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Ê.Þ. Îñèïåíêî

Î íåêîòîðûõ íåðàâåíñòâàõ òèïà Êàðëñîíà

Â ñòàòüå íàõîäèòñÿ òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå

∥w(·)x(·)∥Lq(T ) 6 K∥w0(·)x(·)∥γLp(T )

( d∑
j=1

∥ϕj(·)x(·)∥rLr(T )

)(1−γ)/r

,

ãäå T � êîíóñ â Rd, à âåñà w(·), w0(·) è ϕj(·), j = 1, . . . , d, � èçìåðèìûå
îäíîðîäíûå ôóíêöèè. Àíàëîãè÷íûå òî÷íûå íåðàâåíñòâà ïîëó÷åíû äëÿ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Áèáëèîãðàôèÿ: 7 íàçâàíèé.

Êëþ÷åâûå ñëîâà: òî÷íûå íåðàâåíñòâà, äèôôåðåíöèàëüíûå îïåðàòî-
ðû, íåðàâåíñòâà òèïà Êàðëñîíà.

Ââåäåíèå

Õîðîøî èçâåñòíîå íåðàâåíñòâî Êàðëñîíà [1]

∥x(t)∥L1(R+) 6
√
π∥x(t)∥1/2L2(R+)∥tx(t)∥

1/2
L2(R+), R+ = [0,+∞),

îáîáùàëîñü ìíîãèìè àâòîðàìè (ñì., íàïðèìåð, [2]�[7]). Ñôîðìóëèðóåì îäíî èç

îáîáùåíèé ýòîãî íåðàâåíñòâà, êîòîðûì ìû áóäåì ïîëüçîâàòüñÿ.

Ðàññìîòðèì â Rd ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò

t1= ρ cosω1,

t2= ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

td−1= ρ sinω1 sinω2 . . . sinωd−2 cosωd−1,

td= ρ sinω1 sinω2 . . . sinωd−2 sinωd−1.

Äëÿ ôóíêöèè f(t), t ∈ Rd, ïîëîæèì

f̃(ω) = |f(cosω1, . . . , sinω1 sinω2 . . . sinωd−2 sinωd−1)|, ω = (ω1, . . . , ωd−1).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

P = { (p, q, r) : 1 6 q < p, r }, P1 = { (p, q, r) : 1 6 q = r < p },
P2 = { (p, q, r) : 1 6 q = p < r }.

Ïóñòü |w(·)|, |w0(·)|, |w1(·)| � èçìåðèìûå îäíîðîäíûå ôóíêöèè íà Rd ïîðÿä-

êîâ θ, θ0, θ1, ñîîòâåòñòâåííî, T � êîíóñ â Rd, à Ω � îáëàñòü èçìåíåíèÿ ω, êîãäà

t ∈ T . Èç òîãî, ÷òî T � êîíóñ, ñëåäóåò, ÷òî Ω íå çàâèñèò îò ρ. Ïîëîæèì

J(ω) = sind−2 ω1 sin
d−3 ω2 . . . sinωd−2.

Èç ðàáîòû [7] (ñëåäñòâèå 4 ïðè n = 1) âûòåêàåò ñëåäóþùèé ðåçóëüòàò:

c⃝ Ê.Þ. Îñèïåíêî, 2026
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Òåîðåìà 1. Ïóñòü w(·), w0(·), w1(·) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ T , (p, q, r) ∈
P ∪ P1 ∪ P2 è γ ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

(
w̃(ω)

w̃γ
0 (ω)w̃1(ω)(1−γ)

)q̃

J(ω) dω <∞,

ãäå

γ =
θ1 − θ − d(1/q − 1/r)

θ1 − θ0 + d(1/r − 1/p)
,

1

q̃
=

1

q
− γ

p
− 1− γ

r
.

Òîãäà äëÿ âñåõ x(·) òàêèõ, ÷òî w0(·)x(·) ∈ Lp(T ) è w1(·)x(·) ∈ Lr(T ), èìååò

ìåñòî òî÷íîå íåðàâåíñòâî

∥w(·)x(·)∥Lq(T ) 6 K∥w0(·)x(·)∥γLp(T )∥w1(·)x(·)∥1−γ
Lr(T ),

ãäå

K = γ−
γ
p (1− γ)−

1−γ
r

(
B (q̃γ/p, q̃(1− γ)/r) I

|θ1 − θ0 + d(1/r − 1/p)|(γr + (1− γ)p)

)1/q̃

,

à B(·, ·) � B-ôóíêöèÿ Ýéëåðà.

Äëÿ (p, q, r) ∈ P òåîðåìà 1 áûëà äîêàçàíà â ðàáîòå [4] (ñì. òàêæå ñëåäñòâèå 4

èç ðàáîòû [5]).

Â ñèëó ñâîéñòâ B-ôóíêöèé

B (q̃γ/p, q̃(1− γ)/r) =
γr + (1− γ)p

γr
B (q̃γ/p+ 1, q̃(1− γ)/r) .

Ïîýòîìó êîíñòàíòà K ìîæåò áûòü çàïèñàíà â âèäå

K = γ−
γ
p (1− γ)−

1−γ
r

(
B (q̃γ/p+ 1, q̃(1− γ)/r) I

r|θ1 − θ − d(1/q − 1/r)|

)1/q̃

.

� 1. Òî÷íûå íåðàâåíñòâà íà êîíóñàõ â Rd

Ïóñòü

w1(t) =

( n∑
j=1

|ϕj(t)|r
)1/r

.

Òîãäà

∥w1(·)x(·)∥rLr(T ) =

n∑
j=1

∥ϕj(·)x(·)∥rLr(T ).

Òåì ñàìûì òåîðåìà 1 ìîæåò áûòü ïåðåôîðìóëèðîâàíà â ñëåäóþùåì âèäå.

Òåîðåìà 2. Ïóñòü |w(·)|, |w0(·)| � èçìåðèìûå îäíîðîäíûå ôóíêöèè ïîðÿä-

êîâ θ, θ0, à |ϕj(·)|, j = 1, . . . , n, � èçìåðèìûå îäíîðîäíûå ôóíêöèè ïîðÿäêà θ1.
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Ïóñòü, êðîìå òîãî, w(t), w0(t) ̸= 0 è
∑n

j=1 |ϕj(t)| ̸= 0 äëÿ ïî÷òè âñåõ t ∈ T ,

(p, q, r) ∈ P ∪ P1 ∪ P2 è γ ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

(
w̃(ω)

w̃γ
0 (ω)

(∑n
j=1 ϕ̃

r
j(ω)

)(1−γ)/r

)q̃

J(ω) dω <∞.

Òîãäà äëÿ âñåõ x(·) òàêèõ, ÷òî w0(·)x(·) ∈ Lp(T ) è ϕj(·)x(·) ∈ Lr(T ), j =

1, . . . , n, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥w(·)x(·)∥Lq(T ) 6 K∥w0(·)x(·)∥γLp(T )

( n∑
j=1

∥ϕj(·)x(·)∥rLr(T )

)(1−γ)/r

.

Ñëåäñòâèå 1. Ïóñòü |w(·)|, |w0(·)| � èçìåðèìûå îäíîðîäíûå ôóíêöèè ïî-

ðÿäêîâ d(1−1/q), d− (λ+d)/p, à |ϕj(·)|, j = 1, . . . , n, � èçìåðèìûå îäíîðîäíûå

ôóíêöèè ïîðÿäêà d+ (µ− d)/r, λ, µ > 0. Ïóñòü, êðîìå òîãî, w(t), w1(t) ̸= 0 è∑n
j=1 |ϕj(t)| ≠ 0 äëÿ ïî÷òè âñåõ t ∈ T è (p, q, r) ∈ P ∪ P1 ∪ P2. Ïðåäïîëîæèì,

÷òî

I =

∫
Ω

(
w̃(ω)

w̃pα
0 (ω)

(∑n
j=1 ϕ̃

r
j(ω)

)β
) 1

1/q−α−β

J(ω) dω <∞,

ãäå

α =
µ

pµ+ rλ
, β =

λ

pµ+ rλ
.

Òîãäà äëÿ âñåõ x(·) òàêèõ, ÷òî w0(·)x(·) ∈ Lp(T ) è ϕj(·)x(·) ∈ Lr(T ), j =

1, . . . , n, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥w(·)x(·)∥Lq(T ) 6 K̂∥w0(·)x(·)∥pαLp(T )

( n∑
j=1

∥ϕj(·)x(·)∥rLr(T )

)β

,

ãäå

K̂ =
1

(pα)α(rβ)β

(
I

λ+ µ
B

(
α

1/q − α− β
,

β

1/q − α− β

))1/q−α−β

.

Â ñëó÷àå, êîãäà T = Rd
+, q = 1, p, r > 1, w(t) ≡ 1, n = 1,

w0(t) =W 1−(λ+1)/p(t), w1(t) =W 1+(µ−1)/r(t),

ãäå W (·) � îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà d, óòâåðæäåíèå ñëåäñòâèÿ 1 áûëî

ïîëó÷åíî â ðàáîòå [3]. Â îäíîìåðíîì ñëó÷àå (d = 1) ïðè ñôîðìóëèðîâàííûõ

âûøå óñëîâèÿõ ñîîòâåòñòâóþùåå óòâåðæäåíèå áûëî ïîëó÷åíî â ðàáîòå [2].

� 2. Òî÷íûå íåðàâåíñòâà äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ

2.1. Òî÷íûå íåðàâåíñòâà â ìåòðèêå L2(Rd). .
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Ïóñòü S � ïðîñòðàíñòâî Øâàðöà áûñòðî óáûâàþùèõ áåñêîíå÷íî äèôôå-

ðåíöèðóåìûõ ôóíêöèé íà R, S′ � ñîîòâåòñòâóþùåå ïðîñòðàíñòâî îáîáùåííûõ

ôóíêöèé, F : S′ → S′ � ïðåîáðàçîâàíèå Ôóðüå.

Ïóñòü |ϕj(·)|, j = 1, . . . , n, � îäíîðîäíûå ôóíêöèè ïîðÿäêà ν, à |ψ(·)| �
îäíîðîäíûå ôóíêöèÿ ïîðÿäêà η. Ïîëîæèì

Xp =
{
x(·) ∈ S′ : ϕj(·)Fx(·) ∈ L2(Rd), j = 1, . . . , n, Fx(·) ∈ Lp(Rd)

}
.

Äëÿ ôóíêöèé x(·) ∈ Xp îïðåäåëèì îïåðàòîðû Dj , j = 1, . . . , n, ðàâåíñòâàìè

Djx(·) = F−1(ϕj(·)Fx(·))(·), j = 1, . . . , n,

è îïåðàòîð

Λx(·) = F−1(ψ(·)Fx(·))(·) (2.1)

(áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ ψ(·) òàêîâà, ÷òî ψ(·)Fx(·) ∈ L2(Rd) äëÿ

x(·) ∈ Xp).

Ïîëîæèì

Cp(ν, η) = γ̂−
γ̂
p (1− γ̂)−

1−γ̂
2

(
B (q̂γ̂/p+ 1, q̂(1− γ̂)/2)

2|ν − η|

)1/q̂

,

ãäå

γ̂ =
ν − η

ν + d(1/2− 1/p)
, q̂ =

1

γ̂(1/2− 1/p)
.

Èç òåîðåìû 6 ðàáîòû [7] (àíàëîãè÷íî òåîðåìå 2) âûòåêàåò ñëåäóþùèé ðåçóëü-

òàò:

Òåîðåìà 3. Ïóñòü 2 < p 6 ∞, γ̂ ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Πd−1

ψ̃q̂(ω)(∑n
j=1 ϕ̃

2
j (ω)

)q̂(1−γ̂)/2
J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π].

Òîãäà èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Λx(·)∥L2(Rd) 6
Cp(ν, η)I

1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( n∑
j=1

∥Djx(·)∥2L2(Rd)

)(1−γ̂)/2

. (2.2)

Ðàññìîòðèì íåêîòîðûå êîíêðåòíûå âåñà. Ïóñòü α = (α1, . . . , αd) ∈ Rd
+. Îïðå-

äåëèì îïåðàòîð Dα (ïðîèçâîäíàÿ ïîðÿäêà α) ðàâåíñòâîì

Dαx(·) = F−1((iξ)αFx(ξ))(·),

ãäå (iξ)α = (iξ1)
α1 . . . (iξd)

αd . ßñíî, ÷òî åñëè x(·) äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ

íà Rd, t = (t1, . . . , td) ∈ Rd è α = (α1, . . . , αd) ∈ Zd
+, òî

Dαx(t) =
∂xα1+...+αd(t)

∂tα1
1 . . . ∂tαd

d

.
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Ïîëîæèì

ψθ(ξ) = (|ξ1|θ + . . .+ |ξd|θ)2/θ, θ > 0.

×åðåç Λ
η/2
θ îáîçíà÷èì îïåðàòîð Λ, îïðåäåëåííûé ðàâåíñòâîì (2.1) äëÿ ψ(ξ) =

ψ
η/2
θ (ξ). Â ÷àñòíîñòè, Λ2 = −∆, ãäå ∆ � îïåðàòîð Ëàïëàñà. Ïîëó÷èì òî÷íîå

íåðàâåíñòâî (2.2) äëÿ Λ = Λ
η/2
θ è Dj = Dνej , j = 1, . . . , d, ãäå {ej} � ñòàíäàðò-

íûé áàçèñ â Rd.

Äëÿ ϕj(ξ) = (iξj)
ν èìååì ϕ̃j(ω) = t̃νj (ω), ãäå

t̃1(ω)= | cosω1|,
t̃2(ω)= | sinω1 cosω2|,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t̃d−1(ω)= | sinω1 sinω2 . . . sinωd−2 cosωd−1|,
t̃d(ω)= | sinω1 sinω2 . . . sinωd−2 sinωd−1|.

Çàìåòèì, ÷òî

d∑
k=1

t̃2k(ω) = 1.

Äëÿ âåëè÷èíû I èç òåîðåìû 3 èìååì

I =

∫
Πd−1

(∑d
k=1 t̃k

θ
(ω)
)q̂η/θ

J(ω) dω(∑d
k=1 t̃k

2ν
(ω)
)q̂(1−γ̂)/2

. (2.3)

Åñëè ν 6 1, òî
d∑

k=1

t̃k
2ν
(ω) >

d∑
k=1

t̃k
2
(ω) = 1. (2.4)

Åñëè æå ν > 1, òî ïî íåðàâåíñòâó Ãåëüäåðà

1 =

d∑
k=1

t̃k
2
(ω) 6

( d∑
k=1

t̃k
2ν
(ω)
)1/ν

d1−1/ν .

Òåì ñàìûì
d∑

k=1

t̃k
2ν
(ω) > d1−ν . (2.5)

Èç (2.4) è (2.5) âûòåêàåò, ÷òî I <∞.

Òåì ñàìûì èç òåîðåìû 3 âûòåêàåò

Ñëåäñòâèå 2. Ïóñòü 2 < p 6 ∞ è ν > η > 0. Òîãäà èìååò ìåñòî òî÷íîå

íåðàâåíñòâî

∥Λη/2
θ x(·)∥L2(Rd) 6

Cp(ν, η)I
1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̂)/2

,

ãäå I îïðåäåëåíî ðàâåíñòâîì (2.3).
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Â ÷àñòíîñòè, ïðè θ = 2, ν ∈ Z, 2 < p 6 ∞ è ν > η > 0 èìååò ìåñòî òî÷íîå

íåðàâåíñòâî

∥(−∆)η/2x(·)∥L2(Rd) 6
Cp(ν, η)I

1/q̂

(2π)dγ̂/2
∥Fx(·)∥γ̂

Lp(Rd)

( d∑
j=1

∥∥∥∥∂νx∂tνj
(·)
∥∥∥∥2
L2(Rd)

)(1−γ̂)/2

.

Ïóñòü òåïåðü Λ = Dα, à Dj = Dνej , j = 1, . . . , d. Òîãäà âåëè÷èíà I èç

òåîðåìû 3 èìååì âèä

I =

∫
Πd−1

(
t̃α1
1 (ω) . . . t̃αd

d (ω)
)q1
J(ω) dω(∑d

k=1 t̃k
2ν
(ω)
)q1(1−γ1)/2

, (2.6)

ãäå

γ1 =
ν − |α|

ν + d(1/2− 1/p)
, q1 =

1

γ1(1/2− 1/p)
, |α| = α1 + . . .+ αd.

Èç (2.4) è (2.5) âûòåêàåò, ÷òî I <∞. Èç òåîðåìû 3 ïîëó÷àåì

Ñëåäñòâèå 3. Ïóñòü 2 < p 6 ∞ è ν > |α| > 0. Òîãäà èìååò ìåñòî òî÷íîå

íåðàâåíñòâî

∥Dαx(·)∥L2(Rd) 6
C̃p(ν, |α|)I1/q1

(2π)dγ1/2
∥Fx(·)∥γ1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ1)/2

,

ãäå

C̃p(ν, |α|) = γ
− γ1

p

1 (1− γ1)
− 1−γ1

2

(
B (q1γ1/p+ 1, q1(1− γ1)/2)

2(ν − |α|)

)1/q1

,

à I îïðåäåëåíî ðàâåíñòâîì (2.6).

Ïîëó÷èì òî÷íîå íåðàâåíñòâî äëÿ îïåðàòîðà Λ
η/2
θ äëÿ ñëó÷àé, êîãäà p = 2.

Òåîðåìà 4. Ïóñòü ν > η > 0 è 0 < θ 6 2ν. Òîãäà èìååò ìåñòî òî÷íîå

íåðàâåíñòâî

∥Λη/2
θ x(·)∥L2(Rd) 6

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)η/(2ν)

.

(2.7)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∥Λη/2
θ x(·)∥2L2(Rd) → max, ∥Fx(·)∥2L2(Rd) 6 δ2,

d∑
j=1

∥Dνejx(·)∥2L2(Rd) 6 1. (2.8)

Äëÿ 0 < ε < (2π)d/(2ν)(dδ2)−1/(2ν), ïîëîæèì

ξ̂ε =

(
(2π)d

dδ2

) 1
2ν

(1, . . . , 1)− (ε, . . . , ε), Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε }.
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Ðàññìîòðèì ôóíêöèþ xε(·) òàêóþ, ÷òî

Fxε(ξ) =


δ√

mesBε

, ξ ∈ Bε,

0, ξ /∈ Bε.

Òîãäà ∥Fxε(·)∥2L2(Rd) = δ2 è

d∑
j=1

∥Dνejx(·)∥2L2(Rd) =
δ2

(2π)d mesBε

d∑
j=1

∫
Bε

|ξj |2ν dξ 6 1.

Òåì ñàìûì ôóíêöèÿ xε(·) ÿâëÿåòñÿ äîïóñòèìîé â çàäà÷å (2.8). Îáîçíà÷èâ çíà-

÷åíèå ýòîé çàäà÷è ÷åðåç S, èìååì

S > ∥Λη/2
θ xε(·)∥2L2(Rd) =

δ2

(2π)d mesBε

∫
Bε

ψη
θ (ξ) dξ =

δ2

(2π)d
ψη
θ (ξ̃ε), ξ̃ε ∈ Bε.

Óñòðåìëÿÿ ε→ 0, ïîëó÷àåì

S > dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

. (2.9)

Ïîëîæèì

L(x(·), λ1, λ2) = −∥Λη/2
θ x(·)∥2L2(Rd) + λ1∥Fx(·)∥2L2(Rd)

+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)

=
1

(2π)d

∫
Rd

(
−ψη

θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν
)
|Fx(ξ)|2 dξ.

Òàê êàê θ 6 2ν, òî èç íåðàâåíñòâà Ãåëüäåðà ñëåäóåò, ÷òî

d∑
j=1

|ξj |θ 6

( d∑
j=1

|ξj |2ν
)θ/(2ν)

d1−θ/(2ν).

Ïîëîæèâ ρ = (|ξ1|θ + . . .+ |ξd|θ)1/θ, ïîëó÷èì

d∑
j=1

|ξj |2ν > ρ2νd1−2ν/θ.

Òàêèì îáðàçîì,

−ψη
θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν > f(ρ),

ãäå

f(ρ) = −ρ2η + (2π)dλ1 + λ2ρ
2νd1−2ν/θ.
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Ïîëîæèì

λ1 =
dη(2/θ−1/ν)

(2π)d

(
1− η

ν

)( (2π)d

δ2

)η/ν

, λ2 = dη(2/θ−1/ν) η

ν

(
(2π)d

δ2

)η/ν−1

.

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ f(ρ) äîñòèãàåò ìèíèìóìà íà [0,+∞) â òî÷êå

ρ0 = d(1/θ−1/(2ν))

(
(2π)d

δ2

)1/(2ν)

.

Ïðè÷åì f(ρ0) = 0. Òåì ñàìûì

−ψη/2
θ (ξ) + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν > 0.

Ñëåäîâàòåëüíî, L(x(·), λ1, λ2) > 0.

Äëÿ ëþáîé äîïóñòèìîé â çàäà÷å (2.8) ôóíêöèè x(·) èìååì

− ∥Λη/2
θ x(·)∥2L2(Rd) > −∥Λη/2

θ x(·)∥2L2(Rd) + λ1

(
∥Fx(·)∥2L2(Rd) − δ2

)
+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd) − 1

)
= L(x(·), λ1, λ2)− λ1δ

2 − λ2 > −λ1δ2 − λ2.

Îòñþäà ñëåäóåò, ÷òî

S 6 λ1δ
2 + λ2 = dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

.

Ó÷èòûâàÿ (2.9), ïîëó÷àåì

S = dη(2/θ−1/ν)

(
δ2

(2π)d

)1−η/ν

. (2.10)

Ïðåäïîëîæèì, ÷òî x(·) ∈ L2(Rd) è Dνejx(·) ∈ L2(Rd), j = 1, . . . , d. Ïîëîæèì

A =

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)1/2

.

Òîãäà äëÿ ε > 0 è x̂(·) = x(·)/(A+ ε) èìååì

d∑
j=1

∥Dνej x̂(·)∥2L2(Rd) =
A2

(A+ ε)2
< 1, ∥Fx̂(·)∥L2(Rd) =

∥Fx(·)∥L2(Rd)

A+ ε
.

Èç (2.10) âûòåêàåò, ÷òî

∥Λη/2
θ x̂(·)∥2L2(Rd) 6

dη(2/θ−1/ν)

(2π)d(1−η/ν)
∥Fx̂(·)∥2(1−η/ν)

L2(Rd)
.
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Îòñþäà

∥Λη/2
θ x(·)∥L2(Rd) 6

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)
(A+ ε)η/ν .

Óñòðåìëÿÿ ε→ 0, ïîëó÷àåì íåðàâåíñòâî (2.7).

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ

C <
dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
,

äëÿ êîòîðîé ñïðàâåäëèâî íåðàâåíñòâî

∥Λη/2
θ x(·)∥L2(Rd) 6 C∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)η/(2ν)

.

Òîãäà

sup
∥Fx(·)∥

L2(Rd)
6δ∑d

j=1 ∥Dνejx(·)∥2

L2(Rd)
61

∥Λη/2
θ x(·)∥L2(Rd) 6 Cδ1−η/ν <

dη(1/θ−1/(2ν))

(2π)d(1−η/ν)/2
δ1−η/ν ,

÷òî ïðîòèâîðå÷èò (2.10).

Èç (2.7) ïðè θ = 2, ν ∈ N è ν > η > 0 âûòåêàåò òî÷íîå íåðàâåíñòâî

∥(−∆)η/2x(·)∥L2(Rd) 6
dη(1−1/ν)/2

(2π)d(1−η/ν)/2
∥Fx(·)∥1−η/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx∂tνj
(·)
∥∥∥∥2
L2(Rd)

)η/(2ν)

.

Ïîëîæèâ η = 2, ïîëó÷àåì, ÷òî äëÿ âñåõ öåëûõ ν > 3 ñïðàâåäëèâî òî÷íîå

íåðàâåíñòâî

∥∆x(·)∥L2(Rd) 6
d1−1/ν

(2π)d(1−2/ν)/2
∥Fx(·)∥1−2/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx∂tνj
(·)
∥∥∥∥2
L2(Rd)

)1/ν

èëè (â ñèëó òîãî, ÷òî ∥Fx(·)∥L2(Rd) = (2π)d/2∥x(·)∥L2(Rd))

∥∆x(·)∥L2(Rd) 6 d1−1/ν∥x(·)∥1−2/ν

L2(Rd)

( d∑
j=1

∥∥∥∥∂νx∂tνj
(·)
∥∥∥∥2
L2(Rd)

)1/ν

.

Ïîëó÷èì òåïåðü àíàëîã òåîðåìû 4 äëÿ îïåðàòîðà Λ = Dα.

Òåîðåìà 5. Ïóñòü ν > |α| > 0. Òîãäà èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Dαx(·)∥L2(Rd)

6
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1
αj ̸=0

α
αj/(2ν)
j ∥Fx̂(·)∥1−|α|/ν

L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)|α|/(2ν)

.

(2.11)
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Äîêàçàòåëüñòâî. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∥Dαx(·)∥2L2(Rd) → max, ∥Fx(·)∥2L2(Rd) 6 δ2,

d∑
j=1

∥Dνejx(·)∥2L2(Rd) 6 1. (2.12)

Äëÿ

0 < ε < min

{(
(2π)dαj

|α|δ2

) 1
2ν

: αj > 0, j = 1, . . . , d

}
ïîëîæèì

ξ̂ε =

(
(2π)d

|α|δ2

) 1
2ν

(α
1/(2ν)
1 , . . . , α

1/(2ν)
d )− (ε1, . . . , εd), εj =

{
ε, αj > 0,

0, αj = 0,
,

Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε }.

Ðàññìîòðèì ôóíêöèþ xε(·) òàêóþ, ÷òî

Fxε(ξ) =


δ√

mesBε

(
1 + dε2ν

δ2

(2π)d

)−1/2

, ξ ∈ Bε,

0, ξ /∈ Bε.

Òîãäà

∥Fxε(·)∥2L2(Rd) = δ2
(
1 + dε2ν

δ2

(2π)d

)−1

6 δ2

è

d∑
j=1

∥Dνejx(·)∥2L2(Rd) =
δ2

(2π)d mesBε

(
1 + dε2ν

δ2

(2π)d

)−1 d∑
j=1

∫
Bε

|ξj |2ν dξ

6
δ2

(2π)d mesBε

(
1 + dε2ν

δ2

(2π)d

)−1

mesBε

 (2π)d

|α|δ2
d∑

j=1

αj + dε2ν

 = 1.

Òåì ñàìûì ôóíêöèÿ xε(·) ÿâëÿåòñÿ äîïóñòèìîé â çàäà÷å (2.12). Îáîçíà÷èâ

çíà÷åíèå ýòîé çàäà÷è ÷åðåç S, èìååì

S > ∥Dαxε(·)∥2L2(Rd)

=
δ2

(2π)d mesBε

(
1 + dε2ν

δ2

(2π)d

)−1 ∫
Bε

|ξ1|2α1 . . . |ξd|2αd dξ

=
δ2

(2π)d

(
1 + dε2ν

δ2

(2π)d

)−1

|ξ̃1|2α1 . . . |ξ̃d|2αd , (ξ̃1, . . . , ξ̃d) ∈ Bε.

Óñòðåìëÿÿ ε→ 0, ïîëó÷àåì

S >

(
δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j . (2.13)
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Ïîëîæèì

L(x(·), λ1, λ2) = −∥Dαx(·)∥2L2(Rd) + λ1∥Fx(·)∥2L2(Rd)

+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)

=
1

(2π)d

∫
Rd

(
−|ξ1|2α1 . . . |ξd|2αd + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν
)
|Fx(ξ)|2 dξ.

Â ôóíêöèè

−|ξ1|2α1 . . . |ξd|2αd + (2π)dλ1 + λ2

d∑
j=1

|ξj |2ν

ñäåëàåì çàìåíó ïåðåìåííûõ |ξj |2 = etj , j = 1, . . . , d. Ïîëó÷èì ôóíêöèþ

G(t) = −e(α,t) + (2π)dλ1 + λ2

d∑
j=1

eνtj = e(α,t)H(t),

ãäå (α, t) = α1t1 + . . . αdtd,

H(t) = −1 + (2π)dλ1e
−(α,t) + λ2

d∑
j=1

eνtj−(α,t).

Ïîëîæèì

λ1 =
1

(2π)d

(
1− |α|

ν

)(
(2π)d

|α|δ2

) |α|
ν d∏

j=1
αj ̸=0

α
αj/ν
j ,

λ2 =
1

ν

(
(2π)d

|α|δ2

) |α|
ν −1 d∏

j=1
αj ̸=0

α
αj/ν
j .

Ôóíêöèÿ H(·) ÿâëÿåòñÿ âûïóêëîé. Íåòðóäíî óáåäèòüñÿ, ÷òî H(t̂) = 0, ãäå

t̂ =
1

ν

(
ln

(2π)dα1

|α|δ2
, . . . , ln

(2π)dαd

|α|δ2

)
.

Êðîìå òîãî, ãðàäèåíò ôóíêöèè H(·) â òî÷êå t̂ ðàâåí íóëþ. Îòñþäà ñëåäóåò, ÷òî
H(t) > 0 äëÿ âñåõ t ∈ Rd. Ñëåäîâàòåëüíî, G(t) > 0 äëÿ âñåõ t ∈ Rd. Òåì ñàìûì

L(x(·), λ1, λ2) > 0.

Äëÿ ëþáîé äîïóñòèìîé â çàäà÷å (2.12) ôóíêöèè x(·) èìååì

− ∥Dαx(·)∥2L2(Rd) > −∥Dαx(·)∥2L2(Rd) + λ1

(
∥Fx(·)∥2L2(Rd) − δ2

)
+ λ2

( d∑
j=1

∥Dνejx(·)∥2L2(Rd) − 1

)
= L(x(·), λ1, λ2)− λ1δ

2 − λ2 > −λ1δ2 − λ2.
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Îòñþäà ñëåäóåò, ÷òî

S 6 λ1δ
2 + λ2 =

(
δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j .

Ó÷èòûâàÿ (2.13), ïîëó÷àåì

S =

(
δ2

(2π)d

)1−|α|/ν

|α|−|α|/ν
d∏

j=1
αj ̸=0

α
αj/ν
j . (2.14)

Ïðåäïîëîæèì, ÷òî x(·) ∈ L2(Rd) è Dνejx(·) ∈ L2(Rd), j = 1, . . . , d. Ïîëîæèì

A =

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)1/2

.

Òîãäà äëÿ ε > 0 è x̂(·) = x(·)/(A+ ε) èìååì

d∑
j=1

∥Dνej x̂(·)∥2L2(Rd) =
A2

(A+ ε)2
< 1, ∥Fx̂(·)∥L2(Rd) =

∥Fx(·)∥L2(Rd)

A+ ε
.

Èç (2.14) âûòåêàåò, ÷òî

∥Dαx̂(·)∥2L2(Rd) 6
|α|−|α|/ν

(2π)d(1−|α|/ν)

d∏
j=1
αj ̸=0

α
αj/ν
j ∥Fx̂(·)∥2(1−|α|/ν)

L2(Rd)
.

Îòñþäà

∥Dαx(·)∥L2(Rd) 6
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1
αj ̸=0

α
αj/(2ν)
j ∥Fx̂(·)∥1−|α|/ν

L2(Rd)
(A+ ε)|α|/ν .

Óñòðåìëÿÿ ε→ 0, ïîëó÷àåì íåðàâåíñòâî (2.11).

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ

C <
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1
αj ̸=0

α
αj/(2ν)
j ,

äëÿ êîòîðîé ñïðàâåäëèâî íåðàâåíñòâî

∥Dαx(·)∥L2(Rd) 6 C∥Fx̂(·)∥1−|α|/ν
L2(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)|α|/(2ν)

.
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Òîãäà

sup
∥Fx(·)∥

L2(Rd)
6δ∑d

j=1 ∥Dνejx(·)∥2

L2(Rd)
61

∥Dαx(·)∥L2(Rd) 6 Cδ1−|α|/ν

<
|α|−|α|/(2ν)

(2π)d(1−|α|/ν)/2

d∏
j=1
αj ̸=0

α
αj/(2ν)
j δ1−|α|/ν ,

÷òî ïðîòèâîðå÷èò (2.14).

2.2. Òî÷íûå íåðàâåíñòâà â ìåòðèêå L∞(Rd). .

Ïîëîæèì

γ̂1 =
ν − η − d/2

ν + d(1/2− 1/p)
, q̂1 =

1

1/2 + γ̂1(1/2− 1/p)
,

Ĉp(ν, η) = γ̂
− γ̂1

p

1 (1− γ̂1)
− 1−γ̂1

2

(
B (q̂1γ̂1/p+ 1, q̂1(1− γ̂1)/2)

2|ν − η − d/2|

)1/q̂1

.

Èç òåîðåìû 8 ðàáîòû [7] âûòåêàåò ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 6. Ïóñòü 1 6 p 6 ∞, γ̂1 ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Πd−1

ψ̃q̂1(ω)(∑n
j=1 ϕ̃

2
j (ω)

)q̂1(1−γ̂1)/2
J(ω) dω <∞.

Òîãäà èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Λx(·)∥L∞(Rd) 6
Ĉp(ν, η)I

1/q̂1

(2π)d(1+γ̂1)/2
∥Fx(·)∥γ̂1

Lp(Rd)

( n∑
j=1

∥Djx(·)∥2L2(Rd)

)(1−γ̂1)/2

(2.15)

Ïóñòü Λ = Λ
η/2
θ èDj = Dνej , j = 1, . . . , d. Òîãäà äëÿ âåëè÷èíû I èç òåîðåìû 6

èìååì

I =

∫
Πd−1

(∑d
k=1 t̃k

θ
(ω)
)q̂1η/θ

J(ω) dω(∑d
k=1 t̃k

2ν
(ω)
)q̂1(1−γ̂1)/2

. (2.16)

Èç (2.4) è (2.5) âûòåêàåò, ÷òî I <∞. Òåì ñàìûì èç òåîðåìû 6 âûòåêàåò

Ñëåäñòâèå 4. Ïóñòü 1 6 p 6 ∞ è ν − d/2 > η > 0. Òîãäà èìååò ìåñòî

òî÷íîå íåðàâåíñòâî

∥Λη/2
θ x(·)∥L∞(Rd) 6

Ĉp(ν, η)I
1/q̂1

(2π)d(1+γ̂1)/2
∥Fx(·)∥γ̂1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̂1)/2

,

ãäå I îïðåäåëåíî ðàâåíñòâîì (2.16).
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Åñëè Λ = Dα, à Dj = Dνej , j = 1, . . . , d, òî äëÿ âåëè÷èíû I èç òåîðåìû 6

èìååì

I =

∫
Πd−1

(
t̃α1
1 (ω) . . . t̃αd

d (ω)
)q̃1
J(ω) dω(∑d

k=1 t̃k
2ν
(ω)
)q̃1(1−γ̃1)/2

, (2.17)

ãäå

γ̃1 =
ν − |α| − d/2

ν + d(1/2− 1/p)
, q̃1 =

1

1/2 + γ̂1(1/2− 1/p)
.

Èç (2.4) è (2.5) âûòåêàåò, ÷òî I <∞. Èç òåîðåìû 6 ïîëó÷àåì

Ñëåäñòâèå 5. Ïóñòü 1 6 p 6 ∞ è ν − d/2 > |α| > 0. Òîãäà èìååò ìåñòî

òî÷íîå íåðàâåíñòâî

∥Dαx(·)∥L∞(Rd) 6
Kp(ν, |α|)I1/q̃1
(2π)d(1+γ̃1)/2

∥Fx(·)∥γ̃1

Lp(Rd)

( d∑
j=1

∥Dνejx(·)∥2L2(Rd)

)(1−γ̃1)/2

,

ãäå

Kp(ν, |α|) = γ̃
− γ̃1

p

1 (1− γ̃1)
− 1−γ̃1

2

(
B (q̃1γ̃1/p+ 1, q̃1(1− γ̃1)/2)

2(ν − |α| − d/2)

)1/q̃1

,

à I îïðåäåëåíî ðàâåíñòâîì (2.17).
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