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Íåðàâåíñòâà òèïà Êàðëñîíà ñî ìíîãèìè

âåñàìè è îïòèìàëüíîå âîññòàíîâëåíèå

Â ñòàòüå íàõîäèòñÿ òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå

∥ψ(·)x(·)∥Lq(T,µ) 6 C max
16j6l

∥ϕj(·)x(·)∥γLp(T,µ) max
l+16j6n

∥ϕj(·)x(·)∥1−γ
Lr(T,µ),

ãäå T � êîíóñ â Rd, à âåñà ψ(·) è ϕj(·), j = 1, . . . , n, � èçìåðèìûå îäíî-
ðîäíûå ôóíêöèè, óäîâëåòâîðÿþùèå íåêîòîðûì äîïîëíèòåëüíûì óñëîâè-
ÿì ñèììåòðè÷íîñòè. Òî÷íîå íåðàâåíñòâî ÿâëÿåòñÿ ñëåäñòâèåì áîëåå îáùåé
çàäà÷è îá îïòèìàëüíîì âîññòàíîâëåíèè â âåñîâûõ Lq(T, µ)-ïðîñòðàíñòâàõ
ïî íåòî÷íî çàäàííûì ôóíêöèÿì, ðåøåíèå êîòîðîé ïðèâîäèòñÿ. Ïîëó÷åí-
íûå ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ îïòèìàëüíîãî âîññòàíîâëåíèÿ ñòåïåíåé
îáîáùåííîãî îïåðàòîðà Ëàïëàñà è ñîîòâåòñòâóþùèõ òî÷íûõ íåðàâåíñòâ.
Áèáëèîãðàôèÿ: 11 íàçâàíèé.

Êëþ÷åâûå ñëîâà: òî÷íûå íåðàâåíñòâà, äèôôåðåíöèàëüíûå îïåðàòî-
ðû, íåðàâåíñòâà òèïà Êàðëñîíà.

Ââåäåíèå

Ïóñòü T � íåêîòîðîå íåïóñòîå ìíîæåñòâî, Σ � σ-àëãåáðà ïîäìíîæåñòâ T è

µ � íåîòðèöàòåëüíàÿ σ-àääèòèâíàÿ ìåðà íà Σ. ×åðåç Lp(T, µ) îáîçíà÷èì ñîâî-

êóïíîñòü âñåõ Σ-èçìåðèìûõ ôóíêöèé ñî çíà÷åíèÿìè â R èëè C, äëÿ êîòîðûõ

∥x(·)∥Lp(T,µ) =


(∫

T

|x(t)|p dµ
)1/p

<∞, 1 6 p <∞,

vraisup
t∈T

|x(t)| <∞, p = ∞.

Ïðè T ⊂ Rd è dµ(t) = dt ìû èñïîëüçóåì îáîçíà÷åíèå Lq(T ).

Õîðîøî èçâåñòíîå íåðàâåíñòâî Êàðëñîíà [1]

∥x(t)∥L1(R+) 6
√
π∥x(t)∥1/2L2(R+)∥tx(t)∥

1/2
L2(R+), R+ = [0,+∞),

îáîáùàëîñü ìíîãèìè àâòîðàìè (ñì., íàïðèìåð, [2]�[9]). Îêàçàëîñü, ÷òî çàäà÷à

íàõîæäåíèÿ òî÷íîé êîíñòàíòû â íåðàâåíñòâàõ òèïà Êàðëñîíà òåñíî ñâÿçàíà ñ

íåêîòîðîé çàäà÷åé îïòèìàëüíîãî âîññòàíîâëåíèÿ ïî íåòî÷íî çàäàííîé èíôîð-

ìàöèè. Â ï. 2 ìû ôîðìóëèðóåì ñîîòâåòñòâóþùóþ çàäà÷ó è äàåì åå ðåøåíèå.

Â ï. 3 ýòîò îáùèé ðåçóëüòàò ïðèìåíÿåòñÿ äëÿ îäíîðîäíûõ âåñîâûõ ôóíêöèé,

îáëàäàþùèõ íåêîòîðûìè äîïîëíèòåëüíûìè ñâîéñòâàìè. Â êà÷åñòâå ñëåäñòâèÿ

ïîëó÷àåòñÿ òî÷íîå íåðàâåíñòâî òèïà Êàðëñîíà ñî ìíîãèìè âåñàìè, îáîáùàþùåå

ðåçóëüòàò, ïîëó÷åííûé â ðàáîòå [9].

c⃝ Ê.Þ. Îñèïåíêî, 2026
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Â ï. 4 ðàññìàòðèâàåòñÿ ñëó÷àé îäíîðîäíûõ âåñîâ â Rd. Â ýòîì ñëó÷àå

óäàåòñÿ çàïèñàòü òî÷íóþ êîíñòàíòó â íåðàâåíñòâå òèïà Êàðëñîíà â òåðìèíàõ

áýòà-ôóíêöèè Ýéëåðà. Â ÷àñòíîñòè, äëÿ âåñîâ êîíêðåòíîãî âèäà ïðèâîäèòñÿ

òî÷íîå íåðàâåíñòâî, îáîáùàþùåå õîðîøî èçâåñòíîå íåðàâåíñòâî, ïîëó÷åííîå

Â. B. Ëåâèíûì [2]. Â ï. 5 èçó÷àþòñÿ çàäà÷è îïòèìàëüíîãî âîññòàíîâëåíèÿ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî íåòî÷íî çàäàííûì ïðåîáðàçîâàíèÿì Ôóðüå

äðóãèõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ. Â ÷àñòíîñòè, ïîëó÷åíû ñîîòâåòñòâó-

þùèå ðåçóëüòàòû äëÿ ñòåïåíåé îáîáùåííîãî îïåðàòîðà Ëàïëàñà. Â êà÷åñòâå

ñëåäñòâèÿ ïîëó÷åíû òî÷íûå íåðàâåíñòâà òèïà Êàðëñîíà äëÿ îáîáùåííûõ ñòå-

ïåíåé Ëàïëàñà, äàþùèå îöåíêó íîðì îáîáùåííûõ ñòåïåíåé ÷åðåç íîðìû ïðî-

èçâîäíûõ.

� 1. Îáùèå ðåçóëüòàòû

Ïîëîæèì

W = {x(·) : ϕj(·)x(·) ∈ Lp(T, µ), j = 1, . . . , l,

ϕj(·)x(·) ∈ Lr(T, µ), j = l + 1, . . . , n },

W = {x(·) ∈ W : ∥ϕj(·)x(·)∥Lr(T,µ) 6 δj , j = l + 1, . . . , n },
ãäå 1 6 p, r 6 ∞, δj > 0, j = l + 1, . . . , n, à ϕj(·), j = 1, . . . , n, � èçìåðèìûå

ôóíêöèè íà T .

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ îïåðàòîðà Λ: W → Lq(T, µ), 1 6 q 6
∞, çàäàâàåìîãî ðàâåíñòâîì Λx(·) = ψ(·)x(·), ãäå ψ(·) � íåêîòîðàÿ èçìåðèìàÿ

ôóíêöèÿ íà T , íà êëàññåW ïî ôóíêöèÿì ϕj(·)x(·) ∈W , j = 1, . . . , l, èçâåñòíûì

ñ ïîãðåøíîñòüþ (áóäåì ñ÷èòàòü, ÷òî ôóíêöèè ϕj(·), j = 1, . . . , n, è ψ(·) òàêîâû,
÷òî îïåðàòîð Λ îòîáðàæàåò ïðîñòðàíñòâî W â Lq(T, µ)).

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ W èçâåñòíû ôóíêöèè

yj(·) ∈ Lp(T, µ), j = 1, . . . , l, òàêèå, ÷òî

∥ϕj(·)x(·)− yj(·)∥Lp(T,µ) 6 δj , δj > 0, j = 1, . . . , l.

Òðåáóåòñÿ ïî ôóíêöèÿì yj(·), j = 1, . . . , l, âîññòàíîâèòü ôóíêöèþ Λx(·). Â

êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæíûå îòîáðàæåíèÿ

m : (Lp(T, µ))
l → Lq(T, µ). Ïîãðåøíîñòüþ ìåòîäà m íàçûâàåòñÿ âåëè÷èíà

e(p, q, r,m) = sup
x(·)∈W, y(·)∈(Lp(T,µ))l

∥ϕj(·)x(·)−yj(·)∥Lp(T,µ)6δj , j=1,...,l

∥Λx(·)−m(y(·))(·)∥Lq(T,µ),

y(·) = (y1(·), . . . , yl(·)). Âåëè÷èíà

E(p, q, r) = inf
m : (Lp(T,µ))l→Lq(T,µ)

e(p, q, r,m) (1.1)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì

äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

Èìååò ìåñòî íåðàâåíñòâî

E(p, q, r) > sup
x(·)∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δj , j=1,...,l

∥Λx(·)∥Lq(T,µ). (1.2)
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Äåéñòâèòåëüíî, ïóñòü x(·) ∈ W , ∥ϕj(·)x(·)∥Lp(T,µ) 6 δj , j = 1, . . . , l, à

m : (Lp(T, µ))
l → Lq(T, µ) � ïðîèçâîëüíûé ìåòîä âîññòàíîâëåíèÿ. Òîãäà â ñèëó

òîãî, ÷òî x(·) ∈W è −x(·) ∈W èìååì

2∥Λx(·)∥Lq(T,µ) = ∥Λx(·)−m(0)(·)− (Λ(−x(·))−m(0))(·)∥Lq(T,µ)

6 ∥Λx(·)−m(0)(·)∥Lq(T,µ) + ∥Λ(−x(·))−m(0)(·)∥Lq(T,µ) 6 2e(p, q, r,m).

Îòñþäà ñëåäóåò, ÷òî äëÿ ëþáîãî ìåòîäà m

e(p, q, r,m) > sup
x(·)∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δj , j=1,...,l

∥Λx(·)∥Lq(T,µ).

Ïåðåõîäÿ ê íèæíåé ãðàíè â ëåâîé ÷àñòè ïî âñåì ìåòîäàì, ïîëó÷àåì íóæíîå

íåðàâåíñòâî.

Ïîëîæèì

σp,l(t) =

l∑
j=1

λj |ϕj(t)|p, Σr,n(t) =

n∑
j=l+1

λj |ϕj(t)|r.

Òåîðåìà 1. Ïóñòü 1 6 q < p, r <∞, λj > 0, j = 1, . . . , n, σp,l(t)+Σr,n(t) ̸= 0

äëÿ ïî÷òè âñåõ t ∈ T , |ϕj(t)| > 0, j = 1, . . . , l, äëÿ ïî÷òè âñåõ t ∈ T , x̂(t) > 0

� ðåøåíèå óðàâíåíèÿ

− q|ψ(t)|q + pσp,l(t)x
p−q(t) + rΣr,n(t)x

r−q(t) = 0, (1.3)

λ1, . . . λn òàêîâû, ÷òî x̂(·) ∈W ,

∥ϕj(·)x̂(·)∥Lp(T,µ) 6 δj , λj

(
∥ϕj(·)x̂(·)∥pLp(T,µ) − δpj

)
= 0, j = 1, . . . , l,

λj

(
∥ϕj(·)x̂(·)∥rLr(T,µ) − δrj

)
= 0, j = l + 1, . . . , n. (1.4)

Òîãäà

E(p, q, r) = sup
x(·)∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δj , j=1,...,l

∥Λx(·)∥Lq(T,µ)

=

(
p

q

l∑
j=1

λjδ
p
j +

r

q

n∑
j=l+1

λjδ
r
j

)1/q

, (1.5)

à ìåòîä

m̂(y(·))(t) = ψ(t)

l∑
j=1

βj(t)yj(t), (1.6)

ãäå

βj(t) =


p

q
λj

|ϕj(t)|p

ϕj(t)|ψ(t)|q
x̂p−q(t), ψ(t) ̸= 0,

0, ψ(t) = 0,
j = 1, . . . , l,

ÿâëÿåòñÿ îïòèìàëüíûì.
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Äëÿ îöåíêè ñíèçó ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ, âûòåêàþùåé

èç íåðàâåíñòâà (1.2), áóäåò ðåøàòüñÿ ýêñòðåìàëüíàÿ çàäà÷à, âîçíèêàþùàÿ â

ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà. Ïðèâåäåì îäèí ïðîñòîé ðåçóëüòàò (áëèçêèé ê

äîñòàòî÷íûì óñëîâèÿì â òåîðåìå Êóíà�Òàêêåðà), èñïîëüçóåìûé äëÿ ðåøåíèÿ

ñîîòâåòñòâóþùèõ ýêñòðåìàëüíûõ çàäà÷.

Ïóñòü fj : A → R, j = 0, 1, . . . , n, � ôóíêöèè, îïðåäåëåííûå íà íåêîòîðîì

ìíîæåñòâå A. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

f0(x) → max, fj(x) 6 0, j = 1, . . . , n, x ∈ A, (1.7)

è åå ôóíêöèþ Ëàãðàíæà

L(x, λ) = −f0(x) +
n∑

j=1

λjfj(x), λ = (λ1, . . . , λn).

Ëåììà 1 [10]. Ïóñòü ñóùåñòâóþò λ̂j > 0, j = 1, . . . , n, è äîïóñòèìûé â

çàäà÷å (1.7) ýëåìåíò x̂ ∈ A, äëÿ êîòîðûõ

(a) min
x∈A

L(x, λ̂) = L(x̂, λ̂), λ̂ = (λ̂1, . . . , λ̂n),

(b)

n∑
j=1

λ̂jfj(x̂) = 0.

Òîãäà x̂ � ýêñòðåìàëüíûé ýëåìåíò â çàäà÷å (1.7).

Íàì ïîòðåáóåòñÿ òàêæå ñëåäóþùàÿ ëåììà, ÿâëÿþùàÿñÿ îáîáùåíèåì ëåììû 3

èç ðàáîòû [7].

Ïóñòü u = (u0, u1, . . . , ul), α = (α0, α1, . . . , αl), a = (a0, a1, . . . , al). Ïîëîæèì

F (u, α) = −
( l∑

j=0

αjuj

)q

+

l∑
j=1

aju
p
j + a0u

r
0, u, α, a ∈ Rl+1

+ ,

l∑
j=0

αj = 1,

ãäå 1 6 p, q, r <∞.

Ëåììà 2. Ïóñòü 1 6 q < p, r < ∞. Äëÿ ëþáûõ a ∈ Rl+1
+ , a ̸= 0, ñóùåñòâó-

åò åäèíñòâåííîå ðåøåíèå v̂ > 0 óðàâíåíèÿ

− q + pvp−q
l∑

j=1

aj + ra0v
r−q = 0. (1.8)

Êðîìå òîãî, ïðè αj = q−1paj v̂
p−q, j = 1, . . . , l, α0 = q−1ra0v̂

r−q äëÿ âñåõ

u ∈ Rl+1
+

F (u, α) 6 F (u, α), u = (v̂, . . . , v̂). (1.9)

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ óðàâíåíèÿ (1.8)

âûòåêàåò èç òîãî, ÷òî íåïðåðûâíàÿ ôóíêöèÿ

f(v) = pvp−q
l∑

j=1

aj + ra0v
r−q
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íà R+ ìîíîòîííî âîçðàñòàåò îò 0 äî +∞.

Äîêàæåì íåðàâåíñòâî (1.9). Åñëè aj = 0 ïðè íåêîòîðîì j, 0 6 j 6 l, òî

íàäî äîêàçàòü òî æå óòâåðæäåíèå, â êîòîðîì ÷èñëî l çàìåíÿåòñÿ íà l − 1. Ïðè

l = 1 ñîîòâåòñòâóþùåå óòâåðæäåíèå äîêàçàíî â ðàáîòå [7]. Áóäåì ñ÷èòàòü, ÷òî

aj > 0, j = 0, . . . , l. Ïóñòü

C > max

{
a
− 1

r−q

0 , a
− 1

p−q

1 , . . . , a
− 1

p−q

l

}
.

Åñëè

U = max
06j6l

uj = u0,

òî

F (u, α) > −uq0 + a0u
r
0 > 0

ïðè U > C. Åñëè U = uj , 1 6 j 6 l, òî

F (u, α) > −uqj + aju
p
j > 0

ïðè U > C. Â ñèëó òîãî, ÷òî F (0, α) = 0, ôóíêöèÿ F (u, α) ïðèíèìàåò

ìèíèìàëüíîå çíà÷åíèå â êóáå 0 6 U < C. Òåì ñàìûì ñóùåñòâóåò òî÷êà

û = (û0, . . . , ûl), ûj ∈ [0, C), j = 0, . . . , l, äëÿ êîòîðîé

inf
u∈Rl+1

+

F (u, α) = F (û, α).

Èìååì

Fu0
(u, α) = −q

( l∑
j=0

αjuj

)q−1

α0 + a0ru
r−1
0 = ra0

(
−
( l∑

j=0

αjuj

)q−1

v̂r−q + ur−1
0

)
.

(1.10)

Òàê êàê Fu0(u, α) < 0 ïðè äîñòàòî÷íî ìàëûõ u0, òî 0 < û0 < C. Òàêèå æå

íåðàâåíñòâà âåðíû äëÿ îñòàëüíûõ êîîðäèíàò û. Äåéñòâèòåëüíî,

Fuj
(u, α) = −q

( l∑
j=0

αjuj

)q−1

αj + ajpu
p−1
j = paj

(
−
( l∑

j=0

αjuj

)q−1

v̂p−q + up−1
j

)
.

(1.11)

Ñëåäîâàòåëüíî, Fuj (u, α) < 0 ïðè äîñòàòî÷íî ìàëûõ uj . Òàêèì îáðàçîì, â òî÷êå

û âûïîëíåíû ðàâåíñòâà

Fuj (û, α) = 0, j = 0, . . . , l.

Ó÷èòûâàÿ (1.10) è (1.11), ïîëó÷àåì ñëåäóþùèå ðàâåíñòâà

−
( l∑

j=0

αj ûj

)q−1

v̂r−q + ûr−1
0 = 0,

−
( l∑

j=0

αj ûj

)q−1

v̂p−q + ûp−1
j = 0. j = 1, . . . , l.
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Îòñþäà
ûp−1
j

ûr−1
0

= v̂p−r, j = 1, . . . , l.

Òåì ñàìûì

ûj = v̂
p−r
p−1 û

r−1
p−1

0 , j = 1, . . . , l. (1.12)

Ïîëîæèì

α =

l∑
j=1

αj .

Òîãäà α0 = 1− α. Â ñèëó òîãî,÷òî û1 = . . . = ûl, èìååì

((1− α)û0 + αû1)
q−1v̂r−q = ûr−1

0 .

Ïóñòü p > r. Ïîäñòàâëÿÿ û1 èç ðàâåíñòâà (1.12), ïîëó÷àåì ðàâåíñòâî(
1− α+ αt

r−p
p−1

)q−1

= tr−q,

ãäå t = û0/v̂. Íåòðóäíî óáåäèòüñÿ, ÷òî ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðå-

øåíèå t = 1. Åñëè p < r, òî âîñïîëüçóåìñÿ ðàâåíñòâîì

((1− α)û0 + αû1)
q−1v̂p−q = ûp−1

1 .

Âûðàçèâ û0 ÷åðåç û1 ñ ïîìîùüþ ðàâåíñòâà (1.12), áóäåì èìåòü(
(1− α)s

p−r
r−1 + α

)q−1

= sp−q,

ãäå s = û1/v̂. Ýòî óðàâíåíèå òàêæå èìååò åäèíñòâåííîå ðåøåíèå s = 1.

Òàêèì îáðàçîì, äîêàçàíî, ÷òî û = (v̂, . . . , v̂) è äëÿ âñåõ u ∈ Rl+1
+ âûïîëíåíî

íåðàâåíñòâî (1.9).

Äîêàçàòåëüñòâî òåîðåìû 1. 1. Îöåíêà ñíèçó. Ýêñòðåìàëüíàÿ çàäà÷à â

ïðàâîé ÷àñòè íåðàâåíñòâà (1.2) (äëÿ óäîáñòâà ìû ïåðåõîäèì ê q-îé ñòåïåíè)

èìååò âèä∫
T

|ψ(t)x(t)|q dµ(t) → max,

∫
T

|ϕj(t)x(t)|p dµ(t) 6 δpj , j = 1, . . . , l,∫
T

|ϕj(t)x(t)|r dµ(t) 6 δrj , j = l + 1, . . . , n. (1.13)

Åñëè ýëåìåíò t ∈ T òàêîé, ÷òî ψ(t) = 0, òî x̂(t) = 0. Åñëè ψ(t) ̸= 0, òî èç

ëåììû 2 âûòåêàåò, ÷òî ðåøåíèå óðàâíåíèÿ (1.3) ñóùåñòâóåò è åäèíñòâåííî. Â

ñèëó óñëîâèé (1.4) è ïðåäïîëîæåíèÿ, ÷òî x̂(·) ∈ W , ôóíêöèÿ x̂(·) ÿâëÿåòñÿ
äîïóñòèìîé äëÿ ýêñòðåìàëüíîé çàäà÷è (1.13). Èç (1.3) ñëåäóåò, ÷òî

|ψ(t)|qx̂q(t) = p

q
σp,l(t)x̂

p(t) +
r

q
Σr,n(t)x̂

r(t).

Òåì ñàìûì

Eq(p, q, r) >
∫
T

|ψ(t)|qx̂q(t) dµ(t) = p

q

l∑
j=1

λjδ
p
j +

r

q

n∑
j=l+1

λjδ
r
j . (1.14)



ÍÅÐÀÂÅÍÑÒÂÀ ÒÈÏÀ ÊÀÐËÑÎÍÀ ÑÎ ÌÍÎÃÈÌÈ ÂÅÑÀÌÈ 7

2. Îöåíêà ñâåðõó. Äëÿ íàõîæäåíèÿ ïîãðåøíîñòè ìåòîäà (1.6) íóæíî íàé-

òè çíà÷åíèå ñëåäóþùåé ýêñòðåìàëüíîé çàäà÷è (çäåñü ñíîâà äëÿ óäîáñòâà ìû

ïåðåõîäèì ê q-îé ñòåïåíè)∫
T

∣∣∣∣ψ(t)x(t)− ψ(t)

l∑
j=1

βj(t)yj(t)

∣∣∣∣q dµ(t) → max,∫
T

|ϕj(t)x(t)− yj(t)|p dµ(t) 6 δpj , j = 1, . . . , l,∫
T

|ϕj(t)x(t)|r dµ(t) 6 δrj , j = l + 1, . . . , n. (1.15)

Ïîëîæèì

zj(t) = ϕj(t)x(t)− yj(t), j = 1, . . . , l,

è çàïèøåì çàäà÷ó (1.15) â âèäå∫
T

|ψ(t)|q
∣∣∣∣(1− l∑

j=1

βj(t)ϕj(t)

)
x(t) +

l∑
j=1

βj(t)zj(t)

∣∣∣∣q dµ(t) → max,∫
T

|zj(t)|p dµ(t) 6 δpj , j = 1, . . . , l,

∫
T

|ϕj(t)x(t)|r dµ(t) 6 δrj , j = l + 1, . . . , n.

(1.16)

Ïîëîæèì u0(t) = |x(t)|, uj(t) = |zj(t)|/|ϕj(t)|, j = 1, . . . , l. Çíà÷åíèå çàäà÷è

(1.16) íå ïðåâîñõîäèò çíà÷åíèÿ çàäà÷è∫
T

|ψ(t)|q
∣∣∣∣ l∑
j=0

αj(t)uj(t)

∣∣∣∣q dµ(t) → max,∫
T

|ϕj(t)|pupj (t) dµ(t) 6 δpj , j = 1, . . . , l,∫
T

|ϕj(t)|rur0(t) dµ(t) 6 δrj , j = l + 1, . . . , n, (1.17)

ãäå αj(t) = βj(t)ϕj(t), j = 1, . . . , l,

α0(t) = 1−
l∑

j=1

αj(t).

Ôóíêöèÿ Ëàãðàíæà äëÿ ýòîé ýêñòðåìàëüíîé çàäà÷è èìååò âèä

L(u(·), µ) =
∫
T

L(t, u(t), µ) dt, u(·) = (u0(·), . . . , ul(·)), µ = (µ1, . . . , µn),

ãäå

L(t, u(t), µ) = −|ψ(t)|q
∣∣∣∣ l∑
j=0

αj(t)uj(t)

∣∣∣∣q + l∑
j=1

µj |ϕj(t)|pupj (t)

+ ur0(t)

n∑
j=l+1

µj |ϕj(t)|r.
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Ïðè ψ(t) ̸= 0 ðàññìîòðèì ôóíêöèþ

F (u(t), λ) = −
∣∣∣∣ l∑
j=0

αj(t)uj(t)

∣∣∣∣q + l∑
j=1

aj(t)u
p
j (t) + a0(t)u

r
0(t), λ = (λ1, . . . , λn),

ãäå

aj(t) = |ψ(t)|−qλj |ϕj(t)|p, j = 1, . . . , l, a0(t) = |ψ(t)|−q
n∑

j=l+1

λj |ϕj(t)|r.

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè ψ(t) ̸= 0 ôóíêöèÿ x̂(t) ÿâëÿåòñÿ ðåøåíèåì óðàâ-

íåíèÿ

−q + px̂p−q(t)

l∑
j=1

aj(t) + ra0(t)x̂
r−q(t) = 0.

Êðîìå òîãî, âûïîëíÿþòñÿ ðàâåíñòâà

αj(t) =
p

q
aj(t)x̂

p−q(t), j = 1, . . . , l, α0(t) =
r

q
a0(t)x̂

r−q.

Èç ëåììû 2 âûòåêàåò, ÷òî äëÿ âñåõ u(·) òàêèõ, ÷òî uj(t) > 0, j = 0, . . . , n,

F (û(·), λ) 6 F (u(·), λ),

ãäå û(·) = (x̂(·), . . . , x̂(·)). Ñëåäîâàòåëüíî, ïðè ψ(t) ̸= 0

L(t, û(t), λ) 6 L(t, u(t), λ). (1.18)

Ïðè ψ(t) = 0 èç (1.3) ñëåäóåò, ÷òî x̂(t) = 0. Òîãäà â ñèëó òîãî, ÷òî û(t) = 0,

L(t, û(t), λ) = 0 è íåðàâåíñòâî (1.18) î÷åâèäíûì îáðàçîì òîæå âûïîëíåíî. Òåì

ñàìûì

L(û(·), λ) 6 L(u(·), λ).

Ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì, ÷òî ôóíêöèÿ x̂(·) ÿâëÿåòñÿ ýêñòðåìàëüíîé â çà-
äà÷å (1.17). Ïîýòîìó, ó÷èòûâàÿ (1.14), èìååì

eq(p, q, r, m̂) 6
∫
T

|ψ(t)x̂(t)|q dµ(t) = p

q

l∑
j=1

λjδ
p
j +

r

q

n∑
j=l+1

λjδ
r
j

6 sup
x(·)∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δj , j=1,...,l

∥Λx(·)∥qLq(T,µ) 6 Eq(p, q, r).

Îòñþäà âûòåêàåò ðàâåíñòâî (1.5) è îïòèìàëüíîñòü ìåòîäà m̂.

� 2. Îäíîðîäíûå âåñîâûå ôóíêöèè íà êîíóñå

Ïóñòü T � êîíóñ â ëèíåéíîì ïðîñòðàíñòâå, µ(·) � îäíîðîäíàÿ ìåðà ïîðÿäêà

d, |ψ(·)| � îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà η, |ϕj(·)|, j = 1, . . . , l, îäíîðîäíûå
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ôóíêöèè ïîðÿäêà ν, |ϕj(·)|, j = l+1, . . . , n, � îäíîðîäíûå ôóíêöèè ïîðÿäêà ν1.

Ïîëîæèì

sp,l(t) =

l∑
j=1

|ϕj(t)|p, Sr,n(t) =

n∑
j=l+1

|ϕj(t)|r.

Áóäåì ïðåäïîëàãàòü, ÷òî ψ(t), sp,l(t), Sr,n(t) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ T .

Åñëè 1 6 q < p, r <∞, òî ïðè k ∈ [0, 1) ôóíêöèÿ k
1

p−q (1− k)−
1

r−q ìîíîòîííî

âîçðàñòàåò îò 0 äî +∞. Ñëåäîâàòåëüíî ñóùåñòâóåò ôóíêöèÿ k(·) òàêàÿ, ÷òî
äëÿ ïî÷òè âñåõ t ∈ T

k
1

p−q (t)

(1− k(t))
1

r−q

= S
− 1

r−q
r,n (t)s

1
p−q

p,l (t)|ψ(t)|
q(p−r)

(p−q)(r−q) . (2.1)

Ðàññìîòðèì çàäà÷ó î íàõîæäåíèè âåëè÷èíû (1.1) äëÿ ñëó÷àÿ, êîãäà

δ1 = . . . = δl = δ, δl+1 = . . . = δn = ∆. (2.2)

Òåîðåìà 2. Ïóñòü 1 6 q < p, r <∞ è ν1 − ν + d(1/r − 1/p) ̸= 0. Ïðåäïîëî-

æèì, ÷òî

Ij =

∫
T

|ϕj(z)|p
(
|ψ(z)|q

sp,l(z)

) p
p−q

k
p

p−q (z) dµ(z) <∞, j = 1, . . . , l,

Ij =

∫
T

|ϕj(z)|r
(
|ψ(z)|q

sp,l(z)

) r
p−q

k
r

p−q (z) dµ(z) <∞, j = l + 1, . . . , n.

Ïóñòü, êðîìå òîãî, I1 = . . . = Il è Il+1 = . . . = In. Òîãäà

E(p, q, r) = sup
x(·)∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δ, j=1,...,l

∥Λx(·)∥Lq(T,µ)

=

(
δ

I
1/p
1

)γ (
∆

I
1/r
l+1

)1−γ

(lI1 + (n− l)Il+1)
1/q, (2.3)

ãäå

γ =
ν1 − η − d(1/q − 1/r)

ν1 − ν + d(1/r − 1/p)
. (2.4)

Ìåòîä

m̂(y(·))(t) = ψ(t)k(ξt)

sp,l(t)

l∑
j=1

|ϕj(t)|p

ϕj(t)
yj(t), (2.5)

ãäå

ξ =
(
δ∆−1I

−1/p
1 I

1/r
l+1

) 1
ν1−ν+d(1/r−1/p)

, (2.6)

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Ïîëîæèì

x̂(t) =

(
q|ψ(t)|q

pλ0sp,l(t)

) 1
p−q

k
1

p−q (ξt),
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ãäå λ0 áóäåò îïðåäåëåíî íèæå. Èìååì

pλ0sp,l(t)x̂
p−q(t) = q|ψ(t)|qk(ξt) (2.7)

è

rSr,n(t)x̂
r−q(t) = rSr,n(t)

(
q|ψ(t)|q

pλ0sp,l(t)

) r−q
p−q

k
r−q
p−q (ξt).

Èç îäíîðîäíîñòè |ψ(·)| è |ϕj(·)|, j = 1, . . . , n, ó÷èòûâàÿ ðàâåíñòâî (2.1), ïîëó÷à-

åì

k
r−q
p−q (ξt) =

|ψ(ξt)|
q(p−r)
p−q

Sr,n(ξt)
s

r−q
p−q

p,l (ξt)(1− k(ξt))

= ξη
q(p−r)
p−q −ν1r+νp r−q

p−q
|ψ(t)|

q(p−r)
p−q

Sr,n(t)
s

r−q
p−q

p,l (t)(1− k(ξt)).

Òàêèì îáðàçîì

rSr,n(t)x̂
r−q(t) = r

(
q

pλ0

) r−q
p−q

ξη
q(p−r)
p−q −ν1r+νp r−q

p−q |ψ(t)|q(1− k(ξt)).

Ïîëîæèì

λ =
q

r

(
q

pλ0

)− r−q
p−q

ξ−η
q(p−r)
p−q +ν1r−νp r−q

p−q . (2.8)

Òîãäà

rλSr,n(t)x̂
r−q(t) = q|ψ(t)|q(1− k(ξt)). (2.9)

Ñëîæèâ ðàâåíñòâà (2.7) è (2.9), ïîëó÷àåì

pλ0sp,l(t)x̂
p−q(t) + rλSr,n(t)x̂

r−q(t) = q|ψ(t)|q.

Ýòî îçíà÷àåò, ÷òî x̂(·) óäîâëåòâîðÿåò ðàâåíñòâó (1.3) ïðè λ1 = . . . = λk = λ0 è

λk+1 = . . . = λn = λ.

Ïîêàæåì, ÷òî ïðè

λ0 =
q

p
I

p−q
p

1 ξq(ν−η)−d p−q
p δq−p (2.10)

âûïîëíÿþòñÿ ðàâåíñòâà∫
T

|ϕj(t)|px̂p(t) dµ(t) = δp, j = 1, . . . , l,∫
T

|ϕj(t)|rx̂r(t) dµ(t) = ∆r, j = l + 1, . . . , n.

Èç îïðåäåëåíèÿ x̂(·) ñëåäóåò, ÷òî íàäî äîêàçàòü ñïðàâåäëèâîñòü ðàâåíñòâ∫
T

|ϕj(t)|p
(
q|ψ(t)|q

pλ0sp,l(t)

) p
p−q

k
p

p−q (ξt) dµ(t) = δp, j = 1, . . . , l,∫
T

|ϕj(t)|r
(
q|ψ(t)|q

pλ0sp,l(t)

) r
p−q

k
r

p−q (ξt) dµ(t) = ∆r, j = l + 1, . . . , n.
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Ñäåëàåì çàìåíó ïåðåìåííûõ z = ξt. Ó÷èòûâàÿ îäíîðîäíîñòü ôóíêöèé |ψ(·)|,
|ϕj(·)|, j = 1, . . . , n, è ìåðû µ(·), áóäåì èìåòü∫

T

|ϕj(t)|p
(
q|ψ(t)|q

pλ0sp,l(t)

) p
p−q

k
p

p−q (ξt) dµ(t) =

(
q

pλ0

) p
p−q

ξ
νpq
p−q−

ηqp
p−q−dIj ,

j = 1, . . . , l,

∫
T

|ϕj(t)|r
(
q|ψ(t)|q

pλ0sp,l(t)

) r
p−q

k
r

p−q (ξt) dµ(t) =

(
q

pλ0

) r
p−q

ξ
νpr
p−q−ν1r− ηqr

p−q−dIj ,

j = l + 1, . . . , n,

Ñïðàâåäëèâîñòü ðàâåíñòâ(
q

pλ0

) p
p−q

ξ
νpq
p−q−

ηqp
p−q−dIj = δp, j = 1, . . . , l,(

q

pλ0

) r
p−q

ξ
νpr
p−q−ν1r− ηqr

p−q−dIj = ∆r, j = l + 1, . . . , n,

âûòåêàåò èç îïðåäåëåíèé λ0 è ξ.

Èç òåîðåìû 1 è ðàâåíñòâ (2.10), (2.8), (2.6) âûòåêàåò, ÷òî

Eq(p, q, r) =
plλ0δ

p + (n− l)rλ∆r

q
= lI

p−q
p

1 ξq(ν−η)−d p−q
p δq

+ (n− l)

(
q

pλ0

)− r−q
p−q

ξ−η
q(p−r)
p−q +ν1r−νp r−q

p−q ∆r = lI
p−q
p

1 ξq(ν−η)−d p−q
p δq

+ (n− l)

(
I

p−q
p

1 ξq(ν−η)−d p−q
p δq−p

) r−q
p−q

ξ−η
q(p−r)
p−q +ν1r−νp r−q

p−q ∆r

=

(
δ

I
1/p
1

)qγ (
∆

I
1/r
2

)q(1−γ)

(lI1 + (n− l)I2).

Îïòèìàëüíîñòü ìåòîäà (2.5) íåïîñðåäñòâåííî ñëåäóåò èç òåîðåìû 1.

Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2. Òîãäà äëÿ âñåõ x ∈
W, x(·) ̸= 0, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥ψ(·)x(·)∥Lq(T,µ) 6 C max
16j6l

∥ϕj(·)x(·)∥γLp(T,µ) max
l+16j6n

∥ϕj(·)x(·)∥1−γ
Lr(T,µ), (2.11)

ãäå

C = I
−γ/p
1 I

−(1−γ)/r
l+1 (lI1 + (n− l)Il+1)

1/q.

Äîêàçàòåëüñòâî. Ïîëîæèì

δ = max
16j6l

∥ϕj(·)x(·)∥Lp(T,µ), ∆ = max
l+16j6n

∥ϕj(·)x(·)∥Lr(T,µ).

Òîãäà èç (2.3) ñëåäóåò, ÷òî

∥ψ(·)x(·)∥Lq(T,µ)) 6 Cδγ∆1−γ .
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Åñëè ïðåäïîëîæèòü, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ C̃ < C, äëÿ êîòîðîé ïðè âñåõ

x(·), óäîâëåòâîðÿþùèõ óñëîâèÿì ñëåäñòâèÿ, âûïîëíÿåòñÿ íåðàâåíñòâî (2.11),

òî

sup
x∈W

∥ϕj(·)x(·)∥Lp(T,µ)6δ, j=1,...,l

∥ψ(·)x(·)∥Lq(T,µ) 6 C̃δγ∆1−γ < Cδγ∆1−γ ,

÷òî ïðîòèâîðå÷èò (2.3).

� 3. Îäíîðîäíûå âåñîâûå ôóíêöèè íà êîíóñå â Rd

Ïóñòü T � êîíóñ â Rd, dµ(t) = dt, |ψ(·)| � îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà

η, |ϕj(·)|, j = 1, . . . , l, îäíîðîäíûå ôóíêöèè ïîðÿäêà ν, |ϕj(·)|, j = l + 1, . . . , n,

� îäíîðîäíûå ôóíêöèè ïîðÿäêà ν1. Áóäåì ïî-ïðåæíåìó ïðåäïîëàãàòü, ÷òî

ψ(t), sp,l(t), Sr,n(t) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ T . Ðàññìîòðèì ñôåðè÷åñêóþ ñèñòåìó

êîîðäèíàò
t1= ρ cosω1,

t2= ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

td−1= ρ sinω1 sinω2 . . . sinωd−2 cosωd−1,

td= ρ sinω1 sinω2 . . . sinωd−2 sinωd−1.

Ïîëîæèì ω = (ω1, . . . , ωd−1). Äëÿ ëþáîé ôóíêöèè f(·), çàäàííîé íà Rd, ââåäåì

ñëåäóþùåå îáîçíà÷åíèå

f̃(ω) = |f(cosω1, . . . , sinω1 sinω2 . . . sinωd−2 sinωd−1)|.

Çàìåòèì, ÷òî åñëè |f(·)| îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà κ, òî f(ω) = ρ−κ|f(t)|.
Îáîçíà÷èì ÷åðåç Ω îáëàñòü èçìåíåíèÿ ω, êîãäà t ∈ T . Èç òîãî, ÷òî T � êîíóñ,

ñëåäóåò, ÷òî Ω íå çàâèñèò îò ρ. Ïîëîæèì

J(ω) = sind−2 ω1 sin
d−3 ω2 . . . sinωd−2.

Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, äëÿ ôóíêöèè k(·) áóäåì èìåòü ðàâåí-

ñòâî

k
1

p−q (ρ, ω)

(1− k(ρ, ω))
1

r−q

= ρ
(η−ν)q(p−r)−(ν1−ν)r(p−q)

(p−q)(r−q)
ψ̃

q(p−r)
(p−q)(r−q) (ω)s̃

1
p−q

p,l (ω)

S̃
1

r−q
r,n (ω)

. (3.1)

Ïðåäïîëîæèì, ÷òî γ ∈ (0, 1), ãäå γ îïðåäåëåíî ôîðìóëîé (2.4). Ïîëîæèì

1

q∗
=

1

q
− γ

p
− 1− γ

r
.

Íåòðóäíî óáåäèòüñÿ, ÷òî q∗ > q > 1. Êðîìå òîãî,

q∗ =
pqr(ν1 − ν + d(1/r − 1/p))

r(p− q)(ν1 − ν)− q(p− r)(η − ν)
.

Ïðîäîëæèì èññëåäîâàòü çàäà÷ó î íàõîæäåíèè âåëè÷èíû (1.1) äëÿ ñëó÷àÿ,

êîãäà âûïîëíåíû óñëîâèÿ (2.2).
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Òåîðåìà 3. Ïóñòü 1 6 q < p, r <∞ è γ ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

ψ̃q∗(ω)

s̃
q∗γ/p
p,l (ω)S̃

q∗(1−γ)/r
r,n

J(ω) dω <∞,

I ′1 = . . . = I ′l , ãäå

I ′j =

∫
Ω

ϕ̃p
j (ω)

ψ̃q∗(ω)

s̃
q∗γ/p+1
p,l (ω)S̃

q∗(1−γ)/r
r,n

J(ω) dω, j = 1, . . . , l,

è I ′l+1 = . . . = I ′n, ãäå

I ′j =

∫
Ω

ϕ̃r
j(ω)

ψ̃q∗(ω)

s̃
q∗γ/p
p,l (ω)S̃

q∗(1−γ)/r+1
r,n

J(ω) dω, j = l + 1, . . . , n.

Òîãäà

E(p, q, r) = C1δ
γ∆1−γ ,

ãäå

C1 =

(
l

γ

)γ/p(
n− l

1− γ

)(1−γ)/r (
B (q∗γ/p, q∗(1− γ)/r) I

|ν1 − ν + d(1/r − 1/p)|(γr + (1− γ)p)

)1/q∗

à B(·, ·) � B-ôóíêöèÿ Ýéëåðà. Ìåòîä

m̂(y(·))(t) = k
(
ξ̂

1
ν1−ν+d(1/r−1/p) t

) ψ(t)

sp,l(t)

l∑
j=1

|ϕj(t)|p

ϕj(t)
yj(t),

ãäå

ξ̂ =
δ

∆

(
l

γ

)1/p(
1− γ

n− l

)1/r
(

B (q∗γ/p, q∗(1− γ)/r) I

|ν1 − ν + d(1/r − 1/p)|(γr + (1− γ)p)

)1/r−1/p

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî I ′1 + . . . + I ′l = I è I ′l+1 + . . . + I ′n = I.

Ïîýòîìó I ′j = I/l, j = 1, . . . , l, è I ′j = I/(n − l), j = l + 1, . . . , n. Âû÷èñëèì

âåëè÷èíû Ij , j = 1, . . . , l, èç òåîðåìû 2 ñ ïîìîùüþ ïåðåõîäà ê ñôåðè÷åñêèì

êîîðäèíàòàì. Èìååì

Ij =

∫
T

|ϕj(z)|p
(
|ψ(z)|q

sp,l(z)

) p
p−q

k
p

p−q (z) dµ(z)

=

∫
Ω

ϕ̃p
j (ω)

(
ψ̃q(ω)

s̃p,l(ω)

) p
p−q

J(ω) dω

∫ +∞

0

ρ
(η−ν)qp

p−q +d−1k
p

p−q (ρ, ω) dρ.

Èç (3.1) ñëåäóåò, ÷òî

ρ(ν1−ν)r(p−q)−(η−ν)q(p−r) =
(1− k(ρ, ω))p−q

kr−q(ρ, ω)

ψ̃q(p−r)(ω)s̃r−q
p,l (ω)

S̃p−q
r,n (ω)

.
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Çàôèêñèðóåì ω ∈ Ω. Òîãäà

dρ
(η−ν)qp

p−q +d =

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ

d
(1− k)(p−q)ζ

k(r−q)ζ

= −ζ

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ

(1− k)(p−q)ζ−1

k(r−q)ζ+1
(r − q + (p− r)k) dk,

ãäå

ζ =
(η − ν)qp+ d(p− q)

(p− q)((ν1 − ν)r(p− q)− (η − ν)q(p− r))
=
q∗(1− γ)

r(p− q)
.

Åñëè ρ ìåíÿåòñÿ îò 0 äî +∞, òî k áóäåò ìåíÿòüñÿ îò 0 äî 1 ïðè (ν1 − ν)r(p −
q) − (η − ν)q(p − r) < 0 è îò 1 äî 0 ïðè (ν1 − ν)r(p − q) − (η − ν)q(p − r) > 0.

Ïîýòîìó∫ +∞

0

ρ
(η−ν)qp

p−q +d−1k
p

p−q (ρ, ω) dρ

=
p− q

(η − ν)qp+ d(p− q)

∫ +∞

0

k
p

p−q (ρ, ω) dρ
(η−ν)qp

p−q +d

=
1

|(ν1 − ν)r(p− q)− (η − ν)q(p− r)|

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ

×
∫ 1

0

k
p

p−q
(1− k)(p−q)ζ−1

k(r−q)ζ+1
(r − q + (p− r)k) dk

=
1

|(ν1 − ν)r(p− q)− (η − ν)q(p− r)|

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ

(K1 +K2),

ãäå

K1 = (r − q)

∫ 1

0

kp̂(1− k)q̂−1 dk = (r − q)B(p̂+ 1, q̂),

K2 = (p− r)

∫ 1

0

kp̂+1(1− k)q̂−1 dk = (p− r)B(p̂+ 2, q̂)

= (p− r)
p̂+ 1

p̂+ q̂ + 1
B(p̂+ 1, q̂),

p̂ =
(ν1 − η)qr − d(r − q)

(ν1 − ν)r(p− q)− (η − ν)q(p− r)
= q∗

γ

p
,

q̂ =
(η − ν)qp+ d(p− q)

(ν1 − ν)r(p− q)− (η − ν)q(p− r)
= q∗

1− γ

r
.

Òàêèì îáðàçîì,

K1 +K2 =

(
r − q + (p− r)

q∗γ/p+ 1

q∗/q

)
B(p̂+ 1, q̂) =

pq

q∗
B(p̂+ 1, q̂)

=
qγ

q∗

(
γ

p
+

1− γ

r

)−1

B(p̂, q̂).
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Îòñþäà

Ij =
γ

pr|ν1 − ν + d(1/r − 1/p)|

(
γ

p
+

1− γ

r

)−1

B(p̂, q̂)I ′j , j = 1, . . . , l.

Òåïåðü íàéäåì Ij , j = l + 1, . . . , n. Èìååì

Ij =

∫
T

|ϕj(z)|r
(
|ψ(z)|q

sp,l(z)

) r
p−q

k
r

p−q (z) dµ(z)

=

∫
Ω

ϕ̃r
j(ω)

(
ψ̃q(ω)

s̃p,l(ω)

) r
p−q

J(ω) dω

∫ +∞

0

ρ
(η−ν)qr

p−q +r(ν1−ν)+d−1k
r

p−q (ρ, ω) dρ.

Çàôèêñèðóåì ω ∈ Ω. Òîãäà

dρ
(η−ν)qr

p−q +r(ν1−ν)+d =

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ1

d
(1− k)(p−q)ζ1

k(r−q)ζ1

= −ζ1

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ1
(1− k)(p−q)ζ1−1

k(r−q)ζ1+1
(r − q + (p− r)k) dk,

ãäå

ζ1 =
(η − ν)qr + ((ν1 − ν)r + d)(p− q)

(p− q)((ν1 − ν)r(p− q)− (η − ν)q(p− r))
=
q∗(1− γ)

r(p− q)
+

1

p− q
.

Èìååì∫ +∞

0

ρ
(η−ν)qr

p−q +r(ν1−ν)+d−1k
r

p−q (ρ, ω) dρ

=
p− q

(η − ν)qr + (r(ν1 − ν) + d)(p− q)

∫ +∞

0

k
r

p−q (ρ, ω) dρ
(η−ν)qr

p−q +r(ν1−ν)+d

=
1

|(ν1 − ν)r(p− q)− (η − ν)q(p− r)|

(
ψ̃q(p−r)(ω)s̃r−q

p,l (ω)

S̃p−q
r,n (ω)

)ζ1

(L1 + L2),

ãäå

L1 = (r − q)

∫ 1

0

kp̂−1(1− k)q̂ dk = (r − q)B(p̂, q̂ + 1),

L2 = (p− r)

∫ 1

0

kp̂(1− k)q̂ dk = (p− r)B(p̂+ 1, q̂ + 1)

= (p− r)
p̂

p̂+ q̂ + 1
B(p̂, q̂ + 1).

Òàêèì îáðàçîì,

L1 + L2 =
qr

q∗
B(p̂, q̂ + 1) =

q(1− γ)

q∗

(
γ

p
+

1− γ

r

)−1

B(p̂, q̂).
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Ñëåäîâàòåëüíî,

Ij =
1− γ

pr|ν1 − ν + d(1/r − 1/p)|

(
γ

p
+

1− γ

r

)−1

B(p̂, q̂)I ′j , j = l + 1, . . . , n.

Îñòàåòñÿ ïðèìåíèòü òåîðåìó 2.

Àíàëîãè÷íî ñëåäñòâèþ 1 ïîëó÷àåì

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3. Òîãäà äëÿ âñåõ x ∈ W
èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥ψ(·)x(·)∥Lq(T,µ) 6 C1 max
16j6l

∥ϕj(·)x(·)∥γLp(T,µ) max
l+16j6n

∥ϕj(·)x(·)∥1−γ
Lr(T,µ).

Ïðèâåäåì ïðèìåð âåñîâ, äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ òåîðåìû 3. Ïóñòü

T = Rd
+, l = d, n = 2d, η, ν è ν1 òàêîâû, ÷òî γ ∈ (0, 1),

ϕj(t) = tνj , ϕj+d(t) = tν1
j , j = 1, . . . , d, ψ(t) = ψθ(t)

η/2, (3.2)

ãäå

ψθ(t) = (|t1|θ + . . .+ |td|θ)2/θ, θ > 0.

Íåòðóäíî óáåäèòüñÿ, ÷òî

ψ̃(·) =
(
t̃1
θ
(ω) + . . .+ t̃d

θ
(ω)
)η/θ

,

à

ϕ̃j(ω) = t̃j
ν
(ω), ϕ̃j+d(ω) = t̃j

ν1
(ω), j = 1, . . . , d,

ãäå
t̃1(ω)= cosω1,

t̃2(ω)= sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t̃d−1(ω)= sinω1 sinω2 . . . sinωd−2 cosωd−1,

t̃d(ω)= sinω1 sinω2 . . . sinωd−2 sinωd−1.

Çàìåòèì, ÷òî
d∑

k=1

t̃2k(ω) = 1.

Äëÿ âåëè÷èíû I èç òåîðåìû 3 èìååì

I =

∫
Πd−1

+

(∑d
k=1 t̃k

θ
(ω)
)q∗η/θ

J(ω) dω(∑d
k=1 t̃k

pν
(ω)
)q∗γ/p (∑d

k=1 t̃k
rν1

(ω)
)q∗(1−γ)/r

, Πd−1
+ = [0, π/2]d−1.

(3.3)

Åñëè s 6 2, òî
d∑

k=1

t̃k
s
(ω) >

d∑
k=1

t̃k
2
(ω) = 1. (3.4)
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Åñëè æå s > 2, òî ïî íåðàâåíñòâó Ãåëüäåðà

1 =

d∑
k=1

t̃k
2
(ω) 6

( d∑
k=1

t̃k
s
(ω)

) 2
s

d1−
2
s .

Òåì ñàìûì
d∑

k=1

t̃k
s
(ω) > d1−

s
2 . (3.5)

Èç (3.4) è (3.5) âûòåêàåò, ÷òî I <∞.

Ðàññìîòðèì èíòåãðàëû

Îj =

∫
Πd−1

+

t̃sj(ω)
(∑d

k=1 t̃k
θ
(ω)
)q∗η/θ

J(ω) dω(∑d
k=1 t̃k

s
(ω)
)a+1 (∑d

k=1 t̃k
s1
(ω)
)a1

, j = 1, . . . , d,

ãäå a, a1 > 0. Ïîëîæèì

Mj =

∫
Rd

+∩Bd

tsj

(∑d
k=1 t

2
k

)s(a+a1)/2−q∗η (∑d
k=1 tk

θ
)q∗η/θ

(∑d
k=1 t

s
k

)a+1 (∑d
k=1 t

s1
k

)a1
dt, j = 1, . . . , d,

ãäå Bd � åäèíè÷íûé øàð â Rd. Åñëè ñäåëàòü çàìåíó ïåðåìåííûõ â èíòåãðàëå

Mj , ïîìåíÿâ ìåñòàìè ïåðåìåííûå tj è ti, òî èíòåãðàë Mj ïåðåéäåò â èíòåãðàë

Mi. Ñëåäîâàòåëüíî, M1 = . . . = Md. Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì,

ïîëó÷èì, ÷òî Mj = Îj/d, j = 1, . . . , d. Òàêèì îáðàçîì,

Î1 = . . . = Îd. (3.6)

Ñëåäîâàòåëüíî, âåñà (3.2) óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 3.

Ñëåäñòâèå 3. Ïóñòü 1 6 q < p, r < ∞ è γ ∈ (0, 1). Òîãäà äëÿ âñåõ x ∈ W
èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥
(
|t1|θ + . . .+ |td|θ

)η/θ
x(t)∥Lq(Rd

+)

6 C2 max
16j6d

∥tνjx(t)∥
γ

Lp(Rd
+)

max
16j6d

∥tν1
j x(t)∥

1−γ

Lr(Rd
+)
,

ãäå

C2 =

(
d

γ

)γ/p(
d

1− γ

)(1−γ)/r (
B (q∗γ/p, q∗(1− γ)/r) I

|ν1 − ν + d(1/r − 1/p)|(γr + (1− γ)p)

)1/q∗

,

à âåëè÷èíà I îïðåäëåíà ðàâíñòâîì (3.3).

Ïðèâåäåì åùå îäíî ðåçóëüòàò äëÿ âåñîâ (3.2).

Ñëåäñòâèå 4. Ïóñòü 1 6 q < p, r <∞. Ïîëîæèì

α =
µ

pµ+ rλ
, β =

λ

pµ+ rλ
.
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ãäå λ, µ > 0. Òîãäà äëÿ âñåõ x ∈ W èìååò ìåñòî òî÷íîå íåðàâåíñòâî∥∥∥(tθ1 + . . .+ tθd)
d(1−1/q)/θx(t)

∥∥∥
Lq(Rd

+)

6 C3 max
16j6d

∥∥∥td−(λ+d)/p
j x(t)

∥∥∥pα
Lp(Rd

+)
max
16j6d

∥∥∥td+(µ−d)/r
j x(t)

∥∥∥rβ
Lr(Rd

+)
,

ãäå

C3 =
dα+β

(pα)α(rβ)β

(
I

λ+ µ
B

(
α

1/q − α− β
,

β

1/q − α− β

))1/q−α−β

,

à

I =

∫
Πd−1

+

(∑d
k=1 t̃k

θ
(ω)
) d(1−1/q)

θ(1/q−α−β)

J(ω) dω(∑d
k=1 t̃k

d(p−1)−λ
(ω)
) α

1/q−α−β
(∑d

k=1 t̃k
r(d−1)+µ

(ω)
) β

1/q−α−β

.

Ïðè d = 1 ýòîò ðåçóëüòàò âûòåêàåò èç ñëåäñòâèÿ 6 ðàáîòû [9], à ïðè d = 1,

q = 1 îí áûë äîêàçàí â ðàáîòå [2].

� 4. Âîññòàíîâëåíèå è òî÷íûå íåðàâåíñòâà

äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ

Ïóñòü T = Rd, dµ(t) = dt, |ψ(·)| � îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà η, |ϕj(·)|, j =
1, . . . , l, îäíîðîäíûå ôóíêöèè ïîðÿäêà ν, |ϕj(·)|, j = l + 1, . . . , n, � îäíîðîäíûå

ôóíêöèè ïîðÿäêà ν1 è ψ(t), sp,l(t), S2,n(t) ̸= 0 äëÿ ïî÷òè âñåõ t ∈ Rd.

Ïóñòü S � ïðîñòðàíñòâî Øâàðöà áûñòðî óáûâàþùèõ áåñêîíå÷íî äèôôå-

ðåíöèðóåìûõ ôóíêöèé íà R, S′ � ñîîòâåòñòâóþùåå ïðîñòðàíñòâî îáîáùåííûõ

ôóíêöèé, F : S′ → S′ � ïðåîáðàçîâàíèå Ôóðüå. Ïîëîæèì

Xp =
{
x(·) ∈ S′ : ϕj(·)Fx(·) ∈ Lp(Rd), j = 1, . . . , l,

ϕj(·)Fx(·) ∈ L2(Rd), j = l + 1, . . . , n
}
.

Äëÿ ôóíêöèé x(·) ∈ Xp îïðåäåëèì îïåðàòîðû Dj , j = 1, . . . , n,

Djx(·) = F−1(ϕj(·)Fx(·))(·), j = 1, . . . , n,

è îïåðàòîð Λ

Λx(·) = F−1(ψ(·)Fx(·))(·). (4.1)

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ çíà÷åíèé Λx(·) íà êëàññå

WD
p =

{
x(·) ∈ Xp : ∥Djx(·)∥L2(Rd) 6 ∆, j = l + 1, . . . , n

}
, D = (D1, . . . , Dn),

ïî íåòî÷íîé èíôîðìàöèè î ïðåîáðàçîâàíèÿõ Ôóðüå ôóíêöèé Djx(·), j =

1, . . . , l. Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ êàæäîé ôóíêöèè x(·) ∈ WD
p èçâåñòíû

ôóíêöèè yj(·) ∈ Lp(Rd), j = 1, . . . , l, òàêèå, ÷òî

∥F (Djx(·))(·)− yj(·)∥Lp(Rd) 6 δ, j = 1, . . . , l.
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Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèþ Λx(·) ïî çàäàííûì ôóíêöèÿì yj(·) ∈ Lp(Rd),

j = 1, . . . , l.

Ïðåäïîëîæèì, ÷òî Λx(·) ∈ Lq(Rd) äëÿ âñåõ x(·) ∈ Xp. Ïîãðåøíîñòüþ ìåòîäà

âîññòàíîâëåíèÿ m : (Lp(Rd))l → Lq(Rd) íàçîâåì âåëè÷èíó

epq(Λ,D,m) = sup
x(·)∈WD

p , y(·)∈(Lp(Rd))l

∥F (Djx(·))(·)−yj(·)∥Lp(Rd)
6δ, j=1,...,l

∥Λx(·)−m(y(·))(·)∥Lq(Rd),

y(·) = (y1(·), . . . , yl(·)). Âåëè÷èíà

Epq(Λ,D) = inf
m : (Lp(Rd))l→Lq(Rd)

epq(Λ,D,m)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì

äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

Ðàññìîòðèì ñëó÷àé, êîãäà q = ∞. Ïîëîæèì

γ1 =
ν1 − η − d/2

ν1 − ν + d(1/2− 1/p)
q1 =

1

1/2 + γ1(1/2− 1/p)
.

Ïðè 1 < p <∞ îïðåäåëèì ôóíêöèþ k1(·) ðàâåíñòâîì

k1(t)

(1− k1(t))p−1
= (2π)d(p−1) sp,l(t)|ψ(t)|p−2

Sp−1
2,n (t)

.

Òåîðåìà 4. Ïóñòü 1 < p <∞ è γ1 ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Πd−1

ψ̃q1(ω)

s̃
q1γ1/p
p,l (ω)S̃

q1(1−γ1)/2
2,n

J(ω) dω <∞, Πd−1 = [0, π]d−2 × [0, 2π],

I ′1 = . . . = I ′l , ãäå

I ′j =

∫
Πd−1

ϕ̃p
j (ω)

ψ̃q1(ω)

s̃
q1γ1/p+1
p,l (ω)S̃

q1(1−γ1)/2
2,n

J(ω) dω, j = 1, . . . , l,

è I ′l+1 = . . . = I ′n, ãäå

I ′j =

∫
Πd−1

ϕ̃2
j (ω)

ψ̃q1(ω)

s̃
q1γ1/p
p,l (ω)S̃

q1(1−γ1)/2+1
2,n

J(ω) dω, j = l + 1, . . . , n.

Òîãäà

Ep∞(Λ,D) =
C4

(2π)d(1+γ1)/2
δγ1∆1−γ1 ,

ãäå

C4 =

(
l

γ1

) γ1
p
(
n− l

1− γ1

) 1−γ1
2
(

B (q1γ1/p, q1(1− γ1)/2) I

|ν1 − ν + d(1/2− 1/p)|(2γ1 + (1− γ1)p)

)1/q1

.

Ìåòîä

m̂2(y(·))(t) = F−1

(
k1

(
ξ̂

1
ν1−ν+d(1/2−1/p)

1 ξ

)
ψ(ξ)

sp,l(ξ)

l∑
j=1

|ϕj(ξ)|p

ϕj(ξ)
yj(ξ)

)
(t), (4.2)
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ãäå

ξ̂1 =
δ

∆

(
l

γ 1

) 1
p
(
1− γ1
n− l

) 1
2

(
B (q1γ1/p, q1(1− γ1)/2) I(2π)

dq1(1−γ1)/2

|ν1 − ν + d(1/2− 1/p)|(2γ1 + (1− γ1)p)

)1/2−1/p

,

ÿâëÿåòñÿ îïòèìàëüíûì.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî íåðàâåíñòâó (1.2) èìååì

Ep∞(Λ,D) > sup
x(·)∈WD

p

∥F (Djx(·))(·)∥Lp(Rd)
6δ, j=1,...,l

∥Λx(·)∥L∞(Rd).

Ïóñòü x(·) ∈ WD
p è ∥F (Djx(·))(·)∥Lp(Rd) 6 δ, j = 1, . . . , l. Åñëè ôóíêöèÿ x̂(·)

òàêîâà, ÷òî Fx̂(ξ) = ε(ξ)e−i⟨t,ξ⟩Fx(ξ), ãäå

ε(ξ) =


ψ(ξ)Fx(ξ)

|ψ(ξ)Fx(ξ)|
, ψ(ξ)Fx(ξ) ̸= 0,

0, ψ(ξ)Fx(ξ) = 0,

òî x̂(·) ∈WD
p , ∥F (Dj x̂(·))(·)∥Lp(Rd) 6 δ, j = 1, . . . , l è∣∣∣∣∫

Rd

ψ(ξ)Fx̂(ξ)ei⟨t,ξ⟩ dξ

∣∣∣∣ = ∫
Rd

|ψ(ξ)Fx(ξ)| dξ.

Ñëåäîâàòåëüíî,

Ep∞(Λ,D) >
1

(2π)d
sup

x(·)∈WD
p

∥F (Djx(·))(·)∥Lp(Rd)
6δ, j=1,...,l

∫
Rd

|ψ(ξ)Fx(ξ)| dξ.

Èç (2.3) ñëåäóåò, ÷òî

Ep∞(Λ,D) >
1

(2π)d
E(p, 1, 2),

åñëè â çàäà÷å î íàõîæäåíèè E(p, 1, 2) ôóíêöèè ϕj(·) çàìåíèòü íà ôóíêöèè

(2π)−d/2ϕj(·), j = l + 1, . . . , n. Èç òåîðåìû 3 âûòåêàåò, ÷òî

Ep∞(Λ,D) >
1

(2π)d(1+γ1)/2
C4δ

γ
1∆

1−γ1 .

Èç òîé æå òåîðåìû ñëåäóåò, ÷òî∫
Rd

|ψ(ξ)F (ξ)− m̂1(y(·))(ξ)| dξ 6 E(p, 1, 2),

ãäå

m̂1(y(·))(ξ) = k1

(
ξ̂

1
ν1−ν+d(1/2−1/p)

1 ξ

)
ψ(ξ)

sp,l(ξ)

l∑
j=1

|ϕj(ξ)|p

ϕj(ξ)
yj(ξ).

Ñëåäîâàòåëüíî,∣∣∣∣ 1

(2π)d

∫
Rd

ψ(ξ)F (ξ)ei⟨t,ξ⟩ dξ − 1

(2π)d

∫
Rd

m̂1(y)(ξ)e
i⟨t,ξ⟩ dξ

∣∣∣∣
6

1

(2π)d

∫
Rd

|ψ(ξ)F (ξ)− m̂1(y)(ξ)| dξ 6
1

(2π)d
E(p, 1, 2) 6 Ep∞(Λ,D).

Îòñþäà ñëåäóåò, ÷òî ìåòîä (4.2) ÿâëÿåòñÿ îïòèìàëüíûì.
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Àíàëîãè÷íî ñëåäñòâèþ 1 ïîëó÷àåì

Ñëåäñòâèå 5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4. Òîãäà äëÿ âñåõ x ∈
Xp èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Λx(·)∥L∞(Rd) 6
C4

(2π)d(1+γ1)/2
max
16j6l

∥F (Djx(·))(·)∥γ1

Lp(Rd)
max

l+16j6n
∥Djx(·)∥1−γ1

L2(Rd)
.

Îáîçíà÷èì ÷åðåç Λθ îïåðàòîð Λ, îïðåäåëåííûé ðàâåíñòâîì (4.1) äëÿ ψ(·) =
ψθ(·). Îòìåòèì, ÷òî Λ2 = −∆, ãäå ∆ � îïåðàòîð Ëàïëàñà. ×åðåç Λ

η/2
θ îáîçíà-

÷èì îïåðàòîð Λ, îïðåäåëåííûé ðàâåíñòâîì (4.1) äëÿ ψ(·) = ψ
η/2
θ (·).

Ïóñòü α = (α1, . . . , αd) ∈ Rd
+. Îïðåäåëèì îïåðàòîð Dα (ïðîèçâîäíàÿ ïî

Âåéëþ ïîðÿäêà α) ðàâåíñòâîì

Dαx(·) = F−1((iξ)αFx(ξ))(·),

ãäå (iξ)α = (iξ1)
α1 . . . (iξd)

αd . ßñíî, ÷òî åñëè x(·) äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ
íà Rd, t = (t1, . . . , td) ∈ Rd è α = (α1, . . . , αd) ∈ Zd

+, òî

Dαx(t) =
∂xα1+...+αd(t)

∂tα1
1 . . . ∂tαd

d

.

Ïóñòü Λ = Λ
η/2
θ ,

D = (Dνe1 , . . . , Dνed , Dν1e1 , . . . , Dν1ed), (4.3)

ãäå ej , j = 1 . . . , d, � ñòàíäàðòíûé áàçèñ â Rd. Äëÿ âåëè÷èíû I èç òåîðåìû 4

èìååì

I =

∫
Πd−1

(∑d
k=1 t̃k

θ
(ω)
)q1η/θ

J(ω) dω(∑d
k=1 t̃k

pν
(ω)
)q1γ1/p (∑d

k=1 t̃k
2ν1

(ω)
)q1(1−γ1)/2

. (4.4)

Àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî ðàíåå (ñì. (3.3)), äîêàçûâàåòñÿ, ÷òî

I < ∞. Àíàëîãè÷íûì îáðàçîì äîêàçûâàþòñÿ ðàâåíñòâà I ′1 = . . . = I ′l è I
′
1+1 =

. . . = I ′n äëÿ ñîîòâåòñòâóþùèõ âåñîâ. Òàêèì îáðàçîì, âåñà (3.2) óäîâëåòâîðÿþò

óñëîâèÿì òåîðåìû 4.

Ñëåäñòâèå 6. Ïóñòü 1 < p <∞ è 0 6 ν − d(1− 1/p) < η < ν1 − d/2. Òîãäà

èìååò ìåñòî òî÷íîå íåðàâåíñòâî

∥Λη/2
θ x(·)∥L∞(Rd)

6
C5

(2π)d(1+γ1)/2
max
16j6d

∥F (Dνejx(·))(·)∥γ1

Lp(Rd)
max
16j6d

∥Dν1ejx(·)∥1−γ1

L2(Rd)
,

ãäå

C5 =

(
d

γ1

) γ1
p
(

d

1− γ1

) 1−γ1
2
(

B (q1γ1/p, q1(1− γ1)/2) I

(ν1 − ν + d(1/2− 1/p))(2γ1 + (1− γ1)p)

)1/q1

,

à I îïðåäåëåíî ðàâåíñòâîì (4.4).
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Ñôîðìóëèðóåì ñëåäñòâèå 6 äëÿ ñëó÷àÿ, êîãäà p = 2. Ïîëîæèì

γ2 =
ν1 − η − d/2

ν1 − ν
.

Âîñïîëüçóåìñÿ òåì, ÷òî

∥F (Dνejx(·))(·)∥L2(Rd) = (2π)d/2∥Dνejx(·)∥L2(Rd),

à, êðîìå òîãî, èçâåñòíûì ðàâåíñòâîì

B(a, 1− a) =
π

sinπa
.

Ñëåäñòâèå 7. Ïóñòü 0 6 ν − d/2 < η < ν1 − d/2. Òîãäà èìååò ìåñòî

òî÷íîå íåðàâåíñòâî

∥Λη/2
θ x(·)∥L∞(Rd) 6

C6

(2π)d/2
max
16j6d

∥Dνejx(·)∥γ2

L2(Rd)
max
16j6d

∥Dν1ejx(·)∥1−γ2

L2(Rd)
,

ãäå

C6 = γ
− γ2

2
2 (1− γ2)

− 1−γ2
2

(
πdI0

2(ν1 − ν) sinπγ2

)1/2

,

à

I0 =

∫
Πd−1

(∑d
k=1 t̃k

θ
(ω)
)2η/θ

J(ω) dω(∑d
k=1 t̃k

2ν
(ω)
)γ2

(∑d
k=1 t̃k

2ν1
(ω)
)1−γ2

.

Ïðè p = q = 2 áóäåì ðàññìàòðèâàòü íåñêîëüêî èçìåíåííóþ çàäà÷ó âîññòà-

íîâëåíèÿ. Ïóñòü

W =
{
x(·) ∈ S′ : (iξj)

νFx(ξ) ∈ L2(Rd), j = 1, . . . , d,

(iξj)
ν1Fx(ξ) ∈ L2(Rd), j = 1, . . . , d

}
.

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ îïåðàòîðà Λ
η/2
θ ïî íåòî÷íî çàäàííûì ïðîèç-

âîäíûì Dνe1 , . . . , Dνed , Dν1e1 , . . . , Dν1ed . Ïîãðåøíîñòüþ ìåòîäà âîññòàíîâëåíèÿ

m : (L2(Rd))2d → L2(Rd) íàçîâåì âåëè÷èíó

e(Λ
η/2
θ ,D,m) = sup

x(·)∈W, y(·)∈(L2(Rd))2d

∥Dνejx(·)−yj(·)∥L2(Rd)
6δ, j=1,...,d

∥Dν1ejx(·)−y1
j (·)∥L2(Rd)

6∆, j=1,...,d

∥Λη/2
θ x(·)−m(y(·))(·)∥L2(Rd),

y(·) = (y1(·), . . . , yd, y11(·), . . . , y1d(·)), à îïåðàòîð D îïðåäåëåí ðàâåíñòâîì (4.3).

Âåëè÷èíà

E(Λ
η/2
θ ,D) = inf

m : (L2(Rd))2d→L2(Rd)
e(Λ

η/2
θ ,D,m)

íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à ìåòîä, íà êîòîðîì

äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåòñÿ îïòèìàëüíûì.

Ïîëîæèì

γ3 =
ν1 − η

ν1 − ν
.
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Òåîðåìà 5. Ïóñòü 0 < θ/2 6 ν < η < ν1. Òîãäà

E(Λ
η/2
θ ,D) = dη/θδγ3∆1−γ3 . (4.5)

Ïðè ýòîì âñå ìåòîäû

m̂(y(·))(·) = F−1

(
ψ
η/2
θ (·)

( d∑
j=1

αj(·)Fyj(·) +
d∑

j=1

α1
j (·)Fy1j (·)

))
(·), (4.6)

ãäå èçìåðèìûå ôóíêöèè αj(·), α1
j (·), j = 1, . . . , d, óäîâëåòâîðÿþò óñëîâèÿì

d∑
j=1

(
(iξj)

ναj(ξ) + (iξj)
ν1α1

j (ξ)
)
= 1, (4.7)

ψη
θ (ξ)

d∑
j=1

(
|αj(ξ)|2

λ
+

|α1
j (ξ)|2

λ1

)
6 1, (4.8)

à

λ = d2η/θ−1γ3

(
∆

δ

)2(1−γ3)

, λ1 = d2η/θ−1(1− γ3)

(
δ

∆

)2γ3

,

ÿâëÿþòñÿ îïòèìàëüíûìè.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî íåðàâåíñòâó (1.2) èìååì

E(Λ
η/2
θ ,D) > sup

x(·)∈W
∥Dνejx(·)∥

L2(Rd)
6δ, j=1,...,d

∥Dν1ejx(·)∥
L2(Rd)

6∆, j=1,...,d

∥Λη/2
θ x(·)∥L2(Rd). (4.9)

Äëÿ 0 < ε < (∆/δ)1/(ν1−ν) ïîëîæèì

ξ̂ε =

(
∆

δ

) 1
ν1−ν

(1, . . . , 1)− (ε, . . . , ε), Bε = {ξ ∈ Rd : |ξ − ξ̂ε| < ε }.

Ðàññìîòðèì ôóíêöèþ xε(·), äëÿ êîòîðîé

Fxε(ξ) =

(2π)d/2
(
δν1

∆ν

) 1
ν1−ν 1√

mesBε

, ξ ∈ Bε,

0, ξ /∈ Bε.

Òîãäà

∥Dνejx(·)∥2L2(Rd)) =

(
δν1

∆ν

) 2
ν1−ν 1

mesBε

∫
Bε

ξ2νj dξ

6

(
δν1

∆ν

) 2
ν1−ν

(
∆

δ

) 2ν
ν1−ν

= δ2, j = 1, . . . , d.
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Êðîìå òîãî,

∥Dν1ejx(·)∥2L2(Rd) =

(
δν1

∆ν

) 2
ν1−ν 1

mesBε

∫
Bε

ξ2ν1
j dξ

6

(
δν1

∆ν

) 2
ν1−ν

(
∆

δ

) 2ν1
ν1−ν

= ∆2, j = 1, . . . , d.

Â ñèëó (4.9) èìååì

E2(Λ
η/2
θ ,D) > ∥Λη/2

θ xε(·)∥2L2(Rd)

=

(
δν1

∆ν

) 2
ν1−ν 1

mesBε

∫
Bε

ψη
θ (ξ) dξ =

(
δν1

∆ν

) 2
ν1−ν

ψη
θ (ξ̃ε), ξ̃ε ∈ Bε.

Óñòðåìëÿÿ ε ê íóëþ, ïîëó÷àåì îöåíêó

E2(Λ
η/2
θ ,D) > d2η/θδ2γ3∆2(1−γ3).

Îöåíèì ïîãðåøíîñòü ìåòîäà (4.6). Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

∥Λη/2
θ x(·)− m̂(y(·))(·)∥2L2(Rd) → max,

∥Dνejx(·)− yj(·)∥2L2(Rd) 6 δ2, j = 1, . . . , d,

∥Dν1ejx(·)− y1j (·)∥2L2(Rd) 6 ∆2, j = 1, . . . , d.

Ïåðåõîäÿ ê ïðåîáðàçîâàíèÿì Ôóðüå, ïðèõîäèì ê ñëåäóþùåé çàäà÷å

1

(2π)d

∫
Rd

ψη
θ (ξ)

∣∣∣∣Fx(ξ)− ( d∑
j=1

αj(ξ)Fyj(ξ) +

d∑
j=1

α1
j (ξ)Fy

1
j (ξ)

)∣∣∣∣2 dξ → max,

1

(2π)d

∫
Rd

|(iξj)νFx(ξ)− Fyj(ξ)|2 dξ 6 δ2, j = 1, . . . , d,

1

(2π)d

∫
Rd

|(iξj)ν1Fx(ξ)− Fy1j (ξ)|2 dξ 6 ∆2, j = 1, . . . , d. (4.10)

Ïîëîæèì

zj(ξ) = (iξj)
νFx(ξ)− Fyj(ξ), z1j (ξ) = (iξj)

ν1Fx(ξ)− Fy1j (ξ), j = 1, . . . , d.

Òîãäà, ó÷èòûâàÿ óñëîâèå (4.7), çàäà÷à (4.10) ïåðåïèøåòñÿ ñëåäóþùåì îáðàçîì

1

(2π)d

∫
Rd

ψη
θ (ξ)

∣∣∣∣ d∑
j=1

(αj(ξ)zj(ξ) + α1
j (ξ)z

1
j (ξ))

∣∣∣∣2 dξ → max,

1

(2π)d

∫
Rd

|zj(ξ)|2 dξ 6 δ2, j = 1, . . . , d,

1

(2π)d

∫
Rd

|z1j (ξ)|2 dξ 6 ∆2, j = 1, . . . , d.
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Èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ñëåäóåò, ÷òî

∣∣∣∣ d∑
j=1

(αj(ξ)zj(ξ) + α1
j (ξ)z

1
j (ξ))

∣∣∣∣2

6
d∑

j=1

(
|αj(ξ)|2

λ
+

|α1
j (ξ)|2

λ1

) d∑
j=1

(
λ|zj(ξ)|2 + λ1|z1j (ξ)|2

)
.

Ïðèìåíÿÿ ýòî íåðàâåíñòâî, ïîëó÷àåì îöåíêó

∥Λη/2
θ x(·)− m̂(y(·))(·)∥2L2(Rd)

6 vraisup
ξ∈Rd

S(ξ)
1

(2π)d

∫
Rd

d∑
j=1

(
λ|zj(ξ)|2 + λ1|z1j (ξ)|2

)
dξ,

ãäå

S(ξ) = ψη
θ (ξ)

d∑
j=1

(
|αj(ξ)|2

λ
+

|α1
j (ξ)|2

λ1

)
.

Èç óñëîâèÿ (4.8) âûòåêàåò, ÷òî S(ξ) 6 1. Òåì ñàìûì äëÿ ïîãðåøíîñòè ìåòîäà

m̂(y(·))(·) èìååì

e(Λ
η/2
θ ,D, m̂) 6

1

(2π)d

∫
Rd

d∑
j=1

(
λ|zj(ξ)|2 + λ1|z1j (ξ)|2

)
dξ

6 dλδ2 + dλ1∆
2 = d2η/θδ2γ3∆2(1−γ3) 6 E2(Λ

η/2
θ ,D).

Îòñþäà âûòåêàåò îïòèìàëüíîñòü ìåòîäà m̂(y(·))(·) è ðàâåíñòâî (4.5).
Îñòàåòñÿ äîêàçàòü ñóùåñòâîâàíèå ôóíêöèé αj(·), α1

j (·), j = 1, . . . , d, óäîâëå-

òâîðÿþò óñëîâèÿì (4.7) è (4.8). Ïîëîæèì

αj(ξ) =
λ(−iξj)ν

λ
∑d

j=1 |ξj |2ν + λ1
∑d

j=1 |ξj |2ν1

,

α1
j (ξ) =

λ1(−iξj)ν1

λ
∑d

j=1 |ξj |2ν + λ1
∑d

j=1 |ξj |2ν1

, j = 1, . . . , d.

(4.11)

Íåòðóäíî óáåäèòüñÿ, ÷òî óñëîâèå (4.7) âûïîëíåíî. Äîêàæåì, ÷òî óñëîâèå (4.8)

òàêæå âûïîëíåíî. Èìååì

ψη
θ (ξ)

d∑
j=1

(
|αj(ξ)|2

λ
+

|α1
j (ξ)|2

λ1

)
=

ψη
θ (ξ)

λ
∑d

j=1 |ξj |2ν + λ1
∑d

j=1 |ξj |2ν1

. (4.12)

Òàê êàê θ 6 2ν, òî èç íåðàâåíñòâà Ãåëüäåðà ñëåäóåò, ÷òî

d∑
j=1

|ξj |θ 6

( d∑
j=1

|ξj |2ν
)θ/(2ν)

d1−θ/(2ν).
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Ïîëîæèâ ρ = (|ξ1|θ + . . .+ |ξd|θ)1/θ, ïîëó÷èì

d∑
j=1

|ξj |2ν > ρ2νd1−2ν/θ.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî

d∑
j=1

|ξj |2ν1 > ρ2ν1d1−2ν1/θ.

Ñëåäîâàòåëüíî,

ψη
θ (ξ)

λ
∑d

j=1 |ξj |2ν + λ1
∑d

j=1 |ξj |2ν1

6
ρ2η

λρ2νd1−2ν/θ + λ1ρ2ν1d1−2ν1/θ
.

Ðàññìîòðèì ôóíêöèþ

f(ρ) = −ρ2η + λρ2νd1−2ν/θ + λ1ρ
2ν1d1−2ν1/θ = ρ2νg(ρ),

ãäå

g(ρ) = −ρ2(η−ν) + d2(η−ν)/θγ3

(
∆

δ

)2(1−γ3)

+ d2(η−ν1)/θ(1− γ3)

(
δ

∆

)2γ3

ρ2(ν1−ν).

Èìååì

g

(
d1/θ

(
∆

δ

)1/(ν1−ν)

s1/(2(ν1−ν))

)
= d2(η−ν)/θ

(
∆

δ

)2(1−γ3)

g1(s),

ãäå

g1(s) = −s1−γ3 + γ3 + (1− γ3)s.

Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ g1(·) íà [0,+∞) äîñòèãàåò ìèíèìóìà â òî÷êå

s0 = 1, êðîìå òîãî, g1(s0) = 0. Òàêèì îáðàçîì, g1(s) > 0 äëÿ âñåõ s > 0.

Ñëåäîâàòåëüíî, f(ρ) > 0. Èç ýòîãî íåðàâåíñòâà âûòåêàåò, ÷òî

ψη
θ (ξ)

λ
∑d

j=1 |ξj |2ν + λ1
∑d

j=1 |ξj |2ν1

6 1.

Ó÷èòûâàÿ ðàâåíñòâî (4.12), ïîëó÷àåì, ÷òî ôóíêöèè, îïðåäåëåííûå ðàâåíñòâàìè

(4.11), óäîâëåòâîðÿþò óñëîâèþ (4.8).

Èç (4.5) âûòåêàåò òî÷íîå íåðàâåíñòâî

∥Λη/2
θ x(·)∥L2(Rd) 6 dη/θ max

16j6d
∥Dνejx(·)∥γ3

L2(Rd)
max
16j6d

∥Dν1ejx(·)∥1−γ3

L2(Rd)
.

Ìîæíî ðàññìîòðåòü çàäà÷ó î âîññòàíîâëåíèè îïåðàòîðà Λ
η/2
θ íà êëàññå

W = {x(·) ∈ W : ∥Dν1ejx(·)∥L2(Rd) 6 ∆, j = 1, . . . , d }
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ïî ïðèáëèæåííî çàäàííûì ïðîèçâîäíûì Dνej , j = 1, . . . , d, ñ ïîãðåøíîñòüþ

δ. Èñïîëüçóÿ ñõåìó äîêàçàòåëüñòâà, àíàëîãè÷íóþ ïðèìåíÿåìîé ïðè äîêàçà-

òåëüñòâå òåîðåìû 5, ïîëó÷àåì òî æå çíà÷åíèå äëÿ ïîãðåøíîñòè îïòèìàëüíîãî

âîññòàíîâëåíèÿ (ñì. (4.5)) è ñåìåéñòâî îïòèìàëüíûõ ìåòîäîâ

m̂1(y(·))(·) = F−1

(
ψ
η/2
θ (·)

d∑
j=1

αj(·)Fyj(·)
)
(·),

ãäå αj(·), j = 1, . . . , d, � ëþáûå ôóíêöèè èç ñåìåéñòâà ôóíêöèé, óäîâëåòâîðÿ-

þùèõ óñëîâèÿì (4.7) è (4.8). Áîëåå ïîäðîáíîå îïèñàíèå ñïîñîáà ïîñòðîåíèÿ

ñåìåéñòâ îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ ìîæíî íàéòè â ðàáîòå [11].
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