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O MeToZax BOCCTAHOBJIEHNS aHAJIUTUYECKNX (PYHKIWIA,
TOYHBIX HA MOAIPOCTPAHCTBAX IEJIbIX (DYHKITHIT

B pabore mocTpoeHBI CeMelCTBa ONTHMAJbHBIX METOI0B BOCCTAHOBJICHIS
AHAJUTUYIECKUX B [1010ce (YHKIMN M X MPOM3BOIHBIX II0 HETOYHO 3aaHHO-
My cieny mpeobpazoBanus Pypoe stux byukiumil Ha BemecTBeHHON ocu. [Ipu
9TOM OT METOIOB JIOIOJHUTEILHO TPeOyeTcs, ITOOBI OHU OBLJIN TOTHBI HA TOM-
NPOCTPAHCTBAX IEIBIX DyHKIHIA.

Bubsmorpadus: 12 nazBanwmii.

KuroueBble cJIOBa: K1acChl Xap/y, ONTAMAJIbHOE BOCCTAHOBJIEHUE, IIPe-
obpazosanue Pypne, mesbie GYHKINN.

§ 1. BBenenue

OpHa w3 pacmpOCTPAHEHHBIX UL MPU MOCTPOSHUH YHUCIEHHBIX METOIOB COCTO-
UT B TOM, YTO HIIYTCSA METO/bI, TOUHBIE HA HEKOTOPOM MOANPOCTPAHCTBE (DYHKIIHIA.
Ilpu 3TOM HUCXOIAT W3 €CTECTBEHHBIX COOOPAYKEHUI, OCHOBAHHBIX HA TOM, 9TO €C-
Ji ucxoaHas QYHKIMS TPUDIUKACTCS ¢ JOCTATOYHON TOTHOCTHIO SJIEMEHTAME 3TO-
IO IOJIIPOCTPAHCTBA, TO U COOTBETCTBYMOLIMI Mero) (KaK NPaBUIIO, SABJIAIOMIMAC
HEKOTOPbIM JIMHEHHbIM (DYHKIMOHAJIOM WJIM OLEPATOPOM OT 310l (dyHkuuu) Oy-
JIET UMETh [PUEMJIEMYTO OIPEIIHOCTh. XAPAKTEPHBIM IPUMEPOM 3/IECh SABJISAIOTCS
KBaIpATypPHBIE (DOPMYIIBI, TTOCTPOEHHBIE M3 YCIOBUS WX TOYHOCTH HA ajredpande-
CKUX MHOTOYJIeHAX (PUKCUPOBAHHOW CTENeHU, 8 HAnOOJIee SPKUM MPUMEDPOM SBJIs-
10TCs KBagparypHbie dopmMysbl Faycca (cMm., Hanmpumep, [1]).

Jpyroit moaxo K MOCTPOEHUIO YUCIEHHBIX METO/IOB, & B O0JIee MINPOKOM CMBbICIIE,
K allIpoKCAMaIuu B 1eyoM, ces3ad ¢ uaesmu A. H. Koamoroposa. B 3rom ciyuae
BHaJIas e (PUKCUPYETCS HEKOTOpas ampuopHasd uHopManus O PYHKIUAX — HEKO-
TOopoe MHOXKeCTBO (byHKIMIi (KJacc), /i KOTOPbIX 3aT€M CTPOMTCH OLTHMAJIbHbLIL
(Hamsydmit) MeTo/, U3 yCJIOBUS €r0 MUHUMAJIBHON HOIPEIIHOCTH Ha ITOM KJIACCe
dbyurnmii. 31ech TaK¥Ke OTHUM W3 XapPAKTEPHBIX TPUMEPOB SIBJISIOTCS KBAIPATYP-
Hble (bOPMYJIBI, BIIEPBBIE TIOCTPOEHHBIE B Takoii mocranopke C. M. Hukonbckum [2].

B pa6ore [3] 6bL10 MPEIIOKEHO COBMECTHTD 3TH J[BA TOAXO0/A: OJMH, MIYIIHHi OT
Taycca u ocHOBaHHBII Ha MOCTPOEHUH METOJOB, TOYHBIX HA MOAMPOCTPAHCTBAX, W
apyroii, uaymuit or A. H. Kosimoroposa, KOTOpbIii OCHOBaH Ha IIOCTPOEHHH METO-
JIOB, ONITUMAJBHBIX HA JAHHOM KJjacce. lHade roBopsi, MpeIaraaioch UCKATh METO-
JIbl, KOTOpPbIe ObLIH Obl ONTUMAJIBHBI HA KJIACCE U B TO K€ BPEMsi TOYHBI HA HEKO-
TOpoM (PUKCHPOBAHHOM IMOANpPOCTpaHCTBE. B paMkax Takoro moaxoaa B paborax
[4] u [5] GBIIM perIeHBI HEKOTOPBIE 33aMH O BOCCTAHOBJICHNH DEIIEHUH ypaBHEHUI
MaTeMaTUIeCKON (DU3UKHY.
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B nannoit pabore paccMaTpuBaIOTCA 33a97 MOCTPOEHUST ONTUMAJIBHBIX METOIO0B
BOCCTAHOBJIEHUS AHAJUTUIECKUX B TOJI0CE (DYHKIINN U UX TPOU3BOILHBIX IO HETOUHO
3aJaHHOMY cieny npeobpaszoBanusg Pypbe 3TuX (PYHKIHA HA BEIECTBEHHONH OCH.
IIpugem oT ONTHMAJIBLHBIX METO/OB JOMOJHATEILHO TpebyeTrcs, ITOObI OHH ObLIH
TOYHBI HA MOAIPOCTPAHCTBAX MEIbIX (DYHKITHIA.

§ 2. IlocranoBKa 3ajjayn

IIycts X — smHeitHOE MPOCTPAHCTBO, Y, Z — JWHEWHbIE HOPMUPOBAHHBIE TTPO-
crpaictBa u A: X — Z, I: X — Y — nuneiiasie oneparopbl. Paccmarpusaercs
337292 00 ONMTUMAJIBLHOM BOCCTAHOBJIEHWM 3HAYEHUi omepaTropa A HAa MHOMXKECTBE
W C X mo HeTOo4HO 33JaHHBIM 3HAYEHUsIM orneparopa I Ha 3eMEeHTaX 3TOro MHO-
xkecrBa. Cumraercs, 9To [Uisl KaxKI0ro djeMenta © € W usBecrno 3Hadenve y € Y
rakoe, 410 |[Iz — y|ly < d, rue § > 0 — 4uciio, XapakTepusyouiee norpeHoCcTb
ncxonauo#t madopmarmu 06 smementax muokectBa W. Tpebyercs mo 3HadeHuio y
BOCCTAHOBUTH HAMDOJEe TOUYHBIM 0Opa3om 3Hadenue Ax. JI00oi MeTom BOCCTAHOB-
JIGHUsT TIPEJICTABIIIET u3 cebs oTobOpakenwme m: Y — Z, KOTOPOe 3JIeMeHTy Yy € Y
CTaBUT B COOTBETCTBUE 3HadeHue m(y) € Z, IpUuHUMaeMOe 3a MpUOJINKEHHOe 3HA-
uerne Ax.

ITorpemuocThi0O METOMA M HA3BIBACTCS BEJIMIUHA,

e(A,W,I,6,m)= sup ||Az — m(y)||z.

zeW, yeYy
Hz—ylly <8

OnTuMaJILHOM TOTPENMTHOCTHIO BOCCTAHOBJIEHUA HA3BIBACTCA BEJINYIUHA

B(A,W,1,6)= inf

inf e(A, W, I,6,m),

a METOIBI, Ha KOTOPBIX JIOCTUTAETCS HUKHSS TPAHb, HA3BIBAIOTCS OMTUMAJIbHBIMY
na mHOXkectBe W. CdopmynmupoBanHas 3a1a9a OTHOCUTCA K TEOPUU ONTUMAJIb-
HOI'O BOCCTAHOBJIEHHsI. bBosiee mompobHble cBejieHUsT 00 ITOH TEOpHHM M 33/a4ax,
paccMaTpUBaeMbIX B PaMKaX 9TOI TE€OpHH, MOXKHO HafiTH B 0030pHOIl cTarbe [6] u
monorpadusx [7]-[10].

IIycts L C X — smmeiinoe mognpocrpancTtso X. Bynem roBoputh, 910 MeTOn
m:Y — Z rouen na L, eciu Ax = m(Iz) aius Beex © € L. PaccMorpum MHOKECTBO
€, cocrosiiee U3 JUHEHHbIX oreparopoB m: Y — Z, rounbix Ha L. ITosoxum

EL (AW, I,6) = mlggL e(A,W,I,6,m).
Meto/pl, Ha KOTOPBIX JOCTUTAETCS HUXKHSIS IPAHb B 9TOM PaBEHCTBE OyneM Ha3bl-
BaTh onTuMaJbHbIME HA W cpenu TouHBIX HA L.

IMox cymmoit MHOXKeCTB A W B U3 JWHEHHOTO MPOCTPAHCTBa OyIeM TMOHUMATH

MHOXKECTBO

A+B={a+b:acA beB}.

[TPEMVIOKEHUE 1 [4]. ITyemv L C X — aunetinoe nodnpocmparncmeo X u
m*:Y = Z — Aunelnviil onepamop, ASAAOUUTCA ONTMUMAALHIM METNOIOM 60C-
cmanosaenusn onepamopa A na muoorcecmee W + L. Tozda

EL(A,W,1,6) = E(A,W + L,1,5).
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Ecau Ef (AW + L, 1,6) < 00, mo m* — onmumarvuoili memod na W cpedu mou-
HoLx Ha L.

Tem caMbIM 19 HAXOXKIEHWUS JUHEHHBIX ONMTUMANLHBIX HA W MeTomoB cpean
TOYHBIX Ha L JOCTATOYHO HANTH B MHOXKECTBE ONMTHUMAJILHBIX MeTomoB Ha W + L
JIUHENHBIE.

B mammoit pabore paccMaTprUBaeTCs 3a7a49a ONMTUMAIHLHOTO BOCCTAHOBJICHMST aHA-
JUTUYECKHUX B I10JIOCE

Sg={z€C:|Imz| < S}

GbYHKIWI ¥ UX MTPOU3BOIHBIX MPHU YCJIOBUU, YTO METOJbI BOCCTAHOBJIEHUS TOYHBI
HA HOJAIPOCTPAHCTBaX Heablx GyHkiuii By o(R), apasonmmes TOIPOCTPAHCTBOM
B Lo(R), obpazosanubiv cyxkenusamu Ha R nesbix QyHKUuM 9KCIOHEHIMAILHOIO
THUTIA 0.

Iepeiimem kK TOUHOIM mOcTaHOBKE 331a4u. [IpocTpamncTBom Xapan ’Hg Ha3bIBAETCS
MHOXKeCTBO (QYHKIWI f, aHATUTHYIeCKNX B mojioce Sg, A1 KOTOPBIX

1/2

g = (w3 [+ il 4150 -mPrar) - <.
n<B R

Yepes "Hg’B (mpocrpancrso Xapau—Cobosiea) Oyaem 0603HAYATH MHOXKECTBO aHA~

JUTAYECKHUX B TIojioce Sg DYHKIHH, 718 KOTOPBIX f ") ¢ ’Hg .

O6osnaunm gepes H5P mmomecrso bynxmmit f € Hy® N Ly(R), mrs koTopsix
||f(r)||H§ < 1. Ecmm o > 0, o gepe3 B, 2(R) 0603HAMNM DOJIPOCTPAHCTBO B
Ls(R), obpazosannoe cyzxeHusivu Ha R 1esnbix QyHKIUA 9KCIOHEHIMAILHOIO THIIA
o. Kak xopomto uzsectno, f € B, 2(R) Toraa u TOIbKO TOra, KOIIa HOCUTENb MPe-
obpaszosanust Oypbe Ff mpunamiexur orpesky A, = [—o,0]. Ilo onpeznenennto,
Bos(R) = {0}.

Paccmorprm 3amady ONTHMAIBHOTNO BOCCTAHOBJIEHUS k-Oif TPOM3BOMHON (hyHK-
mun f € Hg’ﬁ + Bs2(R), k < r, mo cneny Ha A,,, 01 > 0, ee mpeoOpa3oBaHus
Dypbe, 33JaHHOMY C IIOMPENIHOCTHIO B MeTpuke Lo(A,, ), T.e. cuuraercs, 410 BMe-
cro ciena Ha Ay, Gyukuuu F'f uzsecrna dyukuusa y € Lo(A,, ) Takas, 4ro

I1Ff = yllL.(a,,) <0

Tpebyercst o BYHKIMH Y BOCCTAHOBHTH Ha R mammydmmm obpasom dyukmmo f ),
Tem cambIM pednb UIET O HAXOXKIEHUN BEJINIUHBI

E(D*, HYP 4 By o(R), I,,,8) = inf D HYP 4 Bys(R), I,,,6
( s 149 + 72( )a 19 ) m:LQ(Al,_.I,ll)%Lg(R)e( s Llo + ,2( )a 19 7m)a

vie Df = [0, I, f = Ffj,

k g8 _ . k

e(D", Hy" + Bo2(R), I, ,6,m) = sup 1F9 = m)ll L, @)
feHS 4B, 5(R), y€L2(Asy)
IFf=yllLy(ay,)<o
VHBIME CJIOBAMHK, MBI XOTHM HAATH ONTHMAJBHBIE METOABI BOCCTAHOBJICHHHA k-Oi
NPOM3BOAHOI Ha Knacce Hoy A cpesu TOUHBIX Ha MOJIPOCTPAHCTBE HebX (DYHKIMIL
Bs2(R). Bes tpeboBanus TounocTn MeTonoB Ha B, 2(R) ara 3amata paccmarpusa-
Jach B pabore [11].
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§ 3. OcHoBHbIE pe3yJbTaTHI

Paccmorpum dyukumio y = s(x), x > 0, KoTOpas 33JaeTcs 1apaMeTpuIecKu

x = t2" ch 20,
2%k t20,
y =1,

k,r e N, r >k, 8> 0. B cuny Toro, aro npu ¢t > 0 npousBojgHas 310l (DYHKIUN

dy k.tQ(k—r)

— = 0
dx  rch2pt+tBsh2pt o

¥ MOHOTOHHO YOBIBA€T, S — BOTHYTas U MOHOTOHHO BO3PACTAIONAst (DYHKITUS.

yt Y= A+ A2z

A1

Puc. 1

Ipsimast, coemunsiomast Touky (z(t),y(t)) ¢ HAYAIOM KOODJWHAT MMEET BUJL i =

Aoz, TIE

2T x(t) 2R ch2pt

B cmry BormyTocTH (byHKIWE S HafiieTcs TOUKa tg, TaKasd, U9TO KACATEJbHAS K S
B Touke (z(to),y(to)) Oyaer mapaienbHa OpsMoil y = Aox. Tem cambiM TOUYKA t
HAXOJUTCS U3 yPABHEHWS
y'(to)
' (to)

. 9T0 ypaBHEHHME MOYKHO 3allUCATH B BUJIE

:>\2

ket 2 1

= . 3.1
rch2Bty +toBsh2B8ty  t2(r—=k) ch 28t (3:-1)

Cama kacaresibHasi, npoxonsias depe3 touky (z(to),y(to)) Oyaer umerb Buzg y =

)\1+)\2(E,I‘,ﬂ;e
k
M=tFl1-— ). 3.2
t—ro ( r+toﬁth2ﬂt0> (3-2)
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O6o3uaunm gepes h(t) Touxky, qms xkoropoit y(h(t)) = A1 (cm. puc. 1). Tem cambim

. *
=6 (- )

B cuny Toro, uro dynknms B npasoii wactu (3.2) npu tg € [0, +00) MOHOTOHHO
BO3pAaCTaeT OT HyJs 10 ~+00, A Jjioboro unciaa A\; > 0 Haiigercs Touka ty > 0
TaKast, YTO KacarejbHas K s B Touke (z(to),y(tp)) Oyaer NpoXomuTh Yepe3 TOYKY
(0, A1). O6osnaumnm Takyio TOUKy to depe3 hi(A1).

®ynkousa t7/ch 25t monoronno sozpacraer npu t € Ry or 0 mo +o0o. ITosromy
s moboro € Ry cymecTByer eJIMHCTBEHHOE PELICHHE yPABHEHUS

t"\/ch 28t = x,

npuHajsexaniee uarepsany [0, +00). O6o3naduM ero wepes p,3(z).

Yepes 71 0603HAYNM 3HAUEHHE HapaMerpa t, P KOTOpoM ty = fo = wrp(V21/6),
. e. x(ty) = 21/62. Tlonoxum & = h(G). YpasHenue KacareibHOM, IPOXO/sIIeiT
4epes TOUKy (as(tAo), y(?o)), OyIeT UMeTh BUI Y = Xl + ng, rie

~ k
A1 :%\02]6 <1 — H> s
r 4+ tof th 25ty

k%\g(kfr)

T ch 280y + foBsh 267y

G=AF, G1=firkp (1/\/ Xz)

>)

Takum obpazowm,

(cM. puc. 2).

0 x(0) 27 /62 x(o1) x

Puc. 2

PaccmoTpum ciieayiomue deTbipe obaacTi Ha miockoctn R? (em. pmc. 3):
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S ={(01,0) €R*: 0 < h(o1) <o < a1 },
22:{(01,0)6R2 0 < o < h(oy), O<01<81},
23:{(01,0)€R2 o1 = 01, Ogggﬁ}’
Yy = {(01,0) eER?:6<o< h(ol)}
g =01
A
o
]
o = h(o1)
b}
oc=0
"
//// 22 Z3
g1 :(/7\1 01
Puc. 3
ITososxum
(01,0) € 24,
< Q(T k) Ch250'1>
2% (g 1
h (r— k) h2ﬁ (0170) € 227
c o
(A, de) = 1 (3.3)
e (01,0) € X3,
( A chwal)

th:( ) o.2k
k
. (01,0) € 2.
(U T (0 b 2fh (o7 ) (o) € B
Yepes O(o,01) 0003HAYNM MHOMKECTBO M3MepUMBIX (byHKuuii 6 wa [—o1,—0) U
(0, —01], ans xkoropeix |0(t)| < 1 mas o. B. 0 < |t| < o071.

TEOPEMA 1. ITyemo k,r — uyeawne, 0 < k < 7.
1) Ecau o > oy, mo E(D*, HY? + B, 5(R), 1,,,0) = 0o
2) Ecau k > 1, mo das scex o1 > 0, 0 > 0 maxuz, wmo o < 01

62
E(Dkv H;B + 80,2(R)a Icru(s) = \/ )\1% + A2, (34)
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u 0as Kascdol Pynkyuu 0 € O(o,01) Mmemod

’ﬁ’Le(y)(l’) = i /;U (%t)ky( ) itz dt + i (Zt)kae(t)y(t)eztw dt,

27 27 o<|t|<o

20e

AL+ 0@ [ F VA AG ch2BEy/ 2% + Ay + Aat2" ch 2&

t .
o(?) M+ Aot ch 25t (3.5)
ABAACTNCA ONMUMANDHBIM;
3) Ecau k =0, mo das ecex o1 > 0, 0 = 0 makuz, wmo o < 01
E(D° HYP +B 2(R), I5,,0) = ﬁ + 1
2 i e 21 02" ch2B0y’
u das Kascdol Pynkyuu 0 € O(o,01) Mmemod
o)) = 5= [ w0 a5 [ e
6 = 5 6 )
27 —0 27 o<|t|<o
20e 2 g 001V el
"ch?2 t)t“" ch 25t
ap(t) = ZL_Ch2Bo1 + 6(t)¢ ch 28 (3.6)

o3 ch2f0y + 2" ch2pt
ABAALNCA ONMUMANDHDLM.
JOKABATEJIBLCTBO. Ilo ocHOBHO# Teopeme O MPE/CTABICHUN AHAJTATAIECKUAX

dbyuxmit Hax TpyGuareiMu obmactamu (cM. [12]) cmexyer, uto f € ’Hg B TOM |
TOJILKO B TOM CJIy4ae, €CJIU OHA MMEET BU/L

f@=%éwwwt (3.7)

rae ¢ — QyHKIus, yI0BI€TBOPSIONAs YCIOBUIO

sup / lg(t)[Pe ¥t dt < o
lyl<B /R

(¢ — npeobpazoBanue ®@ypoe dbynximu f(z), v € R). U3 reopemsr [lnanmepesis

BbITEKaeT TOF,HEL, qgTo

||f||,2;{5 = — sup / |Ff(t)|* ch 2yt dt = —/ |Ff(t)|? ch 2Bt dt. (3.8)
2 0<y<pB
Iokaxkem, 9aTo [ € Hg’ﬁ N Lo (R) npunaiexuT Kiaaccy Hg’ﬁ + B, 2(R) Torna u
TOJILKO TOTJIA, KOTJA
1

— t|Ff(t)|> ch 26t dt < 1. (3.9)
21 Jit1>0

Heiicteurensno, ecmu f € Hy? 4+ B,o(R), 10 f = fi + fo, tne f1 € HYP, a
f2 € B, 2(R). Torma, yaursisas, uro F fp cocpemoTodeno Ha oTpeske A, , HMeeM

1 1
t*"|Ff(t)]* ch 2Bt dt = 5 t2|Ff1(t)]* ch 2Bt dt < 1

2 [t|>o T Jit|>o
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O6parno, mycts f € ’H;’B N Ly(R) TakoBa, 9TO BHITIOIHEHO HEpaBeHCTBO (3.9).
O6o3Haunm uepes fo € Ly(R) dbyukmio, aus koropoit Ffy = xoFf, rme xo —
xapaxTepucruieckas Gynknus orpeska A,. Torma scuo, 1to fo € B, o(R). Iomo-
xuMm f1 = f— fo. OgeBugno, urto f1 € ’H;’ﬂ NLy(R) u B cuy (3.8) (yuurbiBas, 9410
Ffy =0mua A,) Oynem umersb

1 1

IFN2,s = —/ t|Ffi(t)|* ch 2Bt dt = — t"|Ff(t)|> ch 2Bt dt < 1,
1 Hg 2w [t|>o 27 [t|>o

re f=fi+f2€Hy’ + Bya(R).
IMycrs f € H;’BQLQ (R) Takosa, uto || F f||1,(a,,) < 0 1 BBIIOIHEHO HEPABEHCTBO
(3.9). Jna moboro merona m: La(Ay, ) = La(R) umeem

201 £ % ) = 1P = m(0) = (=% — m(0)l| 1,(x)
<NF® =m0 Loy + | = F*) —m(0)]| ymy < 26(DF, Hy” + By o(R), Iy, 6,m).

Orcrona cireayer, 9To

sup ”f(k)HLz(]R) < e(Dka HQB + BU,Z(R)7IU1767 m)
FEHTPNL2(R), IFflLy (a0, ) SO
ﬁflt|>gt2T|Ff(t)\2ch2ﬁtdt<1

< E(D*,HY" + B,2(R), I,,,0) (3.10)

PaccvoTrpum skCcTpeManbHYIO 33/4a9y B JIEBOM 9acTW 3TUX cooTHomenwnit. Ilepe-
X0/ T yIoOCTBa K KBaApaTaM, €€ MOXKHO 3aIINCATh B BUIE

1
—/t2k|Ff(t)|2dt—>max, / |Ff(t)|? dt < 62,
2n Jr [t|<o1

1

%/ TIFf(8)Pch2Btdt <1, fe My’ NLy(R). (3.11)
[t|>o

1) IIpeauonoxum, yro o > o1. Ilycrs dbyukuus fi rakosa, 4To

¢, te(oy,0),

0, t¢(o1,0),

rae ¢ > 0. Torna fo — monycrumas dynkuus B 3agaqe (3.11) u

2 o
(k)2 _ ¢ 2k
1fo 2, = g/a 7" dt.

1

Ffo(t) = {

Yerpemuisisa ¢ — 00, nosyuaem u3 (3.10), uro
E(D*, Hy" + B, 2(R), I,,,8) = co.

2) Iycts k > 1. Jlokaskem, 9TO B Kaxk0it n3 obmacreit ¥;, j = 1,2, 3,4, Bemos-

HEHa OITeHKa,
52
E(D* HYP + B,5(R), 1,,,6) > \/)\1% + Ao (3.12)
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Iycrs (01,0) € ¥;. Has xkaxgoro n € N rakoro, uro 1/n < o, paccMoTpum
byHRIULO f,, I KOTOPOit

d/n, c—1/n<t<o,
Ffu(t) = V2mn(oy +1/n) " ch™Y228(01 + 1/n), o1 <t<o1+1/n, (3.13)
0, B OCT. C/Iydadx.

Nmeem
o

||an||i2(Agl) :/ ?ndt = 62

oc—1/n

— t2"|F £, (t)|* ch 26t dt
27 Jjt)>0

n o1+1/n )
— t*"ch2ptdt < 1.
(al+1/n)2rch25(o—1+1/n)/g ch2p

1

CueoBaresibuo, GyHkuuu f,, #BJjsiorcs jgouycrumbivu B 3aja4e (3.11). B cuay
(3.10) mosyuaem

1 1 [°
E?(D*, HY® + Byo(R), 1,,,0) > — / 2R F ()| dt = 7/ t2*62n dt
’ 27T R 27T o

—1/n

N n /Uﬁ_l/n 2k gy — 82n(o?*+1 — (o — 1/n)?+1)
(01 +1/n)?rch2B(o1 +1/n) J,, 27 (2k + 1)

n n (oy + 1/n)?k+1 — cr%k'H

(o1 4+ 1/n)?" ch2B8(o1 + 1/n) 2k +1 ’

Iepexoms K mpeesly IPH 1 — 00, MOJTy9aeM
5202k 1 2
E2(D*, HY? 4 Bya(R), [y, 60) > 20— 4 — VLAY

7 27 af(T_k) ch 2804 2m

ITycrs Teneps (01,0) € 3o, Ilpamas, coequusionias Touky (z(o1),y(01)) ¢ Ha-
9YaJIOM KOODJMHAT MMEET BUJ Y = Ao, TIe

z(on) O’%(T_k) ch Qﬁal'

Kax 6bII0 OTMEUEHO, B CHJIy BOTHYTOCTH (byHKIUW § HAHIETCS TOUKa b, TaKasi, 9To

KacaresibHasd K s B Touke (x(tg), y(to)) Oyaer napasienbaa npsamoit y = Asx. Cama

KacarejibHas, IpOXodias yepe3 Touky (x(to), y(to)) Oymer umers Bum y = A1 +Aox,
t2(r7k)

rae
h 2/t
A =t — M\t ch 28ty =28 (1 — ;’(TTC”BO = h?*(0y).
op ch2p04
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U3 Toro, urto o1 < 01 BBITEKAET, 4TO ty < ?0. CrenoBarebHO, t%r ch 26ty <
27 /82, dna xazxaoro n € N Takoro, ato h(oy) < tg — 1/n, paccMorpuM ByHKIHIO
fn, IJ1s KOTOPOIi

5\/5, to*]./’ﬂ,<t<t0,
V/n(2m — 6227 ch 2Bty)

an(t): , o <t<oy+1/n,
(01 +1/n)"y/ch28(c1 + 1/n) /
0, B OCT. CJIy4YasdXx.
Nmeem
to
HanH%z(Aﬁ) :/ ?ndt = 6°
to—l/n
u
1 §%n [*
— 27| F fo (1) ch 2Bt dt = 2 t2" ch 2t dt
27 Jit)>o T Jig—1/n

2" ch 28t dt

n(2m — 6%t3" ch 2Bty) /‘71+1/"
2n(o1 + 1/n)?" ch2B8(cy + 1/n) J,
2

62 o 62 o
< ﬂtg ch 28ty +1 — %tg ch 2ty = 1.

1

CaenoBaresibuo, pyHKIuu f,, ABJIAIOTCA JOIMyCTUMBbIMEU B 3amade (3.11). B cuny
(3.10) mosyuaem

1
E2(D*, H}? + By o(R), I, 6) > / £2H|F (1) dt
R

2w
1 [t 21 — 623" ch 23t o1 Fi/n
- 2582 dt + n(2m I Bto) / 2% gt
27 Jio—1/n 2m(o1 +1/n)?r ch2B(o1 +1/n) J,,
_ 62n(t3k+1 — (to — 1/n)?k*Y)  n(2m — 822" ch 2Bto) ((o1 + 1/n)2k+L — a%k'H)
B 2m(2k + 1) 2m(2k + 1)(o1 + 1/n)2" ch 2B(o1 + 1/n)

Ilepexons k mpeznery mpu n — 00, MOy 9aeM

82t 27 — §%t2" ch 2Bt
2m 27T0f(r_k) ch 280

52k ( gy ch26t0> 1 52

- - =A1— + Ao
2 2" ¢h 280, "M ch 280, 2

E2(D* Hy" 4 Byo(R), I,,,6) >

ycrs (01,0) € ¥3. Hus kaxuaoro n € N rakoro, uro o < to — 1/n, paccmorpum
byHRIU©O f,, I KOTOPOit

5\/5, ?0—1/n<t<%\0,

0, B OCT. CJIy4adx.

an(t) = {
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Nmeem
to
||an||%2(Aﬁ) = /A 82ndt = 62,
to*l/’n
1 2r 2 62” g 2r 62 2r N
— 27| F £ (t)|? ch 28t dt = — £27 ch 28t dt < —12" ch 28y = 1.
27 |t|>0 27 to—1/n 27

CuaenoBaresibuo, GyHKuuu f,, ABJIAOTCH JoLycTuMbiMu B 3agade (3.11). B cuuy
(3.10) nomygaem

1 1 [ho
E?(D*, HY® + Byo(R), 1,,,0) > — / R F ()| dt = 7/ t2*5%n dt
21 Jr 2w To—1/n
_ P = o — 1))
27 (2k + 1)
Tlepexoms K mpemeny mpu n — 00, MOJTYIAEM
62%?k 52
E*(D* HY? 4 Bya(R), I,,,6) > —2 = A\j— + Xo.
’ 2 2
Mycts (01,0) € ¥4, a tg — TOYKA, KOTOpas ONPEIENsIach IPU PACCMOTPEHUN
caydas, Korga (o1,0) € Yo IHomoxum & = hi(c?¥). B cmay toro, 4ro o <

h(o1), nomyuaem, uro £ < to < o1. Kpome Toro, Tak Kak o > 7, T0 £ > to.
Crenosarensuo, £27 ch23¢ > 27/6%. Jina xaxaoro n € N taxoro, uto 1/n < o n
¢ —1/n > o paccmorpum GyHKIuUIo f,,, 1 KOTOPOit

/ 2
\/’ﬁ 62_@’ 0'—1/T'L<t<0',

" —, E-1/n<t <,
£7/ch 258 4
0, B OCT. CJIy4adx.

Nmeem

7 s £ 2mn
Fi.l? :/ n(52— >dt+/ —_dt =6,
1Ednlzaa,, o—1/m €2 ch28¢ e 1/n €27 ch2B€
1

27 Jit1>o

"
£ ch 268 Je1/n

Tem cambiv byuxuuu f,, gBisorcs goinycruMmbiMu B 3azade (3.11). B cuay (3.10)
noJIy9aem

t2"|F £, (t)|* ch 26t dt = t2|F £, ()| ch 26t dt < 1.

1
E2(D* Hy" 4 Byo(R), I,,,6) > 5 / t2F|F £, (8)|* dt
R

n 2 g n 3
= — 52 _— t2k dt + ———m tQk dt
o ( € ch 2/3&) /01/,1 e g Jiy

n <52 1 ) 02k+1 _ (U _ 1/n)2k+1

T o U €27 ch2p¢ 2k + 1
n €2k+1 _ (5 _ l/n)2k+1
t e chope 2% 11
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Ilepexons k npeznery mpu n — 00, MOy 9aEM

) i 5 0.2k ) o1t §2k 52
E*(D" Hy Bso(R), I,,,0) > — (6~ — =AM — + Ao

(D H? 4 Bral®).1010) 2 5 (9 - e ) + garopgze = Mg +

Byznem mcKaTh ONTHMAaTIbHBIE METOJBI BOCCTAHOBIEHHUS Mg : La(Ay ) — La2(R)
cpenn oTobpazkeHmii, KOTOpble B oOpa3ax @ypbe MpeacTaBIsIiOTCsS B BHIE

(i) a(t)y(t), t€ A,

(3.14)
0, td A,

Fm(y)(t) = {
Z[HH OIIEHKH! MMOTPENTHOCTU TAKOT'O METOa Hy}KHO OIIEHUTH 3HAYEHHNE SKCTpeMaHBHOﬁ
331941

||f(k) - ma(y)”Lz(R) — max, HFf - yHLZ(Adl) < 6’ f € H;B +BU72(R)' (315)

Ilepexons k obpazam @ypbe B MAKCUMU3UPYEMOM (DYHKIIMOHAJIE, IOy IUM 110 TEO-
peme Ilnammepesisi, 94To KBajpar 3nadenus 3aga4u (3.15) paBeH 3HAYEHUIO TaKOIl
3a/1a9u
1 7ok 2 1 2k 2
oo | PHEA) —a@y®P dt+ o 28| F £ (1)|? dt — max,
[t|>0o1

2r J_,, us

g1 1
/ |Ff(t) —y(t)]?dt < 62, 2—/ t|Ff(t)]*ch2ptdt < 1. (3.16)
—o1 T Jit| >0

3aMeruM, ITO Ha JOLYCTHMBIX B 91O 3agade mapax (f,y), rme f € By2(R) u
y = F f, makcuMmu3upyemblit GyHKIIMOHAT UMEET BHJL

1 g
2k 2 2
o> [ tTUIEF@OF - a@)] dt.
2 J_,
Orcrona cremyer, 9To ecsn GYHKIWS ¢ HE DABHA T1. B. €IUHUIE HA A, TO MTOCKOIBKY
By 2(R) — nmHeiinoe IpoCTPaHCTBO, 3HAUeHKE 330K (3.16) (1 TeM caMbIM 3a1atIu
(3.15)) paBHO GECKOHEYHOCTH, T. €. TOTPEIIHOCTh METO/a C TAKUM a GECKOHEYHA.
IMycts a = 1 va A,. Onenum cBepxy Makcumusupyembiii dyukuuonan B (3.16),
[PEJCTABUB €ro0 JIJis 3TOr0 B BUJE CYMMbI TPEX CJIAraeMbIX:

Jo— / " PHEL() — ()P d,

“or .

1 .
Iy =~ t2H|Ff(t) — a(t)y(t)[ dt,
27 o<|t|<o1
1
Iy =— t2*|F£(2))? dt.
27 Jit1>04
IIokazkem, 9TO
A (e
I < 2—1 IFF(t) — y(t))? dt (3.17)
™ —0

BO BCex obmacTax Yj, j = 1,2, 3,4. JeficTBuTensHO, HEPABEHCTBO

O.Qk o

hs - [Ef(t) = y(t)|* dt

—0
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2k = \; B X u By, 10 1uia arux obnacreii (3.17) BbIIOIHACTCS.

oueBuHO. Tak Kak o
Ecnu (01,0) € X2, TO

2% 2%
A = h*(01) = 0",
aecnu (01,0) € X3, TO
TaK 910 OoleHKa (3.17) BBINONHAETCS JJIs BCeX 00JIacTeil.

Onenum teneps Beqmumny [o. Vcmoms3ys mepasencrBo Komu—Bymsakosckoro,
OyaeM MMeTh

HEf(E) — a()y@)]* = 7|1 — a(®)Ff() + a()(FF() - y(t))

_ 2 2
< 12 (Alit%(i}(g'ﬁt + |af\t1)\ ) Ot [FF(1)[2 ch 28t + M|Ff(t) — y(®)?). (3.18)

ITosiozxum

- L—a(t)]® | la@®)P
S, = g2 ( :
Ve ( Ml 280 T n

Torma unrerpupys (3.18), mosydaeM CIELYIONIYIO OLEHKY JJis BEJIUIUHBI [o:

L< (ot [FF (1) ch 26t + M|FF() — y(t)[?) dt. (3.19)

27 o<|t|<or
Ilokaxkem Tenepb, 4TO JJIst I3 CripaBeIIuBa OIEHKA,

A
L <2 27| Ff(t)]? ch 268t dt (3.20)
27 Jit1>04

BO BCex obmacTax Yj, j = 1,2,3,4. meem

2(k—r)
1 o
I3 = — 2E=2r B @)1 dt < 17/ t27|F £ (t)]? ch 28t dt.
2w [t|>o1 | ( )‘ 27TCh2ﬂO’1 |t|>01 | ( )l
IlockombKy B obstacTsx 1 1 2o
U%(kﬂ)
)\2 = )
ch 260’1

TO B 9THX 00sacTsX HepaBeHCTBO (3.20) BhimosHsercss. Ecan (01,0) € X3, 10 01 >

o1. osromy
1 O’f(k_r)

Ay = > .
52" M chops, ~ ch2Boy

Iycts (01,0) € Xy4. Torma Ay — yriioBoii K03DdUIMEHT KACATEIHHONW K § B TOYKE

(z(€),y(8)), a Benuuuna Uf(k_r) ch™ 280, — yraoBoit KoadbbuIMEnT KacaTe bHOl

K s B Touke (2(tg),y(to)) (Touka to onpeessanach Npu PACCMOTPEHUH OLEHKH CHU3Y

s caydas (o1,0) € 3a). Ilockoiubky € < to, a QyHKIUSA § — BOCHYTast, TO
§2=)

Ao > :
*7 ¢h2Bo,
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Takum 00pasom, omerka (3.20) cripasenBa BO BCEX 00JACTSX.

Eciin npeaiosiokurb, 410 PyHKIMs ¢ TakoBa, 410 Sq < 1, TO CKJajbiBas Hepa-
BercTBa (3.17), (3.19) u (3.20), noayvaem CIEAYIONLYIO OLEHKY sl MAKCUMUBUDPY-
emoro dhyHKImoHana B 3amade (3.16):

A [C 1
o | FI®=y®F di+ o (Aot [Ff(£)[* ch 2B+ M| F f(£) —y(t)[*) dt
T™J-o T Jo<|t|<on
+ A2 t*|Ff(t)]* ch 2Bt dt = M7 |Ff(t) —y(t)|* dt
21 It >0 2w J_,,
Az 27 2 &
+ —= tTIFf ()" ch2ptdt < A\j=— + Ao.
2T [t| >0 2
CutetoBaTesIbHO,

T 52
e(Dk7H2”8 +Ba72(R)’Lfl’6’ma) < Al% +>\2.

Yuurssas (3.12), nonydaem, 910

2
E(D* HY? + By5(R), 1,,,0) = \/)\1% + Ao,

a METOBI 1M, — ONTUMAJIbHBIE.

IMokaxkem, uro dbyuKIuu a, Ay KOTOpbix S, < 1, cymecrByor. 3amerum (“BbI-
JleJisis NOJIHBINA KBaApar’), 4ro ycaosue S, < 1 paBHOCHIBHO TOMY, 4TO JJId I. B.
0 < |t| < o1 BBINIOJIHEHO HEPABEHCTBO

a(t) - A1 2 N2 =R ch 2B8t(—t2F 4+ Ay + Aot?" ch 2t)
)\1 + A2t27‘ ch 2515 = ()\1 + )\2t2r ch 2ﬁt)2 '
Ecan
— 2% £\ 4 Mot?" ch 28t > 0 (3.21)

npu o < |t| < 01, TO TaKWe @, OYEBUAHO, CYMECTBYIOT U ONUCHIBAIOTCA PABEHCTBOM
(3.5).

Ecmu (01,0) € X1, To mpsiMast y = A + AT MapaljIebHa KACATEIHHON, TPOBe-
JeHHoit K s B Touke (z(tg),y(to)), Tae to ONpeensaercs paBeHCTBOM

et 2E =) B 1
rch2Bto +toBsh26te 520 H ch2go,

(cM. (3.1)), m B cuty ycnoBust o > h(op) npoxonuT He HuKe KacarenbHoi. Coe-
[TOBATENIbHO, B CHJIy BOTHYTOCTH S JJisi BCeX = > () BBINOJHSETCS HEPABEHCTBO
A1 + A2z = s(z). Orcioma Boitekaer yciosue (3.21). B ocrampHBIX Tpex ciaydasx
OpSMBIE Y = A1 + AoX ABISAIOTCA KACATEIbHBIMA K S, U IO TEM K€ COOOParKeHUIM
ycnoue (3.21) BBIIOTHEHO.

3) Ilycrs £k =0, 01 >0, 0 > 0u o < 0;. Kak 6b110 nokazano soiie, GyHKuus
fn, oupenesennas pasencrsom (3.13), siBusiorcs gomycrumbiMu B 3ajade (3.11).
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CuitetoBaTesibHO,
2 0 0 1 2 1 7 2
E*(D°,Hy" + B,2(R),1,,,0) > — [ |Ffo(®)|*dt = — 0“n dt
7 2 Jr 27 Jo—1/n
n /01+1/n 52
+ dt = —
(01 +1/n)?ch2B(oy +1/n) J,, 27
1

T o nT 2o+ 1)
Ilepexomst K Mpemesy Mpu n — 00, MOJyvaeM

52 o~ o~
E?(D°, Hy? + B, 5(R), I,,,0) > — + X\, A=

~ or

1

—S—- 3.22
O'%T ch 2ﬂ0’1 ( )

Byznem mcKaTh ONTHMATIbHBIE METOJBI BOCCTAHOBIEHHUS Mg : Lao(Ay ) — La(R)
cpenu orobpazxkenuii, koropsie B obpazax Pypne npezcrasisiorces B uje (3.14) c
k = 0. Paccyxpmas mo Toil ke cxeme, KOTOpasi ObLIa MPUBEIEHA BBIIIE, CAUTAEM,
gro @ = 1 Ha A,, n GyJaeM OlEeHUBATH CBEPXY MaKCHUMU3UPYeMbIi (DyHKIMOHAT B
(3.16) (upu k = 0), upejcraBus ero Jjisi TOr0 B BUJE CyMMbl TPEX CJIAIAEMbIX:

1 (e
. O
L —
1
Iy =— [Ff(t) — a(t)y(t)[* dt,
2 o<|t|<o1
1
I3 = [Ff(t)[* dt.
270 Jjt)> 04

Onennm Io. Wcnonb3yst vepasernctBo Korn—ByHsakoBckoro, 6y/ieM nMeTh

[FF(t) = at)y()]* = (1 — a())Ff(t) + a(®)(F () —y(t))[*

|1 —a(t)]? 2\ (T.2r 2 2
< (W + [a(t)] ) (NP r ()2 h2Be + |F A1)~ y@)F) . (3.23)

Ionoxum

S, = vraimax ('1_“(”2 + |a(t)|2> .

o<[tl<or \ \t2" ch 23t

Torma unrerpupys (3.23), nojsydaeM CJIELYIONLYIO OLEHKY JJis BEJIUIUHBI [o:

Sa ~ o
Byt [ GEIR@P a8+ P10 - o)) .
27 o<|t|<o
Hna Is nmeem _
A
I < o t2"|F f(t)|* ch 2t dt.
7

|t]|>01

Ecsu npeanosoxkuts, 9o hyHKINA @ TaKOBa, 9T0 S, < 1, TO, y9uTHIBas OIEHKH,
nostygennbie st Iy u I3, mosrydaem CIenyioniyio OleHKY /it MAKCUMHU3UPYEMOro
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dbyuxmonana B 3amaue (3.16) (mpu k = 0):

1 [° 1 ~
o= | @) -y dt+ */ (MTEf()[? ch 28t + [Ff(t) = y(t)|?) dt
2 ), 2m o<|t|<o1
i t"|Ff(t)|* ch 2Bt dt = L |Ff(t) —y(t)|* dt
271' \t|>o’1 - 271' —0o1 y
X 2r 2 2 <
+ — t|Ff(t)]*ch2ftdt < — + A
2 [t| >0 21
CutetoBaTesIbHO,

52~
e(D°, Hy? 4 Bya(R), I, ,6,mg) < o tA

YuaureiBasg (3.22), mosyyaem, 4ro

2 ~
E(D°, Hy? 4+ By 5(R), I,,,6) = \/% + A,

a METOJBL 1M, — ONTUMAJIbHBIE.
Yenosue S, < 1 paBHOCHIBHO TOMY, 9TO i M. B. 0 < \t| < 01 BBINOJIHEHO
HEPABEHCTBO
1 ‘ o At2" ch 23t
1+ A2 ch2Bt| 14 At2rch 28t

Takue a, 04€BUIHO, CYIIECTBYIOT M OIUCHIBAIOTCH paBeHcrBoM (3.6).

a(t)

§ 4. O6cyxkJeHue ONITUMAJIbHBIX METO/10B

pu soccranosaennn f*) wa kracce HY B + B, 2(R) 110 HETOYHO 3a8aHHOMY IIpe-
ob6pazosanuio Pypre bynknum f Ha OTpeE3Ke [—01, 01| BOSHUKAIOT CIEIYIONIUE TBA
BOIPOCA: HEJIb3sl JIU YMEHBIIUTL OTPE30K [—071, 01], HA KOTOPOM 33]aeTCsl HCXOIHAS
undopmarms o GpyHKIuu f, He YBEJIUUUBAS TP 3TOM TIOTPEITHOCTH OMTUMAJIHLHOTO
BOCCTQHOBJICHHUS, &, KPOME TOTO, HEJIb3sI JII PACUIMPUTH IOAIPOCTPAHCTBO B,y 2(R),
HA KOTOPOM TOYEH ONTUMAJIbHBIA METOJ, TAKXKE HE YBEJIUIUBAS MIPU ITOM MTOTPEIII-
HOCTBH ONITHUMAJIBHOIO BOCCTAHOBJIEHUS. VIHBIMU CIOBaMU, HAC WHTEPECYET HE SBJIs-
eTCs JIU 9acTh HHPOPMAIINN, KOTOPasi HaM JaeTcd O PYHKINKA [ JUIHeH, 0 HeTb3s
JIA CPeJIF MOJTyIaeMOro CeMeiiCTBa OMTUMAIBHBIX METO/IOB HANTH TOT, KOTOPbIH ObLI
ObI TOUeH Ha 6osee MHUPOKOM MOAIPOCTPAHCTBE M HE YBEJIHMIUBAT ObI IMTOTPEITHOCTH
ONTUMATIBHOIO BOCCTAHOBJIEHUS.

Bynem paccmarpuBars caydait, korga k > 1. OTBerbl Ha 9TU BONPOCHL 3aBU-
cAT OT TOro, B Kakyio m3 obmacreit 3;, j = 1,2,3,4, nonamaer Touka (01,0). B
cnydae, Korma (o1,0) € X1, u3 (3.4) BUIHO, YTO TIPW YMEHBIIIEHNH 01 W yBeJInYe-
HUW O TOTPEITHOCTH ONTUMAJbHOIO BOCCTAHOBJIEHUST YBEJIMYUBAETCS. TeM caMbiM
OTBETHI Ha ITH BOIPOCHL B 9TOM Cllydae oTpunarejbhbie. Ecau (o1,0) € Xy, TO
HOIPENTHOCTD ONTUMAIBHONO BOCCTAHOBJIEHUS HEe U3MEHUTCH i Touku (o1, h(oq).
9TO 03HAYAET, ITO MOXKHO PACIIMPUTH UCXOAHOEe moanpocTpancTso B, o(R) o mon-
npocrpanctsa By (s,),2(R), He yBenuunpasg npu 5TOM IOrPEMIHOCTD ONTHMAJLHOIO
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BoccranoBiens. Ilpu (01,0) € 3y MOXKHO YMEHBIINTH OTPE30K, HA KOTOPOM 33,18~
ercst nadopmaryst o GyHKIUM f, Cy3WB €ro J0 oTpeska [—of, o], rue of Takopo,

qaro h(o})

o. Hakonern, eciu (01,0) € X3, TO MOXKHO U Cy3UTh OTPE30K, Ha,

KOTOpOM 33/iaercs nadopmMarys o GyHKIwn f 10 oTpe3ka [—o1,01), ¥ PACHIMPHTD
HOINIPOCTPAHCTBO 10 Bz 2(R). CxemarndHo 9TH mepexonbl MOKA3aHLI HA PHC. 4.

(1]
(2]

(3]
[4]
[5]

[6]
[7]
(8]
[9]

[10]

g =01
A
o
L] 21
g = h(o1)
Yy
oc=0
e
//
o b)) 23
////
.
g1 = 6’1 o1
Puc. 4
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