àëüíîé ñêîðîñòüþ

(91)

utt + (−∆S)α/2u = 0,

u|t=0 = 0,

ut|t=0 = f.

Ðåøåíèå ýòîé çàäà÷è èìååò âèä:

(92) u(x′, t) =
∞∑

k=1

ak∑
j=1

c̃kj

Λ
α/4
k

sin Λ
α/4
k tY

(k)
j (x′),

ãäå

f(x′) =
∞∑

k=1

ak∑
j=1

c̃kjY
(k)
j (x′), f ∈ W β

2 (Sd−1).

Âíîâü ïðåäïîëîæèì, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ
ïåðâûõ N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x′) y1, . . . , yN , ïðè÷åì

k0−1∑
k=1

ak < N ≤
k0∑

k=1

ak, Ñ = N −
k0−1∑
k=1

ak,
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è
k0−1∑
k=1

ak∑
j=1

|c̃kj(f)− yj|2 +
Ñ∑

j=1

|c̃k0−1,j(f)− yj|2 ≤ δ2, δ > 0.

Â ñîîòâåòñòâèè ñ ðàíåå ââåäåííûìè îáîçíà÷åíèÿìè ïîëîæèì

A = max
1≤k≤k0

sin2 Λ
α/4
k τ

Λ
β+α/2
k

=
sin2 Λ

α/4
p τ

Λ
β+α/2
p

,

B = max
k≥k0

sin2 Λ
α/4
k τ

Λ
β+α/2
k

=
sin2 Λ

α/4
q τ

Λ
β+α/2
q

,

r îïðåäåëÿåòñÿ èç óñëîâèÿ

sin2 Λ
α/4
r τ

Λ
β+α/2
r

−B = max
p≤k≤k0

(
sin2 Λ

α/4
k τ

Λ
β+α/2
k

−B

)
,

ïîñëåäîâàòåëüíîñòü sl îïðåäåëÿåòñÿ ðàâåíñòâàìè

Λ
α/2
sl sin2 Λ

α/4
sl+1τ − Λ

α/2
sl+1 sin2 Λ

α/4
sl τ

Λ
α/2
sl Λ

β+α/2
sl+1 − Λ

α/2
sl+1Λ

β+α/2
sl

=

max
sl<k≤r

Λ
α/2
sl sin2 Λ

α/4
k τ − Λ

α/2
k sin2 Λ

α/4
sl τ

Λ
α/2
sl Λ

β+α/2
k − Λ

α/2
k Λ

β+α/2
sl

,

l = 0, 1, . . . ,m− 1,

ãäå s0 = p, sm = r, à

Jl ={
k ∈ N ∩ [1, k0] :

sin2 Λ
α/4
k τ

Λ
β+α/2
k

>
Λ

α/2
sl sin2 Λ

α/4
sl+1τ − Λ

α/2
sl+1 sin2 Λ

α/4
sl τ

Λ
α/2
sl Λ

β+α/2
sl+1 − Λ

α/2
sl+1Λ

β+α/2
sl

}
,

l = 0, . . . ,m− 1,

Jm =

{
k ∈ N ∩ [1, k0] :

sin2 Λ
α/4
k τ

Λ
β+α/2
k

> B

}
.

Òåîðåìà 21. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Sd−1), FN

δ ) = | sin Λα/4
q τ |/

√
Λ

β+α/2
q ,

è u(x′, τ) ≈ 0.
Åñëè B < A, òî

(i) ïðè δ ≥ 1√
Λβ

p

E(τ, α, W β
2 (Sd−1), FN

δ ) = | sin Λα/4
p τ |/

√
Λ

β+α/2
p ,

è u(x′, τ) ≈ 0,
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(ii) ïðè
1√

Λβ
sl+1

≤ δ <
1√
Λβ

sl

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Sd−1), FN

δ )

=

√√√√sin2 Λ
α/4
sl τ

Λ
α/2
sl τ

Λβ
sl+1

δ2 − 1

Λβ
sl+1 − Λβ

sl

+
sin2 Λ

α/4
sl+1τ

Λ
α/2
sl+1τ

1− δ2Λβ
sl

Λβ
sl+1 − Λβ

sl

,

u(x′, τ) ≈∑
k∈Jl

ak∑
j=1

sin Λ
α
4
k τ

Λ
α
4
k

(
1 +

Λ
α
2
sl sin2 Λ

α
4
sl+1τ − Λ

α
4
sl+1 sin2 Λ

α
4
slτ

Λ
β+α/2
sl+1 sin2 Λ

α
4
slτ − Λ

β+α/2
sl sin2 Λ

α
4
sl+1τ

Λβ
k

)−1

yjY
(k)
j (x′),

(iii) ïðè δ <
1√
Λβ

r

E(τ, α, W β
2 (Sd−1), FN

δ ) =

√√√√sin2 Λ
α/4
r τ

Λ
α/2
r

δ2 + sin2 Λ
α/2
q τ

1− δ2Λβ
r

Λ
β+α/2
q

,

u(x′, τ) ≈∑
k∈Jm

ak∑
j=1

sin Λ
α/4
k τ

Λ
α
4

(
1 +

Λ
α/2
r sin2 Λ

α/4
q τ

Λ
β+α/2
q sin2 Λ

α/4
r τ − Λ

β+α/2
r sin2 Λ

α/4
q τ

Λβ
k

)−1

yjY
(k)
j (x′).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ,
åñëè îáîçíà÷èòü

bk =

ak∑
j=1

c̃2
kj, µk =

sin2 Λ
α/4
k τ

Λ
α/2
k

, νk = Λβ
k .

3. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ
îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ ñ ïîãðåøíîñòüþ, çàäàííîé
â ðàâíîìåðíîé ìåòðèêå, äëÿ óðàâíåíèÿ ñ íóëåâîé íà÷àëüíîé
ñêîðîñòüþ (86), òî÷íîå ðåøåíèå êîòîðîãî èìååò âèä (87).

Ïðåäïîëîæèì, ÷òî f(x′) ∈ W β
2 (Sd−1), ãäå

W β
2 (Sd−1) = {f ∈ L2(Sd−1) : ||(−∆S)β/2f ||L2(Sd−1) ≤ 1, f ⊥ 1. }

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ ïåðâûõ
N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) y1, . . . , yN , ïðè÷åì

k0−1∑
k=1

ak < N ≤
k0∑

k=1

ak, Ñ = N −
k0−1∑
k=1

ak.

Ïðè ýòîì
|ckj(f)− yj| ≤ δj, δj > 0,
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(93) k = 1, . . . , k0 − 1, j = 1, . . . , ak, k = k0, j = 1, . . . , Ñ .

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (86) â ìîìåíò âðåìåíè τ íà êëàññå W β

2 (Sd−1)
ïî èíôîðìàöèîííîìó îïåðàòîðó FN

δ (δ = (δ1, . . . , δN)), êîòîðûé

êàæäîé ôóíêöèè f(x) ∈ W β
2 (Sd−1) ñîïîñòàâëÿåò ìíîæåñòâî

âåêòîðîâ y = (y1, . . . , yN), óäîâëåòâîðÿþùèõ óñëîâèþ (93). Â
êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü ïðîèç-
âîëüíûå îïåðàòîðû ϕ : lN → L2(Sd−1). Ïîãðåøíîñòüþ âîññòà-

íîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

= sup
f∈W β

2 (Sd−1), y∈lN2
|ckj(f)−yj |≤δj , δj>0,

k=1,...,k0−1, j=1,...,ak, k=k0, j=1,...,Ñ

‖u(·, τ)− ϕ(y)‖L2(Sd−1).

Âåëè÷èíà

E(τ, α, W β
2 (Sd−1), FN

δ ) = inf
ϕ : lN2 →L2(Sd−1)

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Îáîçíà÷èì δk =

√∑ak

j=1 δ2
j è íàéäåì q ≥ k0 òàêîå, ÷òî

cos2 Λ
α/4
q τ

Λβ
q

= max
k≥k0

cos2 Λ
α/4
k τ

Λβ
k

.

Ïóñòü m1, . . . ,mk0 � ïåðåñòàíîâêà 1, . . . , k0 òàêàÿ, ÷òî

cos2 Λ
α/4
m1 τ

Λβ
m1

≥ . . . ≥
cos2 Λ

α/4
mk0

τ

Λβ
mk0

.

Îáîçíà÷èì

Mp = {m1, . . . ,mp}, 1 ≤ p ≤ k0.

Ïîëîæèì â ñëó÷àå, åñëè δm1 < 1 è
cos2 Λ

α/4
m1 τ

Λβ
m1

>
cos2 Λ

α/4
q τ

Λβ
q

,

p0 = p0(δ) =

max

p :
∑

k∈Mp

Λβ
kδk < 1,

cos2 Λ
α/4
mp τ

Λβ
mp

>
cos2 Λ

α/4
q τ

Λβ
q

, 1 ≤ p ≤ k0,

 ,

èíà÷å ïîëîæèì p0 = 0.
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Ñîîòâåòñòâåííî

q0 =


q,

cos2 Λ
α/4
q τ

Λβ
q

≥
cos2 Λ

α/4
mp0+1τ

Λβ
mp0+1

mp0+1,
cos2 Λ

α/4
q τ

Λβ
q

<
cos2 Λ

α/4
mp0+1τ

Λβ
mp0+1

.

Òîãäà èç òåîðåìû 12 âûòåêàåò

Òåîðåìà 22. Èìååò ìåñòî ðàâåíñòâî

E(τ, α, W β
2 (Sd−1), FN

δ ) =√√√√cos2 Λ
α/4
q0 τ

Λβ
q0

+
∑

k∈Mp0

(
cos2 Λ

α/4
k τ − cos2 Λ

α/4
q0 τ

Λβ
q0

Λβ
k

)
δ2
k,

ïðè ýòîì ìåòîä

u(x′, τ) ≈
∑

k∈Mp0

(
1− Λβ

k cos2 Λ
α/4
q0 τ

Λβ
q0 cos2 Λ

α/4
k τ

)
cos Λ

α/4
k τ

ak∑
j=1

yjY
(k)
j

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

bk =

ak∑
j=1

c2
kj, µk = cos2 Λ

α/4
k τ , νk = Λβ

k .

Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó
∞∑

k=1

µkbk → max, bk ≤ δ2
k, k = 1, . . . , k0,

∞∑
k=1

νkbk ≤ 1.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(b, λ, λ1, . . . , λk0) =

k0−1∑
k=1

(−µk + λk + λνk)bk +
∞∑

k=k0

(−µk + λνk)bk.

Â ñëó÷àå, åñëè p0 > 0, ïîëîæèì λ̂ =
µq0

νq0

, λ̂k = µk −
µq0

νq0

νk, k ∈

Mp0 , λ̂k = 0, k /∈ Mp0 .

b̂k =


δ2
k, k ∈ Mp0 ,

1−
∑

k∈Mp0
νkδ

2
k

νq0

, k = q0,

0, k /∈ Mp0 , k 6= q0.

Ïðè p0 = 0 ïîëîæèì λ̂ =
µq0

νq0

, λ̂k = 0, k = 1, . . . , k0, b̂q0 =

1

νq0

, b̂k = 0, k 6= q0. Äàëåå ïðèìåíÿåì òåîðåìó 12 è ïîëó÷àåì
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âûðàæåíèÿ äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è
îïòèìàëüíîãî ìåòîäà. �

Äëÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ (91) ñ íåíóëåâîé
íà÷àëüíîé ñêîðîñòüþ, òî÷íîå ðåøåíèå êîòîðîãî èìååò âèä (92),
ïðè÷åì

|c̃kj(f)− yj| ≤ δj, δj > 0,

(94) k = 1, . . . , k0 − 1, j = 1, . . . , ak, k = k0, j = 1, . . . , Ñ ,

ïîãðåøíîñòüþ âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì
âåëè÷èíó

e(τ, α, W β
2 (Sd−1), FN

δ , ϕ) =

sup
f∈W β

2 (Sd−1), y∈lN2
|c̃kj(f)−yj |≤δj , δj>0,

k=1,...,k0−1, j=1,...,ak, k=k0, j=1,...,Ñ

‖u(·, τ)− ϕ(y)‖L2(Sd−1),

à ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ �

E(τ, α, W β
n (Sd−1), FN

δ ) = inf
ϕ : lN2 →L2(Sd−1)

e(τ, α, W β
n (Sd−1), FN

δ , ϕ).

Ïóñòü δk =
√∑ak

j=1 δ2
j . Íàéäåì q ≥ k0 òàêîå, ÷òî

sin2 Λ
α/4
q τ

Λ
β+α/2
q

= max
k≥k0

sin2 Λ
α/4
k τ

Λ
β+α/2
k

.

Ïóñòü m1, . . . ,mk0 � ïåðåñòàíîâêà 1, . . . , k0 òàêàÿ, ÷òî

sin2 Λ
α/4
m1 τ

Λ
β+α/2
m1

≥ . . . ≥
sin2 Λ

α/4
mk0

τ

Λ
β+α/2
mk0

.

Îáîçíà÷èì
Mp = {m1, . . . ,mp}, 1 ≤ p ≤ k0.

Ïîëîæèì â ñëó÷àå, åñëè δm1 < 1 è
sin2 Λ

α/4
m1 τ

Λ
β+α/2
m1

>
sin2 Λ

α/4
q τ

Λ
β+α/2
q

,

p0 = p0(δ) =

max

p :
∑

k∈Mp

Λβ
kδk < 1,

sin2 Λ
α/4
mp τ

Λ
β+α/2
mp

>
sin2 Λ

α/4
q τ

Λ
β+α/2
q

, 1 ≤ p ≤ k0

 ,

èíà÷å ïîëîæèì p0 = 0.
Ñîîòâåòñòâåííî

q0 =


q,

sin2 Λ
α/4
q τ

Λ
β+α/2
q

≥
sin2 Λ

α/4
mp0+1τ

Λ
β+α/2
mp0+1

mp0+1,
sin2 Λ

α/4
q τ

Λ
β+α/2
q

<
sin2 Λ

α/4
mp0+1τ

Λ
β+α/2
mp0+1

.

Òîãäà èç òåîðåìû 12 âûòåêàåò
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Òåîðåìà 23. Èìååò ìåñòî ðàâåíñòâî

E(τ, α, W β
2 (Sd−1), FN

δ ) =√√√√sin2 Λ
α/4
q0 τ

Λ
β+α/2
q0

+
∑

k∈Mp0

(
sin2 Λ

α/4
k τ

Λ
α/2
k

− sin2 Λ
α/4
q0 τ

Λ
β+α/2
q0

Λβ
k

)
δ2
k,

ïðè ýòîì ìåòîä

u(x′, τ) ≈
∑

k∈Mp0

(
1− Λ

β+α/2
k sin2 Λ

α/4
q0 τ

Λ
β+α/2
q0 sin2 Λ

α/4
k τ

)
sin Λ

α/4
k τ

Λ
α/4
k

ak∑
j=1

yjY
(k)
j

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

bk =

ak∑
j=1

c̃2
kj, µk =

sin2 Λ
α/4
k τ

Λ
α/2
k

, νk = Λβ
k ,

ïîñëå ÷åãî ìîæíî âîñïîëüçîâàòüñÿ ðåçóëüòàòàìè òåîðåìû 12.

3.2. Îïòèìàëüíîå âîññòàíîâëåíèå ðåøåíèÿ

îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ â øàðå

Ðàññìîòðèì d-ìåðíûé øàð Bd. Èçâåñòíî (ñì. [13]), ÷òî
ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà p-ãî ïîðÿäêà Jp(x) ÿâëÿþòñÿ
ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Ëàïëàñà, ðàâíûìè íóëþ íà

Sd−1, îòâå÷àþùèìè ñîáñòâåííûì çíà÷åíèÿì −(µ
(p)
s )2, ãäå µ

(p)
s �s-é

êîðåíü ôóíêöèè Áåññåëÿ Jp. Òîãäà îðòîíîðìèðîâàííûì áàçèñîì â
L2(Bd) ÿâëÿåòñÿ ñèñòåìà ôóíêöèé

Yksj(x) =
1

‖Zksj‖L2(Bd)

Zksj(x),

ãäå

Zksj(x) =
Jp(µ

(p)
s r)

rd/2−1
Y

(k)
j (x′), k = 0, 1, . . . , s = 1, 2, . . . , j = 1, . . . , ak.

Çäåñü µ
(p)
s � s-é êîðåíü ôóíêöèè Áåññåëÿ Jp. Ïóñòü f ∈ L2(Bd) è

f(x) =
∞∑

k=0

∞∑
s=1

ak∑
j=1

cksjYksj(x).

Îïðåäåëèì îïåðàòîð (−∆)α/2 ñëåäóþùèì îáðàçîì:

(−∆)α/2f =
∞∑

k=0

∞∑
s=1

(µ(p)
s )α

ak∑
j=1

cksjYksj(x).
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1. Ðàññìîòðèì îáîáùåííîå âîëíîâîå óðàâíåíèå â øàðå. Ïóñòü
f ∈ L2(Bd). Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ
óðàâíåíèþ

(95) utt + (−∆)α/2u = 0

ñ íà÷àëüíûìè óñëîâèÿìè

(96)
u|t=0 = f,

ut|t=0 = 0

è ãðàíè÷íûì óñëîâèåì
u|Sd−1 = 0.

Òî÷íîå ðåøåíèå ýòîé çàäà÷è èìååò âèä

(97) u(x) =
∞∑

k=0

∞∑
s=1

ak∑
j=1

cksj cos
(
(µ(p)

s )α/2t
)
Yksj(x),

ãäå cksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f.
Ïîñòàâèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ óðàâ-

íåíèÿ (95) â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó íàáîðó êî-

ýôôèöèåíòîâ Ôóðüå ôóíêöèè f íà ñîáîëåâñêîì êëàññå W β
2 (Bd),

îïðåäåëÿåìîì êàê ìíîæåñòâî ôóíêöèé f ∈ L2(Bd), äëÿ êîòîðûõ

||(−∆S)β/2f ||L2(Bd) ≤ 1.

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ N
êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) yksj ∈ YN òàêèå, ÷òî s ≤
s0, k ≤ k0. Ïðè ýòîì äëÿ íåêîòîðûõ ôèêñèðîâàííûõ s è k ìîãóò
áûòü èçâåñòíû âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ôóðüå
äëÿ j = 1, . . . , ak, à äëÿ äðóãèõ s è k èçâåñòíà òîëüêî ÷àñòü
ïðèáëèæåííûõ çíà÷åíèé êîýôôèöèåíòîâ.
Ïðè ýòîì

(98)
∑

yksj∈YN

|cksj(f)− yksj|2 ≤ δ2, δ > 0.

Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü ïðîèç-
âîëüíûå îïåðàòîðû ϕ : lN → L2(Bd). Ïîãðåøíîñòüþ âîññòà-

íîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ íàçîâåì âåëè÷èíó

e(τ, α, W β
2 (Bd), FN

δ , ϕ) =

sup
f∈W β

d (Bd), y∈lN2Pk0−1
k=1

P
yksj∈YN

|cksj(f)−yksj |≤δ2

‖u(x, τ)− ϕ(y)‖L2(Bd).

Âåëè÷èíà

E(τ, α, W β
2 (Bd), FN

δ ) = inf
ϕ : lN2 →L2(Bd)

e(τ, α, W β
2 (Bd), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
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Áóäåì ñ÷èòàòü, ÷òî k, s ïðèíàäëåæàò ìíîæåñòâó M0, åñëè
äëÿ íèõ îïðåäåëåíû ïðèáëèæåííûå çíà÷åíèÿ õîòÿ áû íåêîòîðûõ
êîýôôèöèåíòîâ Ôóðüå äëÿ j = 1, . . . , ak; åñëè æå äëÿ äàííîé ïàðû
÷èñåë k, s èçâåñòíû íå âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ
Ôóðüå äëÿ j = 1, . . . , ak, ñ÷èòàåì, ÷òî k, s ïðèíàäëåæàò ìíîæåñòâó
M1. Îòìåòèì, ÷òî ïðè ýòîì òå ïàðû k, s, äëÿ êîòîðûõ èçâåñòíû
ïðèáëèæåííûå çíà÷åíèÿ òîëüêî ÷àñòè êîýôôèöèåíòîâ Ôóðüå,
áóäóò ïðèíàäëåæàòü îáîèì ìíîæåñòâàì.
Ïîëîæèì

ϑks = cos2((µ(p)
s )α/2τ), νks = (µ(p)

s )β.

Ïóñòü ìíîæåñòâî M0 ñîñòîèò èç L ïàð ÷èñåë. Ïåðåíóìåðóåì
ϑks, k, s ∈ M0, â ëþáîé ïîñëåäîâàòåëüíîñòè: ϑ1, . . . , ϑL.
Îáîçíà÷èì

A = max
1≤i≤L

ϑi

νi

=
ϑh

νh

, B = max
k,s∈M1

ϑks

νks

=
ϑk1s1

νk1s1

.

Íàéäåì r òàêîå, ÷òî ϑr − Bνr = max1≤i≤L (ϑi −Bνi). Ïóñòü
ïîñëåäîâàòåëüíîñòü ml òàêîâà, ÷òî ml < ml+1 ≤ r è

ϑml+1
− ϑml

νml+1
− νml

= max
ml<i≤r

ϑi − ϑml

νi − νml

, l = 0, 1, . . . , l̃,

ãäå m0 = p, ml̃ = r.
Ïîëîæèì

Ml =

{
i ∈ N ∩ [1, L] :

ϑi

νi

>
ϑml+1

− ϑml

νml+1
− νml

}
, i = 1, . . . , l̃ − 1,

Mq =

{
i ∈ N ∩ [1, L] :

ϑi

νi

> B

}
.

Òîãäà èç òåîðåìû 8 âûòåêàåò

Òåîðåìà 24. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑk1s1

νk1s1

è u(x, τ) ≈ 0 � îïòèìàëüíûé ìåòîä.

Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

νh

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑh

νh

,

è u(x′, τ) ≈ 0 � îïòèìàëüíûé ìåòîä,
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(ii) ïðè
1

√
νml+1

≤ δ <
1

√
νml

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Bd), FN

δ )

=

√
ϑml

νml+1
δ2 − 1

νml+1
− νml

+ ϑml+1

1− δ2νml

νml+1
− νml

,

u(x, τ) ≈∑
k,s∈Ml

ak∑
j=1

cos((µ(p)
s )α/4τ)

(
1 +

ϑml+1
− ϑml

ϑml
νml+1

− ϑml+1
νml

νk

)−1

yksjYksj(x)

� îïòèìàëüíûé ìåòîä,

(iii) ïðè δ <
1
√

νr

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑrδ2 + ϑq

1− δ2νr

νq

,

u(x, τ) ≈∑
k,s∈Mq

ak∑
j=1

cos((µ(p)
s )α/4τ)

(
1 +

ϑq

ϑrνq − ϑqνr

νk

)−1

yksjYksj(x)

� îïòèìàëüíûé ìåòîä.

Äîêàçàòåëüñòâî. Ðàçîáüåì ïàðû èíäåêñîâ ks íà òðè ãðóïïû:
1) â ïåðâóþ ãðóïïó âêëþ÷àåì òàêèå çíà÷åíèÿ k è s, äëÿ êîòîðûõ

èçâåñòíû âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ôóðüå cksj

äëÿ âñåõ j : 1 ≤ j ≤ ak; ñóììó êâàäðàòîâ ýòèõ êîýôôèöèåíòîâ
Ôóðüå îáîçíà÷èì bks(0) =

∑ak

j=1 c2
ksj;

2) âî âòîðóþ ãðóïïó âîéäóò òàêèå ïàðû ks, äëÿ êàæäîé
èç êîòîðûõ èçâåñòíà òîëüêî ÷àñòü ïðèáëèæåííûõ çíà÷åíèé
êîýôôèöèåíòîâ Ôóðüå; îáîçíà÷èì bks(1) =

∑
j∈YN

c2
ksj � ñóììû

êâàäðàòîâ êîýôôèöèåíòîâ Ôóðüå, äëÿ êîòîðûõ èçâåñòíû ïðè-
áëèæåííûå çíà÷åíèÿ, è bks(2) =

∑
j 6∈YN

c2
ksj � ñóììû êâàäðàòîâ

êîýôôèöèåíòîâ Ôóðüå äëÿ òåõ æå k, s, ÷òî è â bks(1), äëÿ êîòîðûõ
íåèçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ;
3) íàêîíåö, â òðåòüþ ãðóïïó âêëþ÷àåì ïàðû ks, äëÿ êîòîðûõ

íåèçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ôóðüå; ñóììó
êâàäðàòîâ êîýôôèöèåíòîâ, âõîäÿùèõ â òðåòüþ ãðóïïó, îáîçíà÷èì
bks(3) =

∑ak

j=1 c2
ksj.

Òîãäà, åñëè k, s ïðèíàäëåæàò ìíîæåñòâó M0, òî äëÿ íèõ
îïðåäåëåíû bks(0) èëè bks(1); ñîîòâåòñòâåííî åñëè k, s ïðèíàäëåæàò
ìíîæåñòâó M1, òî äëÿ íèõ îïðåäåëåíû bks(2) èëè bks(3).
Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó∑
k,s∈M0

(ϑksbks(0) + ϑksbks(1)) +
∑

k,s∈M1

(ϑksbks(2) + ϑksbks(3)) → max,
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∑
k,s∈M0

(bks(0) + bks(1)) ≤ δ2,

∞∑
k,s=1

4∑
i=0

νksbks(i) ≤ 1.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(b, λ1, λ2) =
∑

k,s∈M0

(−ϑks+λ1+λ2νks)bks(0)+(−ϑks+λ1+λ2νks)bks(1)+

∑
k,s∈M1

(−ϑks + λ2νks)bks(2) + (−ϑks + λ2νks)bks(3),

ãäå b = {c2
ksj}k,s∈N, j=1,...,ak

, à λ1, λ2 � ìíîæèòåëè Ëàãðàíæà.
Òîãäà ñîîòâåòñòâóþùàÿ åé âòîðàÿ ýêñòðåìàëüíàÿ çàäà÷à (ñì.

ñëåäñòâèå 1) ìîæåò áûòü çàïèñàíà â âèäå:∑
k,s∈M0

∑
j∈YN

(
λ̂1(cksj − yj)

2 + λ̂2νksbks(0) + λ̂2νksbks(1)

)
+

λ̂2

∑
k,s∈M1

(
νksbks(2) + νksbks(3)

)
→ min .

Âûðàæåíèÿ äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è
îïòèìàëüíîãî ìåòîäà ïîëó÷àþòñÿ òåïåðü èç òåîðåìû 8.

�

2. Ïîñòàâèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ
îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ (95) ñ íóëåâûì íà÷àëüíûì
çíà÷åíèåì u è íåíóëåâîé íà÷àëüíîé ñêîðîñòüþ:

(99)
u|t=0 = 0,

ut|t=0 = f

è ãðàíè÷íûì óñëîâèåì
u|Sd−1=0.

Òî÷íîå ðåøåíèå ýòîé çàäà÷è èìååò âèä

(100) u(x, t) =
∞∑

k=0

∞∑
s=1

ak∑
j=1

cksj

(µ
(p)
s )α/2

sin
(
(µ(p)

s )α/2t
)
Yksj(x),

ãäå cksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f. Áóäåì ñ÷èòàòü, êàê è
â ïðåäûäóùåì ñëó÷àå, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ
N êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) yksj ∈ YN òàêèå, ÷òî s ≤
s0, k ≤ k0, ïðè÷åì

(101)
∑

yksj∈YN

|cksj(f)− yksj|2 ≤ δ2, δ > 0.

Â ñîîòâåòñòâèè ñ ðàíåå ââåäåííûìè îáîçíà÷åíèÿìè ïîëîæèì

ϑks =
sin2((µ

(p)
s )α/2τ)

(µ
(p)
s )α

, νks = (µ(p)
s )β,
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A = max
1≤i≤L

ϑi

νi

=
ϑh

νh

, B = max
k,s∈M1

ϑks

νks

=
ϑk1s1

νk1s1

r îïðåäåëÿåòñÿ èç óñëîâèÿ ϑr − Bνr = max1≤i≤L (ϑi −Bνi),
ïîñëåäîâàòåëüíîñòü ml îïðåäåëÿåòñÿ ðàâåíñòâàìè ml < ml+1 ≤ r è

ϑml+1
− ϑml

νml+1
− νml

= max
ml<i≤r

ϑi − ϑml

νi − νml

, l = 0, 1, . . . , l̃,

ãäå m0 = p, ml̃ = r. Çàäàäèì ìíîæåñòâà M0, M1, Ml è Mq òàê
æå, êàê â ïðåäûäóùåì ñëó÷àå. Òîãäà ïðè òàêîì æå ñïîñîáå âûáîðà
ìåòîäà âîññòàíîâëåíèÿ è îïðåäåëåíèè ïîãðåøíîñòè îïòèìàëüíîãî
âîññòàíîâëåíèÿ, êàê â ïóíêòå 1, èç òåîðåìû 8 ñëåäóåò

Òåîðåìà 25. Ïðè B ≥ A äëÿ âñåõ δ > 0

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑk1s1

νk1s1

è u(x, τ) ≈ 0.
Åñëè B < A, òî

(i) ïðè δ ≥ 1
√

νh

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑh

νh

,

è u(x′, τ) ≈ 0,

(ii) ïðè
1

√
νml+1

≤ δ <
1

√
νml

, l = 0, 1, . . . ,m − 1,

E(τ, α, W β
n (Bd), FN

δ )

=

√
ϑml

νml+1
δ2 − 1

νml+1
− νml

+ ϑml+1

1− δ2νml

νml+1
− νml

,

u(x, τ) ≈∑
k,s∈Ml

ak∑
j=1

sin((µ
(p)
s )α/2τ)

(µ
(p)
s )α/2

(
1 +

ϑml+1
− ϑml

ϑml
νml+1

− ϑml+1
νml

νk

)−1

yksjYksj(x),

(iii) ïðè δ <
1
√

νr

E(τ, α, W β
2 (Bd), FN

δ ) =

√
ϑrδ2 + ϑq

1− δ2νr

νq

,

u(x, τ) ≈∑
k,s∈Mq

ak∑
j=1

sin((µ
(p)
s )α/2τ)

(µ
(p)
s )α/2

(
1 +

ϑq

ϑrνq − ϑqνr

νk

)−1

yksjYksj(x).
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Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû
24.
3. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ðåøåíèÿ

îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ ñ ïîãðåøíîñòüþ, çàäàííîé
â ðàâíîìåðíîé ìåòðèêå, äëÿ óðàâíåíèÿ ñ íóëåâîé íà÷àëüíîé
ñêîðîñòüþ (96), òî÷íîå ðåøåíèå êîòîðîãî èìååò âèä (97).

Ïðåäïîëîæèì, ÷òî f(x) ∈ W β
2 (Bd), ãäå

W β
2 (Bd) = {f ∈ L2(Bd) : ‖(−∆S)β/2f‖L2(Bd) ≤ 1.}

Áóäåì ñ÷èòàòü, ÷òî íàì èçâåñòíû ïðèáëèæåííûå çíà÷åíèÿ N
êîýôôèöèåíòîâ Ôóðüå ôóíêöèè f(x) yksj ∈ YN òàêèå, ÷òî s ≤
s0, k ≤ k0. Ïðè ýòîì äëÿ íåêîòîðûõ ôèêñèðîâàííûõ s è k ìîãóò
áûòü èçâåñòíû âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ Ôóðüå
äëÿ j = 1, . . . , ak, à äëÿ äðóãèõ s è k èçâåñòíà òîëüêî ÷àñòü
ïðèáëèæåííûõ çíà÷åíèé êîýôôèöèåíòîâ.
Ïðè ýòîì

(102) |cksj(f)− yksj| ≤ δksj, δksj > 0.

Ïîñòàâèì çàäà÷ó ïîèñêà îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ
ðåøåíèÿ çàäà÷è (96) â ìîìåíò âðåìåíè τ íà êëàññå W β

2 (Bd)
ïî èíôîðìàöèîííîìó îïåðàòîðó FN

δ (δ = {δksj}), êîòîðûé

êàæäîé ôóíêöèè f ∈ W β
2 (Bd) ñîïîñòàâëÿåò ìíîæåñòâî âåêòîðîâ

y = {yksj}, óäîâëåòâîðÿþùèõ óñëîâèþ (102). Â êà÷åñòâå ìåòîäîâ
âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü ïðîèçâîëüíûå îïåðàòîðû ϕ :
lN → L2(Bd). Ïîãðåøíîñòüþ âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà
ϕ íàçîâåì âåëè÷èíó

e(τ, α, W β
2 (Bd), FN

δ , ϕ)

= sup
f∈W β

2 (Bd), y∈lN2
|cksj(f)−yksj |≤δksj , δksj>0,

k=1,...,k0, s=1,...,s0, j=1,...,ak

‖u(x, τ)− ϕ(y)‖L2(Bd).

Âåëè÷èíà

E(τ, α, W β
2 (Bd), FN

δ ) = inf
ϕ : lN2 →L2(Bd)

e(τ, α, W β
2 (Bd), FN

δ , ϕ)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä,
íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì

ìåòîäîì âîññòàíîâëåíèÿ.
Áóäåì ñ÷èòàòü, ÷òî k, s ïðèíàäëåæàò ìíîæåñòâó M0, åñëè

äëÿ íèõ îïðåäåëåíû ïðèáëèæåííûå çíà÷åíèÿ õîòÿ áû íåêîòîðûõ
êîýôôèöèåíòîâ Ôóðüå äëÿ j = 1, . . . , ak; åñëè æå äëÿ äàííîé ïàðû
÷èñåë k, s èçâåñòíû íå âñå ïðèáëèæåííûå çíà÷åíèÿ êîýôôèöèåíòîâ
Ôóðüå äëÿ j = 1, . . . , ak, ñ÷èòàåì, ÷òî k, s ïðèíàäëåæàò ìíîæåñòâó
M1. Îòìåòèì, ÷òî ïðè ýòîì òå ïàðû k, s, äëÿ êîòîðûõ èçâåñòíû
ïðèáëèæåííûå çíà÷åíèÿ òîëüêî ÷àñòè êîýôôèöèåíòîâ Ôóðüå,
áóäóò ïðèíàäëåæàòü îáîèì ìíîæåñòâàì.
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Ïîëîæèì

ϑks = cos2((µ(p)
s )α/2τ), νks = (µ(p)

s )β.

Ïóñòü ìíîæåñòâî M0 ñîñòîèò èç L ïàð ÷èñåë. Ïåðåíóìåðóåì
ϑks, k, s ∈ M0, â âèäå ϑ1, . . . , ϑL òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü
óñëîâèå

ϑ1

ν1

≥ ϑ2

ν2

≥ . . . ≥ ϑL

νL

.

Îáîçíà÷èì äëÿ êàæäîãî {ks}, k, s ∈ M0,

δi =

√ ∑
j: yksj∈YN

δ2
ksj, i = 1, . . . , L.

Íàéäåì òàêèå k1, s1 ∈ M1, ÷òî

ϑk1s1

νk1s1

= max
k,s∈M1

ϑks

νks

è îáîçíà÷èì
ϑk1s1

νk1s1

=
ϑL+1

νL+1

.

Ïîëîæèì â ñëó÷àå, åñëè δ1 < 1 è
ϑ1

ν1

>
ϑL+1

νL+1

,

p0 = p0(δ) = max p :

p∑
i=1

νiδi < 1,
ϑp

νp

>
ϑL+1

νL+1

, 1 ≤ p ≤ L ,

èíà÷å ïîëîæèì p0 = 0.
Ñîîòâåòñòâåííî

q0 =


L + 1,

ϑL+1

νL+1

≥ ϑp0+1

νp0+1

p0 + 1,
ϑL+1

νL+1

ϑp0+1

νp0+1

.

Òîãäà èç òåîðåìû 12 âûòåêàåò

Òåîðåìà 26. Èìååò ìåñòî ðàâåíñòâî

E(τ, α, W β
2 (Bd), FN

δ ) =√√√√ϑL+1

νL+1

+

p0∑
i=1

(
ϑi −

ϑL+1

νL+1

νi

)
δ2
i ,

ïðè ýòîì ìåòîä

u(x, τ) ≈
p0∑
i=1

(
1− νiϑq0

νq0ϑi

)√
ϑi

∑
j: yksj∈YN

yksjYksj(x)

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äîêàçàòåëüñòâî. Ïåðåîáîçíà÷èì âåëè÷èíû bks(0) è bks(1) â ñîîò-
âåòñòâèè ñ íóìåðàöèåé ϑi : b1, . . . , bL. Âåëè÷èíû bks(2) è bks(3)

çàäàäèì òàê æå, êàê â ïðåäûäóùåì ñëó÷àå.
Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

L∑
i=1

(ϑibi) +
∑

k,s∈M1

(ϑksbks(2) + ϑksbks(3)) → max,

bi ≤ δ2
i ,

∞∑
k,s=1

4∑
i=0

νksbks(i) ≤ 1.

Ââåäåì ôóíêöèþ Ëàãðàíæà äëÿ ýòîé çàäà÷è

L(b, λ, λ1, . . . , λL) =
L∑

i=1

(−ϑi + λi + λνi)bi+

∑
k,s∈M1

(−ϑks + λνks)bks(2) + (−ϑks + λνks)bks(3),

ãäå b = {c2
ksj}k,s∈N, j=1,...,ak

, à λ, λ1, . . . , λL � ìíîæèòåëè Ëàãðàíæà.

Â ñëó÷àå, åñëè p0 > 0, ïîëîæèì λ̂ =
ϑq0

νq0

, λ̂i = ϑi −
ϑq0

νq0

νi, i =

1, . . . , p0, λ̂i = 0, p0 < i ≤ L.

b̂i =


δ2
i , i = 1, ..., p0,

1−
∑p0

i=1 νiδ
2
i

νq0

, i = q0,

0, i > p0, i 6= q0.

Ïðè p0 = 0 ïîëîæèì λ̂ =
ϑq0

νq0

, λ̂i = 0, i = 1, . . . , L, b̂q0 =
1

νq0

, b̂i =

0, i 6= L. Äàëåå ïðèìåíÿåì òåîðåìó 12 è ïîëó÷àåì âûðàæåíèÿ
äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ è îïòèìàëüíîãî
ìåòîäà. �

Äëÿ îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ (99), òî÷íîå ðåøåíèå
êîòîðîãî èìååò âèä (100), ïðè÷åì äëÿ ïðèáëèæåííûõ çíà÷åíèé
êîýôôèöèåíòîâ Ôóðüå cksj ôóíêöèè f âûïîëíåíû óñëîâèÿ (102),
îïðåäåëèì ïîãðåøíîñòü âîññòàíîâëåíèÿ äëÿ äàííîãî ìåòîäà ϕ
è ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ òàê æå, êàê â
ïðåäûäóùåì ñëó÷àå.
Ïîëîæèì

ϑks =
sin2((µ

(p)
s )α/2τ)

(µ
(p)
s )α/2

, νks = (µ(p)
s )β.

Ñîõðàíÿÿ îáîçíà÷åíèÿ, ââåäåííûå ïðè ôîðìóëèðîâêå è äîêàçà-
òåëüñòâå òåîðåìû 26, âèäèì, ÷òî ïîãðåøíîñòü îïòèìàëüíîãî
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âîññòàíîâëåíèÿ è îïòèìàëüíûé ìåòîä èìåþò â ðàññìàòðèâàåìîì
ñëó÷àå òàêîé æå âèä.
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