
On the Hardy-Littlewood-Pólya Inequality for Analytic Functions
K. Yu. Osipenko (“MATI” — Russian State Technological University)

Hardy, Littlewood, and Pólya proved in 1934 that for all integer 0 < k < r
and all functions x(·) ∈ L2(R) such that the (r − 1)-st derivative is locally
absolutely continuous on R and x(r)(·) ∈ L2(R) the following exact inequality

‖x(k)(·)‖L2(R) ≤ ‖x(·)‖1−
k
r

L2(R)‖x
(r)(·)‖

k
r

L2(R)

holds. We consider the analogue of this inequality for functions which are
analytic in the strip Sβ = {z ∈ C : | Im z| < β}.

Denote by Hβ
2 the Hardy space of functions f(·) analytic in the strip Sβ

and satisfying the condition

‖f(·)‖Hβ2 =

(
sup

0≤η<β

1

2

∫
R
(|f(t+ iη)|2 + |f(t− iη)|2) dt

)1/2

<∞.

The Hardy-Sobolev space Hr,β
2 is the space of functions f(·) analytic in the

strip Sβ for which f (r)(·) ∈ Hβ
2 . Denote by µrβ(x) the unique solution of the

equation tr
√

ch 2βt = x from the interval [0,+∞).
Theorem. For all r, k ∈ N, k ≤ r, and γ1, γ2 > 0

sup
f(·)∈Hr,β2 ∩L2(R)
‖f (r)(·)‖

Hβ2
≤γ1

‖f(·)‖L2(R)≤γ2

‖f (k)(·)‖L2(R) = γ2µ
k
rβ

(
γ1
γ2

)
.

In other words, for all functions f(·) ∈ Hr,β
2 ∩L2(R) which are not equiv-

alent to zero the following exact inequality

‖f (k)(·)‖L2(R) ≤ ‖f(·)‖L2(R)µ
k
rβ

(
‖f (r)(·)‖Hβ2
‖f(·)‖L2(R)

)
holds.
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