Inequalities for derivatives with the Fourier transform

K. Yu. Osipenko

Moscow State University,
Institute for Information Transmission Problems, Russian Academy of Sciences, Moscow,
Moscow Aviation Institute (National Research University)

Abstract

In this paper we study sharp constants in inequalities of the following form

12 Oz, < KIF2ONE, @lz™ O, @),

where Fz(-) is the Fourier transform of x(-). The sharp value of K in the general
case (that is, for all n € N and 0 < k < n) was known only for ¢ = r = 2 and
p > 2. We obtain the sharp constant in the general case for ¢ = co, r = 2, and
1 < p < oco. We also generalized this two cases on multidimensional situation.
The sharp constants is obtained for fractional degrees of the Laplace operator
(—A)*/2 and derivatives D* of order a = (a1, ..., aq) € RY.
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1. Introduction

Inequalities for derivatives of Kolmogorov-type on the real line are tradition-
ally understood as multiplicative inequalities of the form

1)l ) < K213, ) o™ O, sy ®

where 0 < k < n are integers, 1 < p,q,7 < 0o, a, 3 > 0. It is assumed that the
function z(-) € L,(R) has the (n — 1)-st derivative which is locally absolutely
continuous on R and (™ (-) € L,.(R). The problem is to find the best possible
constant K (the smallest constant) in (1). Inequalities (1) with the best possible
constant we call the sharp inequalities.

The first sharp inequalities of type (1) were obtained by Landau [8] (for the
half-line Ry, n =2, k =1, p = ¢ = r = o0) and Hadamard [5] (for the line
R,n=2k=1p=q=r=00). In the late 30s Kolmogorov [7] determined
the exact constant in (1) for line, p = ¢ = r = oo in the general case, i.e., for
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any n > 2 and 0 < k < n. This result remains one of the most remarkable
ones in this area, and the sharp inequalities of type (1) are often referred to as
Kolmogorov’s inequalities. Paying tribute to the first result in this area, these
inequalities are also called Landau—Kolmogorov inequalities.

There are a lot of papers devoted to the search of the best constants in
inequalities of such type (see survey papers [19] and [2]). However, there are
only three more complete results for the line comparable to Kolmogorov’s were
obtained (p = ¢ = r = 2 by Hardy, Littlewood, and Pdlya [6], p=g=7r =1 by
Stein [17], and p = r = 2, ¢ = co by Taikov [18]).

Sharp inequalities for derivatives are closely connected with the problems
of optimal recovery of functions and their derivatives from an inaccurate infor-
mation about function itself or its Fourier transform (see [13] and [10]). In the
latter case sharp inequalities contain the Fourier transform of function instead
of function. It turns out that inequalities of this type can be obtained even in a
more general form. Namely, they are valid not only for allm € Nand 0 < k < n
but for some family of metrics in which the Fourier transform of function is
measured. One of the first result of such type was obtained in [10].

Let S be the Schwartz space of rapidly decreasing infinitely differentiable
functions on R, S’ the dual space of distributions, and F': S’ — S’ the Fourier
transform. Let 1 < p < oo and n € N. Set

X' ={zeS :Fa() € Ly(R), 2"() € Ly(R) }.

It was proved in [10] that for all x(-) € X, 2 < p < oo, and all 0 < k < n the
following sharp inequality holds:

. n—k k+1/2—1/p
nTi/2—1/p n nti/2—1/p
Hx( )(')HLz(R) < K(k,n,p)HFx() L:(né) ! Hx( )() L;(]é) ! ) (2)

where for 2 < p < 00

__n—k

K(k ) = n+1/2—1/p k+1/2—1/pBY/2-1/p wF1/2-1/p

1 P) = k+1/2—1/p \/ﬂ(n_k)l—up )
k+1/2—-1/p 21_1/p>

B:B<<n—k><1—z/p>’ 1 2/p

and B(-,-) is the Eiler beta-function; for p = 2

1\ 5
s

The case p = 2 immediately follows from the Hardy—Littlewood—Pdlya inequal-
ity, so (2) may be considered as a generalized Hardy—Littlewood-Pdlya inequal-
ity.

This paper is devoted to the study of sharp inequalities of such type, includ-
ing the multidimensional situation.




2. The Carlson, Levin, and Taikov inequalities

The Carlson inequality [4]

1/2
leOllzaes) < VAl 20, @12, ), Ry = [0, +00),

was generalized by many authors (see [9], [1], [3], [15]).
In particular, it was proved by Levin [9] that for p > 1,¢>1, A >0, p >0
the following sharp inequality holds:

_ 1t a p=1
o)z eyy < K7 a@) 15 @ [T 2O o, - (3)
where
W A
= ) b: )
pH A+ gA pH -+ gA
and

a b l1—a—b
K- i i 1 B a , b .
pa qb A+ l-a—-b'1—a—-5>

Lemma 1 ([3]). Let 1 < p,q < o0 and A\, x> 0. The following sharp inequality
holds:

_1tA ot
o)z @ < 27 KI5 2 ()] S “a ()¢ ()" (4)

Proof. For all positive ay, as, by, by we have (see [6])
CLtllbl{ + agbg S 217&71)(&1 + a2)a(b1 + bQ)b. (5)
Using this inequality we obtain

IOl = [ latolde+ [ latola

— 00

<i([ preora) ([ e dt)b
4 K(/OOO 1P ()P dt)a (/OOO | (1) 7 dt)b

a— _ 14X p—1
<2 VR e ()2 g 1T 2O .

The sharpness of this inequality follows from the sharpness of (3) and the fact
that (5) turns into equality for a; = as and by = bs. O

Theorem 1. Letn € N, 0 <k <n, 1 <p< oo, andp+k > 1. For all
z(-) € X, the following sharp inequality holds:
n—k—1/2 k+1—1/p

Hx(k)(')HLoo(]R) < Kl(k, n,p)HFSC( )||Z+(1]I§2 n+1/2—1/p ||33(n)( )H n+1/2 1/p (6)



where

1-b a b 1—a—b
Ky = l i 1 1 B 1-b ’ b
T pa b n—k—1/2 l—-a—-b'1—-a-b

and

a—l n—k—1/2 1 k+1-1/p
T p n+1/2-1/p T 2 n4+1/2—-1/p

Proof. Let 1 <p<oo. Putq=2, A=p(l+k)—1, u=2n—2k—1in (4) and
change z(t) by y(£). Then we obtain

ly(E)llz ) < 2~ KIIE @I 1€ ¥ T my-

If we take y(&) = ¢¥Fa(€) then we get

[ et as < 21-a-bf<( / |Fx<£>ﬁd§)a( / |§|2"|Fx<s>|2ds>b.

By virtue of the Plancherel theorem we have
2n|a® (1) < 27K (2m)° | F2 ()T gy 2™ (1 my-

It follows from properties of beta-function that

a b a+b 1-0b b
B(lab’lab)_ a B(lab’lab)'

Substituting this value in the expression for K we obtain (6).
Suppose that z(-) € X}'. If we take Z(-) such that

F3(€) = e(§)e " Fx(€),

where
L | i) Fﬁ&, Fa(€) 0,
0, Fz(§) =0,
then
[wori@e i = [ uorso)ae
R R
The cases p = 1,00 were proved in [11] (see Corollaries 1, 2). O

For p = 2 inequality (6) has the form

2n—2k—1
k—1 k41
2n

1 n 2n—2k—1 n 2k41
S Ol ey < K2 (QW) 1E2 O, 1 Ol



where
—2k—1

2n
2%k 41\ 2k 41 n
KQ = <(2k -+ 1) S1n m 2n > (271—2]@—1)

In view of Plancherel’s theorem we have

(k) 2n-2k-1 T
2 ¥ Ol < KellaOlad 12Ol 5

This inequality was obtained by Taikov [18] (without using of the Levin inequal-
ity).

3. Multidimensional inequalities

Let d;(-) and da(-) be measurable functions on R?. Assume that |d;(-)| and
|d2(+)| be homogenous functions of degrees k, n, respectively (k and n are not
necessarily integer), d;(£) # 0, j = 1,2, for almost all £ € R%. Consider the
polar transformation

§1=pcoswr,
& = psinw; coswa,

i1 =psinw; sinwsy . ..sinwg_o COSwWy_1,
¢g=psinwy sinws .. .sinwg_ssinwg—1.

Put w = (w1,...,wq—1),
d; dy(w) = |dy1(coswy, . ..,sinw; sinws ... sinwy—_s sinwg—1)|,
~(w) | a(coswy, ..., sinwy sinws . . .sinwg_2 sinwg—1)],
J(w) = 1472w sin? 2wy . .. sinwg_s.
Set

1/q
_ a3 ~i=m (B(gy/p+1,4(L=7)/r) 1
KPQT(k’n’I)_'y p(l_r)/) < (TL*]C d(]./Q*]./T)) > ’

where

_n—k—d(1/q—1/r) ~:<1_7_1_7>—1
n+d(1/r—1/p) ' g p '

We will use the following result which was proved in [3, Theorem 2] (see also
[15, Corollary 4]).

Theorem 2. Let 1 < g <p,r <oo, k>d(l/p—1/q), n>k+d(1/q—1/r),
and

~
Iy = / MJ(W) dw < oo, M4y =1[0,7]"2 x [0,27].
~q(1—=7)
a1 d, (w)



Then the following sharp inequality
ls ()Yt < Kpar (b, o) 2O, gty ()OI o
holds.

For the case when p = g we have

Theorem 3. Let 1 <p=g<r<oo, k>0, n>k+dl/p—1/r), and
I = [ 1007 (0] - )T dt < o,
R
JT2=/d da(8)| 7 (Jdy (1)) = DI dt < o0
R

(uy = max{u,0}). Then the following sharp inequality
I % ey
1dy () ()llz, way < K, )2l gay ld2()z ()l . ()
holds, where

1n k—d(1/p—1/r)

K( )—I n—d(1/p—1/7) I 71‘71. d(l/p /7 )(Ir1+lr2)1/p~

Proof. Consider the extremal problem

ldi() ()2, ey = max, [z()r, @) <6 ld2()z()lL, @ < 1.

Denote by E the value of this problem. It follows from [14, Theorem 2] that

. ra\ P
B (R Iha)

where :\\1 > ( satisfies the equation

( / ds ()75 (Jdu ()P = M) 7 ds> "

o

o= Lo ([ 1@ (@ - BT a)

Put Xl = aP* and change variables ¢ = at. Then we obtain

and

nr kp 1 np kP d 1
arS +pI/p_5a >+ - +I/T.

©F - 377 dg)w



This implies that

1
1 n—d(l/p—1/7)
Irl/p a/p—=1/7)
a = r .
6‘[7"2

After the same change of variables we have

~

Ay = 561)—7'a—n7'+kp+d(7'/p—1)‘[:1/17*1.

Thus,

1/p n—k—d(1/p—1/r) ~

E = (apk(;p + 5p—ra—nr+kp+d(r/p—l)[:1/1’*1) =¢§ »—aa/p-1/7 K(p,r). (11)

Let [|z(-)llL,®ey < o0, [d2(")2z(-)|L,®e) < oo, and [|d2()z(-)||L,®e) # O
Put

. x(t) .
z(t) = o 0=120) L, ®e-
ld2(-)z ()l 2, (ra) L (D
Then in view of (11) we have the sharp inequality
n—k—d(1/p—1/r)

n—d(1/p—1/7)
Ly (R%) ’

lds ()Z() | 1, re) < K (p, 1) |[Z()]
Passing to x(-) we obtain (9). O
Set
Y, ={a() € Lo(R?) : Fu() € Ly(R7), da()Fa() € La(R7) }.
We define the operator Dy: Y, — La(R?) as follows

Dax(-) = F~(d2(-) F())(:)- (12)
Assume that d; (-)Fz(-) € La(R?) for all z(-) € Y,. Put
Dia(-) = F~Hdi () Fz() (). (13)
We also assume that Dyx(-) € C(R?) for all 2(-) € Y,,.
Set
Mgk, ) = —p2llonnl) (14)

(27‘() 2ntd(1—2/p)

Theorem 4. Let 1 <p < oo, k>d(l/p—1), andn >k+d/2. If p>1 and
Iy < o0 then for all x(-) € Y, the sharp inequality

_ _ n—k—d/2 _k+d(1-1/p)
1Dy ()1 (rety < My (ks Tao) |2 ()| 7l 1 Do (O ey (15)

holds. If p=1 and Iz, Isa < 0o then for all x(-) € Y1 the sharp inequality

K(1,2) e 2
D12 () Lo (re) < WHFx( )||L12(Rd§ | D (- )IIZ (ﬁd) (16)

holds.



Proof. We have

Djalt) = gz [ BOFO S de, j= 1.2,

where t = (t1,...,tq), € = (&1,...&q), and (t,&) = t1&1 + ... + t4€q. Tt follows
from Theorem 2 that for ¢ = 1 and r = 2 the following sharp inequality

s (Y2 2y ey < Kprakan, T | (), g 2 () P15

holds. Taking into account the Plancherel theorem we obtain (15). Using similar
arguments from Theorem 3 we obtain (16).
For any z(-) € Y, we take Z(-) such that

F3(&) = e(§)e "9 Fa(g),

where

di(§)Fx(§)

() = [ ©Fa) MOFEA0

0, di(§)Fx(§) =0

Then
/ di (§)FE(€)e ) d&] = / |d1 (&) Fe(€)| de.
R4 R4

This implies that inequalities (15) and (16) are sharp. O

4. Multidimensional generalizations of the Taikov inequality

Consider some examples. Define the operator (—A)™*/2, n > 0, as follows

(—A)"2a() = FHE"Fe(€)(), €] =1/& +... + &

Put dy(¢) = |¢|F and da(€) = |¢]". Then operators Dy and Dy defined above
coincide with (—A)*/2 and (—A)"/2.

Corollary 1. Let 1 <p < oo, k> d(1/p—1), and n > k+d/2. Then the sharp
inequality

||(*A)k/2$(')||Loc(Rd) < My (k,n, Io)

n—k—d/2 2 _k+d(1-1/p)
n+d(1/2— 1 n n4+d(1/2—1
X | P ()| R a7 | (~ ) 22 ()| Fa T (1)
holds, where
2 d/2
o2
I'(d/2)



Proof. Let 1 < p < oo. Since di (w) = dy(w) = 1 we have
27Td/2

E2:/Hle(w)dw:I‘(d/2)' (18)

Now (17) immediately follows from Theorem 4.
Let p = 1. We have

I, :/ [t72 () = 1) dt, I =/ [t 727 ([t —1)* dt.
[t]>1

|t]>1
Passing to the polar transformation we get

klis
2n—d)2n—k—d)’

+oo .
I = / p (" = 1)p*tdplip =
1

where 15 is defined by (18). The analogous calculations give

2k2115

2 = G T k= d)2n — 2k —d)’

Substituting these values in (10) we obtain that

~ I —d 272:52(1 ’/Td/2 P
K(1,2) = | ——————— .
(1,2) <2n—2kz—d> <F(d/2)(2n—kz—d)>

It is easy to verify that

K(1,2) = Ki1a(k,n, Io).
The case p = oo was obtained in [16]. O

Note that the value of Maj(k,n,Iy) was calculated in [15]. Constants
Moy (k,n, Iy) and Moo (k,n, Io) (as Myi(k,n, o)) can be written in a simpler
form

—2k—d

2n 71/2
2k +d in 2k+d
My (k,n, Iy) = <+) (’}:(Qk + d) sin 2+ 7r> ,

2n— 2k —d n

(n+d/2)% 2n —k S
k+d v4(2n — 2k — d) ’

Mool(kana-[()) =
where
vg = 297172710 (d)2).

Consider one more example. Let o = (a1,...,aq) € Ri. We define D% (the
derivative of order «) as follows

Dx(-) = F~1((i&)*Fx(£)) ("),



where (i€)® = (i&)* ... (i€q)**. Let D; = D® and Dy = (—A)"? (thus,
d1(§) = (i§)* and da(§) = [¢]").
Set |a| = a1 + ...+ ag,
~ n+d(1/2—-1/p)
BT (= 1/p) — Jal(1/2 = 1/p)

Theorem 5. Let1 < p < oo, |a] > 0ifp>1and|a] >0ifp=1,n > |a]+d/2.
Then the sharp inequality

D2l rey < Mp1(laf,n, 1a)
_n—|a|-d/2 lol+d(1—1/p)

< PO (AP 22 ()= (19)

holds, where N N
F(onqr +1)/2) ... T((qaqs +1)/2)
L((lalgr +d)/2)
Proof. Let 1 < p < oo. It follows from Theorem 4 that sharp inequality (19)
holds with the constant My (||, n, I), where

I,=2

I= / | cos wl|o‘1a1 ...|sinw; sinws .. .sinwg_o sinwd,1|ada1 J(w) dw.
My

From the well-known Dirichlet formula we have

I'(p1/2)...T(pa/2)
290 (p1 /2 + ... +pa/2 + 1)

p1—1 ;Dd 1 _
e >0,6,2081 o déy ... dSa =
E1+..4£3<1

p1,---,pq > 0. Passing to the polar transformation we obtain

L(p1/2)...T(pa/2)
T(p1/2+ ... +pa/2)’

[ e )@ =2
g1

where
_ . . . . -1
D(w,p1,...,pd) = | coswy [Pt Lo |sinwy sinws - - - sinwg_o sinwg_q [P4 1

Consequently, I=1,.
Now let p = 1. Let us use Theorem 3. We have

Ba= [ = 1) = s~ s,
[t[>1
Iy = / 41727119 = 1)2 dt = Juz — 2Ja1 + Jao,
[t |>1

where

Joe = / [t] =2 |t | dt.
[t >1

10



Passing to the polar transformation we have
+oo
Joe = / D(w,car +1,...,cag+ 1)J(w) dw/ p2ntelaltd=1 g,
ITg_1 (I)U(w)
1 d
[ s )b = 50D
g1

2n—clal —d’

_ 1
 2n—cla| —d

where ®(w) = ®(w, —a1/|a| +1,...,—aq/|la| + 1), 8; = (2n — d)a;/|a] + 1,
j=1,...,d, and

In(a,d) = F(Zn)r (aln_d/2 + 1/2> T <ad"_d/2 + 1/2) .

|atf |af
Thus,
|af
I = I, (o, d),
2= Gasden—ja =g @9
2
Iy = 2l I, (a,d).

(2n —d)(2n — |a| — d)(2n — 2|a| — d)
Substituting these values in (10) we obtain

2n—|o|—d ||
~ 2n—d In=d 21 (a,d) 1
K1,2)=|———— e .
(1,2) <2n—2|a|—d> <2n—|a|—d>
It may be easily verified that K(1,2) = Kis(|a|,n, I,).
Now let p = oo. Consider the extremal problem

1D°2(0)] = max, [|Fe()|p @) <6 [(=A)"22()| @ <1 (20)
>t (i€)
1 [e3
» 2 A0,
sa(§) =4 1671
1, £4=0
(we recall that £* = &7 ... €5% and €Y = |&|* ... |€q]*). Let Z(-) be such
that

dsalf),  [€°] = Mg,
Fz(§) = { § (i)~
N ) é-a <A 5 2n’
where A > 0. We prove that for all 2(-) € Yo (for d2(§) = [€]|™) the following
equality

ap _ 1 6 — \s 2n T
D0 = g [ (" QI P(©)
+§ (=AY 2a(t) (—A)22 (M) dt (21)
R

11



holds. Indeed, in view of Plancherel’s theorem we have

n TR g L n —
[ A a0 =R dt = g [ Pl FRE) e
Consequently,

L €)Y — \s 2n T
ot L ()7 A P P

3ot [ e Pa(e) TR de
= 7 Lo (0" = MsalEEP ()
‘*@;dA;BMHMA%@Nﬂ%FMQd6+@;WA;KAQJQVFa@dg
- ﬁ /R (i) Fa(€) d€ = D*x(0).

Choose A from the condition H(*A)n/2f(')||L2(Rd) = 1. Then we get the follow-
ing equation to find A

52 / 9 52
ovd § "d§+7/
(2m)T Jjgaizjgpen (2m)IX2 Jigaj<ajepen

After passing to the polar transformation we obtain

5 1) 2n+d—1
— J(w dw/ nraTid
(27T)d /Hd_l («) 0 P r

§52)\—2 +00
+ / D(w, 201 +1,...,20q + 1)J(w) dw/ pint2laltd=1y,
Mg

&
G

de = 1.

(2m)® Ju, By (w)
where
_ 1 aq (6%
) =\ el d — 1., —t1]).
1) (g e Y
Further, we arrive at the equation
2 _
57)\—22”32\ 4n —2|a| Jo=1,
(2m)d (2n+d)(2n — 2|a| — d)
in which
2 d 2 d
J0:/ @(w,aanr+1,...,adn++1>J(w)dw
M, . 2n — |of 2n — |af
2n +d 2n+d
Tr — +1/2...T — +1/2
) <a14n2|a|+ /> (“‘Mnmcw+ />

r(n la| +d
2n — |a|

12



Thus,
~la]

8 (4n — 2|al) St
((27r)d(2n +d)(2n - 2|al — d) JO) - (22)

In view of (21) for any admissible function for problem (20) we have

A=

A
feY al_ A 2n d Z
D7) < gy [ €7 NEP e+ (23)

Since for Z(-) the inequality terns to equality inequality (23) is sharp. We have

/ (16| — Ae>™) de
[E|>N]g|?m

P1(w)
:/ O(w,a1+1,...,04+1)J(w) dw/ plel+d=1qp,
My 0

®1(w) lal+d 2n — |«
—/\/ J(w)dw/ PPl dp = N 2nTal
M, 0 2n+d)(al+d)""

Substituting this value in (23), taking into account (22), we obtain the sharp

inequality
—la|—d/2

D%a(0)] < K"

where s

_ n+d/2 < (n—a]/2)Jo ) n¥d/2

ol +d/2 \@2m)d(n+d/2)(n — |a| - d/2)
This implies the sharp inequality

o ST wiars

D°2(0)] < K|[Fa()l, "ol (=8)" 22,

Due to the invariance with respect to the shift we get
e /2 Ll
1D () ey < KIFe() s 1(=8)" 22O,

It is easy to check that K = Myo1(|a|,n, I,). O

For p = 2 the constant My (|al,n, I,) was found in [15]. It can be written
in the form

2n—2|a|—d _1/2
2la| +d ) n <2|a+d . 2ol +d >
—_— sin ™ )

M- 1) =
21(lal,n. o) (2n—2a| — | 2n

where
Tlag +1/2)...T(ag+1/2)
(2m)d- 1I‘(|0¢| +d/2)

Fad =

13



5. Multidimensional generalizations of the Hardy—Littlewood—Pdlya
inequality

Assume that functions d; () and da(-) satisfy the conditions stated at the
beginning of paragraph 3. We obtain an analog of Theorem 3 for the case when

q=r.

Theorem 6. Let 1 <g=r<p<oo, k>0,n>k, and
S = [ (@)t~ dx(0]) T dt <
]Rd
S = [ lda) (i (B - lda(e) DT dt < oc
R

Then the sharp inequality
n—k k+d(1/q—1/p)
lld ()2 ()L, ey < Lpgllz(: )I\Z*&éb/)q Yl () 7T (24)
holds, where

1 k+d(1/q—1/p)

L S pn+d(1/q l/p)S q n+d(1/q—1/p) (S +S )l/q
pq — :

Proof. Consider the extremal problem

Ay ( )z ()|, ey = max,  [z()lL,@ <6, [ld2()2z()llL,@e < 1.

Denote by E the value of this problem. It follows from [14, Theorem 1] that
D~ o\ Va
E= ()\15” + Ag) ,
q

where Xz > 0 satisfies the equation

(AA%QW—%M@WXZ@YM
=5( [ @l (1)1 - alaop) df)l/q

b—q

A = %6‘1‘1’ </Rd (|d1(5)|q - X2|d2(§)|q)f d5> p

Put 3\\2 = a*=™4 and change variables £ = at. Then we obtain

and

k k d
e +p51/P Sa ’rLerquﬁLaS;Q/q.

14



This implies that

Sll/p 4’!L+d(1/1q771/p)

q

a = /4 .
35,

After the same change of variables we have

N = Lga-pgateta(t/a-1/p) g 7"
p e
Thus,
E = Ly 671w

By arguments analogous to those that were used in the proof of Theorem 3 we

obtain sharp inequality (24).

O

Consider the operators Dy and D defined by (13) and (12). It follows from

(24) that for all z(-) € Y,, we have

k+d(1/2-1/p)

s OV F ) sy < Loa | PrONTTET T o ()Pl iy

L, (R%)

In view of Plancherel’s theorem we obtain

k+d(1/2-1/p)

1D 0Ol ragey < Zapl 2O Ty 77 10Oy

where
Loy = —2

(2m)dmraa o

(25)

Put dy(¢) = |£]F and d (&) = |£|™. Then operators D; and Dy defined above

coincide with (—A)*/2 and (—A)"/2.

Theorem 7. Let 2 <p < oo, k>0, and n > k. Then the sharp inequality

n—k

=820 ey < Myalhmn PO IS

k+d(1/2-1/p)

I (=A)" ()l ™

L (R%)

holds, where Mpa(k,n, Iy) is defined by (14) for 2 < p < oo and Mas(k,n,Iy) =

(27T)(17k/n)d/2.

Proof. The case p = 2 follows from [12]. Let 2 < p < oco. It follows from (25)

that

k+d(1/2—1/p)
n+d(1/2—1/p)

n+d(1/2 1/p) H( )n/2 )

(=AY ()1, ey < Lapl Fe ()l 7 5

Lo (R4)

15



We calculate Sy; and Sa5 which are used in de. We have

So1 = / (It — [¢2")7% dt = / 2% (1 1) 72
R4 [t]<1

2kp

1
N / prt (1= p* =)= p" dpls,
0
where I;5 is defined by (18). Changing variables z = p*>("~*) we obtain
f12 1 2kp+d(p—2) -1 _p_
So1 = ————— x2(p—2)(n—k) (1 — ;(;) p—2 dx
0

2(n — k)
B I 2kp+d(p—2) p
B 2(n1—2k)B(2(p—2)(n—k)’p—2 +1>'

The analogous calculations give

2
S = [ 1P = 1T ar

I 2kp +d(p — 2) D
B 2<nk>B(2<p2><nk> “’pz)‘

By properties of beta-function

B I 2kp+d(p—2) p
52172n+d(1—2/p) <2(p—2)(n—/<¢)’p—2>’
o _ _ 12(k+d(1—2/p)) B(2kp+d(p—2) p)
2T omn—k)@n+d1-2/p) \20—-2)(n—Fk)' p—2)"

Hence,

R
Lyo = Sg,” Sgo 2 (Sa1 + Sa9)'/?

L1 (B (@v/p+1,q(1 —v)/2) fm) v

:7_%(1_’7/) 2 2(7’L—k)

where v and ¢ are defined by (7) for ¢ = r = 2. Consequently,

Ly
(2m)?2 ;L(Tkz/ ) = Mya(k,m, Lo).
) *2nFd1-2/7p

Now let p = co. Consider the extremal problem

(=222 ()3, gey = max, [[Fz()|3_ @) < 6%

I(=A)"22 ()17, @ey < 1. (26)

16



Passing to the Fourier transform we have

ﬁ /R E**IF(€)? dE — max,  [|Fe()|7 g < 0%,
1
(@m)? /R €| Fa(e)*dg < 1. (27)
Let () be such that

o f8 <o
Fz(ﬁ)—{O, .

where o > 0 is chosen from the condition
1 2| ol o) (2
—_— "F dé =1.
oyt L € IPRE P de
Thus the following equality must be satisfied
& [ g dg = amy
l€l<o

Passing to the polar transformation we obtain that

<2d_17rd/2F(d/2)(2n +d) ) e
g = 52 .

Consider the Lagrange function for problem (27)

1

L(z(-),A1(-), A2) = @n)?

[ (= + m @) + Al Fa(O) ds.

Put Ay = ¢2(k=") and

) {(gwua% ~Xolél?), el <o,
0, €l > o
Then
£ M0 ) = gz [ (e AP P e > 0

and L(Z(-),A1(-),A2) = 0. Consequently, for any admissible function z(-) we

17



have

G L, PR i > (€ de

2 2 1 2n 2
+ [ M@1Fe©F - e+ ra oy [ P IFelOP g~ 1)
= L(x(-), M(+), A2) — 62 /Rd A1(€) d€ — Ao
> L(E(), M(), A) — 6° » A(E) dE — Az

~ 7 P IPRR e

It means that the value of problem (27) (and (26)) is equal to

1 / 2| e ¢ |12 2 1 2k g cUn—k)
— EFNF(E)]7dE =0 E7NdE = M*§mra |
gt L, IERO) i €
where
_ (Qn + d) Intd 1 2ntd
T V2k+d  \20-17/2T(d/2) '
Thus,

2(n—k)
(-2} ) < MO

It follows from this inequality (as in the proof of Theorem 3) that

n—k k+d/2
(=222 () ey < MI[Fa ()| 550 1(=2)" ()Ilzjﬁi)

It remains to note that M = My (k,n, Ip).
Consider the case when Dy = D%, Dy = (—A)™/? and p = cc.

Theorem 8. Let n > |a|. Then the sharp inequality

—_~ |a|+d/2
1Dz ()|, rey < Mal|Fa(- )llZM(féd)H( A Pa (|| e (28)
holds, where
laltd/z
Md _ (’I’L + d/2) EnFd Jantd
Vie[+dz ™
and d/2 d/2
r(a1"+ / +1/2>...1“(04d”+ / +1/2)
P e n—lal ")
(@myir (plol /2
n — |a

18



Proof. Consider the extremal problem
IDe( )7, ®ay = max, [|Fz()|7 gy <67
I(=2)""22 ()17, ey < 1. (29)
Passing to the Fourier transform we have
1 [e%
Gy L, IR de > max [FaQ)lf, ) < 6
1 2 2
— " F dé<1. (30
oy [ PP ds <1 G0

Let Z(-) be such that

{6 e e,
o) = {o, €20 < AlgPn,

where A > 0 is chosen from the condition
1 2| ol ey (2
— "F dé =1.
[ RO de

Thus the following equality is valid

e [ €2 dé = (2m)7,
[£22]>N[g|2m

Passing to the polar transformation we obtain

q>2((.d)
52/H J(w) dw/o Pl dp = (27m)9,
d—1

where
aq

Bo(w) = AT (w, — 1, 2 ).
n — |af n — |af

Hence,

n—|al

) 52J1 Td%
B (n—l—d/2> '

Consider the Lagrange function for problem (30)

L0 M0 ) = g [ I+ M) + Ml de
Put Ay = A and
! 200 _ 2n 2a om
Me) = | @ma (1€ = dalePm), 12> Ngp,

O~

, €2 < Al¢P*.
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Then

and
have

LEOMNON) = o [ e NI 2 0

L(Z(),A\1(),A2) = 0. Consequently, for any admissible function z(-) we

G L1 IR de > s [ e IPa(e) de
2 2 L 2n T 2 _
+/Rdxl<§><|Fx<s>| _mgw((%)d / €27 Far(e) e 1)
= L(z(-), A1), Ag) — 62 /]R A1 (&) d€E — Ny
> L(E(), M (), Aa) — 62 / A (E) dE — Ay

Rd

1 .
— i L, 1€ IFFO P de

Thus, the value of problem (30) (and (29)) is equal to

1

4(n—|af)

1 2c = 2 2 2a 72
— F d¢ =6 d¢ = M35+ .
(2 )d /d |£ || 1'(5)‘ 5 (2 )d ‘/|'520|>/\£2n ‘g ‘ £ d

Hence, for any admissible function z(-)
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