BOCCTAHOBJIEHUE ®YHKIIUN 1 X
ITPOM3BO/JHBIX IO HETOYHO 3AJTAHHOMY
CIIEKTPY

I. T. MATAPIJI-MJIBLEB, K. 0. OCUIIEHKO, B. M. TUXOMINPOB

AHHOTAIIMA. W3y9aioTcs ONTUMAaIbHBIE METOIBI BOCCTAHOBJICHWS
GbyHKINN 1 WX TPOU3BOJHBIX M3 CODOJIEBCKOTO KJIACCA MO HETOYHO
33]AHHOMY B CPEIHEKBAIPATUYHON HOPME HA KOHEYHOM OTPE3Ke
npeobpazoBanuio Pypre. IlocTpoeHo ceMercTBO ONTUMATBHBIX Me-
TONOB, B KOTOPOM KAXKJ[bIl METOJ] TOYEH HA HEKOTOPOM IOJIIPO-
cTpaHcTBe neabx GyHKIwmit. CTpOATCS ONTUMAILHBIE METOIBI BOC-
CTAHOBJIEHUS [IJIsi D0JIee MUPOKUX KJIACCOB (DYHKITHH, TPEICTABIIS-
FOIIUX CyMMY HCXOJHOTO CODOMEBCKOrO KIACCA U TOMIPOCTPAHCTBA
meTbIX PYHKITAI.

BBEJIEHUE

Pabora mocBsmera BompocaM BOCCTAHOBJIeHUsT (DYHKIHA U WX TPO-
M3BOJIHBIX Ha MPSIMOi 10 TPUOJINKEHHO N3BECTHOMY HA KOHETHOM OT-
pe3ke npeobpazoBanuio Oypbe 31ux byHKIM. B npeanonsoxkennn, 9To
GYHKIINY TPUHAIEZKAT HEKOTOPOMY KJIACCY, MOYKHO TIOCTABUTD 33,149y
0 BBIOOpE HAMJIYYIIero (ONTHMAIbHOIO) METOIa BOCCTaHOBIeHus. B [1]
JiIst PYHKIMH 13 cOD0JIEBCKOTO KJIACCA TaKnue MeTO bl ObLIN HAaNIeHHI.
OHE ycTpoeHBI Tak, 9TO 3a MPeIeIaMu HEKOTOPOro OTpe3ka WHMOP-
Marus o npeodopazosannn Oypbe oka3biBaeTcs JulrHeit, a Ta nHdOpP-
MaIys, KOTopas UCHOJIb3YeTCs, OpeIeJIeHHBIM 00pa30oM (PIIbTPYeTCs
(cryrazkuBaeTcst).

B nmannoit pabore dopMmymupyeTcs pe3yJbTaT, B3 KOTOPOTO BHITEKA-
€T, 4TO, HA CAMOM JieJie, CYIIEeCTBYIOT IeJIble CePUU ONTUMAJTHHBIX Me-
TOJIOB BOCCTAHOBJICHUST (DYHKIUN ¥ UX HPOU3BOAHBIX, OTJIMIAIONIUECS
pasandHbiME criocobamu pusibrpanun ucxoanoit nudgopmannn. Kazxk-
JIBIIt U3 9THX METO/OB SIBJIZ€TCS TOYHBIM HA HEKOTOPOM TIOIIPOCTPAH-
CTBE NEJBIX (DYHKIINA, U B 9TOM CMBICJIE CPEJIU HUX €CTh “HAMIyqIInuii’,
a UMEHHO TOT, KOTOPbIil TOYEH Ha HamOoJiee MUPOKOM M3 TAKUX TOJI-
MPOCTPAHCTB.

DTH Pe3ysIbTATHl COTJIACYeTCsl ¢ MPAKTHKOW: MPH BOCCTAHOBJIEHUH
CUTHAJA TIO0 HETOYHOH WH(MOPMAIMH O TAPMOHUKAX BBICOKOYACTOTHBIE
KOMITIOHEHTHI OTOPACHIBAIOT, & OCTAJTbHBIE T€M WJIH WHBIM CIIOCODOM

Pabora soimonnena npu ¢urancosoit momaepxkke Poccuiickoro ¢onga dymnma-
MeHTaJbHbIX nccsenoBannii (rpartst Ne08-01-00450 n Ne10-01-00188).
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crmaskuBaoT (QUILTPYIOT), YTOOB HUBEJINPOBATH €CTECTBEHHbIE MO-
I'PEITHOCTH U3MEPEHU .

1. ITIOCTAHOBKA 3AJTAYU

[Tyctb n — Harypasabroe uncao. O6ozuadum depe3 Wi (R) cobosies-
ckoe npocrpancTBo bynknuii () € Ly(R), y koropeix (n — 1)-as mpo-
U3BOHASA JOKATBHO abcomoTHo HermpepesHa 1 2™ (-) € Ly(R).

[ycrb 0 > 0, Ay = [—0,0,,0 <k <n—-1,0 >0u W € W}R)
— HeKoTopbiil Knace gpyuknumii. [TocraBum ciemytoniyto 3aaa4dy. lomy-
cruM, 90 npo GyHknuo z(-) € W n3pectHo ee npeobpazosarue Oyphe
Fz(-) na A, ¢ ToanocThio 70 0 B Merpuke Lo(A,), T. e. u3BecTHa ByHK-
nus y(-) € La(A,) takas, ato ||[Fz(-) —y()||L,a,) < 0 (ecom 6 = 0, To
Fz(-) na A, usBecrro To4yno). Kak HamwmydimuM o6pa3soM BOCIOIb30-
BaTbCs 9TOM MHMOPMAaIeil, 9TOOBI BOCCTAHOBUTHL caMy (DYHKIUIO UJIH
ee k-yio mpousBoauyio B Metpuke Lo(R)?

Beenem caenyomue oboznadenusi. [Tycrs I, WP(R) — Lo(A,)
— orobpakenue, conocrapisoniee z(-) cyxenme Fz(-) Ha A, a
I2: W (R) — Ly(A,) — MHOrO3HAaUHOE OTOOpayKeHHe, OMpeIeeHHoe
o bopmyes 192(-) = {5() € La(A,) | |La() — ()l raam < 8}
(I = I,). Torna nndopmanus 06 () € W sakaovaercs B TOM, 9TO
ussectra bynknns y(-) € Iz (-).

[Tox 3amadeii onrumanabHOro BoccraHoBienust k-oit (0 < k < n —
1) mpoussomHoii dbyukuun u3 knacca W B merpuke Lo(R) mo yka-
3aHHON MHAOpMANUKU HMOHUMaeTcsd cieayiomniee. Jlioboe orobpazkenue
m: Ly(A,) = La(R) obbsiBiasiercst MeTogoM BoccTanoBeHus . [Torper-
HOCTBIO 3TOT0 METO/a HA3BIBAEM BEJTHUUHY

e(D*, W, I2,m) = sup 12® () = m(y()) ()l o)
z(-)eW, y(-)eld=(-)

rae DF cumBosamsupyer omeparop k-kparHoro muddepeHnnpoBanus
(D° — ToxmecTBeHHbIH OnepaTop).
Hac unTepecyer ennauna
E(DYW.I) = inf  e(D"W.I;.m),
m: Lo (Ag)—>L2 (R)

KOTOPYIO HA30BEM NO2PEULHOCNDI0 ONMUMGALHO20 80CCMAHOBAEHUA T
meron m = m(k,o0,0), Ha KOTOPOM HHKHsISl IPaHb JOCTUTAETCH, T. €.
JIJIT KOTOPOTO

E(D}, W, I2) = e(D*, W, I3, ),

y 4oy
HA3BIBACMBIl ONMUMAALHM MEMOJOM BOCCINANOBAEHUA.

Bajauy naxoxjenns sejudaunbl F(DF W, I2) u coorercrayiomero
onTEMATBLHOTO MeToma HasoseMm (DF, W, I?)-3amaueii.

Ckazem, aro meron m mouen na x(-) € WH(R), ecimm 20 (.) =
m(lyz(-))(+). Ecmm L — nommuoxecrso WY (R) n merox m Toden na
KaxK 10 MyHKIUU u3 L, TO TOBOPUM, YTO METO/ M moyeH Ha L.
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[Ipu mocTpoennn METOIOB MPUOJIMKEHUH 4ACTO OT METOJ/IOB TpedyeT-
¢ UX TOYHOCTH Ha KaK MOYKHO 6oJiee MUPOKOM MHOMKECTBEe (DYHKIHi
(TakoBa cHTyalMsi, HAIPUMED, ¢ KBaJpaTypHbiMu (hOPMYJaMu, TJe B
KAYeCTBEe TAKUX MHOZKECTB PACCMATPUBAIOTCS aare0pandecKue MoJIuHO-
MBI, & B EPUOUIECKOM CJIyIae — TPUTOHOMETPHYECKHE MOJTUHOMBI ).

[TpuBeIeHHBIA BBIIIC IMOAXOM K OHPEIeICHUI0 ONTHMAJILHOTO METO-
JIa BOCCTAHOBJICHUSI, KAK HAWJIYUIIEr0 MeTOJa i Beex (pyHKuuii u3
JIAHHOTO KJjacca, uaeosorndeckn BocxomuT K paboram A. H. Koamo-
roposa 30-X TOJOB 0 HAXOXKJECHUHN HAWIYUIIAX CPEJICTB NPUOTHAKEHUS
st kaaccos ¢gpyuknuit. Cama 3aja49a ONTUMAIBHOTO BOCCTAHOBJICHUS
(HO JJIg JTMHEHHBIX (DYHKIIHOHAIOB 110 TOIHON WHMOPMAINT 1 B KOHEU-
HOMEPHOIi curyanuu) Brepsbie Gbi1a pacemorpera C. A. CmossikoM [2].
PaznuaaeiM ee 0000IIEHESM MMOCBSIIEHA JOCTATOYHO OOIIMPHASI JIATE-
parypa. B Mmonorpadusx [3]-[6] MoxkHO HANTH MHOXKECTBO KOHKPETHBIX
Pe3yILTATOB U JTOMOJHATEILHBIE CCBHLIKH.

[TepBbie pe3yabraThl, Kacarolmuecs ONTHMAJIHHOIO BOCCTAHOBJICHUS
JIMHEHHBIX ONEPATOPOB 1O HETOYHONH MHMOPMANUH, ObLIH MOJyYeHbl B
pabote |7]. TanbHeiinee pa3puThe 3Ta TeMaTHKa HOJAydniIa B paborax
aBTOPOB [8] 1 [9], rye NCHOMB3YIOTCST TOIXO/IBI, OCHOBAHHDIE HA METOAX
TEOpUH SKCTpeMyMa. PaccMmorpenne 3a1a4 ONTHMAJBLHOTO BOCCTAHOB-
JICHW] UMEHHO € STHX O3 171 JTUHEHHBIX (DYHKIIMOHAJIOB BIIEPBLIE
6110 npenpunATo B [10].

2. DOPMYJIMPOBKA PE3VYJIbTATOB

[Iycts 0 > 0. O6oznaunm 1depe3 B, o(R) nommpoctpanctso B Lo(R),
obpa3oBaHHOe CYKeHHAME HA R meabx byHKINi IKCIOHEHIHATLHOTO
tuna o. Kak xopomo ussecrno, z(-) € B,2(R) rorga u Toapko roraa,
Korpa Hocuresab Fx(-) mpunagiexur orpesky [—o,ol. Tlo onpenene-
HUIO, BQQ(R) = {O}

Ecmu 2(-) € B,»(R), To () € B,o(R) aas moboro m € N (1o
HepaBeHcTBY bepminTeiina s meabX (PYyHKIUA SKCITOHEHINATHHOTO
Tuna), B yacraocru, B, »(R) € W (R).

PaccMoTpuM 33121y ONTHMATBHOTO BOCCTAHOBICHHUS k-Oit MPON3BO/I-
woit (0 < k < n) Ha cobOJIEBCKOM KJIacce

Wi (R) = {z(-) € WHR) | |2 ()] Ly <1}
[Iycts 1 < k <nud > 0. [Homoxum

n\ zom (27 2
521 () (ﬁ) » 9>0,

400, 0=20
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1 1
n—~k\* (27\ >
— 0>0
02 = ( n ) (52> ’ -

+00, 0=0.

Besmunna 0,/07 onpenesena mpu 6 > 0 u He 3aBucur ot J. Jloonpe-
JIEJIM €€ TeM 2Ke 4ucjaoM u npu 0 = 0.

Teopema 1. ITycmv k,n — yeawvie, 0 <k <n,c>0wud>0.
1) Ecau k > 1 u 09 = min(o,57), mo

k
— n—k 1
Uk\/n2 k <E) 52+Ta O-Sa-\h
™ n o“n
E(D", W§(R),13) =

(E) ) o >0y,

u das Kaxcdozo o' makoz0, wmo

(1) 0<o' < g—jao
MeMOoo
o N0 = 5 [ (ierule)e de

-1
1 RgA n n ﬁ 5 2n ict
tor <1+n_ (5 ) YO de

asazemes onmumanvrom 6 (DE WI(R), I9)-3adane u mownvim na
nodnpocmparcmee By o(R).
2) Ecau k=0, mo

E(D°, W3 (R), I%) = 4/ i 4
N U VN

u daa xasncdozo o > 0 maxozo, umo o' < o memood

1

27 €|<o

2n -1
- QL (1 + (5) ) y(&)et d¢
T Jo'<lg|<o o

asasemes onmumanvrom 6 (DO, WH(R), I2)-3adane u mounvim na
nodnpocmparcmee By o(R).

m(o, o', y(-))(t) y(&)e’ d¢

CraenaeM HECKOJIBKO 3aMeUYaHHUil 10 MOBOAY C(OPMYJIHPOBAHHON TEO-
PEeMBbI.

B uactu 1), ecyin § > 0, 10, KaK BUJHO U3 BEIPAZKEHUS JI/Is IIOTDEITHO-
CTH ONTHUMAJILHOTO BOCCTAHOBJIEHUS, NH(MOPMAIHA O TTpeodpa3oBaHuu
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Dypbe (M3MEPEeHHOM ¢ TOYHOCTHIO §) 3a IpejiesaMu OTpeska [—ay, 0]
OKa3bIBaETCA JII/H_HHeﬁ, MMOCKOJIBKY €€ HaJIMYhe HE YMCEHbIMaCT BeJINYIHN-
Hy norpemsocTd. MapiMu cioBaMu, 00beM 1o1e3H0i nHOPMAINT 0 |
HOIPENIHOCTD €€ M3MEPEHUS O IOJIZKHBI OBITh CBI3aHBI COOTHONICHUEM
o <0, T e.

n

2 _2n N\ %
< - .
0o _27T<k)

[Ipu 9TOM, KaxKIblii M3 ONTUMAJLHBIX METOJOB, UCHOJIb3Yst HHQOP-
MAaIMIo TOJBKO Ha OTpe3Ke [—0g,0p], GUIABTpyeT ee Ha MHOXKeCTBe
{&| 0" <|€] <00} nne duabrpyer Ha [—o’, 0'], ecnin o' > 0.

[IpocrpanctBo By o(R) npu o’ = (0/7,) min(o, 01), 04eBUAHO, MAK-
CHMAJIBHO TTHPOKOE W3 TeX, HA KOTOPBIX ONTUMAIBHBIA METO TOUEH.

Eciu § = 0, T0 9em GoJibllle ¢, TeM MEHBIE HOTPEITHOCTD OINTH-
MAJIHOTO BOCCTAHOBJICHHS, U HHGOPMAIHs DUIBTPYETCS HA MHOMKE-
crBe {& | o’ < || <o} (09 = 0) u ne unbrpyercs na [—o', 0'], ecam
o' > 0.

Bo BTOpOii wacTH TEOpeMbl, KOrja BOCCTAHABINBAETCS cama (DyHK-
IUsT, TIONPENTHOCTD ONTHMAJIBLHOTO BOCCTAHOBJIEHHsI yOBIBAET ¢ POCTOM
o He3aBUCHMO OT TOTo 0 > 0 wan § = 0. Cpenn onTUMaJIBHBIX METOI0B
ecthb “ecrecrBeHHblil” (mpu o' = o), conocrapistomuii y(-) GyHKIUIO,
npeobpazosanre Pypbe KOTOPOit paBHO y(+) HA [—0, 0| ¥ HYJIIO BHE TO-
IO OTPE3Ka.

13 TOro, 4ro MOCTPOEHHBIE ONTUMATBHBIC METOJbl TOYHBI HA TOJI-
HPOCTPAHCTBAX TEJbIX MYHKIMH BHITEKAET, YTO HTU METO/Ibl SABJIAIOTCH
ONTUMAaJbHBIMU Ha 0oJjiee MUPOKUX KJaccax yHkimii. Tounee, mme-
eT MeCTO CJICJIYIOIIee YTBEPKICHUe: ECAU T — ONMUMAGALHOT AuHel-
norli memod 6 (DF, WH(R), I9)-3adaue, mounwiii na nodnpocmpancmee
L Cc WE(R), mo on asasemcsa onmumanvroim u 6 (DF Wi(R)+ L, I2)-
3adae.

Heiicrurensno, nyerb z(-) € WiH(R) + L, z(-) = z1(-) + z2(+), rae
x1() € WH(R), z3(+) € L u nyers y(-) € Lo(A,) Takoe, uro ||[,z(-) —
Y() oty < 6. Tomommt g(-) = () — Lws(). Torma () € Lo(A,)

%1
2) 121 () = 11Vl atan) = Moz () = y()lLaian) < 0.
13 smueitnoctu u TOIHOCTH 71, HA L cjlaeayeTr paBeHCTBO
—~ k —~
3 Nz®C) = YO Ola@ = 1277¢) = Ay ()l Ly
Benauuuna crnpasa B (3) B cuiay (2) He mpeBOCXOIUT
e(D*, W (R), IS, ) = E(D*, Wi(R), I2).

[Tepexos B eBoii uacTu (3) K BepXHeil IpaHu M0 BCeM YKa3aHHBIM (- )
u y(+), nosydaem, 4ro

e(D", W3 (R) + L, I;,m) < E(D*, W' (R), I;).
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[Tockosmexy W3 (R) C W3(R) + L, nmeem

E(DF, W3 (R), I3) < E(D*, W (R) + L, I?)
< e(DF, W3(R) + L, I3,m) < E(D*, Wj'(R), 7).

e )

Otciona BUAHO, uTO M — omnTuMaibubiii meron B (DF WI(R) +
L, I°)-3ajaue u 3HadeHWe TOTPENTHOCTH ONTHMATBHOTO BOCCTAHOB/IE-
HHs B 9TOil 3aja4e COBIAJAET ¢ COOTBETCTBYIONIMM 3HAUCHUEM JIJIs
(D*, W2H(R), I?)-3a1aun.

Takum obpasom, npu 1 < k < n 1y Bcex ¢, yIOBIETBOPSIONIAX
uepaseHctBy (1), u npu k = 0 jst Becex o/ < o

E(D*, W3 (R) + By 2(R), [;) = E(D", W3 (R), I;).

B ¢BsA3M ¢ 9THM €CTeCTBEHHO MOCTABUTD 0OOJIee ODIIYIO 33129y O HAXOXK-
jenuu ourumasibaoro meroga B (DF WIR) + By, 2(R), I,,, §)-3ana4e
gt 006X 0 < 01 < oo u 0 < gy < 00.

[Tepen HoOpMyIHPOBKOI COOTBETCTBYIOIIEIO pPe3yJibTaTa BBeJIEM
Hexoropsie oboznavenud. Ilycts 1 < k < n—1, > 0 u 01, 09 —
Te 2Ke, 9T0 U B Teopeme 1. ITomoxkum

21:{(01702)€R2’0<¥01§02§01}7
01

ok N
222{(01702)€R2|0§02§;01, 0<U1§U1}7
01

S5={(01,02) ER* |01 >51, 0< 0, <0 },

24:{(01702)€R2’82§U2§?_T201}-
01

Ha PHUCYHKE 5TH obacTu BBITVIAOAT TaK

O9 = 01
y
02

02

2 O3 = <01
01
24
09 = 8’2
Yo Y3
o1 = (/7\1 01
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[ToJstozkuM, Kpome TOTO,

(4)

'(ngaaf(k_n))a (01,02) € Xy,
- (ﬁ) a%k,af(k_n)> , (01,09) € X,
QW(Xl’Xz) B n—k (2r\" k (2n e
0 (ﬁ) . (ﬁ) ) , (01,09) € 3,
E(n—k\"T g
a%k,ﬁ ( - ) oy > : (01,02) € 34,
u
((01,02), (01,092) € ¥,

02
(017 ax__o-l> ; (017 0-2) S 227

/ / 1
(‘71702) = R
(01, 09), (01,09) € X3,

!
(8_02’02) , (o1,09) € Xy,
\

2

Teopema 2. Iycmv k,n — yeavie, 0 < k <n ud > 0.
1) Ecau oy > a1, mo E(D*, W(R) + B,,2(R), I3 ) = co.

YT o1
2) Ecau k> 1 u d >0, mo das scex oy > 0, o9 > 0 maxuzx, wmo

oy < 01
E(D¥, W2(R) + By, 2(R), I2) = \/ X162 + 27A,,

u npu ecex oy € [0, 01] u g9 € 09, 05| MemMOBL
1 2

T/fL" 5,01,02 . i 7 k €i€td
(00, 72, y() () /5 PRGATERE

:27T

1 , ¥ A
+ o5 (i) =y (€)™ d€
21 Joclg<e T A4 Al

ABAANOMCA ONMUMANDHLMUL.
3) Ecau k =0 u d > 0, mo das scex gy > 0, 09 > 0 maxuzx, wmo

oy < 01
? 2 0'272 )T o1 2 %7’17
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U npu 6cex oy € (09, 01| MeMOJvL

1

ifon oy N0 = 50 [ yleeas

1

1 2n A

L) (e () e
T J&.<|€|<o1 01

ACAANOMCA ONIMUMAADHBIMU.
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