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Abstract

The paper concerns problems of the recovery of operators from noisy information
in weighted L4-spaces with homogeneous weights. A number of general theorems
are proved and applied to finding exact constants in multidimensional Carlson
type inequalities with several weights and problems of the recovery of differential
operators from a noisy Fourier transform. In particular, optimal methods are
obtained for the recovery of powers of generalized Laplace operators from a
noisy Fourier transform in the L,-metric.
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1. Introduction

Let T be a nonempty set, ¥ be the o-algebra of subsets of T, and u be
a nonnegative o-additive measure on . We denote by L,(T, %, u) (or simply
L,(T,p)) the set of all E-measurable functions with values in R or in C for
which

1/p
IOz, = ( / Iw(t)lpdu(t)) coo, 1<p<oo
T

()| Lo (1) = vraisup |z(t)] < oo, p = oo.
teT

If T C R? and dp = dt, t € RY, we put L,(T) = L(T, ).
The Carlson inequality [3]

1/2 1/2
le ey < VAlz@ll 2, @12, ) Re = [0, +00),
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was generalized by many authors (see [5], [1], [2], [4], [6], [9], [10]). In [9] we
found sharp constants for inequalities of the form

lw()aO ey < KllwoCaON, i llor QOzOl .

where T is a cone in a linear space, w(:), wo(:), and wi(-) are homogenous
functions and 1 < ¢ < p,r < oo (for T' = R? the sharp inequality was obtained
in [2]). This problem is closely related with the following extremal problem

lw )z, — max,  |wo()z()z, ) <6 Nwi()z()lr,@w <1,

where 0 > 0. In this paper we study the extremal problem

w2 ()L, — max, [wo(-)z()l|L,@.p) <6
||w]()$()| L, (T,p) S 17 .7 = 17 RN L2 (1)
where w(-), wo(+), and w;(-), j = 1,...,n, are homogenous functions with some

symmetry properties. Using the solution of this problem we obtain the sharp
constant K for the inequality

1—y
() () zy ez < Kllwo()xON i) (mx lw; () ()] L,,.mm) :

In particular, we find the sharp constant for the inequality

T3
GOz, ) < Choo0O 2 gy (s FosOe) ey

1<5<d

where w(t) = (4. .+2)%/2, wo(t) = (3 +.. +2)%/2 w;(t) =17, j =1,....d,
0=d(1-1/q),00=d—(A+d)/p, 1 =d+ (u—4d)/r,

I A
o = 5 :7,
PU+TA DU+ TA

A >0,
and (p,q,r) € PU P; U Py, where

P={(pq,r):1<q<pr}, P ={(pgr):1<qg=r<p},
P,={(p,qr):1<q=p<r}

For d =1, ¢=1, and (p,1,r) € P this result was proved in [5] (see also [2]).

It is appeared that the value of (1) is the error of optimal recovery of the oper-
ator Az(-) = w(-)z(-) on the class of functions x(-) such that |[w;(-)x(-)||z, (7, <
1,7 =1,...,n, by the information about the function wg(-)z(-) given with the
error 0 in Ly-norm. Therefore, in section 2 we begin with the setting of opti-
mal recovery problem and then in section 3 we prove some general theorems.
In section 4 we consider the case when weights are homogeneous in a cone of
linear space and section 5 is devoted to the case of R?. In section 6 the results
obtained are applied to optimal recovery and sharp inequalities of differential
operators defined by Fourier transforms.



2. General setting

Let T} is not empty p-measurable subset of T'. Put

W= {a():2() € Lp(To, 1) Ml ()L < o0 j=1,...,n},
W={z() eW:llg;()eO)lle,am <L j=1...,n},

where 1 < p,r < oo, and apj(~) is a measurable function on T'. Consider the
problem of recovery of operator A: W — L,(T,pu), 1 < q¢ < oo, defined by
equality Az(-) = ¥(-)z(-), where ¢(-) is a measurable function on 7', on the
class W by the information about functions x(-) € W given inaccurately (we
assume that ¥(-) and ¢;(-), 7 = 1,...,n, such that A maps W to L,(T, 1)). More
precisely, we assume that for any function z(-) € W we know y(-) € L,(To, 1)
such that [|z(-) — y()llz, (1,0 < 9, 6 > 0. We want to approximate the value
Az(-) knowing y(-). As recovery methods we consider all possible mappings
m: Ly(To, ) = Ly(T, ). The error of a method m is defined as

e(p.q,m,m) = sup [Az () =m(y))llz, .0
z(-)eW, y(-)€Lp(To,n)
le() =y (), (Ty,m) <6

The quantity

E(p,q,r) = e(p,q,m,m) (2)

inf
m: Lyp(To,u)—Lq(T,w)
is known as the optimal recovery error, and a method on which this infimum
is attained is called optimal. Various settings of optimal recovery theory and
examples of such problems may be found in [7], [13], [12].
For the lower bound of E(p, ¢, r) we use the following result which was proved
(in more or less general forms) in many papers (see, for example, [8]).

Lemma 1.

E(p,q,7) > sup Az () 2y (T,p0)- (3)
z(-)EW
() Ly (1, 0) <6

3. Main results

Set

1, teTy, -
t) = (1) = Al ()]
Xo(t) {0’ t¢ Ty, U() ; J‘(pj()l

Theorem 1. Let1 < g <p,r, A\; >0, j=0,1,...,n, \g+0,(t) # 0 for almost
allt € Ty, o,.(t) # 0 for almost allt € T\ Ty, ZT(t) > 0 be a solution of equation

=gl @7 +pAox” U (t)x0(t) + rov(t)z"*(t) = 0, (4)



X such that

[ @@ <o, [ oo @ <1, =10
To T

wo( [ #Oaut)-5) =0 x( [leorz @ aun-1) <o
=1, (5)

Then
n 1/q
E(p,q,7) = (q_lpAoW +q'ry /\a) 7 (6)

j=1
and the method

_ _ Ja Aoz ()y(t), t € To, B(t) #0,
m(y)(t) = {O, otherwise,

s optimal recovery method.

To prove this theorem we need some preliminary results. The first one is
actually a sufficient condition in the Kuhn-Tucker theorem (the only difference
is that we do not require convexity of functions).

Let fj: A= R, j=0,1,...,k, be functions defined on some set A. Consider
the extremal problem

fo(z) = max, f;(z) <0, j=1,....k xz€A, (8)

and write down its Lagrange function
k
L, N) = —fox) + Y _Nifi(x), A= (A1, ).
j=1

Lemma 2. Assume that there exist :\\j >0,7=1,...,k, and an element T € A,
admissible for problem (8), such that

(a) meigﬁ(x,X):,C@,X), X=(1. ),
(b) Xfi@) =0, j=1,....k.

Then T is an extremal element for problem (8).

Proof. For any x admissible for problem (8) we have

—folx) > L(z,X) > L(F ) = —fo(@).



Put
F(u,v,a) = —((1 —a)u+av)? +av? +bu", w,v>0, acl01],
where a,b >0, and 1 < p,q,r < 0.

Lemma 3 ([9]). For alla,b >0, a+b >0, and all 1 < q < p,r < oo, there
exists the unique solution u > 0 of the equation

—q+pau?™? +rbu""? =0,
Moreover, for all u,v >0 and o = ¢~ 'pauP=9 =1 — ¢~ Lrbu"—4
F(u,u,a) < F(u,v, ).
In particular, for all u >0
—u? +au? +bu" < —u? +auP +0u".

Proof of Theorem 1. 1. Lower estimate. The extremal problem on the right-
hand side of (3) (for convenience, we raise the quantity to be maximized to the
g-th power) is as follows:

/T () dut) - max, [ 2@ du(t) < 57,

If t € T such that 9(¢) = 0, then evidently Z(¢) = 0. If ¢)(¢) # 0 we obtain by
Lemma 3 that that there is the unique solution Z(t) of (4). It follows by (5)
that Z(-) is admissible function for problem (9). Therefore, by (3) we obtain

1/q
B(p.q,r) > ( [ Wiz du(t)) .
From (4) we have

[W(O)72U(t) = g~ 'pAoT (t)x0(t) + ¢~ ro, ()T (1)

Integrating this equality over the set T', we obtain

n

/T WGOIFI(0) du(t) = ¢ prod® +47r 3 A

j=1
Thus,
n 1/q
E(p,q,r) > <q1p>\o6” Tty Aj) :
j=1



2. Upper estimate. To estimate the error of method (7) we need to find the
value of the extremal problem:

[ (@)x(t) — P (t)alt)y(t)|? dp(t) + / [ (@)2(t)[? dp(t) — max,
To T\To

[2(t) — y(O)I du(t) < 67, / lp; (W) du(t) <1, j=1,...,n, (10)
T, T

where

0, otherwise.

at) = {q_lpk‘)f’”‘q(t)w(w-q, tETo, (1) £0,

Put
~Jxt) —y(@), teTy,
) = {0, te T\ T

Then (10) may be rewritten as follows:

/T (Y@ = a(t)z(t) + a(t)z(t)[? du(t) — max,

0P a0 < [ leiOall dut) <1, 5 =1....n

To

The value of this problem does not exceed the value of the problem

L [P (1 = a®))ult) + a(t)v(t))? du(t) — max,

[ v <e. [ leore©dn <=1
To T
u(t) >0, v(t) >0 for almost all te€T. (11)

The Lagrange function for this problem is

C(u(),0(), %) = / L(t, u(t), ot), X) dpu(t).

T

where
L(t,u,0,0) = =[(1)| (1 — a(t))u + a(t)v)? + AovPxo(t) + or(t)u"
By Lemma 3 we have
L(t,2(t),z(t),\) < L(t,u(t),v(t), \).

Thus, B B
L@(),2(-),A) < L(ul-),v(-), A)-



It follows by Lemma 2 that functions u(-) = v(-) = Z(-) are extremal in (11).

Consequently,

1/q n 1/q
i) < ([ worse ) = (o ey )

j=1
< E(p,q,7).
It means that method (7) is optimal and equality (6) holds. O
Denote a4 = max{a,0}.
Theorem 2. Let1 <qg=r<p, \g>0,);>0,j=1,...,n,
=
s = ) (G (w0 - 0,0). ) te s )

07 t¢ T07

X satisfies conditions (5), and |1(t)|? — o,(t) < 0 for almost all t ¢ Ty. Then

n 1/q
E(p,q,q) = (q_lpkoé” + Z/\j) :

=1
and the method

(1= () "o () L ¥(t)y(t), t e To, ¥(t) #0,

0, othervise,

m(y)(t) = {

s optimal.

(13)

(14)

Proof. 1. Lower estimate. It follows by (5) that Z(-) is admissible function for

extremal problem in the right-hand side of (3). Therefore,

1/q
B > ([ wore@a)
T
From the definition of Z(-) we have

[ ()|7Z(t) = ¢~ Ao (H)x0(t) + 0 ()T(2).

Integrating this equality, we obtain
/ GOIENE) diu(t) = ¢ prod” + 3 A,
T =

Thus,
n 1/q
E(p,q,q) > (qlpAoép + Z/\j) ~

j=1



2. Upper estimate. Put

a(t) = {(1 ~ @I oe(t),. t€To, ¥(H) #0,

0, othervise,

To estimate the error of method (14) we need to find the value of the extremal
problem:

BOIe(t) ~ oy du(t) + [ 0O dufe) > max,
To T\To
o) =y OF duft) < 8%, [ oy Oaff du(®) <15 = 1.

To

Putting z(-) = z(-) — y(+) this problem may be rewritten in the following form
[P = )z (t) + a(t)z(8)]* du(t) + / [ (#)z(t)|* du(t) — max,
To T\To
(0 du(t) < 87, /T oM@ du(t) <1, j=1,...,n.

To

The value of this problem evidently coincides with the value of the problem

/T 0(1)[7((1 — a(£))u(t) + a(t)u(t))? dpu(t) — max,

[wwann <o [ le@r@din <1 =10
To T
u(t),v(t) > 0, for almost all t € T.  (15)

The Lagrange function of (15) has the form

C(u(),0(),X) = / L(u(t), v(t), ) du(t),

T
where
o) = T OI = a®)y + a(t)u)? + dou? + og()e?, t € Ty,
Hed {—w(t)qvuaq(t)vq, ¢ Ty,

If a(t) > 0, then

oL
5o = 40 = (1= a@®)v + a®)u)” oy (1),

Therefore, for a(t) > 0 and any u > 0, the function L(u,v,\), v € (0,+00),
reaches a minimum at v = u. Set T = {t € Ty : a(t) > 0}. We have

C(u(),0(), %) > / L(u(),u(), %) du(t).

’
0



It is easily checked that for ¢ € T} for all u(t) >0

L(u(-),u(-),A) = L(@(),Z(), ).

Consequently,

L(u(),v(),A) Z/ L(@(),2(:), A dp(t) = LE(), Z(-), D).

/
0

Taking into account (5) we obtain by Lemma 2 that u(-) = v(-) = Z(-) are
extremal functions in (15). Thus,

“(p,q,q,m / [P0 dp(t) = g 'pAod® + > N < E%p, g, 9).
j=1

It means that the method m is optimal and the optimal recovery error is as
stated. O

Theorem 3. Let 1 < g=p<r, \g >0, >0,7=1,...,n, o.(t) # 0 for
almost allt €T,

S — {(p Pl (R OF = 20)) T LT, )
(prto  (®e(b)P) ™, teT\ T,

and \ satisfies conditions (5). Then

n 1/p
E(p,p,r) = </\05p + % > /\j) ; (17)
=1

and the method

~ , T ,
Ay (t) = {g(tw)ym . .
where
alt) = min {1, Ao|t(¢)| 7P}, ¢ € Ty, ¥(t) #0,
0, othervise,
s optimal.

Proof. 1. Lower estimate. By the definition of Z(-) we have
N N r o
[P ) = 2" (Ex0(t) + Zor (B (2).

Using the similar arguments as in the proof of Theorem 1 we obtain

En) = ([ 1000 <t>)1/p= (Aoap+;§Aj)

1/p



2. Upper estimate. To estimate the error of method (18) we need to find
the value of the following extremal problem:

[P |2(t) — a(®)y(@)” du(t) +/ [P @)z @) dp(t) — max,
Ty T\To
o) = y(OF du®) <. [ lei®al0 du® <1 5= 1.
Ty T
Putting z(-) = z(-) — y(-) this problem may be rewritten in the form

[ @I - a@)e) + a@:P du®) + [ u(oa(o)” du(t) > max,

T\T,

HOPdu(t) <57, [l du() < 1, G =1,...om.
To T

The value of this problem evidently coincides with the value of the problem
[ 1wP( - a)o() + a(u(®)” dutt) - max,
T

[ <o [ oo ©di <1, =10
To T
u(t),v(t) > 0, for almost all t € T. (19)

The Lagrange function of (19) has the form

C(u(),0(), %) = / L(u(t), v(t), %) dpt),

T

Lo 3 = { TPOP( = a@)o +alup +dow? + ot e Ty,
@ + o e T\ T,

For ¢t € Ty and [9(t)|P > Ag we have

L
oL — Pl — (1~ aft))o + altu ™).
u
Consequently, in this case for any v > 0 the function L(u,v,)), v € (0, +0c0),
reaches a minimum at v = u. If t € Ty, 0 < [4(t)[P < A, then aft) = 1
and L(u,v,A) > 0. If t € Ty and 9(¢t) = 0, then again L(u,v,A) > 0. Set
Ty ={t€Ty: |[¢(t)|" > Xo}. Then for all u(t),v(t) > 0 we have

C(u(),0(). %) > /

T

L(v(-),v(-), A) du(t)+/ L(v(-),v(), A) du(t).

T\To

It is easy to check that for all v(t) >0



Therefore,

L{u("),v(:),A) = / L(@(),2(:),N) dp(t) = L(E(),2(-), A).
T1U(T\To)

Taking into account (5) we obtain by Lemma 2 that u(-) = v(-) = Z(-) are

extremal functions in (19). Consequently,

T n
P(p,p, 1) /w 017 dufe) = ad” + 3" % < EP(pup.).

Jj=1

It means that the method m is optimal and the optimal recovery error is as
stated. O

Note that if conditions of Theorems 1, 2, and 3 are fulfilled, then we have
E(p,q,7) = sup 1)zl L, (7, (20)

le( L, (T, m) <6
lei Dz, (r,m <1, 3=1,...,n

4. The case of homogenous weight functions

Let T be a cone in a linear space, Ty = T, u(-) be a homogenous measure
of degree d, |¢(-)| be homogenous function of degree n, |¢;(-)|, 7 =1,...,n, be
homogenous functions of degrees v, ¥(t) # 0 and Z?:l lp;(t)] # 0 for almost
all t € T. Let assume, again, that 1 < p < ¢, < oo. For k € [0,1) the function
kﬁ(l — k)fﬁ increases monotonically from 0 to +o0o. Consequently, there
exists k() such that for almost all t € T

T = D=2 le0r @)
Set
[0 WO ®), . e € Py
K {mm{l,w . () e Py

Theorem 4. Let (p,q,r) € PUP,UP, and v+d(1/r—1/p) # 0. Assume that
for (p,q,7) € PUP;

B [ RO @ o) < o
Lia = [ WO, () du(t) < . G = 1.0
and for (p,q,7) € Py
L= /(- OO = 1)1) ™7 du(t) < oo,
Lix = [ JeiOF (5 O00F = 1)4)77 dutt) < 00, j =100

11



Moreover, assume that Is = ... = I,41. Then

E(p,q,r) =& 1P 01 gy, (22)
where a1 )
v—mn— q—1/r
= . 23
" v+d(1/r—1/p) (23)
The method
m(y)(t) = k() (t)y(t),
where .
= (61;1/p121/r) vFd(1/r—1/p) 7 (24)
is optimal.

Proof. 1. Let (p,q,r) € P. Put
4 1
(D) = (ﬂﬁgg) ke ),

where A\g will be specified later. We have
PAFPI(E) = gl (D] 7(EL) (25)

and

mwow>?3

SO e e,

ren(3 10 = re. o)

Since |[¢(-)| and |¢;(-)], 7 = 1,...,n, are homogenous it follows by (21) that

kﬁﬂa>=wfﬁ@§¥<r—ma» SW@T)WM%Jé))(—k@ﬂ)
Thus, ~
ren(0@ 10 = () e P - k)
Put .
HGR) e o
Then
AT () = gl ()91 — K(ED)). (27)

Taking the sum of (25) and (27), we obtain
PAZPTI(E) + rAe (O)TTTI(E) = ql(t)]%

It means that Z(-) satisfies (4) for Ay = ... = A, = \.

12



Now we show that for

Ao = ]%Il%f—nq—d%(gqu (28)

the equalities

[ @Ot = [ e orF Oduo =15 =1...n
T T

hold. In view of the definition of f() we need to check that

A (qhﬁio)q) k77 (6t du(t) = &7,
/| ©; (‘W) S () du(t) =1, j=1,....m.

Changing z = &t and taking into account that functions |¢(-)|, |¢;(-)], j =

1,...,n, with the measure pu(-) are homogenous, we obtain
_r_ _r_
q p—q map q p—q nqr .
(p>\0> h=omer +d (p)‘O) Tjp1 = &= q+w+d’ J=1L...;n

The validity of these equalities immediately follows from the definitions of Ag
and &.
It follows by Theorem 1, (28), (26), and (24) that

PAGOP + nrA

Ei(p,q,7) = —I = 5 na—d i 5a

)\ T:‘Z q(p—r r
+n (171)1) N gm‘ n ( ) — 6(1"/1 Q’Y/PI q(1-7)/ (Il +n12)
q

Moreover, the same theorem states that the method

m(y)(t) = ¢ P21 (B)[ ()| T I(B)y(t) = k(E) v ()y(t)

is optimal.
2. Let (p,q,7) € Pi. We use Theorem 2. Consider the function Z(-) defined
by (12) with A; = ... =\, = \. Let us find Ay and A from the conditions

[@oaw =, [ leor@odn=1i=1..n
T T

Then we obtain
(GE)" [ ool = s aute) = o
T

PAo

<quO>MAle(t)q(¢(t)lq—Asq(t))ﬂ du(t) =1, j=1,...,n.

13



Put A = a")4 ¢ > 0. Changing t = az, we obtain

PAo PAo

It is easy to check that these equalities are fulfilled for

a=(I/PI; Y5~ Yyomadam | A —Il I; Y6 P (I 9P 1,89 Fata 7w

D -9
p—q p=a a®n
() = () ==

Substituting these values in (13) and (14) we obtain the statement of the theo-

rem in the case under consideration.

3. Let (p,q,7) € P». Here we use Theorem 3. Put \; =... =\, = A in the

definition of Z(-) (see (16)). We find A\¢ and A from the conditions

[@@aun =5, [ le@rawan =1 =1

We have
P77 =
Y 7 du(t) = 6",
(L) [ Ot =204 dute
/|30] ™ (7 @) ([ ()P = Xo)+ )ﬁ du(t)=1, j=1,...,n.
Put A\g = a", a > 0. Changing ¢ = az, we obtain

_p_ 2 .
(&) 7S L =,
rA

p d+ru+ prn_ 2y .
(T/\) TP TP j+1:17 j:].,...,n.

These equalities are valid for
a = (IV/PL; Y7 s~V rasirm

/r—v—d(1/r=1/p)

A= Br/e=terer (/e s ey R
r

It remains to substitute these values into (17) and (18).

O

Corollary 1. Assume that conditions of Theorem 4 hold. Then for all x(-) # 0
such that x(-) € Ly(T,p) and ¢;(-)x(-) € L(T,p), j = 1,...,n, the sharp

inequality

1<j<n

OOl < IO (2

holds, where
C = Il—“//PI;(l—’Y)/T(Il _|_n[2)1/q'

14

max [lo;()z <->Lr<m) (@)



Proof. Let x(-) € Ly(T, ), [l0;()x()l L, (rn) < 00,5 =1,...,n and x(-) # 0.
Put

A= max. s (D2 L (T,00)-
Consider z(-) = z(-)/A. Put 6 = [|2(:)|lz, (1,0 Then |lo;()Z()z, (1) < 1,
j=1,...,n. In view of (20) and Theorem 4 we have

1POZO 2, < CIZONL (7,)-

This implies (29).
If there exists a C' < C for which (29) holds, then
E(p.q.r) = sup ()2 () | p, (7 < C8 < OB,

[EIQ) FANTINESY
le; Dz lnyp(r,wy <1, 5=1,...,n

This contradicts with (22). O

Let |w(+)|, |wo(+)| be homogenous functions of degrees 6, 6, respectively and
|lw;(-)], 7 = 1,...,n, be homogenous functions of degree #;. We assume that
w(t), wo(t) # 0 and Z?:I |w;(t)| # 0 for almost all ¢ € T

For (p,q,r) € P we define E() by the equality

~_1 P 1

0N mg)) Poa <z": w;(t) r>—r_q.

TN w(D)
R(t) = (1 w0y |wj<t>|q> .
j=1 +

(1= k()=

For (p,q,r) € Py set

Put o
- - . -9
0=0+d/q, 0o="00+d/p, 0,=0,+d/r, 7==—=—.  (30)
01 — 6o
Corollary 2. Let (p,q,7) € PUP,UP; and 0o # 01. Assume that for (p,q,7) €
PUP
- wt) |77~ »
I :/ kp a(t d t <OO7
1 - U)o(t) ( ) lu’( )
qr
~ w(t)|r—q ~_r .
Ij+1 = %‘wj(t)‘rk‘“‘q (t) d/l,(t) <00, J= ]-7 sy 1y

T [wo(t)[77
and fOT (p7 Q7T) € P2

i » (L@ = [wo(®)])+ )77 .
Il*/T|w0(t)| < Zzzl |wk(t)|’“ ) ) dﬂ(t)< )

o= | oo (Jw(t)[P — [wo()|P)4\ "7 o i o
I]—H*/T| (1) < ST (0" ) du(t) <oo, j=1,...,n.
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Moreover, assume that :fg = ... = ~n+1. Then for all z(-) # 0 such that
wo(-)x(-) € Lp(T, 1) and wj(-)z(-) € L.(T, ), j =1,...,n, the sharp inequality

lw()eO ey < CllwoCaOI] (max |wj<'>x<'>||Lr<T,,L>) E

1<j<n

holds, where ~ ~
O = Il—“//PI;(l—’Y)/T(Il _|_n[2)1/‘1'

Proof. Set
w(t) w;(t)
P(t) = , i(t) = s i=1,...,n.
Then [¢(-)| is a homogenous function of degree n = 0 — 0y and |¢;(-)|, 7 =
1,...,n, are homogenous functions of degrees v = 6; — 6y. The quantity -~y

which was defined by (23) has the following form:

-7
L A

It follows by Corollary 1 that for all y(-) # 0 such that y(-) € L,(T,u) and
v;()y(-) € L, (T, ), j =1,...,n, the sharp inequality
7

1—
OO Ly < ClYOIT, 2 (max soj<->y<->||Lr<T,u>) .

1<j<n

holds. Substituting y(-) = wo(-)x(-), we obtain (31). O

5. Homogenous weights in R¢

Let T be a cone in R?, du(t) = dt, |[¢(-)| be homogenous function of degree
n, le;(), 5 = 1,...,n, be homogenous functions of degrees v, ¥(t) # 0 and
Z?:l |o;(t)] # 0 for almost all t € T'. Consider the polar transformation

t1 =pcoswy,
ty = psinw; coswa,

tg—1 =psinw; sinwsy . ..sinwg_2 coswg—_1,
tqg=psinw; sinws . ..sinwg_2SiNwgi_1.

Set w = (w1, ...,wq—1). For any function f(-) we put
flw) = |f(coswy, ... sinw;sinwsy...sinwy_ssinwg_1)|. (32)

Note that if |f()| is a homogenous function of degree k, then f(w) = p~*|f(t)|.
Denote by €2 the range of w. Since T is a cone, {2 does not depend on p. Put

d—3

J(w) = sin? 2wy sin? 3wy .. sinwg_o.

16



Assume that v € (0,1), where v is defined by (23). Put
i 1 ~ 1—7

-7 . 33
¢ q p T (33)
It is easy to verify that ¢* > ¢ > 1. Moreover,
«_ pgr(v+d(1/r —1/p))
vr(p—q) —nq(p —r)
Theorem 5. Let (p,q,7) € PUP, UP, and vy € (0,1). Assume that
~
I:/ MJ(w)dw < 00,
03l (1*7)/T(w)
and I{ = ... = I, where
Y7 (W) (w)
I = — I _J(w)dw, j=1,...,n.
J 03l (1*7)/T+1(w) (w)
Then
E(p,q,r) = K¢, (34)
where

B y/pa-0mI Y
lv+d(1/r —1/p)|(yr + (1 —7)p) ’

1=\
s
n
B(-,-) is the Filer beta-function. Moreover, the method
y)(t) = i (EFTT=Tm ) (E)y(1),

where

1r * . 1/r=1/p
s (1Y B(g*y/p,q* (1 —v)/r) 1
e (57) <|V+d(1/r—1/p)l(w+(1—v)p)> ’

s optimal recovery method.

Proof. First of all, we note that I + ...+ I, = I. Consequently, I} = I/n,
7=1,...,n. We will apply Theorem 4.
1. Let (p,q,r) € P. Passing to the polar transformation we obtain
kpiiq (p7 w) _ - pW(f;j;;(:T;fw @Z(p%(qp)(i}lq) (w) .

(I —Fk(p,w))™a 5 (w)

Using the same scheme of calculation of I; as it was given in [9, Theorem 3], we
obtain

-1
0 v 1-7 PO

I = L1} B®G.QI,

YT prlv+d(ir — 1/p)] (p ) 7.9)

17



where

S A !
P=q - 4qg=4q
P T
In a similar way we calculate
1—vy vy, 1=\
I = J BG.OI, j=1,...,n.
e G B
Thus,
1—7 vool=\
_ T2 BGI
T AT ®9

It remains to substitute these values into (22) and (24).
2. Let (p,q,7) € P;. Now we use the scheme of calculation of I; which was
given in [11, Theorem 3]. We obtain

I
= —B({™y/p+2,°(1-7)/q
=l (q"y/ ( )/q)
I y/p+1

Clv=nlggy/p+1+q*(1—7)/q

I

B(q*v/p+1,¢"(1=9)/q).

Since r = g we have

1 (1 1) v—n
7:7 _— = s ’y: .
q* qg p v+d(1/q—1/p)

Therefore, ¢*v/p+ 1 = ¢*v/q. Hence

S f777|qB<q*7/p+ Lg"(1=7)/q)
__In av/p . o
BT Y I R et S
= 7 LR Bk WO
= sra ) BEDL

By the similar way we get

I/

A (@ v/p+1¢(1=7)/a+1)
I :
j a"y/p .
N B (1 =7)/q+1
P ey e pn y s REACRSTE AL MV Bl
_IB@/pa(-m/atl)  (1=9)BEaI (2+ 1—v>
vl wprlvrdi/r—1m \p * )

Thus, we obtain the same formulas for I; and I as in the first case.
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3. Let (p,q,7) € P>. Here we use the scheme of calculation of J; and Jy
which was given in [11, Theorem 3]. We obtain

I * *
IL = —B("y/p+1,¢(1—7)/r+1),
Inlp
!

I _
I = WB(q*’y/p,q*(l -y)/r+2), j=1,...,n.

Since ¢ = p we have

1 (11 = !
q—*—(l 7)<p r>, 1 T A r—1/p)

Therefore, ¢*(1 —v)/r +1 = ¢*(1 — v)/p. Hence

I q/p . (1 — ) /r
b In\pq*v/p+q*(1—v)/7“+1B(q et =)/r 1)
_IyB(@/p, (A =y)/r+1) Iy ¢"(0=7)/rB(¢"y/p.q" (1 =7)/7)

Inlp Inlp y/p+aq (L —=7)/r
_ 1B(p, 9)! v, 1=\
~ prlv+d(L/r — 1/p) <p T ) |

For I;41,j=1,...,n, we have

L (¢"(1=7)/r+ 1B (¢"y/p,q* (1 =) /r + 1)

Tiy = 9
T nlp ay/p+a(1—7)/r+1
_ LA -9B@y/pa'(L-7)/r +1)
Inlp

(1—7)B@ I (7 1- 7)1 _
p T Tr

- nprlv+d(1/r —1/p)| P
Again we obtain the same formulas for I; and Iy as in the previous cases. [

For n = 1 Theorem 5 was proved in [11]. Analogously to Corollary 1 we
obtain

Corollary 3. Assume that conditions of Theorem 5 hold. Then for all x(-) such
that x(-) € L,(T, 1) and ¢;(-)x(-) € L.(T, 1), j = 1,...,n, the sharp inequality

1—y
19O Ly < KO o0 <f%a<xnlsoj<'>:v<~>||Lr<T,u>)

holds.

Let |w(+)], Jwo(+)| be homogenous functions of degrees 6, 0y, respectively and
|lw;(-)], 7 = 1,...,n, be homogenous functions of degree #;. We assume that
w(t), wo(t) # 0 and 7, |w;(t)] # 0 for almost all ¢ € T'. Define w(-), wo(-),
w1(+) by (32). Similar to Corollary 2 we obtain
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Corollary 4. Let (p,q,7) € PUP, UP, and 5 € (0,1) where ¥ is defined by
(30). Assume that

~ q
I:/ — nw (iJ) gy J(w) dw < o0,
@ wg' (W) (P Wy (w))
where ~ _
1.1 v 1-9
ia ¢ p v
and I} = ... = I', where

- / w(w)w} (w) Jw)dw, j=1,...,n.
Q

I = ——
j 5 — 1—7)/r+1
B (@) (S @)™
Then for all z(-) such that wo(-)x(-) € Lp(T,n) and w;(-)z(-) € L.(T,pn), j =
1,...,n, the sharp inequality

Ol < RloCI, 1 (s, sl rn)

1<j<n

holds, where

K=7"

EI

(57) 7 (popnoan iy
n 61 = Bol G + (1 = F)p)

The statement of Corollary 4 for (p,q,r) € P and n = 1 was proved in [2].
We give an example of weights for which conditions of Corollary 4 hold. Let
T=R%, 0, >0,

wt) =+ 4% wo(t) = +...+t)"2, wit) =t j=1,....d
(36)
The condition 0 < 4 < 1 is equivalent to inequalities 51 >0 > 50 or 51 <0< 50.
Therefore, we assume that for 6 and 6y inequalities 6, + d(1/r — 1/¢) > 6 >
Oo+d(1/p—1/q) or 64 +d(1/r —1/q) <0 < 8y+d(1/p—1/q) hold.
It is easy to check that w(-) = wo(-) = 1 and w;(w) = t~j€1 (w),7=1,....,d,
where

t1(w) =coswy,

ts (w) =sinw; cos wa,

tg—1(w)=sinw; sinws...sinwy_s coswy_1,

ta(w)=sinw; sinws . ..sinwg_s sinwg_1.
Note that

> Hw) =1

d
k=1
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For I we have

'Iv: / J(w) dw~ — Hii;l _ [0, 7_‘_/2]d—1. (37)

Hd—l d ~7r01 Q(lfv)/r

C (oL E" @)
If r6; < 2, then
d d

~’I‘01 ~2

Yol W= hw =1 (38)
k=1 k=1

For r6; > 2 by Holder’s inequality

d d 2
1= f;f(w) < (Z 31:01 (W)> ' d171v31 .

k=1

Thus,

SE" w) = (39)

It follows by (38) and (39) that I < cc.
For I’} we have

’f;:/ I (w) dw Ci=1,....d
Hd—l d ~7r01 Q(177)/T+1
+ (Zk:ltk (W))

Consider the integrals
d 2
(Zi e
L; =
R NB4 (Zz:1 t291

where B? is the unit ball in R?. If we change variables in L; changing places
variables ¢; and tj, then L; passes to Ly. Therefore, L; = ... = L. Passing to

J
)?1'(1—%/?”4'1

)al(m—%)/z 0

dt, j=1,....d,

the polar transformation we obtain that L; = I~]’ /d, 5 =1,...,d. Consequently,
A
Thus, we obtain

Corollary 5. Let (p,q,r) € PUPUP,, 61 > 0, 6 and 6y be such that 61+d(1/r—
1/q) > 0 > 6p+d(1/p—1/q) or01+d(1/r—1/q) < 6 < Oy+d(1/p—1/q). Then for
weights (36) and all z(-) for which wo(-)z(-) € Ly(RL) and w;(-)z(-) € L (RL),
j=1,...,d, the sharp inequality

- - 1-7
(e, ) < Ko ()2 ()17, e (;g;gd Jeos () L,m))

holds, where K is defined by (35) in which the value I is defined by (37).
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We give one more example.

Corollary 6. Let (p,q,7) € PUPUDP,, weights w(-), wo(-), wi(-) be defined by
(36) for0 =d(1—1/q), o =d— (A+d)/p, 4 =d+ (u—d)/r, where A, u > 0.
Put
I A
o= , B= .
Py +TA P+ TA

Then for all z(-) such that wo(-)z(-) € L,(R%) and w;(-)z(-) € L, (RL), j =
1,...,d, the sharp inequality

B
IOz ety < oo ey (08, s Ol o

holds, where

& I a B Yaza=p
“ = Garehy (A+uB(1/q—a—ﬁ’1/q—a—ﬁ)> ’

J(w) dw
I= -1 d ~r(d—1)+p 1/*/73713 )
C(LET W)

Ford=1,q¢=1, and (p,1,7) € P the statement of Corollary 6 was proved
in [5].

and

6. Recovery of differential operators from a noisy Fourier transform

Let T be a cone in R, du(t) = dt, [1(-)| be homogenous function of degree
n, le;()], 5 = 1,...,n, be homogenous functions of degrees v, ¥(t) # 0 and
> i1 lpi(t)] # 0 for almost all t € T.

Let S be the Schwartz space of rapidly decreasing C>°-functions on R%, S’
be the corresponding space of distributions, and let F': S — S’ be the Fourier
transform. Set

Xp,={z() €S 1 pj(-)Fz(-) € Ly(R?), j=1,...,n, Fz(-) € L,(R%) }.
We define operators Dj, j =1,...,n, as follows
Dja(-) = F~Hp;(VFz()(), j=1,...,n.

Put
Az(-) = F7H () Fz())(-). (40)

Consider the problem of the optimal recovery of values of the operator A on
the class

WPD = {.73() S Xp : ”Djx()HLg(Rd) S 1, j: 1,...,77,}7 D= (Dl,...,Dn),
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from the noisy Fourier transform of the function z(-). We assume that for each
x(-) € Wy, one knows a function y(-) € L,(R?) such that | Fz(-)—y ()|l 1, &) <6,
0 > 0. It is required to recover the function Az(-) from y(-). Assume that
Ax(") € Ly(RY) for all z(+) € X,. As recovery methods we consider all possible
mappings m: L,(R?) — L,(R?). The error of a method m is defined by

epq(A, Dym) = sup [Az(-) = m(y)()llz, @e-
2(JEWD, y()ELy(R?)
1F2() =y 1, () <

The quantity

Epq(A, D) = - Lp(Ri%f;Lg(]Rd)epq(A,,D’m) (41)

is called the error of optimal recovery, and the method on which the infimum is
attained, an optimal method.

1. Recovery in the metric Ly(R%)
By Plancherel’s theorem,

IA() = )l = gy 1E2C) = FOn(0) (s

where Laz(-) = ¢(-)Fz(-). Moreover,

1 .
HDﬂx()HLZ(Rd) = W||@J()F$()|‘L2(Rd)7 J = 17' <oy T

So, the problem under consideration coincides, up to a factor of (27r)*d/ 2. with
problem (2) for ¢ = r = 2 with ;(-) replaced by (27)~%2p,(-), j =1,...,n.

For ¢ = » = 2 we denote by 4 and ¢* the values v and ¢*, which where
defined by (23) and (33):

~ v—n - 1
TT a2z -1p) T T A1)
Set
1=\ (B@amrLaa-ay2) "
w4 (12) 7 (B0 ppzpeom)

Theorem 6. Let 2 <p < oo, 7€ (0,1). Assume that

_ qu (w) d—1 _ d—2
I= ~1 a5 —J(W)dw < oo, I =0, 7] x [0, 27] (42)
-1 '§2q 1-%)/ (W)
and I{ = ... =1, where

I]’-:/ U7 ()2 (w) JW)dw, j=1,...,n. (43)
md—1

7 (1=3)/2+1
52(1( M/ (W)
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Then

(A, D) = (%)%ch(y, IV . (44)
The method
Ay)1) = F~ ((1 ) w)y(t)) , (45)
where 1-7 o 1/2-1/p\ %
o et )
s optimal.

Moreover, the sharp inequality

. 1-5
ey < PO,y (s, 150 ) 46)
holds.
Proof. Let 2 < p < co. By Theorem 5 we have
! 5

Ep(A,D) = WK(S ,

where

512

_1-3 1/q"
3 (1= 2 B(@7/p,qa(1-7)/2)1
= ( > ( )p)> '

n v +d(1/2-1/pl(2y+ (1 -7
From the properties of the beta-function we find that

B(@7/p,q* (1 -7)/2)
lv+d(1/2-1/p)|(27+ (1 =7)p)
_B@y/p+1,¢(1-7)/2)(@7/p+q(1-7)/2)
a lv+d(1/2—1/p)|(27 + (1 = )p)T*7/p
@O
2lv —n

Thus, equality (44) holds.
It follows by Theorem 5 that the method

_ R0

where

~ ~\ 1/2 PPN e A 1/2—-1/p
S somyiiia—t/p (127 B(@v/p,a(1-7)/2)1
= ot (17) <u+d<1/2—1/p>|<2a+<1—a>p>> |
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is optimal. In view of (47) we obtain

_ S = . ~ 29(1/2-1/p)
& _#5r (1-3\7 (B@afe+rea-y21\
@r?” @enf \ 2l |

— 1-9 1/2—1/p w
= 2 ECr ) (51 ) .

Inequality (46) follows from Corollary 3. Consider the case p = co. It follows
by Lemma 1 that

Es2(A,D) > sup A2 ()| Ly (re)- (48)
z()EWD
HFJ;(')HLOOGRd)Sé

Let Z(-) be such that

0, [9(&] < Ay/s2(8).

We show that A > 0 may be selected from the condition

l@@:{&|wm>xﬁw&

1 = .
i [ e OPIFRORdE =1, = L.o.on

Thus, A > 0 should be chosen from the condition

52 (6|2 de = (2m).
A@DAMOM@ns (2r)

Passing to the polar transformation for v > n we obtain

1

01 (w) b(w =
& /H HOMOL /O P dp = (2m), @1(00):(%) .

If v <, then 2v +d < 0 (since 7 € (0,1)) and we have

400
52 / @?(w)J(w) dw/ Pt dp = (2m)%.
IMg_1 @1 (w)
Hence
52 2vtd

As already noted, it follows from the equality I + ...+ I, = I that I} = I/n,
j=1,...,n. Consequently,

]

\ 52[ 2v+d
- ((QW)dTL|2V+d> ’
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It is easily checked that

1 n+d/2
C(v,n) = m(n|2V +d)vare.

As a result, A2 = 3. In view of (48), using calculations similar to those that
were above, we obtain

62
B0, D) 2 IAZO) e = 7307 | WO de
B2 7 2m)d  ye)15ay/sa0)
(52 2n+d 1
= NE _C? 12/‘1 7 4
o0 (o) Coo M 071 (49)

We estimate the error of the method (45). Put

©= (1-Pr),

Taking the Fourier transform we obtain
IA) = O, o) = 537 ., 19O IFa(6) = al€u(OF de.
We set 2(-) = Fz(-) — y(-) and note that
2Ol <6 o [ I OPIPROPAE <L =1
Hence
A7) = WO = g [, R (1 = ale) P(e) + al©)=(6)* de

The integrand can be written as

(&1 —a(€ 58;(/552 &) Fx(¢ +\/—\/—|w

Using the Cauchy-Bunyakovskii-Schwarz inequality
lab + cd|* < (|al? + [e]*)(|b]* + |d|)
we obtain the estimate
1A2() — ()O3

1
< vraisup S(§) ——
< gede (5)(27r)d

[ (aoF©F + ORI de,
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where

If [P(&)P < Bs2(€), then a(§) = 0 and S(§) < 1. If [(€)[* > Bs2(£), then
S(€) = 1. So we have

Eah D) < oy [ (B(OIFa(OF + OO PIOF) d

i

@m)? /|w<s>|>xx/m

— oo mlw(é)IQdé—B@;d JRCGLEGIRE
62

~ (@2n)d /¢<e>|>x\/%

It follows that the method m(y)(-) is optimal. Moreover, by (49) we have

<nB+ —— (I(€)* — Bs2(€)) de

=nf+

(&) dE < B35(A, D).

52
E2,(0D) = s | V(O dE = oz 02 (n, KT 677
> M) o152 /5@ (2m)®
Similar to the proof of Corollary 1 we prove that for p = oo inequality (46)
is sharp . O

Let a = (a,...,0q4) € Ri. We define the operator D* (the derivative of

order «) by
Dx(-) = F~1((i§)* Fx(€))(-),

where (€)% = (i) ... (i€q).

Consider problem (41) for D; = D%, j = 1,...,d, where ej, j = 1...,d,
is a standard basis in R?, and A defined by (40). Assume that () has the
following symmetry property

w(7§Ja7£m7):w(7§ma7€ja)a 1Sjam§d

Moreover, we assume that ¢(-) is continuous function on T4,
In this case for (42) and (43) we have

_ T:ZquN(w)J(oJ)dw
Iﬁ/ndfl (Zgzlz,gu(w))m—a)/a’ (50)
, DT (W)E (w)J (w )
e T

Similar to how it was done for weights (36) we prove that I < coand I} = ... =
I);. Thus, from Theorem 6 we obtain
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Corollary 7. Let 2 <p< oo andv >n > 0. Then

vey ve 1 ~
Epp(A, (D", D)) = ch(%n)p/q o7,

where I is defined by (50). The method

_ _ > 1t
_ 1 . J
m(y)(t) = F ((1 g (12 >+ Q/J(t)y(t)) )

where

1= 12-17p\ 2
ﬁ - d(2ﬂ_)d,’y‘ Cp(V7 7]) (61 ) bl

s optimal.
The sharp inequality

CP(Vu 77)‘[1/{1\* 7

1—
||Ax()||L2(]Rd) < W||Fx()“zp(Rd) <1@?§d|DV€jx(')”L2(Rd)>

holds.

As functions ¢(+) defining the operator A we can consider the functions

() = (J&1|° + ...+ |€a|9)??, 6> 0.

The corresponding operator is denoted by Ag. In particular, Ay = —A, where
A is the Laplace operator. We denote by AZ/ % the operator A which is defined

by ¥() = v/ (-).

Now we consider the case when p = 2.

Theorem 7. Letv >n>0,v>1, and 0 < 0 <2v. Then

7]/2 /9 (5 1—7]/1/
vey veq — AN R
N R Gl (=) BRI
and all methods ,
ly)(®) = P~ (altyw*@u0)) (52)
where a(-) are measurable functions satisfying the condition
1 —a()? la(§)
g (€) ( + <1, (53)
A2 Z?q G2 (2m)Th
in which
d2n/o n (27T)d n/v N o (271_)05 n/v—1
= ) (2L = Lg2n/0-1
A= (1 y) ( 52 ) ) A= ( 52 ) ’



are optimal.
The sharp inequality

7]/2 L (Rd)
145720l < — i

/0| Fa (|1
(1§j§d

1-n/v
wax ||D”ef'z<~>|L2<Rd>) (54)
holds.
Proof. 1t follows by Lemma 1 that
Es(Al/?, (D¥1,... D"*0)) > sup IAS 2 ()| Lyqray. (55)
x(-)eW(le ,,,,, DVed)

2
1F2( gty <6

Given 0 < & < (2m)¥V)§=1/7 | we set

. d\ 2 _
§5<(2;r2)> (1,...,1) = (&...,8), Bs:{§€Rd:|§f§}|<5}.

Consider a function z.(-) such that

5
Fz. (&) = { vV/mesB.’ $ebe (56)
0, ¢ ¢ B..

Then ||F:cE(')H%2(Rd) =62 and

52

ve; 12 = o 5
1D e ()7, ey = (27)% mes B.

/ &1 de <1, j=1,....d.
B,
By virtue of (55) we have
2 ve ve 2
EL (A%, (D", ..., D)) > A 2 ()3, me

62 2 -
= (@m)7mes B /B U5 dE = Vi), & € Be.

Letting € — 0 we obtain the estimate

2 /2 2n/6 6 ol
B (D D) = 0 (g ) (57)

We will find optimal methods among methods (52). Passing to the Fourier
transform we have

143/%2() = ) a0y = g7 [, V4O IP(E) — al©u(©) de
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We set z(-) = Fz(-) — y(-) and note that
L @ra <, oo [ lgPrera <t =1
Then
n/2 ~ 2 1 n 2
A" () = m(y) OIIL, @ey = @i /Rd Py (&) [(1 = a(§)) Fx(§) + a()z(E)|” dE.

We write the integrand as

(1 - @)V (S 16) " Fate) g
VR (S gl) A

Applying the Cauchy-Bunyakovskii-Schwarz inequality we obtain the estimate

W (€) 2m) Y2/ A 2(€

1AY 22 () — () ()2, @)

£eRd

d
< viaisup S(6) 57 | (A2 Sl P IFa©) + <2w>dxl|z<s>|2) de,

where

S(&):w3(€)<A1a(£)| G )
2

SOl @m)ia

If we assume that S(&) < 1 for almost all £, then taking into account (57), we
get

€2, (A)? (D", D¥1), i)

1 d
< Gy /R ) (AQ;lﬁjF”Fx(£>|2+<2vr>dxl|z<5>|2) dg < Nod + M1 62

2n/0 52 ol 2 n/2 vey veg
:d W SE22(A0 ,(D ,...7D ))

This proves (51) and shows that the methods under consideration are optimal.
It remains to verify that the set of functions a(-) satisfying (53) is nonempty.
Put

a _ (2’]’1’)d>\1
© (2m) A + Ao X5 161>
Then ;
s G,

(2m) A1 + Ao Y0 16512

30



Since 6 < 2v by Holder’s inequality

d

(% d 2 o/ 1-0/(2
P31 S(Zlﬁjl ”) d' =0,
j=1

j=1

Putting p = (16117 + ... 4+ |€4]%)/?, we obtain

d
Z ‘63“2” > p2ud172u/9.
=1
Thus,
p*"
5(8) <

(271-)(1)\1 + >\2p21/d172u/9 :

It is easily checked that the function f(p) = (2m)%\;+Agp?d'=2¥/% — p? reaches

a minimum on [0, +00) at

27.(.d 1/(2v)
pOZdl/e(((SQ) > )

Moreover, f(po) = 0. Consequently, f(p) > 0 for all p > 0. Hence S(§) < 1 for

all €.

Inequality (54) is proved by the analogy with the proof of Corollary 1.

2. Recovery in the metric Lo, (R?)

Put

v—n—d/2 B 1
vid12=1/p) " T 122 -1/

71 =

n

_1l-m /a1
Cylvm) =1 " (”) (B (an/p+ 1,01 - m/?)) |

2lv —n—d/2|
For 1 < p < oo we define k() by the equality

KO b
k@t~ 2 g

We set { d }
_Jmin 1, (27) WY, p=1,
k(t) = {(132(t)|1/)(t)1)+7 p= .

Theorem 8. Let 1 <p < oo, vy € (0,1). Assume that

= 71;/(11(&)) w w O
If/n J(w) dw <

a1 §2€11(1—’71)/2(w)
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and I = ... =1I!,, where

{qu( )~2()
/_ S
Ij_/m m J(w)dw, j=1,...,n

Then 1
EPOO(A,D) WC (1/ n)]l/QI(;’Yl
The method )
a0 = (5 (70 wioun )
where
s 5 (@ — 1) Cp (v, )M/ iy
61 =0 ’n,(27'()d(1+71)/2 )
s optimal.
The sharp inequality
Cp(v,m) I o
||A$(')||Lm(Rd) WH ()HZIP(W) 12132( HD (- )HLZ(]Rd)
(58)

holds.

Proof. Using an estimate similar to (48) we have

Epo (A, D) > sup [AZ() |2 o (e)-
z()EW)
1F2()l,, zay <6

Assume that z(-) € WP and [F2()L,®ey < 6. If Z() is such that FZ({) =
£(&)e B8 Fr(€), where

P F(§)
e(€) = 4 WO Fz()I’
0, (&) Fz(£) =0,

then we obtain Z(-) € WP, 1FZ()| L, ®ey < 0 and

P(E)FE(E)e ) d&] = / (&) Fa(€)| de.
Rd Rd

Hence

Epo(A, D) 2 sup y (&) Fz(£)] dE. (59)

@m* Lewr
1Fz()ly, dy<d
Let 1 < p < 0. It follows from (20) that

Epss (A, D) = E(p, 1,2),
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where, in the problem of the evaluation of E(p,1,2), the functions ¢;(-) should
be replaced by the function (27)~%2¢;(-), and the function ¥(-) by (27)~%)(-).
From Theorem 5 we obtain

1

EPOC (A’ D) Z W

K(j’h’

where

_1l-m 1/q1
_ -n1-m 2 B(gim/p, (1 —m1)/2) 1
= ( ) ( )p)> '

n v +d(1/2=1/p)|2yn + (1 -mn
From the properties of the beta-function

B(qam/p,n(1—m1)/2)
v +d(1/2=1/p)[2y + (1 —7)p)
_ B(gm/p+1,a1(1 —m)/2) (@ /p+a(l —m)/2)
lv+d(1/2—1/p)|2m1 + (1 —y)p)ain/p
_ Blam/p+1,0(1-m)/2)
2lv —n—d/2|

Thus,
1 ~ 1/ s
Eps(A,D) = ch(% e

Moreover, it follows from the same Theorem 5 that

1
/1@1 WWQF(@ - m(y)(g)' df < _E(p7 172)’
where 1 |
0 = (gt (51””t) B,
and
& = g <1 - 71)1/2 B(q171/p,q1(1 — v1)/2) I(27)~dar(1+7)/2 1/2-1/p
1 711/17 n v +d(1/2—1/p)|2n + (1 —71)p)

=9 -5 (O _71)6p(u717)[1/q1 a1(1/2-1/p)

- n(2m)d1+m)/2 )
Consequently,

g L, HOF© e [ (e ae

< /Rd ‘(271)(11/1(5)}7(5) —m(y)(f)‘ d¢ < E(p,1,2) < Epoo(A, D).
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It follows that the method m(y)(-) is optimal, and the error of optimal recovery
coincides with E(p, 1, 2).
Now we consider the case when p = co. Put
¥(&)

«© = e VO7

Let Z(-) be such that

95(§),  [¥()] = Asa(8),

F&(€) = § 50(6)
Sty VO < 202(6)

~—

‘We choose A > 0 such that
1 - .
a7 [ I OFIPRERdE =1, G=1,.

Now, to find A we have the equation

6 2 622 i (P10
o ()2 d 1P SIVS)IT ge — 1.
(2m)4 /w(ﬁ)zm(f) s e+ (2m)? /|a/;(§)|<>\52(§) s3(€) ¢

If v > n + d/2, then from the fact that v; € (0,1) it follows that n > —d. In
this case it is easy to check that 2v > n and 2v 4+ d > 0. Passing to the polar
transformation we obtain

52 ~2 ‘I’Q(W) 2v4d—1
o | B [ it

PA2 [ BRWP W) 0 o
Fam e @ [ o=,
d—1 2

P2 (w)
where )
s 2v—m
P2l = (fﬁ(%) |
Thus, )
(267r)dAm v+ d%y 3nzn —d) I=1

If v < n+ d/2, then it follows from v € (0,1) that n < —d, 2v < 5, and
2v 4+ d < 0. Passing to the polar transformation we obtain

&2 ~2 T -1
W/H @j(w)J(W)dW/ p? T dp
d—1

Dy (w)
5222 P2 (W) (w) ()
J d —2D+2n+d—1d -1
e /n =PRIy p=1
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For this case we have

6% 2w 2n — 4v
—— A" ;=1
(2m)d (2v+d)(2v — 2n —d)
Combining both of these cases and taking into account that I; = I/n, j =
1,...,n, we get

5= 262|2v — n|I ot
— \(27)n(2v +d)(2v — 21 — d) '
It follows by (59) that

1 s
B0 D) 2 g [ WOFFEIE= o [ wielas

5 BOP
e /|w<f>|<m(s> 52() ¢

Using calculations similar to those that were above, we obtain

S|2v — pA"Fma T
(2m)d(n+d)(2v — 2n — d)

Eoss(A, D) > = Ey,

where

By ol d2)ER e\
0 n+d 2m)(2v — 25 — d) ‘

We prove that for all () € X the equality

x b — As(&)s2 z(€)et
Mot = gy [ (O~ Ms(€)sa©) Fale)e

A =7 ilt,
+ W /Rd 52(€>F-T(§)F$(§)e (t,6) dé. (60)

holds. Indeed,

1 .
— — As(€)sa Fa(€)et8) ¢
27 g (P8 (€526 F(©)c 4 e

4 =) it
i m /Rd s2(§) Fx(§) Fa(§)e (t.€) d¢

1 )
= — —As(é)s Fa(£)e!h9) d
o /MZMQ@ (($() — As()s(€)) Fr()e" 9 de

1 ,
— py F i(t.€) 4
" @y /Iw(f)Z/\Sz(E) se)ea(e) ()™ &
1 ; 1 .
F i(t:€) q¢ = F it g4
" e /|w<£>|<AsQ(&>w(§) O A= (o fy, VOO
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We estimate the error of the method

1

m(y)(t) = 2n)?

/ (B(E) — As(€)s2(E)) y(€)e' 9 de.
[ (&)= As2(

We have

alt) =m0 < | gr [ o)) at

s Fa(6)eit6) g
(2”) /Iw(£)|>Asz(5) (¥(€) — As(§)s2(E)) F(€) ¢

1
— As(€ x d€.
7 e a6~ MO IFr(E) )l

If 2(-) such that

1F2() — y( )| gy < 6 /m 2FE)de <1, j=1,....n,

then, taking into account (60), we obtain

Aa(t) = m(u)(O)] < 5757 | s(OIF©IFHQ s +u< 5+

§(2m)d

where

1)
— —As d€.
e /w(£)|zAsQ(g)<w(§)| 2(€) de

Passing to the polar transformation we find

l’l’:

n+d
) / O\ 2v—n
V()| dé = ———1,
(2m)? \w(g)\zm(a)l @l (2m)4[n + d|

oA /
o $2(§) d§ = g1
1) Sy 2 2s200) (2m)7J2v + d]
Hence »

SATZn |20 — 1
(2m)d(n+d)(2v +d)
Tt is easily checked that nA/d + p = Fy, and therefore

,LL:

eoooo(AaDvm) é EO S Eoooo(Avp)
It follows that m(y)(-) is an optimal method, and the error of optimal recovery

is Ey. It is easily checked that for p = oo

1

e C /g sm —
(27r)d(1+71)/2 Coo(v,m) I 6" = Ey
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We evaluate &; for p = co. We have

~ 1/2
1— ]1/(11 1 v 2
&=9 <( 1)Coo (1) ) — AT (61)

n(2m)d0+m) /2

The method m(y)(-) can be written as

mly)(1) = P~ ((1 ) ¢<t>y<t>> .

In view of (61) we have

m()(®) = £ (i (677 (o)) = (o

Inequality (58) is proved by the analogy with the proof of Corollary 1. [

It is not difficult to formulate a corollary from Theorem 8 analogous to

Corollary 7 for the same A and D = (D¥¢1,..., D"ed).
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