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1 Setting of the problem and general theory

Let X and Y be real or complex linear spaces and x′ a linear functional on X. It is required
to recover x′ (as exactly as possible) on elements from some set (class) A ⊂ X using the
information y = Fx where F : A → Y is a linear operator which is called an information
operator. Any function ϕ : F (A)→ K where K = R or C we call a method of recovery of x′

on A from the information F . The error of recovery is given by

e(x′, A, F, ϕ) = sup
x∈A
|〈x′, x〉 − ϕ(Fx)|.

The value
E(x′, A, F ) = inf

ϕ
e(x′, A, F, ϕ) (1)

where the infimum is taken over all functions ϕ : F (A) → K is called the error of optimal
recovery. Any method ϕ̂ for which the infimum in (1) is attained we call an optimal recovery
method.

Examples of such recovery problems are the problem of best integration methods (it is
required to recover an integral of a function from some class using information about values
of the function and its derivatives at a fixed system of points), the problem of recovery of a
function value or a value of its derivative at some given point using information about the
Fourier coefficients, Taylor coefficients, or values of the function at some other points, etc.

The method of the solution of the optimal recovery problems which we propose in this
paper is based on the following concepts. In problem (1), for a convex and balanced set
A, among optimal methods of recovery there exists a linear method. Thus the infimum in
(1) may be taken over linear functionals on Y . In other words, the value E(x′, A, F, ) is the
value of the following convex problem

sup
x∈A
|〈x′, x〉 − 〈y′, Fx〉| → min, y′ ∈ Y ′

(where Y ′ is the algebraic dual of Y ), which is dual to another convex problem (see [13,
p. 61]; here for definiteness X and Y are complex linear spaces)

Re〈x′, x〉 → max, Fx = 0, x ∈ A, (2)
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which we call an associated problem to (1). Denote by

L(x, λ, λ0) = λ0 Re〈x′, x〉+ Re〈λ, Fx〉

the Lagrange function of the problem (2) where λ0 ≤ 0 and λ ∈ Y ′ are the Lagrange
multipliers. If there exists a solution to (2) then it follows from the general theory of
extremum that the Lagrange multipliers are connected with the solution of the dual problem,
i.e., with the optimal method of recovery. The explicit assertions are contained in the
following theorem.

Theorem 1 (the Lagrange principle for optimal recovery problems). Let X and Y
be real or complex linear spaces, A a convex balanced subset of X, and F : X → Y a linear
operator. Then the admissible in (2) point x̂ is a solution of this problem if and only if there

exists the Lagrange multiplier λ̂ ∈ Y ′ for which

min
x∈A
L(x, λ̂,−1) = L(x̂, λ̂,−1). (3)

In this case

〈x′, x〉 ≈ 〈λ̂, Fx〉

is an optimal method of recovery in (1) and

E(x′, A, F ) = Re〈x′, x̂〉.

Proof: We use the following algebraic version of the separation theorem: Let C be a convex
subset of a real linear space X, icrC 6= ∅2, and x0 /∈ icrC. Then there exists x′ ∈ X ′, x′ 6= 0,
such that

inf
x∈C
〈x′, x〉 ≥ 〈x′, x0〉

and 〈x′, x〉 > 〈x′, x0〉 for all x ∈ icrC (see [13, p. 38]).
1. Necessity. Let x̂ be a solution of (2). Suppose first that Re〈x′, x̂〉 = 0. We show that

in this case there exists a λ̂ ∈ Y ′ such that

Re〈x′, x〉 = Re〈λ̂, Fx〉 (4)

for all x ∈ A. From here evidently follows (3). Note that since A is balanced Re〈x′, x〉 = 0 for
all admissible x. Define the functional l on the subspace F (spanA) by the equality l(y) =
Re〈x′, x〉 where x ∈ F−1(y). This definition is well-defined. Indeed, let x1, x2 ∈ F−1(y).
Since A is balanced it is absorbing in spanA and therefore there exists an α > 0 such that
α(x1 − x2) ∈ A. It is clear that α(x1 − x2) ∈ F−1(0) and consequently α(x1 − x2) is an
admissible element in (2). Thus Re〈x′, α(x1 − x2)〉 = 0, that is Re〈x′, x1〉 = Re〈x′, x2〉. It is

easy to verify that l is a linear functional. Denote by λ̂ any of its extensions on the all Y . It
is obvious that (4) is fulfilled with this λ̂.

Assume that Re〈x′, x̂〉 6= 0. Denote by YR a real linear space of elements from Y with
multiplication only by the real numbers. Consider the set

C = { (α, y) ∈ R× YR | α = Re〈x′, x〉, y = Fx, x ∈ A }.
2icrC is the set of algebraic relative interior points of C. If aff C = x + LC (where x ∈ C and LC is a

subspace of X) is an affine hull of C, i.e., a minimal linear manifold containing C, then x0 ∈ icrC if for any
x ∈ LC there exists ε = ε(x) > 0 such that [x0, x0 + εx] ⊂ C.
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It is easy to see that C is a convex balanced set and, in particular, (0, 0) ∈ icrC. It is
also easy to verify that (Re〈x′, x̂〉, 0) /∈ icrC. Then by the separation theorem there exist

(λ̂0, λ̂R) ∈ R× Y ′R not all equal to zero such that

λ̂0α + 〈λ̂R, y〉 ≥ λ̂0 Re〈x′, x̂〉, ∀(α, y) ∈ C, (5)

and

λ̂0α + 〈λ̂R, y〉 > λ̂0 Re〈x′, x̂〉, ∀(α, y) ∈ icrC. (6)

Since (0, 0) ∈ icrC it follows from (6) that λ̂0 6= 0. It is clear that (Re〈x′, x̂〉, 0) ∈ C and

consequently 2−1(Re〈x′, x̂〉, 0) ∈ C. Substituting this in (5) we have that 2λ̂0 ≤ λ̂0, that is

λ̂0 < 0. Let us assume that λ̂0 = −1.

Denote by λ̂ an element from Y ′ for which

〈λ̂R, y〉 = Re〈λ̂, y〉 (7)

for all y ∈ Y . Let x ∈ A. Then

(Re〈x′, x〉, Fx) ∈ C (8)

and we have

L(x, λ̂,−1) = −Re〈x′, x〉+ Re〈λ̂, Fx〉 (7)
= −Re〈x′, x〉+ 〈λ̂R, Fx〉

(5),(8)

≥ −Re〈x′, x̂〉 F x̂=0
= −Re〈x′, x̂〉+ Re〈λ̂, F x̂〉 = L(x̂, λ̂,−1).

2. Sufficiency. Let (3) be fulfilled and x be an admissible point in (2). Then

−Re〈x′, x〉 = −Re〈x′, x〉+ Re〈λ̂, Fx〉
(3)

≥ −Re〈x′, x̂〉+ Re〈λ̂, F x̂〉 = −Re〈x′, x̂〉,

i.e., x̂ is a solution of (2).

Let us prove the second assertion of the theorem. Since A is balanced (3) may be rewritten
as follows

max
x∈A
|〈x′, x〉 − 〈λ̂, Fx〉| = Re〈x′, x̂〉. (9)

Hence

E(x′, A, F ) ≤ Re〈x′, x̂〉. (10)

Let us show that, in fact, we have here equality. Assume x ∈ A and Fx = 0. Since −x ∈ A
for any method ϕ we have

2 Re〈x′, x〉 ≤ 2|〈x′, x〉| = |〈x′, x〉 − ϕ(0) + ϕ(0) + 〈x′, x〉|
≤ |〈x′, x〉 − ϕ(0)|+ |〈x′,−x〉 − ϕ(0)| ≤ 2 sup

x∈A
Fx=0

|〈x′, x〉 − ϕ(0)| ≤ 2 sup
x∈A
|〈x′, x〉 − ϕ(Fx)|.

This means that the reverse inequality to (10) holds and thus

E(x′, A, F ) = Re〈x′, x̂〉.

It follows from this equality and (9) that λ̂ is an optimal method of recovery.
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Remark 1 The existence of a linear optimal method of recovery in the problem (1) was
discovered for the first time by Smolyak [21] for the real case and convex centrally-symmetric
set A with dim spanF (A) <∞. The generalization of this result and corresponding literature
may be found in [12]. Dual methods for the solution of the problem (1) were used by many
authors (see [5], [14], [24], [15], [4]) but the exact connection between the problems (1) and
(2), which is that the optimal method of recovery is none other than the Lagrange multiplier
in (2), was apparently used for the first time in [13].

Remark 2 The constraints on A in (2) may be also described by a system of equalities
and/or inequalities. In this case some of them may be included in the Lagrange function
(with corresponding multipliers). But an optimal method is always the Lagrange multiplier
at the constraints related to the information operator. The proof of this fact (which is more
general only in appearance) is just the same as that of Theorem 1.

In Theorem 1 the so-called Lagrange principle for convex extremal problems with con-
straints defined by equalities and inclusions is confirmed. This principle is in the fact that
if a problem has a solution then there exist Lagrange multipliers such that this solution
is the absolute minimum of the Lagrange function on the set of the remaining constraints
(not included in the Lagrange function). In the examples below we use this principle as an
heuristic method. Namely, using equality (3) we extract the information about what x̂ and

λ̂ must be to satisfy the equality (3). After that we use the sufficiency of this condition and
find the solution of (2) and the optimal recovery method. Sometimes, instead of using the
sufficiency, it is easy to verify the optimality of the obtained method directly.

In the next section using Theorem 1 we prove a general result about the optimal recov-
ery of functions from classes defined by the convolution with some kernels on the basis of
information about Fourier coefficients. In Section 3 we apply this result to classes defined by
the convolution with cyclic variation diminishing kernels. We list there several well-known
results which are particular cases of the considered problem.

In Section 4 using Theorem 1 we obtain optimal recovery algorithms for Hardy classes.
These results are known, but we point them out in order to demonstrate the general method
from Theorem 1. In Sections 5 and 6 we obtain some new results related to optimal recovery
methods from Hardy–Sobolev classes.

2 Optimal recovery of function values from Fourier co-

efficients

Let r ∈ N and 1 ≤ p ≤ ∞. Denote by W r
p (T) the Sobolev class of functions x(·) defined

on the unit circle T (realized as the interval [−π, π] with identified endpoints) whose the
(r − 1)st derivative is absolutely continuous and ‖x(r)(·)‖Lp(T) ≤ 1. In 1936 Favard proved
that for all n ∈ N and for all functions x(·) ∈ W r

∞(T) such that∫
T
x(t) cos kt dt =

∫
T
x(t) sin kt dt = 0, k = 0, 1, . . . , n− 1,

the following exact inequality

‖x(·)‖C(T) ≤
Kr

nr
(11)

holds. The numbers Kr (known as the Favard constants) are defined by

Kr =
4

π

∞∑
j=0

(−1)j(r+1)

(2j + 1)r+1
, r ∈ Z+.
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Note that the case when n = r = 1 was previously considered by H. Bohr and therefore
(11) is usually called the Bohr–Favard inequality.

It is obvious that the problem of the exact constant in (11) is equivalent (in view of
shift-invariance of the norm) to the following:

x(0)→ max, a0 = . . . = an−1 = b1 = . . . = bn−1 = 0, x(·) ∈ W r
∞(T),

where a0, . . . , bn−1 are the Fourier coefficients of x(·). This problem has the form (2) and
hence it relates to the optimal recovery problem of a function value at the point 0 on the
class W r

∞(T) from Fourier coefficients. The same problem is closely related to the problem
of deviation of the class W r

∞(T) from the space of trigonometric polynomials Tn−1 of degree
at most n − 1. Beginning from the Favard’s result a lot of papers were devoted to these
subjects.

The recovery problem of a function value at some given point from the Fourier coefficients
on the class defined as the convolution of a real kernel K(·) with functions from the unit ball
of Lp(T) involves many particular cases. More precisely, let K(·) ∈ Lp′(T) (1/p + 1/p′ = 1)
and

αk =
1

π

∫
T
K(t) cos kt dt, k ∈ Z+, βk =

1

π

∫
T
K(t) sin kt dt, k ∈ N,

be the Fourier coefficients of K(·). Assume that α2
k + β2

k 6= 0 (β0 = 0) with the exception of
a finite (possibly empty) set Q ⊂ Z+. Set TQ = span{cos kt, sin kt, k ∈ Q} and

WK
p (T, Q) =

{
x(·) | x(·) = y(·)+

1

π

∫
T
K(·−t)u(t) dt, y(·) ∈ TQ, u(·) ∈ T −|Q , u(·) ∈ Lp(T)

}
,

where T −|Q is the annihilator of TQ. It is clear thatWK
p (T, Q) is a subspace of the space C(T)

of continuous functions on T. The corresponding convolution class is the set

WK
p (T, Q) = {x(·) ∈ WK

p (T, Q) | ‖u(·)‖Lp(T) ≤ 1}.

For instance, in the case of the Sobolev class W r
p (T) we have Q = {0}, K(·) = Br(·)

where

Br(t) =
∞∑
k=1

cos(kt− πr/2)

kr

is the Bernoulli kernel.
Consider the problem of optimal recovery of a function x(·) at a point θ ∈ T on the class

WK
p (T, Q) from the Fourier coefficients

ak =
1

π

∫
T
x(t) cos kt dt, k = 0, 1, . . . , n− 1, bk =

1

π

∫
T
x(t) cos kt dt, k = 1, . . . , n− 1.

In accordance with the general notation we have X = WK
p (T, Q), A = WK

p (T, Q), Y =
R2n−1, Fx(·) = Fourn x(·) = (a0, a1, . . . , an−1, b1, . . . , bn−1), and 〈x′, x(·)〉 = x(θ).

Note that if {0, 1, . . . , n − 1} \ Q 6= ∅, then it is easy to check that the error of optimal
recovery equals +∞ and hence any method is optimal. Therefore we assume that Q ⊂
{0, 1, . . . , n− 1}. Put Q′ = {0, 1, . . . , n− 1} \Q.

For a normed linear space X, x ∈ X, and a nonempty subset A of X denote by d(x,A,X)
the deviation from x to A in the metric of X.

We say that a function K(·) ∈ L1(T) satisfies the Favard γ-property (for a fixed n ∈ N)
if there exists a polynomial q̂(·) ∈ Tn−1 and a number γ ∈ [0, π/n) such that the function
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(K(t) − q̂(t)) sinn(t + γ) is nonnegative or nonpositive for almost all t ∈ T. If K(·) is a
continuous function, then q̂(·) may be found as a polynomial which interpolates K(·) at the
zeros of sinn(·+ γ).

The following theorem holds.

Theorem 2 (on optimal recovery from Fourier coefficients). Let 1 < p ≤ ∞ and

p̂(t) =
A0

2
+

n−1∑
k=1

(Ak cos kt+Bk sin kt)

be a polynomial of the best approximation of K(·) by Tn−1 in the metric Lp′(T). Then

x(θ) ≈ µ̂0a0 +
n−1∑
k=1

(µ̂k(θ)ak + ν̂k(θ)bk),

where µ̂0 = 1/2 if 0 ∈ Q and µ̂0 = A0/(2α0) if 0 /∈ Q; µ̂k(θ) = cos kθ, ν̂k(θ) = sin kθ if
k ∈ Q \ {0} and

µ̂k(θ) =
(αkAk + βkBk) cos kθ + (αkBk − βkAk) sin kθ

α2
k + β2

k

,

ν̂k(θ) =
(βkAk − αkBk) cos kθ + (αkAk + βkBk) sin kθ

α2
k + β2

k

if k ∈ Q′, is an optimal method of recovery of x(θ) on the class WK
p (T, Q) from Fourier

coefficients. Moreover,

E(x(θ),WK
p (T, Q),Fourn) =

1

π
d (K(·), Tn−1, Lp′(T)) .

If p =∞ and K(·) satisfies the Favard γ-property, then

E(x(θ),WK
∞(T, Q),Fourn) =

1

π

∣∣∣∣∫
T
K(t) sign sinn(t+ γ) dt

∣∣∣∣ .
Let us formulate a corollary from this theorem related to the deviation of WK

p (T, Q)
from the subspace of trigonometric polynomials. Recall that for a normed linear space X
and nonempty subsets A and C of X the value

d(C,A,X) = sup
x∈C

d(x,A,X)

is called the deviation of C from A in the metric X.
The value

dL(WK
p (T, Q), Tn−1, Lp(T)) = inf

Λ

sup
x(·)∈WK

p (T,Q)

‖x(·)− Λx(·)‖Lp(T),

where the infimum is taken over all linear operators Λ: WK
p (T, Q) → Tn−1, characterizes a

best linear approximation ofWK
p (T, Q) by trigonometric polynomials from Tn−1. An operator

Λ for which the infimum is attained is called an extremal method.
Obviously,

d(WK
p (T, Q), Tn−1, Lp(T)) ≤ dL(WK

p (T, Q), Tn−1, Lp(T)).
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Corollary 1 If K(·) satisfies the Favard γ-property, then

d
(
WK
∞(T, Q), Tn−1, C(T)

)
= dL

(
WK
∞(T, Q), Tn−1, C(T)

)
= E(x(θ),WK

∞(T, Q),Fourn)

and the operator Λ̂ which associates x(·) ∈ WK
∞(T, Q) with the polynomial

µ̂0a0 +
n−1∑
k=1

(µ̂k(θ)ak + ν̂k(θ)bk)

is extremal.

Proof of Theorem 2: The problem associated with the considered problem of the optimal
recovery has the form

x(θ)→ max, a0 = . . . = an−1 = b1 = . . . = bn−1 = 0, x(·) ∈ WK
p (T). (12)

Its Lagrange function is

L(x(·), µ0, µ1, . . . , µn−1, ν1, . . . , νn−1, λ0) = λ0x(θ) +
µ0

π

∫
T
x(t) dt

+
1

π

n−1∑
k=0

∫
T
(µk cos kt+ νk sin kt)x(t) dt, (13)

where λ0, µk, k = 0, 1 . . . , n− 1, and νk, k = 1, . . . , n− 1, are the Lagrange multipliers.
Further we argue heuristically. Namely, we set λ0 = −1 and use the Lagrange principle

formally. It allows us to understand how the solution of (12) is organized and what form
the Lagrange multipliers have (which determine an optimal method of recovery according to
Theorem 1). After that we use the sufficient conditions of Theorem 1.

Let x̂(·) be a solution of the problem (12). Then (according to the Lagrange principle)
there exist such numbers µ̂k, k = 0, 1 . . . , n− 1, and ν̂k, k = 1, . . . , n− 1, that the function
L(x(·), µ̂0, µ̂1, . . . , µ̂n−1, ν̂1, . . . , ν̂n−1,−1) attains its absolute minimum on W r

p (T) at the point
x̂(·) (for simplicity we do not indicate that µ̂k and ν̂k depend on θ).

For definiteness we assume that 0 ∈ Q. Substitute in L instead of x(·) its representation
in terms of u(·) and

y(·) = γ0 +
∑

k∈Q\{0}

(γk cos kt+ δk sin kt)

(the coefficients γk and δk are uniquely determined by x(·) since they are the corresponding

Fourier coefficients of x(·)). Denote by γ̂0, γ̂k, δ̂k, k ∈ Q \ {0}, and û(·) the coefficients and
the function which correspond to x̂(·). By means of simple calculations we obtain that the
function

− γ0 −
∑

k∈Q\{0}

(γk cos kθ + δk sin kθ) + 2µ̂0γ0 +
∑

k∈Q\{0}

(µ̂kγk + ν̂kδk)

+
1

π

∫
T

(
−K(θ − t) +

∑
k∈Q′

((µ̂kαk + ν̂kβk) cos kt+ (ν̂kαk − µ̂kβk) sin kt)

)
u(t) dt (14)

attains its absolute minimum on the set

γ0, γk, δk ∈ R,
1

π

∫
T
u(t)

cos kt

sin kt
dt = 0, k ∈ Q, ‖u(·)‖Lp(T) ≤ 1 (15)
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at the point ({γ̂0, γ̂k, δ̂k}k∈Q\{0}, û(·)). Hence µ̂0 = 1/2 and µ̂k = cos kθ, ν̂k = sin kθ, k ∈
Q \ {0}.

The problem (14)–(15) is a problem of type (12) (the minimization of a linear functional
on a convex balanced set). Its Lagrange function may be written obviously (we set the
multiplier at the minimizing functional equals 1 and do not include the last constraint in
(15)). Then according to the Lagrange principle there exist such ĉ0, ĉk, d̂k, k ∈ Q \ {0}, that
the function

1

π

∫
T

(
−K(θ − t) + ĉ0 +

∑
k∈Q\{0}

(ĉk cos kt+ d̂k sin kt)

+
∑
k∈Q′

((µ̂kαk + ν̂kβk) cos kt+ (ν̂kαk − µ̂kβk) sin kt)

)
u(t) dt (16)

attains the absolute minimum on the unite ball of Lp(T) at the point û(·). If we denote by
L(·) the multiplier preceding u(·) under the integral sign, then it is clear that

û(·) = −‖L(·)‖1−p′
Lp′ (T)|L(·)|p′−1 signL(·).

Note that û(·) ∈ T −|n−1. It follows from (15) (when k ∈ Q) and the fact that for k ∈ Q′,
α2
k + β2

k 6= 0 and therefore the vanishing of Fourier coefficients of x̂(·) implies the vanishing
of corresponding Fourier coefficients of û(·). Then in accordance with the criterion of the
best approximation in Lp′(T) we obtain that the polynomial

p(t) = ĉ0 +
∑

k∈Q\{0}

(ĉk cos kt+ d̂k sin kt) +
∑
k∈Q′

((µ̂kαk + ν̂kβk) cos kt+ (ν̂kαk − µ̂kβk) sin kt)

must be the best approximation polynomial for the function t → K(θ − t) by the subspace
Tn−1 in the metric Lp′(T).

Now we shall apply sufficient conditions. Let p̂(·) be the polynomial mentioned in the
statement of the theorem. Then p̂(θ − ·) is the polynomial of the best approximation of

K(θ−·) by the subspace Tn−1 in the metric Lp′(T). Choose multipliers ĉ0, ĉk, d̂k, k ∈ Q\{0},
and µ̂k, ν̂k, k ∈ Q′, so that p(·) = p̂(θ − ·). We obtain just the same formulae for these
coefficients which are given in the theorem. With these Lagrange multipliers the polynomial
p(·) is in fact the polynomial of the best approximation of K(·) by the subspace Tn−1 in the
metric Lp′(T). From the criterion of the best approximation it follows that the function

û(·) = −‖L̂(·)‖1−p′
Lp′ (T)|L̂(·)|p′−1 sign L̂(·),

where L̂(·) is L(·) with just defined Lagrange multiplier, is orthogonal to Tn−1 and evidently

‖û(·)‖Lp(T) = 1. Hence û(·) is admissible in (15). Put γ̂0 = γ̂k = δ̂k = 0, µ̂0 = 1/2,
µ̂k = cos kθ, and ν̂k = sin kθ, k ∈ Q \ {0}. Then since û(·) is a solution of (16) (with

corresponding multipliers) by Theorem 1 the point ({γ̂0, γ̂k, δ̂k}k∈Q\{0}, û(·)) is a solution of
the problem (14)–(15). This is equivalent to the fact that the function

x̂(·) =
1

π

∫
T
K(· − τ)û(τ) dτ

(ŷ(·) = 0 since γ̂0 = γ̂k = δ̂k = 0, k ∈ Q \ {0}) gives the minimum of the Lagrange function

(13) with λ0 = −1 and Lagrange multipliers defined above. Since û(·) ∈ T −|n−1, by the same
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arguments as above the Fourier coefficients of x̂(·) vanish for k ∈ Q′ and it means that x̂(·)
is admissible in (12). Then by Theorem 1 it is a solution of this problem and the Lagrange
multipliers define an optimal method. The case when 0 ∈ Q′ is considered analogously. The
first part of the theorem is proved.

Further,

x̂(θ) =
1

π

∫
T
K(θ − t)û(t) dt =

1

π

∫
T
(K(θ − t)− p̂(θ − t))û(t) dt

=
1

π
‖K(·)− p̂(·)‖Lp′ (T) =

1

π
d(K(·), Tn−1, Lp′(T)),

that is the quantity in the right-hand side is the value of the problem (12). Hence and from
Theorem 1 the second assertion of the theorem follows.

Let p =∞ and K(·) satisfies the Favard γ-property. Put

u(t) = sign(K(t)− q̂(t)),

where q̂(·) is from the definition of the Favard γ-property. Then

u(t) = ε sign sinn(t+ γ), ε = 1 or − 1,

almost everywhere. Since it is clear that u(·) ∈ T −|n−1, from the criterion of the best approx-
imation it follows that q̂(·) is the best approximation polynomial of K(·) by the subspace
Tn−1 in the metric L1(T). Consequently,

d(K(·), Tn−1, L1(T)) =

∫
T
|K(t)− q̂(t)| dt = ε

∫
T
(K(t)− q̂(t)) sign sinn(t+ γ)dt

=

∣∣∣∣∫
T
K(t) sign sinn(t+ γ) dt

∣∣∣∣ .
Together with the previous equality this proves the last assertion of the theorem.
Proof of Corollary 1: The upper bound. Set

κ =

∣∣∣∣∫
T
K(t) sign sinn(t+ γ) dt

∣∣∣∣ .
Let x(·) ∈ WK

p (T, Q). Then taking into account the last assertion of Theorem 2 we have

‖x(·)− Λ̂x(·)‖C(T) = max
θ∈T
|x(θ)− Λ̂x(θ)| ≤ max

θ∈T
E(x(θ),WK

p (T, Q),Fourn) =
κ

π
.

Hence
dL(WK

∞(T, Q), Tn−1, C(T)) ≤ E(x(θ),WK
∞(T, Q),Fourn) =

κ

π
.

The lower bound. Consider the function

x(·) =
1

π

∫
T
K(· − τ) sign sinn(τ − γ) dτ.

Clearly, x(·) ∈ WK
∞(T, Q). This function may be rewritten as follows

x(t) =
1

π

∫
T
K(τ) sign sinn(τ + γ − t) dτ.

9



It is easily seen that

x

(
kπ

n

)
=

(−1)k

π

∫
T
K(τ) sign sinn(τ + γ) dτ = ε(−1)k

κ

π
, ε = 1 or − 1,

and in view of the fact that |x(t)| ≤ κ/π the function x(·) has 2n-alternance on the pe-
riod. By the Chebyshev alternance theorem the trivial polynomial is its best approximation
polynomial by the subspace Tn−1 in C(T). Therefore,

d(WK
∞(T, Q), Tn−1, C(T)) ≥ d(x(·), Tn−1, C(T)) = ‖x(·)‖C(T) =

κ

π
.

3 Cyclic variation diminishing kernels

Denote by K(Q) the set of kernels K(·) ∈ L1(T) for which for all y(·) ∈ TQ and all u(·) ∈
L∞(T) such that u(·)−| TQ and u(·) 6= 0 the inequality

S(y(·) + (K ∗ x)(·)) ≤ S(u(·))

holds, where S(u(·)) is the number of sign changes of u(·) on the period and

(K ∗ u)(·) =
1

π

∫
T
K(· − t)u(t) dt.

For a function u(·) ∈ C(T) denote by distu(·) the length of the largest subinterval of T
containing no zeros of u(·). Denote by K(Q, δ) the class of kernels K(·) ∈ L1(T) for which for
all u(·) ∈ L∞(T) and y(·) ∈ TQ such that u(·)−| TQ, u(·) 6= 0, and dist(y(·) + (K ∗ u)(·)) < δ
the inequality

S(y(·) + (K ∗ u)(·)) ≤ S(u(·))
holds, and moreover, if (K ∗ u)(·) ∈ C2(T), then

Z2(y(·) + (K ∗ u)(·)) ≤ S(u(·)),

where Z2(u(·)) is the number of zeros of u(·) when multiple zeros are counted twice and
intervals on which the function vanishes identically are discarded. Assume as before that
α2
k + β2

k 6= 0, k /∈ Q, where αk and βk are the Fourier coefficients of K(·).
Suppose that

Kj(·) ∈ K(Qj, δj), j = 1, . . . , k, K0(·) ∈ K(Q0). (17)

Set

K(·) = (Kk ∗ . . . ∗K1 ∗K0)(·), Q =
k⋃
j=0

Qj, δ = min
1≤j≤k

δj. (18)

Consider some particular cases of the classes WK
∞(T, Q) for such kernels.

1. Let k = 0, Q0 = ∅. The kernels from the set K(∅) are called cyclic variation dimin-
ishing kernels or CVD-kernels. The corresponding classes

WK
∞(T, ∅) = {x(·) | x(·) = (K ∗ u)(·), ‖u(·)‖L∞(T) ≤ 1 }

were studied in [20]. In particular, the kernel

Kβ(t) =
1

2
+
∞∑
m=1

cosmt

coshmβ

10



is a CVD-kernel and the corresponding class W
Kβ
∞ (T, ∅) coincides with the class hβ∞ which

is the set of real, 2π-periodic functions f(·) that can be analytically continued to the strip
Sβ = {z ∈ C | | Im z| < β} so that |Re f(z)| ≤ 1 in this strip.

2. Let P (D) be a differential polynomial of degree r with constant real coefficients

P (D) = Dr + ar−1D
r−1 + . . .+ a0, D =

d

dt
.

Set

KP (t) =
1

2

∑
m∈Z

P (im)6=0

eimt

P (im)
.

For Q = {m ∈ Z+ | P (im) = 0} the class WKP
∞ (T, Q) coincides with the generalized

Sobolev class which is the set of 2π-periodic functions x(·) with (r−1)st derivative absolutely
continuous and satisfying the condition

‖(P (D)x)(·)‖L∞(T) ≤ 1.

In particular, for P (D) = Dr this class coincides with the standard Sobolev class W r
∞(T).

In the general case a polynomial P (D) can be represented in the following form

P (D) =
k∏
j=1

Pj(D), (19)

where Pj(D) are differential polynomials with real coefficients of degrees at most 2. It follows
from [16] that KPj(·) ∈ K(Qj, δj) where

Qj = {m ∈ Z+ | Pj(im) = 0 }, δj = π/h(Pj(·)), (20)

and h(Pj(·)) is the largest imaginary part of the zeros of the polynomial Pj(·).
3. For a differential polynomial P (D) with real coefficients let hP∞,β be the class of

2π-periodic real-valued functions f(·) that can be analytically continued to the strip Sβ
satisfying the condition |Re(P (D)f)(z)| ≤ 1 for all z ∈ Sβ. Then hP∞,β = WKP

∞ (T, Q) where
(using the notation (19), (20))

KP (·) = (KPk ∗ . . . ∗KP1 ∗Kβ)(·), Q =
k⋃
j=1

Qj.

Set

hn(t) := sign sinnt.

Lemma 1 Assume that a kernel K(·) satisfies (17) and (18). Then for all

n > max{ sup
j∈Q

j, 2π/δ } (21)

K(·) satisfies the Favard γ-property where γ defined by the condition

(K ∗ hn)(γ) = −‖(K ∗ hn)(·)‖L∞(T). (22)

11



Proof: Consider the problem of optimal recovery of x(·) at the zero on the class WK
p (T, Q)

from the Fourier coefficients of this function a0, . . . , an−1, b1, . . . , bn−1. The associated prob-
lem has the form

x(0)→ max, a0 = . . . = an−1 = b1 = . . . = bn−1 = 0, x(·) ∈ WK
∞(T, Q).

It follows from [19] that under the conditions (21), (22) the function (K ∗ hn)(· − γ) is a
solution of this problem. Assume for definiteness that 0 ∈ Q. Similarly to the proof of
Theorem 2 we obtain that there exist ĉk, d̂k, k ∈ Q, and µ̂k, ν̂k, k ∈ Q′, such that the
function

1

π

∫
T

(
−K(−t) + ĉ0 +

∑
k∈Q\{0}

(ĉk cos kt+ d̂k sin kt)

+
∑
k∈Q′

((µ̂kαk + ν̂kβk) cos kt+ (ν̂kαk − µ̂kβk) sin kt)

)
u(t) dt

attains the absolute minimum on the unit ball of L∞(T) at the point û(·) = hn(· + γ).
Denoting by L(·) the multiplier preceeding u(·) under the integral sign we obtain that û(·) =
− signL(·). Changing the variable t on −t we get the existence of polynomial P (·) ∈ Tn−1

such that sign(K(t)− P (t)) = −hn(t+ γ).
Thus for the classes WK

∞(T, Q) with kernels K(·) satisfying the conditions (17) and (18)
the assertions of Theorem 2 (for p =∞) and Corollary 1 hold.

We list several well-known results which are particular cases of the assertions proved
here. The inequality (11) obtained by Favard [7] was used in [8] (and also independently by
Akhiezer and M. Krein [3]) to prove the equality

d(W r
∞(T), Tn−1, C(T)) =

Kr

nr
, r ∈ N. (23)

The class W r
∞(T) is defined by the convolution with the Bernoulli kernel which satisfies the

Favard γ-property for γ = 0 if r is odd and γ = π/(2n) if r is even. For this class the
problem of optimal recovery from Fourier coefficients was solved by Bojanov [5] who proved
that

E(x(θ),W r
∞(T),Fourn) =

Kr

nr
.

The result of Favard–Akhiezer–Krein (23) was developed in several directions. Partially
this was elucidated in [1]. Note the own result of Akhiezer [2]

d(hβ∞, Tn−1, C(T)) =
4

π

∞∑
m=0

(−1)m

(2m+ 1) cosh(2m+ 1)nβ

and M. Krein [11]

d(Γρ∞, Tn−1, C(T)) =
4

π
arctan ρn,

where Γρ∞ is the class of functions x(·) represented in the form x(·) = u(ρ, ·), 0 < ρ < 1,
with functions u(r, t), 0 ≤ r < 1, t ∈ T, harmonic in the unit ball and satisfying there the

condition |u(r, t)| ≤ 1. The class Γρ∞ coincides with the class W
Pρ
∞ (T, ∅) where

Pρ(t) =
1

2

1− ρ2

1− 2ρ cos t+ ρ2

12



is the Poisson kernel which satisfies the Favard π/(2n)-property.
The problem of generalization of the Favard–Akhiezer–Krein result for fractional r was

open for a long time. This problem was solved by Dzyadyk [6] and Sun Yongsheng [22],
[23]. It turns out that the Bernoulli kernel with fractional r ≥ 1 also satisfies the Favard
γ-property with γ defined by the condition

∞∑
m=0

cos((2m+ 1)γ − πr/2)

(2m+ 1)r
= 0.

The following result holds:

d(W r
∞(T), Tn−1, C(T)) =

4

πnr

∣∣∣∣∣
∞∑
m=0

sin((2m+ 1)γ − πr/2)

(2m+ 1)r

∣∣∣∣∣ .
4 The Hardy spaces

Now we consider optimal recovery problems for classes of analytic functions. First we give
some definitions. Denote by Hp(D), 1 ≤ p ≤ ∞, the Hardy space, i.e., the set of functions
f(·) analytic in the unit disk D = {z ∈ C | |z| < 1} and satisfying

sup
0<r<1

1

2π

∫
T
|f(reit)|p dt = App <∞, 1 ≤ p <∞,

sup
z∈D
|f(z)| = A∞ <∞, p =∞.

Every function f(·) ∈ Hp(D) associates with the unique function f̃(·) ∈ Lp(∂D) (∂D is the
boundary of D) by the rule:

f̃
(
eit
)

= lim
r→1

f
(
reit
)

for almost all t. Moreover, ‖f̃(·)‖Lp(∂D) = Ap and for all z ∈ D the Cauchy formula

f (k)(z) =
k!

2πi

∫
∂D

f̃(ζ)

(ζ − z)k+1
dζ, k ∈ Z+, (24)

holds.
The subset of Lp(∂D) that consists of all such functions f̃(·) is the set of those functions

from Lp(∂D) for which
1

2πi

∫
∂D

f̃(ζ)ζk dζ = 0, k ∈ N. (25)

For simplicity we shall use the same notation for f(·) ∈ Hp(D) and its boundary values.
The set

Hp(D) = {f(·) ∈ Hp(D) | ‖f(·)‖Lp(∂D) ≤ 1}

we call the Hardy class.
We consider the following recovery problem: recover a value of f(·) at a point τ ∈ D on

the Hardy class Hp(D) from the information

f(z1), f ′(z1), . . . , f (k1−1)(z1), . . . , f(zn), f ′(zn), . . . , f (kn−1)(zn),

where z1, . . . , zn are distinct points from the disk D. We are interested in an optimal method
of recovery.

13



In accordance with the general notation here X = Hp(D), Y = CN , N = k1 + . . . + kn,
Re〈x′, f(·)〉 = Re f(τ), A = Hp(D), and F : A→ CN ,

Ff(·) =
(
f(z1), f ′(z1), . . . , f (k1−1)(z1), . . . , f(zn), f ′(zn), . . . , f (kn−1)(zn)

)
.

The associated problem has the form

Re f(τ)→ max, f (k)(zj) = 0, j = 1, . . . n, k = 0, 1, . . . , kj − 1, f(·) ∈ Hp(D). (26)

In contrast to the real case where a solution of associated problem and optimal method were
obtained simultaneously, here we first find a solution of (26) directly and then use it to
obtain an optimal recovery method.

Since every function f(·) ∈ Hp(D) for which

f(z1) = . . . = f (k1−1)(z1) = . . . = f(zn) = . . . = f (kn−1)(zn) = 0

may be represented in the form f(z) = B(z)g(z) where g(·) ∈ Hp(D) and

B(z) =
n∏
j=1

(
z − zj
1− zjz

)kj
,

it suffices to find the extremum in the problem

Re g(τ)→ max, g(·) ∈ Hp(D).

Evidently, for p = ∞ the function ĝ(z) ≡ 1 is extremal. We prove that for 1 ≤ p < ∞ the
function ĝ(z) = (1− |τ |2)1/p(1− τz)−2/p is extremal. By the residue theorem we have

g(τ) =
1

2πi

∫
∂D

g(ζ)(1− |τ |2)(p−2)/p

(ζ − τ)(1− τζ)(p−2)/p
dζ =

1

2π

∫
T

g(eit)(1− |τ |2)(p−2)/p

(1− τe−it)(1− τeit)(p−2)/p
dt. (27)

Applying the Hölder inequality to the last integral we obtain that

|g(τ)| ≤ (1− |τ |2)−1/p (28)

for all g(·) ∈ Hp(D). Moreover, it follows from (27) that

(1− |τ |2)−1/p = ĝ(τ) = ‖ĝ(·)‖pLp(∂D)(1− |τ |
2)−1/p.

Thus, ĝ(·) ∈ Hp(∂D) and for this function (28) turns to equality. Consequently, the function

f̂(z) = e−i argB(τ)B(z)ĝ(z)

is extremal in (26).
In accordance with (24) and (25) the problem (26) may be rewritten as follows

Re
1

2πi

∫
∂D

f(ζ)

ζ − τ
dζ → max,

k!

2πi

∫
∂D

f(ζ)

(ζ − zj)k+1
dζ = 0, j = 1, . . . , n,

k = 0, 1, . . . , kj − 1,
1

2πi

∫
∂D

f(ζ)ζm dζ = 0, m ∈ Z+, ‖f(·)‖Lp(∂D) ≤ 1. (29)

It is a convex problem. We apply the Lagrange principle to it noting that the set A
(see (2)) is defined here by a countable number of equalities and one inequality. We include
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the constraints of equality type in the Lagrange function by “natural” way without giving
more precise descriptions since, as it was said, we apply the Lagrange principle heuristically.
We note only that an optimal recovery method is defined by multipliers at the constraints
related to the information operator (see Remark 2).

The Lagrange function of the problem (29) is

L = Re
1

2π

∫
T

(
−1

eit − τ
+

n∑
j=1

kj−1∑
k=0

µjkk!

(eit − zj)k+1
+
∑
m≥0

λme
imt

)
f(eit)eit dt,

where µjk, λm ∈ C, 1 ≤ j ≤ n, 0 ≤ k ≤ kj − 1, m ≥ 0. By the Lagrange principle there exist

such µ̂jk, λ̂m ∈ C, 1 ≤ j ≤ n, 0 ≤ k ≤ kj − 1, m ≥ 0, that L attains its minimum at the

point f̂(·) on the set {f(·) ∈ Lp(∂D) | ‖f(·)‖Lp(∂D) ≤ 1}. Hence it follows that for z = eit

and 1 < p <∞

L(z) = Czf̂(z)|f̂(z)|p−2 =
C1B(z)

(z − τ)(1− τz)(p−2)/p
, (30)

where L(z) is the expression in parentheses under the integral sign in the Lagrange function.
Since B(z) = B−1(z) for z = eit, we have

− 1

z − τ
+

n∑
j=1

kj−1∑
k=0

µ̂jkk!

(z − zj)k+1
+
∑
m≥0

λ̂mz
m =

C1

B(z)(z − τ)(1− τz)(p−2)/p
. (31)

The function in the right-hand side of this equality is analytic in the diskD with the exception
of points τ, z1, . . . , zn where it has poles. If we multiply the both sides of (31) by z − τ and
substitute z = τ , we get C1 = −B(τ)(1− |τ |2)(p−2)/p. In a similar way we obtain

µ̂jk =
B(τ)(1− |τ |2)(p−2)/p

k!(kj − k − 1)!

(
(1− zjz)kj

ωj(z)(τ − z)(1− τz)(p−2)/p

)(kj−k−1)∣∣∣z=zj ,

where

ωj(z) =
n∏

m=1
m6=j

(
z − zm
1− zmz

)km
.

We prove now that the method defined by µ̂jk (which are well-defined for all 1 ≤ p ≤ ∞;
for p = ∞ all expressions involving p are understood as the limit values as p → ∞) is

optimal. Indeed, for all 1 ≤ p ≤ ∞ the equality (31) holds with some λ̂m, m ≥ 0 (we do not
need explicit expressions for them). Let 1 ≤ p < ∞. Then for all f ∈ Hp(D) taking into
account the last equality of (30) and applying the Hölder inequality we obtain

∣∣∣∣f(τ)−
n∑
j=1

kj−1∑
k=0

µ̂jkf
(k)(zj)

∣∣∣∣
=

∣∣∣∣∣ 1

2πi

∫
∂D

(∑
m≥0

λ̂mz
m +

B(τ)

(1− |τ |2)1/p
zf̂(z)|f̂(z)|p−2

)
f(z) dz

∣∣∣∣∣
=

|B(τ)|
(1− |τ |2)1/p

1

2π

∣∣∣∣∫
T
f̂(eit)|f̂(eit)|p−2f(eit) dt

∣∣∣∣
≤ |B(τ)|

(1− |τ |2)1/p
‖f̂(·)‖p−1

Lp(∂D)‖f(·)‖Lp(∂D) ≤ |f̂(τ)|.
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For p =∞ using the fact that the integral of the Poisson kernel equals 1 we have

∣∣∣∣f(τ)−
n∑
j=1

kj−1∑
k=0

µ̂jkf
(k)(zj)

∣∣∣∣ =

∣∣∣∣∣ 1

2πi

∫
∂D

(∑
m≥0

λ̂mz
m +

B(τ)(1− |τ |2)

B(z)(z − τ)(1− τz)

)
f(z) dz

∣∣∣∣∣
= |B(τ)| 1

2π

∣∣∣∣∫
T

1− |τ |2

|1− τeit|2
f(eit) dt

∣∣∣∣ ≤ |B(τ)| = |f̂(τ)|.

It follows from Theorem 1 that the error of optimal recovery equals |f̂(τ)|. Thus it is
proved that the method

f(τ) ≈
n∑
j=1

kj−1∑
k=0

µ̂jkf
(k)(zj)

is optimal. In particular, for one point z1 = 0 with the multiplicity n (that is we consider
the problem of optimal recovery from Taylor coefficients at the zero) for p =∞ we have

f(τ) ≈
n−1∑
j=0

τ j(1− |τ |2(n−j))
f (j)(0)

j!
. (32)

The optimality of these methods was obtained, without using the Lagrange principle, in [17],
[18] (p =∞), and [9] (1 ≤ p <∞).

5 The Hardy–Sobolev spaces

For p =∞ we can obtain a more general result rather than formula (32).
Denote by Hr

∞(D) the Hardy–Sobolev class which is the set of all functions analytic in
the unit disk D for which |f (r)(z)| ≤ 1, z ∈ D. Consider the problem of optimal recovery of
f(·) ∈ Hr

∞(D) at a point τ (without loss of generality we may assume that τ ∈ (0, 1)) from
the information f(0), f ′(0), . . . , f (n+r−1)(0).

From the equality

f(z) = Sr−1(z) +

∫ z

0

(z − ξ)r−1

(r − 1)!
f (r)(ξ) dξ, Sr−1(z) =

r−1∑
k=0

f (k)(0)

k!
zk,

and the Cauchy formula for f (r)(ξ) we have

f(z) = Sr−1(z) +
1

2π

∫
T

∞∑
k=0

k!

(k + r)!
zk+re−iktf (r)(eit) dt. (33)

Thus the associated problem can be written as follows

Re

(
Sr−1(τ) +

1

2π

∫
T

∞∑
k=0

k!

(k + r)!
τ k+re−iktf (r)(eit) dt

)
→ max,

f(0) = . . . = f (r−1)(0) = 0,
k!

2π

∫
T
f (r)(eit)e−ikt dt = 0, k = 0, . . . , n− 1,

1

2π

∫
T
f (r)(eit)eimt dt = 0, m ∈ N, ‖f (r)(·)‖L∞(∂D) ≤ 1.
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We prove that the function

f̂(z) =
n!

(n+ r)!
zn+r

is extremal in this problem. Assume that there exists a function f0(·) ∈ Hr
∞(D) for which

f0(0) = . . . = f (n+r−1)(0) = 0 and |f0(τ)| > f̂(τ). Without loss of generality we may assume
that f0(τ) > 0. Since

g0(z) =
f0(z) + f0(z)

2
has the same properties as f0(·) and is real on the real axis, we assume from the very

beginning that the function f̂(·) is real on the real axis. Put

F (z) := f̂(z)− ρf0(z), ρ =
f̂0(τ)

f0(τ)
.

The function F (·) has at least n + r + 1 zeros on the interval (−1, 1) taking into account
multiplicities. Consequently, by Rolle’s theorem F (r)(·) has at least n + 1 zeros on this
interval. For z ∈ ∂D we have

|f̂ (r)(z)− F (r)(z)| = ρ|f (r)
0 (z)| ≤ ρ < 1 ≡ |f̂ (r)(z)|.

Since f̂ (r)(·) has exactly n zeros in D (counting multiplicities) Rouche’s theorem implies that
the function F (r)(·) must have the same number of zeros. This contradiction proves that the

function f̂(·) is extremal.
Now let us write out the Lagrange function of the considered problem

L = Re

(
−Sr−1(τ) +

r−1∑
k=0

µkf
(k)(0)

+
1

2π

∫
T

(
−
∞∑
k=0

k!

(k + r)!
τ k+re−ikt +

n−1∑
k=0

µk+rk!e−ikt +
∞∑
m=1

λme
imt

)
f (r)(eit) dt

)
,

where µk, λm ∈ C, 0 ≤ k ≤ n + r − 1, m ∈ N. According to the Lagrange principle there
exist such µ̂k, λ̂m ∈ C that L attains its minimum at the point f̂(·) on the set of functions
for which ‖f (r)(·)‖L∞(∂D) ≤ 1.

Clearly,

µ̂k =
1

k!
τ k, k = 0, . . . , r − 1.

Denoting by L(·) the expression in parentheses under the integral sign we have

L(eit) = −f̂ (r)(eit)|L(eit)|.

Consider the Fourier-series expansion of |L(eit)|

|L(eit)| =
∞∑

k=−∞

ake
ikt.

Taking into account the fact that it is a real function we have a−k = ak. Thus

−
∞∑
k=0

k!

(k + r)!
τ k+re−ikt +

n−1∑
k=0

µ̂k+rk!e−ikt +
∞∑
m=1

λ̂me
imt

= −e−int
(
a0 +

∞∑
k=1

ake
ikt +

∞∑
k=1

ake
−ikt

)
.
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Consequently,

ak =
(n+ k)!

(n+ k + r)!
τn+k+r,

ak =
(n− k)!

(n− k + r)!
τn−k+r − (n− k)!µ̂n−k+r, k = 1, . . . , n.

Hence we obtain

µ̂n+r =
τm+r

(m+ r)!

(
1− (m+ r)!

m!

(2n−m)!

(2n−m+ r)!
τ 2(n−m)

)
.

By the direct verification (similar to the case described above) it can be proved that the
method

f(τ) ≈
r−1∑
k=0

f (k)(0)

k!
τ k +

n+r−1∑
k=r

(
1− k!

(k − r)!
(2n+ r − k)!

(2n+ 2r − k)!
|τ |2(n+r−k)

)
f (k)(0)

k!
τ k (34)

is optimal.
Thus we have proved the following theorem.

Theorem 3 (on optimal recovery from Taylor coefficients). Let r ∈ Z+, n ∈ Z, and
τ ∈ D. Then the method (34) is optimal method of recovery on the class W rH∞(D) from
the information

Tayn+r f(·) = (f(0), f ′(0), . . . , f (n+r−1)(0)).

Moreover,

E(f(τ),W rH∞,Tayn+r) =
n!

(n+ r)!
|τ |n+r.

For r = 1 this result was obtained by Newman (see [14, p. 42]).

6 Optimal recovery from the values at the equidistant

system of points on a circle

Consider now the problem of optimal recovery of a value f(τ), f(·) ∈ H1
∞(D), τ ∈ D, from

the values f(τj), j = 0, . . . , n−1, where {τj} is the system of equidistant points on the circle
of the radius 0 < ρ < 1: τj = ρeij2π/n. From [10] it follows that the function

f̂(z) := ε
zn − ρn

n
, ε = e−i arg(τn−ρn),

is extremal in the associated problem

Re f(τ)→ max, f(τj) = 0, j = 0, . . . , n− 1, f ∈ W 1H∞(D).

In view of (33) this problem may be rewritten as follows

Re

(
f(0) +

1

2π

∫
T

∞∑
k=0

τ k+1

k + 1
e−iktf ′(eit) dt

)
→ max,

f(0) +
1

2π

∫
T

∞∑
k=0

τ k+1
j

k + 1
e−iktf ′(eit) dt = 0, j = 0, . . . , n− 1,

1

2π

∫
T
f ′(eit)eimt dt = 0, m ∈ N, ‖f ′(·)‖L∞(∂D) ≤ 1.
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The Lagrange function of this problem is

L = Re

(
−f(0) +

n−1∑
j=0

µjf(0)

+
1

2π

∫
T

(
−
∞∑
k=0

τ k+1

k + 1
e−ikt +

n−1∑
j=0

µj

∞∑
k=0

τ k+1
j

k + 1
e−ikt +

∞∑
m=1

λme
imt

)
f ′(eit) dt

)
,

where µj, λm ∈ C, 0 ≤ j ≤ n − 1, m ∈ N. According to the Lagrange principle there exist

such µ̂j, λ̂m ∈ C that L attains its minimum at the point f̂(·) on the set of functions for
which ‖f ′(·)‖L∞(∂D) ≤ 1.

It is clear that
n−1∑
j=0

µ̂j = 1.

Denoting by L(·) the expression in parentheses under the integral sign we have

L(eit) = −f̂ ′(eit)|L(eit)|.

Consider the Fourier-series expansion of |L(eit)|

|L(eit)| =
∞∑

k=−∞

ake
ikt.

Taking into account the fact that it is a real function we have a−k = ak. Thus

εei(n−1)t

(
∞∑
k=0

νke
−ikt −

∞∑
m=1

λ̂me
imt

)
= a0 +

∞∑
k=1

ake
ikt +

∞∑
k=1

ake
−ikt,

where

νk =
1

k + 1

(
τ k+1 −

n−1∑
j=0

µ̂jτ
k+1
j

)
.

Hence ak = ενn−k−1, ak = ενn+k−1, k = 1, . . . , n− 1.
Assume for simplicity that τ ∈ (−1, 1). Put α = τ/ρ. Then

1

n− k

(
αn−k −

n−1∑
j=0

µ̂jξ
−k
j

)
=

ρ2k

n+ k

(
αn+k −

n−1∑
j=0

µ̂jξ
k

j

)
,

where ξj = eij2π/n, j = 0, . . . , n− 1. Putting

bk :=
n−1∑
j=0

µ̂jξ
−k
j

we have
n−1∑
j=0

µ̂jξ
k

j =
n−1∑
j=0

µ̂j(ξj)
−(n−k) = bn−k.
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Thus we obtain the system

1

n− k
(αn−k − bk) =

ρ2k

n+ k
(αn+k − bn−k), k = 1, . . . , n− 1.

Hence 
1

n− k
bk −

ρ2k

n+ k
bn−k =

αn−k

n− k
− αn+k

n+ k
ρ2k,

ρ2(n−k)

2n− k
bk −

1

k
bn−k =

α2n−k

2n− k
ρ2(n−k) − αk

k
.

Consequently,

bk =
αn−k(1− qkαnρ2n)− pkαkρ2k(1− αn)

1− qkρ2n
, k = 1, . . . , n− 1,

where

pk =
n− k
n+ k

, qk =
k

2n− k
pk.

Since b0 = 1 we have

µ̂j =
1

n

n−1∑
k=0

bkξ
j
k.

As above, the direct verification leads to the fact that the method

f(τ) ≈ 1

n

n−1∑
j=0

(
n−1∑
k=0

bkξ
j
k

)
f(τj)

is optimal for the considered problem.
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