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1. BBEJEHUE

Boinyk/ablit anaan3 — pasjiesl MaTeMaTHKHA, B KOTOPOM H3YYaroTCsd
BBIIIYKJIbI€ MHOYKECTBA, BBIMYKJIbIe (DYHKITHH U BBITYKJIBIE SKCTPEMAJIb-
HbIe 33Ja49d. BBLITYKJIbIH aHAIN3 HMeeT BechbMa pa3HooOpas3Hble PH-
JIOKEHHsT B TeXHWKE W SKOHOMHKe. MHOTHE MPUIOKEHUS CBSI3aHBI C
3a/Ia9aMi ONMTUMU3AINH, KOTOPbIe MPU HAJUYUU BBITYKJIOCTH MOTYT
pemiarbes 6oJiee ITpPoCcTo.

2. BBIIIYKJIBIE MHOYXKECTBA

[Iycts X — nummeiinoe mpocTtpancTBO. Ecan x,y € X, To MHOXKeCTBO
zyl={z€X:z=(1-a)z+ay, 0<a<1}

HA3bIBAETCST OTPE3KOM (COETHHSIIONINM TOYKH T 1 Y).

Henycroe MHOKECTBO A Ha3bIBA€TCS BBIMYKJBIM, €CJIU JIJIS JIIOOBIX
r,y € A Jx,y] € A. Ilycroe MHOXKECTBO CYMTAETCS BBIMYKJIBIM IO
OIpeJIeJICHUIO.

[Iycts 24, ...,2, € X. Touka

(1) x:Z&jxj, a; >0, Zajzl,
j=1 j=1

Ha3bIBAETCS BBIMYKJI0H KOMOMHAIHEH TOYEK 1, ..., Tp.

IIpennoxkenue 1. Fcau A — suinykaoe MHON®CECMB0, MO 410008 Ebl-
NYKAGA KOMOUHAUUA MOYEK T1, . .., T, € A npunadasescum A.

Joxazameavcmeo. JlokazareabCTBO TPOBEAEM WHAYKIIMEH 10 UNUCIIY
touek. [Ipu n = 1 yrBep:kaeHune oueBuaHO. [Ipeamonoxum, 910 yTBEp-
JKJIEHHe BepHO JTd JII00O# BBIMYKJIOH KOMOMHAIIMU U3 He OoJiee, deM

n — 1 rouek. Ilycrp umeercst Touka x Buga (1). Ecim ap = 1, To
r=ux1 € A. Ecim o < 1, monoxum
~ Q; .
aj:—], j=2,...,n.
1-— (0%}

B cuuy Toro, uro

n
E Oéj = 1,
j=2

U3 npeanoJozKennd HHAYKIHUHU BbIT€Ka€T, 9TO

n

T = a;xrj € A
Jj=2
Torga u3 BemmykIocTH A ciemyer, 9To

n

n o N
T = Zajxj =71 + (1 — al) Z 1——J041:Cj = T + (1 — Oél)l' c A.
j=1 =2

g



Brimykioit 06ost0ukoit co A muokectBa A C X HA3BIBAETCS MHOXKE-
CTBO BCEX BBIMYKJ/IBIX KOMOWHAIWIT €10 TOYeK

n
coA = xEX:x:Zajxj:xl,...,xneA, a; >0,
=1

i&jzl, n €N
j=1

Cpenm BcexX BBIMYK/IBIX MHOZKECTB, COJEPIKAIINX JAHHOE MHOXKECTBO
A C X, cymecTByeT HamMeHbIIee, T.e. TO, KOTOPOE COJIEPKUTCHA B JIFO-
OOM BBINIYKJIOM MHOXKeCTBe, cojmepzkaiiem A. [leficTBuresibHo, cemeii-
CTBO BCeX BBIMYKJIBIX MHOYKECTB, cojiep:Kammx A, He mycTo (B HErO BXO-
JUT, HATpEMeED, Bce mpocTpancTBo X ). Ilepecedenue BeeX MHOMKECTB
9TOTO ceMelicTBa GyIeT BHIMYKIBIM (T.K. TepecedeHue JToboro cemeii-
CTBA BBIILYKJIBIX MHOXKECTB — BBIILYKJIO), cojepzKaimuM A 1 HauMeHb-
muM. JlokarkeM, 9T0O 3TO MHOXKECTBO COBHAJAET C cO A.

ITpennoxkenne 2. Mnoosicecmso co A ABAAEMNCA HAUMEHDUUM GBINYK-
AbLM MHOHCECMEOM, codepacausum A.

oxazameavemeo. V13 npenyiozkenns 1 BBITEKAET, YTO €CJIH HEKOTOPOe
BBIIIYKJIOE MHOYKECTBO COIEPKUT A, TO OHO COIEPIKUT JIIOOYIO BHIITYK-
JIyI0 KoMOmHAmuio Touek u3 A, a 3HaunT, oHO comep:kuT co A. Cie-
A0BaTEJIbHO, IIepeCcedeHrue BCEX BbIIIYKJIbIX MHOZKECTB COACP2KUT CO A
OcraJjioch mokaszarh 4T0 €O A BBIIYKJIO, B 9TOM CJIy4Yae OHO COBIIAJIET
¢ TepeceveHneM BCEX BBIMYKJIBIX MHOXKeCTB, comepzkarmux A. Pacemor-
pUM JIBe TPOU3BOJIbHBIE TOUKH CO A

n m
xr = E Oéj[L‘j, E Bjyj'
7j=1 7j=1

st sioboro « € [0, 1] umeem

n

(1—a)x+ay = Z(l — )ajz; + Zaﬁjyj.
j=1

j=1

Tak xak
n m
E (1—a)a; + E afj=(1—-a)+a=1,
i=1 i=1
TO MBI [OJIYYUJINA BBILYKJIYIO KOMOUHAIIMIO TOUEK L1, - - -, Ty, Yls - - « » Y
KOTOPas TPUHAJIEKUT CO A. U

CaencrBue 1. Muoscecmeo A A6aaemcs SonYKAbLM 6 MOM U MOALKO
6 mom cayuae, ecau A = co A.

IIpennoxkeune 3. Fcau A u B — swinykavie MHoceCcmea, mo

co(AUB)={reX:z=(1—-a)a+ab:ac€ A, be B, a€l0,1]}.



Joxazameavemeo. U3 onpejiesienus BBINYKJIONH 0OOJIOYKM BBITEKAET,
aro (1 — a)a+ ab € co(AU B) anga seex a € A, b € Bu a € [0,1].
IIycts x € co(AU B). Torga

n m
=Y ai+ Y By,
=1 j=1
e T, ., n €A Y1, Ym € By, .,0, >0, 61,..., 8, >0m
n m
D+ fi=1
j=1 j=1
[Tonoxum
m
a=> b
j=1

[Ipeanonoxum, aro 0 < a < 1. Torma = = (1 — a)a + ab, e

o= =3 2n
j=1 j=1

B cuny Toro, uro

m
E Q_ § & -1
- -
— 1 —« ‘< o
J=1 Jj=1
a € A,abe B. Ilppu a = 1 wm a = 0 MOXKHO HEIOCPEICTBEHHO
yOeIUThCs, YTO CIPABEIINBO TO Ke MpeIcTaBIeHue. U

[ToamuozkecTBo Y C X HaspiBaeTcda adGUHHBIM TOIIPOCTPAHCTBOM
X, eciu jyis i00bix ,y € Y rouka (1—a)r+ay € Y upu Beex a € R.
Addunnoit koMOnHAIIIEH TOYEK X1, . . ., L, HA3BIBAETCI TOUKA

n n
(2) x:Zaja:j, Zajzl, a,...,q, €R.
j=1 j=1

IMpennoxenue 4. Ecau Y — addunrnoe nodnpocmparcmeo, mo no-
bas apdurnas KOMOUHAUUL MOYER X1, ..., T, € Y npunadsescum Y .

Joxazameavcmeo. JlokazareabCTBO TPOBEAEM WHAYKIMEH 10 YNUCIIY
touek. [Ipm n = 1 yrBepKaenne oueBuaHO. [Ipeamnonokum, 910 yTBEP-
JKJIEHHe BepHO JTd JII00O# BBIMYKJI0OH KOMOMHAIIMU U3 HE OoJiee, deM
n—1 1ouek. [Iyctb umeercst Touka x Buga (2) un > 1. Cpean ay, . . ., oy,
HaliIeTcs OTIMYHOEe OT eIWHUIbBI. Be3 orpanundenus: OOITHOCTH MOXKHO
CUNTaTh, 9TO (v # 1. Ilomoxkum

~ Q;

o

j j=2,...,n.

1—0&17

n
E oy = 17
=2

B cuny Toro, aro



n3 MpearnojJorKeHnd MHAYKIWUNA BbITE€KaeT, 9TO

n
T = a;r; €Y.
=2

Torma u3 Toro, uro Y adduHHOE TOATPOCTPAHCTBO CAEAYET, UYTO

x:Zajxj =+ (1—ap)T €Y.
=1

U

MuoxkecTBo BeeX ahbPUHHBIX KOMOMHAIIMI TOUYeK M3 MHOXKecTBa, A
HasbiBaercs adpdunnoit obostoukoii aff A muoxkecrsa A

n n
aff A = xGX:x:Zajxj:xl,...,xneA, Zozjzl, nEN}.
j=1 j=1
Cpenn Becex adpGUHHBIX MOIIPOCTPAHCTB, COAEPKAITUX JAHHOE MHO-
kecTBO A C X, cymecTByeT HaMMeHbIIIee, T.e. TO, KOTOPOe COMePKUTCS
B J11060M adPUHHOM IOAIPOCTPAHCTBE, conepzxKaiieMm A. delicTBurenn-
HO, ceMeiicTBO BceX ahPUHHBIX MOAMPOCTPAHCTB, comepkanmmx A, me
mycro (B HEro BXOAUT, HanpuMep, Bee npocrpanctBo X ). Iepecedenue
BCEX MHOYKECTB 3TOro cemeiicTBa 0y/1eT adbDUHHBIM O IPOCTPAHCTBOM
(T.K. Tepecevenue JH060r0 cemeicrBa adOUHHBIX MOAITPOCTPAHCTB —
addbuHHOE TOANPOCTPAHCTBO), comepKamum A n HanmenbmM. JToka-
JKeM, 9TO 9TO MHOXKeCTBO coBmajaer ¢ aff A.

IMpennoxxenue 5. Mnoowcecmeo aff A seasemes naumenvwum agh-
PurHBLM NOONPOCMPAHCMEBOM, COdepHCauLuM A.

Llokasamenvcmaeo. 3 npennokennsa 4 BRITEKAET, YTO €CJIH HEKOTOPOe
adpuHHOE TOAMPOCTPAHCTBO COAEPKHUT A, TO OHO COTEPKHUT JTHOOYIO
adpPuHHYI0 KOMOMHAIMIO TOYeK U3 A, a 3Ha4duT, OHO cojepxut aff A.
CrenoBarebHO, iepecederne Bcex adpPUHHBIX MOAMPOCTPAHCTB COIEP-
xut aff A. Ocranock mokasars uro aff A asnserca addunHbIM TOMI-
MPOCTPAHCTBOM, B 3TOM CJIydae OHO COBIQJIET C TEePecedeHneM BCeX
adpUHHBIX TOATPOCTPAHCTB, cojaepxKamux A. Paccmorpum aBe mpo-
u3BOJIbHBIE TOUKH aff A

n m
xr = E OéjIj, E Bjyj'
j=1 j=1

g moboro o € R umeem

(1-—a)x+ay = Z(l — o)z + Zaﬂjyj.
=1 j=1

Tak Kak
n

Z(l—a)og—l—Zoz@z(l—a)—kazl,

=1



TO MBI TTO/TY Yijiu apPUHHYI0O KOMOUHAIUIO TOYEK X1, - - - s Ty Y1y - - - 5 Yims
koTopas npuHaiexut aff A. O

CaencrBue 2. Mnoowcecmso A asasemea apdunmvim nodnpocmpan-
CMBOM 8 MOM U MOALKO 68 mom cayuae, ecau A = aff A.

ITpennoxeuunme 6. Kaoswdoe addunnoe nodnpocmparncmeo Y C X
npedcmaesasemca 6 eude Y = a+ Ly, 2de a — npou3sosvHas movwka u3
Y, a Ly — aunetinoe nodnpocmparcmeo us X, npuvem Ly onpedenero
00H03HAHO (He 3asucum om a).

Joxazameavemeso. Ilycts a € Y. Tonoxum
Ly ={zeX:z=y—a, yeY}

JTokaxkewm, uto Ly — nuueitnoe nogmnpocrpanctBo X. [lycts x € Ly.
Torma v = y —a, tne y € Y. /Inga moboro A € R B cuiy Toro, 4ro
Ay + (1 —ANa €Y, nmeem

AM=ANy—a)= y+(1—-Na—aéecLy.

[IycTh Tenepb 1,29 € Ly nx1 =y —a, a o = Yo—a, TA€ Y1,Yo € Y.
Tak kak (y1 +y2)/2 € Y, 10
T1+T2 it
2 2

N3 noka3aHHOIO BBIIIE, MOJOKUB A = 2, MOJydaeM, 910 Ty + To € Ly
[Tooxum

—CLELy.

My ={zeX:x=y—0b, yeY},
e b € Y. B cuny Toro, uro b — a € Ly, umeem
b+Ly=a+(b—a)+Ly=a+ Ly =Y.
Caenosatenbuo, My = Ly. O

Pasmepnoctbio addunnoro nojanpocrpancrsa Y Ha3bIBAETCH Pas3-
MEpPHOCTH COOTBETCTBYIONIErO JIMHEHHOrO MOAITPOCTPAHCTBA Ly :

dimY = dim Ly.

Pa3MepHOCTHIO TTPOM3BOJBHOTO MHOXKECTBA A Ha3BIBAETCS pasMep-
HOCTH ero addunnoit obosoukn aff A:

dim A = dim aff A.
[Tockonbky co A C aff A, To

dim A = dimco A = dim aff A.



3. TEOPEMA KAPATEOIOPU

Teopema 1 (Kapareomopu). Ecau dimco A = d, mo w060t saemenm
MHootcecmea co A npedemasasemes 6 sude 8unykA0l KOMOUHAUUL He
bonee, uem d + 1 saemenma muoocecmea A.

Joxaszamensvcmeo. Tlonoxum Y = aff A. Torga dimY = d. Ilycrs

n n
x:Zozjxj, a; >0, Zozjzl, n>d+2.
=1 =1

Torma snemeHTsl Ty — X1, ..., T, — T1 IPUHAILIEKAT JUHEHHOMY ITPO-
crpancTBy Ly (cMm. mpeqyoxkenne 6), pasmepHocTb KoToporo d. Cieo-
BaTE/bHO, OHU JIMHEWHO 3aBUCUMBI. €M CAMbIM CYIIECTBYIOT (s, . . . , By,
He BCe paBHbIE HYJIIO, JIJId KOTOPBIX

Zﬂj(l‘j — 1'1) = O
j=2

[Tonoxum
n
71:_25]'7 ’ijﬁﬁ ]:2aan
j=2
Tora
n n
2w =0 3% =0,
j=1 J=1
MpUYIeM i, .. .,7Y, He Bce paBHbl HY/I0. CJ1eI0BATEIFHO, CPEIN TUCET
Y1y, Vn CYIIECTBYIOT OTPHUIATENbHBIE yncaa. LlycTs
) o o
a:mm{——J:'yj<O}:——k.
J Vi
Torga o + ay; > 0 s seex j = 1,...,n. Kpome Toro,
n n

=) (aj+ay)z;, Y (aj+ay) =1

j=1 j=1

Tak Kak oy + a7y, = 0, TO o npejcTaBasgeTCsd B BUJIE BBITYKJIOH KOMOU-
Haruu u3 n— 1 Touku. Eciim n—1 > d+1, To mpoozKas TOT Ipoliece
IPHIEM K TOMY, YTO X IPEJICTABIAETCS B BHJE BBIIYKJI0H KOMOUHAIIUN
He 6osee, ueM d + 1 smemenTa MHOXKecTBa A. Il

[Iycts X — JuneiiHoe HOPMUPOBAHHOE TTPOCTPAHCTBO.

Teopema 2. Buonykaas 000404KG KOMNAKMG 6 KOHEYHOMEPHOM TPO-
cmparcmee X ABAACTCA KOMNAGKIMOM.



Joxasameavcmeo. Tlycts dim X = d, A C X — rkommakrt. Jlokaxem,
qro co A — KommakT. [IjIst 3TOro JI0CTATOYHO JT0KA3aTh, YTO W3 JIFO-
6oit mocaegoBaresbHocTH {2} C co A MOXKHO BBIGPATH IOIIIOCTIET0-
BaTeJbHOCTD, CXONAILYIOCS K HeKoTopoit Touke m3 co A. Ilo Teopeme
Kapareomopu

d+1 d+1

T = E QiTri, Tgj € A, Qg > O, E Qpj = 1
Jj=1

J=1

Tak kak A — KOMIAKT, TO B MOCJEI0BATENbHOCTH {Tf1} CyIecTByeT
MO/IIOCTIETOBATEIBHOCTD, CXOIAIIAICA K HEKOTOPOi Touke 31 € A, a B
STOM MOAMOCTEOBATEIBHOCTH B { (g1 } CYIIECTBYET MOMOCIET0BATEh-
HOCTb, CXOJsIIagcsa K Hekoropomy uuciay o € [0, 1]. He orpanuunbas
OOIIHOCTH, MOXKHO CUUTATh, YTO Tk — Y1 U Qg — < Opu k — o0.
AHAJIOrMYHO, MEPeXoas K MOIMOCTeI0BATEIBLHOCTAM, MOKHO CUUTATD,

9TO Tpj — Yj U Qj — o 1pu k — oo ajd moboro j = 2,...,d + 1.
[Ipu srom
d+1 d+1
Ty — g a;y;, o >0, g a; = 1.
Jj=1 Jj=1
DT0 03HAYAET, YTO MpeaeabHas TOUKA IPUHAIIEKHAT co A. O
Konnueckoit kombuHalueit To4ex q, ..., T, Ha3bIBAETCS TOYKA

n
ng T, O, ..., 0 > 0.
j=1

MHOKecTBO BCeX KOHMYeCKUX KOMOMHAIIUNN ToOYeK 13 MHOXKecTBa A Ha-
3bIBAETCI KOHUYECKOH 000109kl cone A MHOxkecTBa A

n
cone A = xGX:x:Zajxj:xl,...,xneA, a; >0, neN
j=1

Hamomuum, 49ro JiuHeiHoi 000/10ukoit MHOXKecTBa, A HasbiBaeTcst
MHOZKECTBO BCEX JIMHEHHBIX KOMOWHAIMIT 9/IeMEHTOB 13 MHOKeCTBa A:

n
linA:{xEX:x:Zajxj:xl,...,anA, aj e R, neN
j=1

Teopema 3 (Kapareomopn mia koumdeckoil obonouku). Feau
dimlin A = d, mo aw0boti snemenm muoscecmsa cone A npedcmaens-
emces 6 eude Konuueckol kKomburnayuu ve boaee, wem d AUHETHO He3a-
BUCUMDBLT INEMEHMOE MHOMHCECMEa A.

Joxazameavcmeso. 1lycts

n
ng T, O,y ..., 0y > 0.
j=1
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Ecmu x4, ..., x, nureiino He3aBucuMbI, TO n < d W BCe JIOKa3aHO. Kcim
3JEMEHTHI X1, . . ., Ty JUHEHHO 3aBUCUMBI, TO HAHIYTCA HE BCE PABHBIE
HYJIIO 71, - . ., Y, TAKHE, ITO

> e =0
j=1

Bes orpanndenus 00ITHOCTH MOYKHO CUUTATD, UTO CPEIH Y1, - . . , Vn ECTh
OTPHIATE/IbHBIE YUCIa (€CIH OHU BCE MOJOXKHUTETBHBIE, TO MOXKHO Pac-
CMATPUBATH —7Y1, ..., —7V,). LlycTh

Torma aj +ay; >0 gnasecex j=1,...,nu

n

T = Z(aj + av;)x;.

j=1

Tak kak oy + ayp = 0, TO x npeaCTaBIgeTCS B BUJIe KOHUYECKONH KOM-
ounamuu u3 n — 1 Touku. Ecam 3T 3/ieMeHThl JIMHEIHO 3aBUCUMBI, TO
IPOIOJIZKAS STOT HPOIECC IPUAEM K TOMY, UTO & IIPEICTABISIETCS B BH-
Jie KOHHYecKoi KoMOuMHamuu He OoJiee, 4eM d JHHEHHO He3aBUCHMBIX
9JIEMEHTOB MHOXKecTBa A. O

4. TEOPEMBI PAJIOHA 1 XEJLJIU

Teopema 4 (Pamona). IHycmv X — aunelinoe npocmpancmeo u
dim X = d. Tozda ar060¢e xoneunoe mruootcecmso us X, codeparcausee ne
menee d-+2 mouex, moostcem 6bimd PazboumMo Ha 064 HENEPECERAOUULCA
MHOIACECTNBA, GUINYKADLE 000A0UKU KOMOPHLT NEPECERAIOMCA.

Zokxazamenavcmeo. 1lycTh manHbl TOUKHA T, ..., Ty, 1 > d+ 2. BekTOpb
To — T1,...,T, — T, — JUHEHHO 3aBUCHUMBI, T.K. UX He MeHee d + 1.
CaegoBaTeIbHO, CYIIECTBYIOT Qia, . . ., (t,, HE BCE PABHbIE HY/IIO, TAKHE,
9T0

THompoxxum

Nmeem
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npuieM [y, ..., 3, He Bce paBHbI HY/I0. [loMeHsseM HyMeparuio u Oyaem
CIUTATH, ITO [B1,. .., 0m > 0,8 Biit, -, Bn < 0. Tomoxnm

ﬁ226]:— Z Bja A:{l’l,...,l'm}, B:{merla'--:wn}'
j=1

j=m+1

Torma

(3) Y yri= > v
j=1

j=m+1

taey; = p;/B,j=1,....,mu~y;=—06;/6,j=m+1,...,n Ipuaem

Y= D> m=1
j=1

j=m+1

Takum 06pazoM, BBIYKJIast KOMOHHAIMS B JIEBOH YacTH paBeHCTBa (3)
JIeZKUT B €O A, a BblyK/1as KOMOMHAIMsL B IPABOii YacTu paBeHcrsa (3)
aexut B co B. Tem cambiv co A N co B # (). O

Teopema 5 (Xesin).

1. Eeau dim X = d u 6 X umeromea n > d+ 1 swnykavxr mro-
orcecms, aobvie d + 1 u3 xKomopur umerom obuyyo MoKy, mo U ece
MU MHONHCECTNBA UMENM, 00ULYI0 MOUKY.

2. Ilycmo X — aunetinoe nopmuposarroe npocmparcmeo, dim X =
d, T — wnexomopoe becronewnoe mHoscecmeo undekcos u {Agtaer —
CeMETCMBO 3aAMKEHYMBLET 8UUNYKABE NodMmHoxcecme X, no kpatinet me-
pe 00Ho U3 Komopux xomnaxmmno. Tozda ecau aoboe nodcemeticmseo us
d + 1 mnoocecme umeem obwyro Mmouky, mo u 6ce cemelicmeo UMeem
00U MOYUKY.

Aoxaszamenavcmeo. 1. ByneMm 10Ka3bIBaTh YTBEp:KIeHNE UHAYKITHEH 1O
yucyty MuoxkecTB n. [Ipu n = d + 1 yrBepxuenune oueBugno. I[lycrob
n > d+2 u TeopemMa JIoKa3aHa sl JIIOOBIX 1 — 1 BBIMYKJIBIX MHOYKECTB.

Ob6oznaunm gannbele MHOXKecTBa depes Aj, j = 1,...,n. Jlaa kaxgoro
k=1,...,n BO3bMeM TPOU3BOJIBHYIO TOUKY
n
T € ﬂ Aj
j=1
J#k

(IO mPeINOIOKEeHII0 HHIYKITUY 9TH [epecedenns He mycrbl). Tak Kak
n > d+ 2, TO K TOYKaMm i, ..., T, npuMenuma Teopema Pamona. C
BO3MOKHOII IepeHyMepaImeil ToOUeK MOIyIaeM, 4TO CYIeCTBYeT HATY-
pasbHOe THCT0 m < n — 1, IS KOTOPOTO MHOXKeCTBa co{Z1,...,Tm}
1 co{Zmi1,..., Ty} EMEIOT OOLIyIO TOUKY x. TOUKa z; mpu Beex j =
1,...,m OpUHAAIEKUT KAKIOMY U3 MHOXKECTB A, i1, ..., A,. B cuny
BBIITYKJIOCTH 9THX MHOYKECTB KayK0€ U3 HUX COMEPKUT co{x1, ..., Tm}.
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CirenoBaTe1bHO, KazKJI0€ U3 3TUX MHOMXKECTB COIAEPKUT TOUKY X. AHa-
JIOTUYHO JOKa3bIBAETCS, UTO KarxKja0e 3 MHOKecTB Ay, ..., A, comep-
JKAT TOYKY x. TeM caMbIM J0Ka3aHO, 9TO Y BCeX MHOXKeCTB Aq, ..., A,
IMeeTCsd 00IIasa TOUYKA.

2. Ilyctp A,, — KOoMIakTHOE MHOXKecTBO. U3 1 cirenyer, uro ioboe
KOHEUHOE CeMefCTBO M3 MHOXKECTBA 3aMKHYTBHIX MOIMHOXKECTB B, =
Ay N Ay, @ € I, conepamuxcst B Ay, umeer obmyio Touxy. ITpes-
IIOJIOYKMM, 9TO BCEe ceMeificTBO He mmeeT oOIeil ToukHu. Toraa MHOZKe-
crBa {X \ Ba}acz — OTKDBITHIE H 00pPA3yIOT MOKPHITHE KOMIIAKTHOTO
MHOXKeCTBA A,,. B CHiIy KOMIAKTHOCTH M3 9TOTO MOKPBITHS MOYKHO
BeiOpaTh Koueunoe MOKpbiTHe {X \ B, lacz,. Ho Torma konednoe ce-
MeicTBO { By }tacz, He MOxKerT uMerh o0mieil Touku. [losyuenHoe mpo-
THBOpeUHe JT0Ka3bIBaeT YIBEPXKIeHue 2. O

5. BBEINIVKJIBIE ®YVHKINU. TEOPEMA KAPYIIA-KYHA-TAKKEPA

Mpri bysem paccmaTpuBaTh (OYHKIKUKE, KOTOPbIE IPUHUMAIOT HE TOJIb-
KO KOHeuHble 3HaueHus. C 9TOH IEeIbI0 BBOJUTCS TOHSITHE PACITHPEH-
Holt mpsimoit R = R U {—oc} U {+o00}. Apudmernieckne omneparmn u
HEPaBEHCTBA JIJIST 3JIEMEHTOB PACIIHPEHHON TPSAMOT MOHUMAIOTCS CJIe-
JYIOIIM 00pazoM: —o0 < a < 400, a € R, a + (£o00) = +oo s Beex
a € R,

+oo, a >0,
a(£o0) =<0, a=0,,
Foo, a <0,

+00 + (+00) = 400, —00 + (—00) = —00. B
[Iycte X — nmueiinoe nmpocrpanctso u f: X — R. Muoxkecrsa

domf={xe X: f(x) <400},
epif ={(z,0) e X xR:a> f(z), x € dom [}

HA3BIBAIOTCS COOTBETCTBEHHO IPDMEKTUBHBIM MHOXKECTBOM U HA/ITDa-
durom (mau stuurpadom) dbyukimun f. Pysxmmo f HA3HBaOT €00-
crennoii, ecm dom f # O u f(x) > —oo npu Beex z € X.

Oyuknus f: X — R HazbiBaercs BHIIYKIIOH, ecn ee Haarpapuk
BBITTYKJI0€ MHOXKecTBO B X X R. Herpyano npoBeputh, 94T0 (DyHKINSA
f BBIIIYKJIa TOT/Ia M TOJIBKO TOIJIA, KOIJIa JJjisd JIIOOBIX X1, T € dom f u
sgo6oro 0 < a < 1 BBINOJIHSIETCS HEPABEHCTBO

f((1 =)z +axs) < (1 —a)f(x) + af(z),
KOTOPOE HA3BIBAETCH HEPABEHCTBOM JleHcceHa.

Teopema 6. ITycmv X — aunetinoe HOPMUPOSAHHOE NPOCMPAHCTNGO U
f: X = R — dsascon duddepenvupyema na X. Toeda f — svinykian
dynryus mozda u moavko mozada, xozda f"(x)lh,h] > 0 daa ecex x €
X uecex h € X.
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JokazarenbeTBO 9100 Teopembl mpuBoaniaock B |1, Teopema 18, c1p.
31].

[Iycts X = Ru f: R? — R. Ecou f — nBaxxapl nuddepeHmpyeMa,
to f"(x) — reccuan f B TOUKe T

O f 0*f 0*f

a_x%@) 0x107 T 0x1074 (z)
2 2 2
F(z) = oJ x a—‘};(x) of (x
T) = 0x201, O0xs 012024
) a2f ......... aZf ............. 8 2.].0 .....
8[Edal’1 o al’da{fg * o 8_173@)

Caencrsue 3. Ecau ynruyus f: RT — R deasrcov, duddepernyupyema
na R, mo ona asasemca evnykaoti 6 Mom, U MOALKO 6 MOM CAYYGE,
ecau ee zeccuan 6 11060t mouke v € R ydosaemeopsaem ycaosuro

AT f"(x)h > 0

dna scex h € R (mampuuya 2eccuana 6 110600 MouKke AGAACTCA HEOM -
puUYamEAsLHO onpedenernol).

[Iycrs X — BemecTBennoe snmueitnoe mpocrpanctso, fj: X — R,

j = 0,1,...,m, — BeIIyK/Jble (hyHKIUA U A — HEIYCTOe BBIILYKJIOe
noJAMHOZKecTBO X . 3ajiady
(4) fo(z) = min, fj(zx) <0, j=1,....m, z€A

Ha3bIBAIOT BBIIIYKJION 3a/1a4eil Wi 3a/1a9eil BBIILYKJIOrO IIPOrpaMMUPO-
BaHUI.
CesizkeM ¢ 3ajadeil (4) ciegyronyio dbyukimo Jlarpanxka

L(z,\) = Z)\jfj<$>,

rie A = (Ao, AL, ..., Ay) — HaBop muokuTesei Jlarpanixa.
Nmeer mecro caenytomast Teopema (eMm. [1, Teopema 20, cTp. 34]).

Teopema 7 (Kapyma-Kyna-Takkepa). Feau T — munumym 6 3adaye
(4), mo natidemes makoli nenyaresols nabop mrmoscumenetds Jlazpanoca

A= (Ao, ALy e oy Am), MO BUNOAHEHDL CALOYIOULUE YCAOBUA
(a) mingea L(x,N) = L(Z, ) (yeaosue murumyma);
(b) A\; >0, 7=0,1,...,m (ycrosue neompuyamesbHocmu,);
(c) \ifj(@) =0, j=1,...,m (ycrosue donosnsoweti nestcecmroc-

FEeau cywecmeyem donycmumas 6 (4) mouka T u HabOp MHOMCU-
meneti Jazpanorca X = (Ao, ALy -+ Am), ydosaemsopaousue Yeao8uim
(a), (b) u (c) u npu amom Ng > 0, mo T — pewenue 3adavu (4).

Ecau natidemesa mouka T € A maras, wmo f;(T) < 0,1 < j <m,
mo Ao # 0 (ycaosue Caetimepa).
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6. CYBAND®DEPEHITUAJ

[Iycte X — snmmeiliHOe HOpMHpOBaHHOE HmpocTpaHcTBo, f: X — R,
T € X u dpyuknus f koneuyna B Touke . Cyonuddepennuaiom ¢pyHK-
muu f B TOYKE T HA3BIBAETCSI MHOYKECTBO (BO3MOXKHO MYCTOE)

of(x)={z" e X*: f(x) — f(Z) > (2", 2 — ), Ve € X }.

ITpepnoxkenne 7. Cybdupdepenyuan Gyrkuuy A6AAEMCA 8HINYKABLM
MHOACECTNEOM.

Joxazameavemeo. Ecan cybauddepeniiuan — mycroe MHOKECTBO, TO
YTBEPZKJIEHNE BHITEKAET U3 TOrO, YTO IIYCTOE MHOYKECTBO — BBITIYKJIO.
[Iycts cybmuddepenrnman dbyuknun f B TOUKe T HE MyCT U T], x5 €
Of (). Torna nist Beex © € X
fla) = f@) = (z1,2 =), f(z) = f(@) = (23,2 — 7).
Orciona mpu Beex a € [0, 1] umeem
(1=a)(f(z) = f(@)+a(f(z) - f(Z)) = 1-a)(z],2—T) +aleh, 2 —T).
CrenoBare/ibHO,
flx) = f(7) = (1 — a)a] + o, o — T).

Do oznauaer, 4o (1 — a)xf + axh € 0f(). O

Mg dynkunn onHoit nepemennoit cybnnddepennnan Jf(Z) sto co-
BOKYITHOCTH YTJIOBBIX KO(PUIHMEHTOB k, IPU KOTOPHIX MpsMbIe Y =
kx+b, mpoxoggrue depe3 Touky (T, f(Z)) mexar mox rpadurom dyHK-
mn y = f(z)
IIpumep 6.1. Tlycrs f(x) = |z|. Torna

O] = {Signx, x #0,

[-1,1], z=0.
Y) y = ||
0 o
Puc. 1

Ha puc. 1 n306pazkeHsl HECKONIBKO JHHAN, IPOXOAAIIAX 9ePe3 TOUKY
(0,0) ¢ yruoBeivMu K03ddurmentamu u3 MHOKecTBa O|x| pu x = 0.
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ITpumep 6.2. Ilycts X — junHeiiHoe HOPMUPOBAHHOE TPOCTPAHCTBO
n f(z) = ||z|. Haiinem cnagana 0f(0). Iockomsky f(0) = 0, To u3
omnpejenenus cyoauddepennuaia BEITEKAET, YTO

Of(0) ={z" € X" : ||z|]| > («",x), Ve € X }.
[TokaxkeM, 9TO € IMHUIHBIH TTap CONPAZKEHHOTO MTPOCTPAHCTBA
BX*={z"e X" :|z*|| <1}
comepxurca B 0f(0). [deiicreuresnpro, ecan x* € BX*, 1o mas Beex
reX
(2%, 2) < =" |[ll=]] < [l]]

Ecau temeps z* € 9f(0), To a* € BX*, ubo ecau ||z*|| > 1, 10 cy-
mectByeT © € X Takoif, ¥to [|z|| < 1 u (z*,z) > 1 > ||z|. Uraxk,

Jnokazano, aro 0f(0) = BX*.
Haiizem renepn Of(xg) upu zg # 0. Umeem

Of(xo) ={a" € X ¢ ||z|| = ||@o|| = (2", & — x0), V2 € X }.

[Ipeuonoxkum, uro z* € Jf(xg). ogcrasus x = 0, nojydum, 4ro
(x*,20) > ||mo||. C apyroit cTOpOHBI, €CJaU MOACTABUTHL T = 2T, TO
HoJtyauM, 4to ||xo|| > (¥, zo). Caemosarensuo, (x*, xo) = ||zo||. Torma
JUist BeeX © € X JIOMKHO BBIIOJHATBHCS HEPaBeHcTso ||z| > (2%, x).
Kak 0b1710 mMoKazaHo BhITIIe, 3TO o3HavaeT, uro x* € BX*. Herpymno
yoenurbes, 9o ecan x¥ € BX* u (2%, 19) = ||xo|, To * € If(zo).
Takum obpasom, mpu zg # 0

Of(xo) ={a" € BX": (2", z0) = ||zo]| }-

Crenyroree mpeijioyKeHne MOKa3biBaeT, 9to cybauddepennnan mo-
CTATOYHO €CTECTBEHHOE ODOOIIEeHNe MOHATHSA TPOU3BOIHON HA BBHITYK-
Jible (DYHKITUN.

IMpenmoxenue 8. Ilycmv X — aunelinoe nopmMuposantoe npocmpan-
ecmeo u f: X = R — sunykaraa pynryua, duddepenyupyeman 6 mou-

ke T. Toeda Of(T) = {f'(Z)}.

Zokxazamenavcmeo. llycts x €  X. Jlns 106010 J10CTaTOYHO MAaJIoro
a > 0 numeem 1o nepasencty llenccena

f(1=a)z+ax) < (1-a)f(Z) +af(z),
OTKY/Ta
f@+alz—7)) - f(Z) < alf(z) - f(2)).
B cuny muddepennupyemoctn dyakupun f B TOUKEe T MeeM
a(f'(@),z = 7) + o(a) < a(f(z) — f(7)).

Cokpamas Ha « U Tepexofs K npeaeay npu « — 0, mogydaem, 9To

f'(x) € 0f(2)-
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O6parno, ecin z* € f(Z), To nns awoboro © € X u mwoboro t > 0
nveeM f(T +tx) — f(Z) > t(z*, x). CraenosaresanHo,

t(f'(@), x) + o(t) = (2", x),
T. e. (f'(Z),z) > (x*,x) nag moboro = u 3Hauut, x* = f'(T). O

[Iycte X — smmneftnoe HopMmupoBanHoe mpoctpanctso U f: X — R
— cobctBennas dyukius. PacemorpuMm 3agady

(5) f(z) - min, ze€X.

Teopema 8 (®Pepma B cybauddepenuanbuoii dopme). Touka T €
dom f aeasemca enobarvnvim murumymom 6 sadave (5) mozda u
moavko moeda, xozda 0 € Of ().

Jlokazamenvemeo. Ecnu ¥ — rimobanbupiit MurumyM, To f(x) — f(Z) >
0= (0,2 — ) maa moboro z € X, 1. e. 0 € 0f(x). Ecm 0 € 0f(Z), To
flx)—f(Z) >0, z—%) =0, 1. e. f(x)> f(T) pas moboro x € X. O

13 npeioxkenns 8 U TeopeMbl 8 BhITEKAET

CaencrBue 4. Ecau 6 s3adaue (5) [ — swnykaaa dynruyua, dudde-
PEHUUPYEMAA 6 MOouKe T, MO T — 2400aAbHbIT MUHUMYM 6 MOM U
moavko 6 mom cayuae, ecau f'(x) = 0.

IIpennoxxkenme 9. Ecau X — aunetinoe HOPMUPOBAHHOE TPOCTPAH-
emeo u Yy ewnykaoli cobemeennoti gynruyuu f: X — R 6 moue
Z € dom f A0KaALHUT MUHUMYM, MO 6 MouKe T U 2A00aAbHVT MUHU-
MYM.

Jlokasamenvcmeo. Tlyctb T — JMOKAIBHBI MHUHUMYM, T. €. CYyIIECTBYET
takass okpecrnoctb U toukn T, uro f(Z) < f(x) ana Becex z € U.
[Tycts Teneph x — npousBosibHast Touka u3 X . /L1 10cTaTouHO MaIhIX
0 < a < 1 roukn (1 — )T + ax npunamaexkar U u mostomy (10
nepasenctsy Lenccena) f(7) < f((1—a)T+ar) < (1—a) f(Z)+af(z),
otkyna caenyer, uro f(7) < f(x). O

IIpennoxxenme 10. FEcau X — aunetinoe HOPMUPOBAHHOE TUPOCTPAH-
emeo, f: X — R — cobemeennan ewnykaiaa Gynkuua U 0af8 Hexko-
mopozo x* € X* 6 oxpecmuocmu mouxku T € dom f ewnoamsemcs
HEPABEHCTNBO

(6) fl@) = f(@) = (@, 2 = 7),
mo z* € 0f ().

A~

Jlokasamenvemso. @ynkuns g(x) = f(x) — f(Z) — (x*, 2 —T) aBasiercs
BBIIYKJION M B TOUKE T HMEET JIOKAJIbHBII MHHHMYM, PaBHBIH HYJIIO.
U3 npemnokenus 9 ciaeayer, 9T0 T — rI0O0ATbHBI MEHUMYM, T.€. s
Beex © € X BBHIMOTHSCTCS HepaBeHcTso (6). D10 u o3Hadaet, 4To =* €

of (7). O
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7. CYBIU®PEPEHIINATBHOE NCUYUCIEHNUE. TEOPEMA
MoOPO-POKA®EJIAPA

Teopema 9 (Mopo—Pokadennapa). Ecau fi, fo: X — R — cobemeen-
Hole 6unyKAbe GYHKUUL, TOmA Obl 00HA U3 KOMOPHLL HENPEPLEHA 6
mouke T, mo

Ofi + f2) (&) = 0/1(Z) + 0fo(%).

Zlokxasameavcmeo. oKaxkeM, 9TO

0f1(x) + 0f2(x) C O(f1 + f2)(@).

[Iycts x* € 0f1(Z) + 0f2(x). D10 03HAUAET, UTO CYMECTBYIOT X] €
0f1(Z) u ok € 0f2(x) Takume, uro z* = x} + 3. Vmeem

(it f2)(@) = (fr + f2)(2) = (2" 2 = T) = fuz) — f1(Z) — (21,2 — T)
+ fa(z) = f2(2) — (25,2 —T) > 0.
Crenosarensuo, z* € 0(f1 + f2)(Z).
JokazkeMm Tenepb, 9TO
A fi+ [2)(@) COfi(Z) + 0 fo(T).

Bes orpanmuennst oONHOCTH MOYXKHO 9UTaTh, 9T0 f1(Z) = fo(Z) = 0.
Ecam 9710 He Tak, TO MOXKHO PacCMOTPETh (DYHKIIUH

91(r) = fi(z) — fi(@), g2(x) = fa(x) — fo(@).

Jlokazkem, 94TO ecju

(7) 0€9(fi+ fo)(2),

To Haligerca TF € 0fi(T) rakoit, uro —7* € Jfo(Z). Uz (7) cuenyer,
9710 1 Becex x € X

(8) (fr 4 f2)(@) = (fr + f2)(@) = 0.
Byaem cumrars, uro fo HenpepbiBHa B T. [Toaoxum
A={(z,v) :z edom f1, v < —fi(z) },
B =epify={(r,u):x €domfo, u> fo(z)}.
OTH ABA MHOMKECTBA BHIIYKIB U HemycThl. OHI He IepeceKaroTesd, Tak
Kak u3 Toro, 4ro (z,v) € A caeayer, yanrbias (8), uro v < —fi(z) <

fa(z). Tem cambiv (z,v) ¢ epi fo = B. TlockosbKy fo HenmpepbiBHA B Z,
OHa orpaHmdeHa B HeKOTOpPOit okpectrHocTn U 3ot Touku. [lomokum

M = sup f(z).

zeU
TOF,ILa OTKPbITO€ MHO2KECTBO

V={(z,v):xelU, v>M}

aexut B epi fo. Caenoarennno, int B # (). Tlo nepsoii Teopeme ore-
aumoctr (eMm. |1, Teopema 11, crp. 23], |2, cTp. 243]) mHO)KecTBa A 1
B moxkHO ornesuThb, T.e. cymectByior ¥ € X* u A € R, He paBuble
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OJIHOBPEMEHHO HYJII0, TaKue, 9To jist JobbX (11,v) € A u (x9,u) € B
BBITTOJIHACTCA HEPABEHCTBO

(9) (", 1) + M < (2%, 12) + M.
[Monoxkum B (9) 1 =29 =7, v < 0, au = fo(xe) = fo(Z) = 0. Torna
(x*,7) + Av < (2", 7).
Caenoarenbuo, \v < 0, a Tak Kak v < 0, moaydaem, aro A > 0.
Ecau npeanonoxuts, uto A = 0, To u3 (9) noaydaem

su 5 x) < inf (2% 2).
medo£f1< ’ >_gc€domf2< ’ >

[Tockombky x* # 0, a JuHelHasa DYHKIMSI, OTJHYHAS OT TOKIECTBEH-
HOTO HYJd, HE MOXKET NPUHUMATh MAHUMAJIBHOTO 3HAYEHUS BO BHYT-
peHHEN TOYKe, TO

(") < sup (2",z) < inf (2% z) < (2" 7).
zedom fi z€dom fa

[TosyuenHoOe IPOTHBOpEUHE TIOKa3bIBaeT, uTo A # 0.
[ycts 21 =7, v < 0, 22 € X, u = fo(xs). Torga u3z (9) nomyaaem
() + A < (2%, x9) + A fa(xs).
Yerpemiisis v K HYJIIO, TIOJTy4aeM
(x*,7) < (x%,x2) + Afa(z2).
Orcrona
fzg) > (=X"ta*, 2y — 7).
Cnenosarenbno, —\"'a* € 0f5(7).
[Tyctb Tenepn xo = T, x1 € dom f;. Torma miast moboro v < — fi(xq)
BBIIIOJIHSIETCS] HEPABEHCTBO
(%, 1) + M < (2%, 7) + A fo(T) = (27, 7).
Yerpewtas v K fi(xq), moaydaenm
<33*,371> - )\fl(ml) < <.T*, £>7
orryma A~z € f1(%). Tem campiv nokazano, uto 0 € O f1(T)+0 f2(T).
[Ipeuonoxkum, uro x* € I(f1 + f2) (). onaoxum
g(x) = filx) — (z", 2 = 7).
Herpyano y6enurscs, uro 0 € 9(g + f2)(Z). Ilo nokazannoMy Bblire
0 € 9g(x) + 0f2(x). Tem cambiv Haiimercs T* € 0g(Z) Taxoi, 4To
—z* € 0f5(7). Brmodenne ¥ € 0g(T) o3Ha4aeT, 4TO BLINOJHAETCS
HEPABEHCTBO
filz) = (", x —Z) > (T*,x — 7).
Caenosarenvho, r* + z* € 0f1(Z). Tloaromy z* € 0f1(Z) + 0fo(Z). O

CaenctBue 5. Ecau [ — svnyraas Gynxyus, HENPEPHIBHAA 6 MovKe

z, mo Of(x) # 0.
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Jokxasamensvcmeo. Ormerum cHadasa, 9ro (GpyHKIus [ B CUIy Hempe-
PHIBHOCTH B TOUKe T sIBJsTeTCsT coOcTBeHHOI (mokarkuTe!). Obo3HaTmnM
gepe3 0{T} UHAUKATOPHYIO (DYHKIUIO TOUYKH T

o{T}(z) = {

0, x =1,
+00, T #17X.

Oynkuusa 6{T} sBisercst cOBCTBEHHON BBITYKJION (DYHKIHEH H HETPY/I-
HO yOenuthes, aro 00{x}(Z) = X*. Paccmorpum dbyukuuio f + 6{Z}.
N3 teopembr Mopo—Poxkadesntapa moydaem

X" =0(f +{z}) (&) = 0f(x) + 00{x})(x) = Of (T) + X".
Orcrona ciuenyer, aro 0 f(Z) # 0. O
8. TEOPEMA /IYBOBUIIKOTO-MUJTFOTUHA

Teopema 10 (/y6osunkoro-Mumoruna). Ecau fi,..., f,: X - R —
cobCMBEHHBIE GUNYKADLE HYHKUULU, HENPEPLIBHBIE 6 MOoYKe T, U

f(@) = max{fi(z),..., fu(2)},

of(7) = co(U afj@)),
jel
ede I ={j: f;(x) = f(@)}.
okxasamensvcmeo. CHagasia pacCMOTPUM CIydaii, KOT/Ia

[(T) = = ful@) = f(Z).

JlokazkeM, 9TO
(10) CO(U afj(a?)) C f (7).
j=1

[Tycrs 2* € 0f;(7) upu mexkoropoMm j, 1 < j < n. Torna ms Becex x € X
f(@) = f3(x) = f;(7) + (2%, 0 = 7) = [(T) + (2", 2 = 7).
Cnenosarensno, z* € 0f (). Tem cambiv 0f;(z) C Of (7). Orcrona

Jos@ c of @)

B cuny meinykaoctu cy6auddepenimana (M. npeniokenust 7 u 1)
mveer mecto (10).
[lycte o* € Of (). Ilomoxkum

vi(z) = fij(x) — f;(&) = ("2 —Z), j=1,...,n
s xkazxporo k= 1,...,n paccMOTpUM CUCTEMY HEPABEHCTB

() <0,
= {@j(x) <0, jAE
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[Tpeamookum, 910 JI7s1 BCeX k 3TH CUCTEMbI COBMECTHBI M 0DO3HAYNM
qepes T Kakoe-/ 100 perenne KaXkKa0i u3 3Toi cucreMbl. PaccMoTpum
TOYKY

Torga mpu kaxxaom k=1,....n

or(7) < %Z@k(xj) < %sok(ka) < 0.

J=1

n

Orcrona
f(@) = f(7) = (2%, 2 — ) <0,
410 nporuBopedut romy, uro ¥ € Jf(x). CuenoBarejbHo, Haiijercs
k, 1 < k < n, naa xoroporo cucrema (11) Oyaer wecoBmectHa. 113
HenpepoiBHOCTH (yHKIWI f;, 7 = 1,...,n, B TOUYKe T CleLyer, 9TO
CyIIlecTByeT OKpecTHOCTh U TOYKM T, B KOTOpOii Bce dyHKInu f; Ko-
Heunbl. Torma jurga Takoro k sKcrpeMaJsibHas 3a/1a49a
er(x) — min,  @;(2) <0, j#k zeU

6yzner umers pemernne 2. [To Teopeme Kapymra-Kyna—Takkepa (Teope-
Ma 7) HaiimyTes Aq,..., A\, > 0, He BCe paBHBIE HYJIIO, I KOTOPHIX
npu Beex x € U

D Ni(@) =D Npi() = 0.
P =1

N3 npeanoxkenus: 9 BHITEKAeT, 9TO 3TO HEPABEHCTBO BBITOTHAETCA TS
Bcex x € X. Be3 orpanuvdenus OOIHOCTH MOYKHO CUUTATD, UTO

n

ZAjzl.

J=1

Tora nmostyuaem, uro aiad Beex © € X
D Aifi(@) = Y Nifi(@) — (ot~ T) 2 0.
j=1 j=1

CnenoBarebHO, OJIB3YSACH TeopeMoit Mopo—Pokadeiapa, norydaem

o a(z NG ) @)= z:awfn@)

_ é X0f;(T) C CO(Qafj(/z\))'

Paccmorpum Teneps obmuit coryqait. Homoxum J = {j : f;(7) <
f(@)} m g(z) = maxjer fj(x). B cwny menpepoiBnocTn dyukuumii f;,
j=1,...,n, B TOYKe T CyIeCTBYeT OKPECTHOCTL V TOYKH T, B KOTOPOi
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fi(z) < f(x) nna Beex j € J. Torma B okpectHocTn V' dyHkmuun f u g
conagaor. 113 mpemioxenus 10 noxyvaem, uro df () = dg(7), a mis
0g(T) HyKHOe PABEHCTBO yKe JOKA3aHO. O

9. CYBAN®DEPEHIIMATIBHASI ®OPMA TEOPEMBI
KAPVIIIA-KYHA-TAKKEPA

[Iycts X — smmeiinoe mopMmpoBanHoe mpocTpancTso, fi: X — R,
7=0,1,...,m, — BBIIYKJIbIe coOcTBeHHbIe (pyHKIu. PacecmMoTpuMm 3a-

My
(12) fo(x) > min, fj(z)<0, j=1,...,m, z€X.

Teopema 11 (Kapyma-Kyna-Takkepa B cybauddepennmanbaoii
dbopme). ycmov T € X — munumym 6 3adave (12) u dynkyuu f;,
j =0,1,...,m, — nenpepvisrv. 6 mouke T. Tozda natioymcsa wucara
Aj>0,5=0,1,...,m, maxue, wmo

Z)\jzl, )\jfj(f):(),jzl,...,m,

j=0

0€ ixjafj(ze).

J=0

Zokazamenvcmeo. PacemorpuMm byHKITUIO

f(z) = max{fo(x) = fo(Z), fi(x),. ... fm(2)}.

Touka T aBasercsa Ta00aIBHBIM MUHHMYM 3T0i (yuknun. leicTsu-
TeJILHO, €CJIM Obl B HEKOTOPO# Touke T € X BBIITOIHSIOCH ObI HEPABEH-
crBo f(z) < 0, To 310 03HAUANO OB, uTO fo(T) < fo(Z) m f;(T) < O,
j=1,...,m, 970 TPOTUBOPEYUT MUHUMAIBbHOCTH T B 3ajade (12). To-
raa u3 reopeMbl Pepma B cybauddepeniuanbhoii hopme (Teopema 8)
caeayer, uro 0 € Jf (7). Ilo reopeme lyGosurkoro-Mmmoruma (Teo-

penta 10) nveen
1@ = eo(Js,@))

jeI
rie [ = {0} U{j: f;(x) =0, 1 <j < m}. Takum obpazom (cM.
npeatoxkenne 3), nainyrea v € df;(7), j € I, Taxue, aTo

0=> Naj, Y N=1 X>0 jel

jel jel

Octasnock moaoxkuth \; = 0 qst j ¢ 1. O
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10. JIBOMCTBEHHOCTh. CONPSKEHHBIE ®YHKIINN. TEOPEMA
DOEUXEISI-MOPO

B Bompocax, CBA3aHHBIX ¢ U3Y9YeHHEM BBIIIYKJIbIX 0OGbEKTOB (BBIILYK-
JIBIX MHOXKECTB, BBITYKJIBIX (DYHKIHI U BBITYKJ/IBIX 9KCTPEMAJIBHBIX 3a-
Jad), BAXKHYIO PoJib urpaer dperoMen JpoiictBennoctu. OH 3aK/II0YA-
€TCd B TOM, UTO KazKJIOMY BBHITYKJIOMY OOBEKTY MOYKHO COMOCTABUTH
JIBOMCTBEHHDBIH BBITYKJ/IbIH 00bEKT, KOTOPBIH TECHO CBA3aH C UCXO/IHBIM
1 COBMECTHOEe MX HCCJIeJIOBaHMe, KaK MMPaBMUJIO, ObIBaeT BeChbMa IJI0JI0-
TBOPHBIM.

[Iycter X — simHeitHoe HOpMHUpPOBaHHOE TTpoCcTpaHcTBO. Hamomuum,
4TO IUIEPIIOCKOCTBIO HA3bIBACTCA MHOXKECTBO

H={zeX:(z"z)=7v}, z2"e€X* ~eR

[MunepriockocTsh pa3buBaeT BCe MPOCTPAHCTBO HA JIBA MOJYTPOCTPAH-
cTBa

H o ={zeX: (& x)<~v}, H ={zxeX:{(z"z)>v}

B ocHoBe JIBOfICTBEHHOCTHU BBITYKJABIX MHOYKECTB JIEYKUT CJICTY 0TI it
dakT. Beinykjioe 3aMKHYTOEe MHOYKECTBO B JINHEITHOM HOPMHUPOBAHHOM
npocTpancTBe X JIOMyCKaeT ABOIHOE omucanue: mepBoe (Ha si3bIKe HC-
XOJIHOTO TIPOCTPAHCTBA) €CTh MPOCTO ONpe/IeJieHHe BBIMYKJIOCTH U 3a-
MKHYTOCTH, BTOPOe (Ha sI3bIKe COMPSIZKEHHOTO TpOocTpaHcTBa X *) co-
CTOUT B TOM, YTO 3TO MHOYXKECTBO SIBJISIETCS TlepecevdeHrneM BCeX TOIy-
LPOCTPAHCTB, ero cojiepxkaiiux. /JokazxeM 1ocje/Hee yrBepzKieHue.

Ilpennoxkenme 11. Bunykaoe 3aMEHYMOE MHOHCECMEO 8 AUHET-
HOM HODMUPOBAHHOM NPOCMPAHCINBE ECNb NEPECEYEHUE BCET NOAYNPO-
CMPAHCMSE, COOEPHCAULUL IMO MHOHCECTNEO.

Jlokasamenvcmeo. 1lycts A — BBITyKJI0€ 3aMKHYTO€ MHOYKECTBO B JIH-
HeHOM HOPMHPOBaHHOM mpocTpaHcTBe X . OO0o3HauuM dYepe3 B mepe-
cedeHHe BCeX TMOJIYIPOCTPAHCTB, cofep:kamux A. Tak Kak KaxKmoe u3
MOJIYIPOCTPAHCTB COMEPXKUT A, TO U UX MepeceveHne TOXKe COMEPKUT
A, re. A C B. Ilpeanonoum, 4ro CyImecrByer Touka T € B, He upu-
najexamasa A. [To Bropoii Teopeme ormennmoctn (|1, Teopema 12,
crp. 23|) MHO)KeCTBO A M TOYKA T CTPOTrO OTAETHMBI, T.€. CYIIECTBYeT
HeHyJ1eBoi yHKImoHaa x* € X, JJig KOTOporo

sup(z*, x) < (2", ).
x€A

Torma maiinerca € > 0 Takoe, 94T0 JIa 119 BCex & € A
(z%,2) <,

rae v = (x*,7) — e. Tem cambIM HAILIOCH OJIYIPOCTPAHCTBO, COAEP-
JKaree A u He copepzKamee T, 9T0 NPOTHBOPEIUT TOMY, 4TO T IPUHA/I-
JIEZKAT BCEM HOJIYTPOCTPAHCTBAM, COJepKaimum A. O
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Oynkuns f: X — R Ha3pIBaeTCS 3aMKHYTOl, €CJIH MHOKECTBO epi f
zamkuayTo B X X R.

BrisicanM Ternepb, Kak aHAJTUTHYECKH MOYKHO HHTEPIPETHPOBATH TOT
dakT, 9T0 HITpadUK BHITYKI0#W 3aMKHYTON (DYHKINU €CTh Tiepecede-
HUE BCeX COJEPZKAIUX ero MOJTYIPOCTPAHCTB.

HanomuumMm, aro dyuknus a(r) = (z*,x) + o, tae z* € X*, a a € R,
HazbiBaeTcs adDUHHOM.

Teopema 12 (o noroveunoil Bepxueil rpann adduHHBIX OYHKIHIT).
Qynryua f: X — RU{+o0} asaaemes evinykaol u samxnymot mo-
20a U MOoALKO M020a, K0204 0HA ECMb NOMOUEUYHAA BEPTHAL 2PAHY G-
purnvr dynruud, 1e npesocrodausux f.

Jokxasamesvcmeo. Ecim f — morouednasi BepxHsisi IpaHb CeMeicTBa
appunnbx QyHKIuii, To ee HaArpapuK ecTh nepecedenne Harpagu-
KOB 3TUX (DYHKIMIA, KOTOPBIE, OYEBHIHO, BLIMYKJIb U 3aMKHYTHI U IO~
sToMy (PyHKIUSA [ BHITYKIA U 3aMKHYTA.

O6parno, mycts byHKIMs [ BBIIyKJIa ¥ 3aMKHyTa. Ecmm f(z) =
+00, TO OHA €CTh, HAIIPHMED, MOTOYCYHBIA Ipeaes KOHCTAHT. Llycrh
dbyukIug f He paBHA TOXKIECTBEHHO +00 U T € X, oy € R Takue, 410
ap < f(xg). fcuo, aro (xo, ap) ¢ epi f. [lo Bropoit Teopeme oTmenmo-
cru ([1, Teopema 12, c¢tp. 23|) naiinerca x* € X* u v € R, He paBHbie
O/IHOBPEMEHHO HYJII0, TAKHE, YTO
(13) sup  ((z%,z) +va) < (x, x0) + Y.

(z,0)€epi f
BamernmM, aro v < 0, u60 B IPOTUBHOM CJIyUae, YBEJIUINBAs (v, IIPUIILIN
Obl K MPOTUBOPEYHUIO ¢ HepaBeHCTBOM (13).

[Iycrb f(xg) < +o0o. Hoacrasass touky (xg, f(xo)) € epif B (13),
nosnydaem, 910 Y(ag — f(zo)) > 0. Ho ap — f(z¢) < 0 u nosromy
B gaHHOM ciyudae v < 0. MoxHo cuutarh, uro v = —1 (mess, ecin
HeobxoauMo, 0b0e wactu Hepasencrsa (13) ma —v). Torga, obosnadas
Yepe3 ¢ BePXHIOI rpaHb B (13), 9T0 HEpABEHCTBO MOXKHO 3alHCaTh B
BUJIE JIBYX HEPABEHCTB

(14) (", x0) —Cc>ap, (z52)—c<a V(r,a)c€epif.

Pacemorpum adbdunnyio dynknuio a(z) = (x*,z) — c. Ecom f(x) =
+00, 10, oueBnano, a(x) < f(z). Ecain f(r) < 400, To u3 BTOpOro
uepasenctsa B (14) npn a = f(z) caenyer, aro a(z) < f(z). Takum
00pa3oM, 3TO HEPABEHCTBO BBINOJIHAETCH i Beex © € X . 13 mepBoro
uepasencTsa B (14) caeayer, aro ap < a(xg), n 3HAUAT, oy < a(xg) <
f(zg). Beibupast o cxosb yroguo 6sm3ko K f(xg), mosydaeM, 910 BO
BCeX TOUKaX, rie MyHKIUA f KOHeYHA, OHA €CTh MOTOUEUYHASd BEPXHHA
rpalb ceMeiicTBa adpOUHHLIX DYHKIMIA, He TPeBOCXOAATHX f.

[Tycrs Teneps f(x9) = +00. st poxkaszare/ibcTBa TEOPEMbL B 9TOM
cJIydae HaJI0 1 100010 oy € R nocrpouth adduuHy0 DYyHKIHIO, HE
MPEBOCXOSINY0 f, 3HAYEeHHE KOTOPOil B TOUKe xg Oosbite ap. [lycrh
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ap € R. Ecim 8 (13) v < 0 (kak u BbIIIe, CYATAEM TOTAA, 9TO Y = —1),
to u3 (14) BoiTekaer, uto a(zg) = (x*,x9) — ¢ > ap 1 BCe JTOKA3AHO.
Ecu xe v = 0 (oT1essm0m1as rUmepuiockocTs “Beprukaabaa’), o (13)
3AIMIIEeTCsT TaK

(15) (", 20) —c>0, (2",2) —c<0 V(r,a)c€epif.

[To jokazanHoMy BbiIIe cyliecTByeT adpdunnag GyHKIUG a, KOTOpas
Bcroy He npeBocxoaut f. Jlns xaxmoro p > 0 pacemorpum adgun-
uyto dynakmnmo a,(x) = a(z) + p({z*, ) — ¢). I3 BTOporo HepasencTsa
B (15) caemyer, 9yTo sra QYHKIUS TaKzKe BCIOLY HE MPEBOCXOIUT f, a
u3 nepBoro, 4to a,(ro) = a(xg) + p((x*, xo) — ¢) > ap 11 J0CTATOYU-
Ho Gosipinux p. Utak, f ecTh moTodedHasi BepxHsisl TpaHb ceMeicTBa
apbUHHBIX DYHKIN, ee He MPEeBOCXOIIINX. Il

[Iycre f: X — R. ®yuknus na X*, onpeesseMasi paBeHCTBOM

(16) £(a) = sup((a*, ) = F(a),

Ha3bIBaeTCsd colpsizkKeHHOM K f mim mnpeoOpasoBanueM Jlexkanapa—
Qenxeng—Oura.
PaccMoTpuM HEKOTOpPBIE PUMEPHI.

IIpumep 10.1. ITycts X = R. Torna X* = R u (z*,z) = x*z. Hia
f(z) = e” nmeem

r*Inx* —ax*, x>0,

fH(x*) =sup(xx — ") = < 0, * =0,
z€R
+00, x* < 0.
Ipumep 10.2. Tlycrs X = R? ¢ nopwmoit ||z]| = /2% + ... + 22. Toraa
X* = (RY)* u

s
1 d
fl@)==>lal’, 1<p<oo,
P
nmMmeeM
1 d
fa) =22kl S o=

Qyukius f* ecTb BepPXHsIA TPAHb BHIMYK/IBIX 3aMKHYTHIX (DYHKIHN
(x*,z) — f(z). ITosromy magarpaduk f* ectb nepecevyenne Haarpadbukos
9TUX (QYHKIWH, T.€. MEePEceveHre BbIMYKJbIX 3aMKHYTBIX MHOYKECTB.
SuaunT, f* — BeIIyKIast 3aMKHyTast (DyHKIHS.
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Bropoit conpsizkennoit kK f nassiBaercs ¢gpyukmus f**: X — R, onpe-
JleseMast paBeHCTBOM

f7(x) = sup ({z%,x) — f*(z7)).
r*eX*
[To Tem ke coobpaskeHUsIM, 9TO ObLIN MPUBEIEHBI BhITE, f** — BBHITYK-
Jlag ¥ 3aMKHYyTasi (DyHKITHSI.
Eciu f — cobcrBennas (pyHKIHS, TO U3 OUpPEJIeJCHUH BBITEKAIOT
HEpPaBEHCTBA

(%, 2) < fo) + [7(27), (%) < [H(a7) + 7 (),

KOTOpBIe HasbiBatoTcss HepaBeHcTBamu [Onra. Kpome toro, f(z) >
f*(x), rak kak f(x) > (z*,x) — f*(z*) maa Bcex x* € X*, u cie-
JIOBATEILHO,

f(z) = sup ({z%,2) — f*(27)) = [ ().
TreX*
Caenyrommuit pe3ysbpTaT 00 yCJIOBUU COBNAJeHUS f ¢ ee BTOPOit compsi-
JKEHHO CJIy2KUT 06230 TEOPHUH JIBOMCTBEHHOCTH BBINYKJIBIX (DYHKIIH.

Teopema 13 (Penxens-Mopo). Ilyems f: X — R U {+oo}. Tozda
f =" 6 mom u moavro mom cayuae, xozda [ wnyria u 3aMEHYMA.

oxasamesvcmeo. Ecim f = f**) To kak Ob1JI0 0OTMedeHO, f** BBITyK./Ia
U 3aMKHYTa, HOITOMY U [ TaKOBA.

JlokazkeM, 9TO TIPH YCJIOBUU BBHIIYKJIOCTH W 3aMKHYTOCTH f HMeeT
Mecto pasenctso f = f**. Eciu f(x) = +o0, To, oueBugno, f**(z) =
+o0. Ilycts f # +00. [lo mokazannoMmy cyriecTByeT Takas adbduHHAS
dbynknus a(z) = (z*,2) — «, yro (z*,z) — a < f(x) aus Beex x € X.
DTO PABHOCUJIBHO TOMY, UTO

a2 ig}g((x*ax> — f(@)) = (7).

Tak kak o Teopeme 12 f — BepxHsist rpaHb TaKuX (DYHKIMI, TO I
Becex r € X

(17) fle)=sup ((z",2) —a).
r*eX™*, aeR
a>f*(x*)
[Tockosbky f HE paBHA TOXKIECTBEHHO +00, TO f* HUT/IE HE 0OpaIaeTCst
B —00 1 mo3ToMy B (17) BMecTo o MoxxHO B3sTh f*(2*). CiremoBaresin-
HO,

f(x) = sup ((&%,2) = [*(27)) = [ (2)

rreX*

g Beex x € X. ]
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11. IBOMCTBEHHOCTD SKCTPEMAJ/IbHBIX 3AJIAY.
JIBOMICTBEHHAS 3AJIAYA K 3AJAYE JIMHENHOT'O
[IPOIPAMMUPOBAHUA

[Ipumerum Teopemy Penxend-Mopo K MOCTPOEHHIO ABOWCTBEHHBIX
3ajga4d. [lycts X — jmmHeiinoe HopMupoBaHHOe mpocTpancTBo u f: X —
R. Paccmorpum 3a1ady

(18) f(z) = min, z€ X.

Bkiiounm ee B cepuio “nomobubx” eii 3a1a4 (M, KAk rOBOPAT, “BO3-
myTuM” JaHHy®O 3371a4y). Tounee ToBopsi, mycTh Y — JHHEHHOE HOD-
MIpOBaHHOe HpocTpancTso u dbyukmug F: X x Y — R Takosa, 4T0
F(2,0) = f(z) mng Beex x € X. Kaxaomy y € Y conoctaBuM 3a1ady

(19) F(z,y) » min, z € X.

CeMeiicTBO TakKUX 33724 HA3BIBAETCS BO3MYyIIeHuWeM 3agaun (18), a
bynkmua S: Y — R, conocrapnstomas y € Y snadenne 3agaun (19),
Ha3piBaeTcs S-byHKImed ganHoro cemeifcrsa. fcuo, uro S(0) — 3HA-
JeHne MCXoHo 3amaan (18).

Kaxk yxke 610 ormedeno, S*(0) < S(0), a ecim S-byHKIHs BbI-
IyKJa 1 3aMKHYTa, TO 110 Teopeme Penxessi—Mopo S**(0) = S(0). Boi-
OuIeM 3aady, 3HadeHneM KoTopoii sisiagerca enmamna S**(0). Mo
OTIpeIeICHUIO

S7(0) = sup (=5"(y"))
y*ey*

Janee,
S*(y") = sup((y",y) — inf F(z,y))

= sup ((0,2) + (y",y) — F(z,y)) = F"(0,y").

(z,y)EX XY
Takum o6pazom, 3a1ava, 3HAUeHHEe KOTOpOoii paBro S**(0) nmeer B
(20) —F*(0,y") » max, y* €Y.

Banaua (20) massiBaercs aBoiicTBenHOf 331a4ei k (18) (oTHOCHTEIL-
HO 33/ JAHHOTO BO3MYIICHUS).
IIycts ¢* € (RY)*, A — marpuma pasmepa n X d u b € R". 3amady

(21) ¢ -xr—min, Ax>0b, x>0,

HA3BIBAIOT 3aJaveil JIMHEHOro MporpaMMHUpOBaHus (B HOPMAILHOM
dopme). 3aech € RY, a HepaBeHCTBa HOHAMAIOTCH MOKOOPANHATHO.
B repmunax obuieit mocranoBku 31echk f(r) = ¢* - x, Korma Az > b,
x> 0wu f(xr) =400 B UPDOTHBHOM CJIyUae.
Brinuiem 1BORCTBEHHYO 33124y K (21) OTHOCHTENBHO BO3MYIIEHUSI

(22) ¢ -r—min, Ar>b+y, x>0,
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rae y € R" (re. F(z,y) =" -z, korma Ax > b+y, x> 0wu F(z,y) =
+00 B MPOTHBHOM cJiyuae). Vveem

F*(O,y*) = sup (y* y_F(x7y)) = sup (y* Yy — inf ¢ I’)
(z,y)ERIxR™ yeRn A:22>b0+y

_ * *

= sup (Y y—c -z
Azx>b+y
z>0, yeR™

sup(y* - (Ax —b) — c* - x), ecam y* >0,

—+00, €CJIN He TakK.
Hautee,
sup(y” - (Az —b) — ¢ - x) =sup((y"A —c") -z —y" - b)
x>0 x>0

—y*-b, ecomy*A—c* <0,
+00, €CJIN HE TaK.

Takum obpazowm,

—y*-b, ecmy*A<c* yt >0,
“+00, €CJIM He TaK,

F*(0,y") =

U CJIeJ0BATEIBHO, IBOMCTBEHHAA 3aJa9a UMEeT BUL
(23) y'-b—max, yA<c, y*>0.

MbI jioKazkeM HEKOTOPbIE TeOPEeMbl, KACAIOIINECs CYIIeCTBOBAHMS Pe-
menuit B 3a1a4ax (21) u (23), a Takyke JBOACTBEHHBIX CBA3CH MEXKIY
unmu. [lepes 3ruv Ham norpedyeTcs psiji MPeIBAPUTEILHBIX Pe3yJIibTa-
TOB.

[Iycte X — nuueitnoe npocrpancTo. Hemycroe muoxkecrso K C X
Ha3bIBaeTCs KOHYCOM, ecqu s BceX © € K u Bcex a > 0 az € K.

MuoxkectBo K C X Ha3bBaeTcsl KOHETHOMOPOYKIEHHBIM KOHYCOM,
€CJIM CYTIeCTBYIOT X1, ..., L, € X Takue, 4TO

K = cone{zy,...,x,}.

IIpennoxxkenmne 12. B aunetiHoM HOPMUPOBAHHOM NPOCTMPAHCMEE KO-
HEUHONOPOHCICHHBIT, KOHYC 3AMKHYM.

oxazamenavemeo. 1lycts X — nuneiinoe HOPMHUPOBAHHOE TPOCTPAH-
CTBO, T1,...,T, € X u K = cone{xy,...,X,}. JlokazareabcrBo npose-
JieMm uaaykKiumeit o n. lpun =1

K={zeX:z=ar, a>0}.

Ecmm z; = 0, To, oueBuaHO, KoHyc K 3amMKHYT. lIpemmosoxkum, 4To
x1 # 0 m apry — T upu k — +4oo. Torma mocsesoBaTebHOCTD
{||agz1]|} orpammyena, u ciaegoBaTEsbHO, TOCTIEAOBATEIBLHOCTD {}
orpannyena. BpibepemM M3 Hee CXOSILYIOCH MOIOCTIET0BATEIHHOCTD.
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Bes orpanuuenus 00IIHOCTH MOYKHO CYMTaTh, YTO (y — Q 1pu k —
+00. Nmeem

7 = aw || = 17 = aper = (@21 — apn) || < (|7 = apa || + [ = a2 ]

B cuny Toro, uro mpaByro 9acTb 3TUX COOTHOIIEHWH MOXKHO CIEIaTh
HIPHU TOCTATOYHO OONBIINX K CKOJIL YTOZHO MaJoOi, T = QX.

[IycTh yTBep:KaeHHe BEPHO JJIsi KOHYCOB, MOPOKIEHHBIX 1 — 1 TOY-
Koit, n > 2, x1,...,x, € X u K = cone{xy,...,x,}. lokaxkem 3a-
MKHYTOCTh KoHyca K. Ecanm konyc K comepKuT TOUYKH —X1, ..., —Tp,
To K — KOHEeYHOMEpHOe MOIIPOCTPAHCTBO, H CJIEJ0BATENIBHO, 3aMKHY-
TOe MHOXKeCTBO. B mpoTUBHOM cJydae CyIecTBYeT TOUKA U3 MHOXKECTBA
—T1,..., —Ty, KOTOpas He npuHaexkut K. [lycrs jyis oupejesiento-
cru 310 Obyner —x,. Torma

K={zeX:z=2+ax,, €K, a>0},

k
rie K' = cone{xy,...,Xy_1}. llycrs 2% = 2/ + a2, — nocaepoparesn-

HOCTBL TOYeK n3 K cxongdmascda K HeKoTopoil Touke T € X. JlokaxeM,
yro T € K. Eciu nocienoBaresibHocTb {(y} HEOrpaHUveHa, TO U3 Hee
MOZKHO BBIODATDH TO/IIOC/IEI0BATETLHOCTD, CTPEMSIILYIOCS K +00. be3
orpaHudeHus OOITHOCTH OyJAeM CUYUTATh, YTO (¢ —> 400 Hpu k — +00.
Torma, momennB Ha (i W TMOJAB3YACH TEM, UTO CXOISIIASICS MTOCJIET0BA~
TEJIbHOCTh TOYEK OTPAHWYEHA, MOJIYIUM

k
o k

€T
—+x,=— — 0.
677 (673
Tem cambIM
1k
T
— = -z,
ay

B cuny samkuyroctu K’ touka —x, € K' C K, 94T0 NpOTHBOPEYUT
cACJAHHOMY paHee Ipenosoxkennio. Takum odpa3om, Moce0BaTe b
HOCTh {(;} OrpaHWYeHA, W CJIEIOBATENLHO, W3 HEe MOXKHO BBIODATH
cxomgauyiocsa. byaem canrars, uro o — @ npu k — +oo. Torma

o — apx, = T — ax,.

B cuny 3amknyrtoctu K/ T —ax, € K'. Tem campIm cyTmecTByeT TOUKa
k' € K', naa koropoit T — ax,, = k'. 910 o3nauaer, uyro ¥ = k' + ax, €

K. U

Teopema 14 (cymecrBoBanusi). Fcau snauenue sadauu (21) ((23))
KOHEWHO, O OHG UMEEM PEULEHUE.

Joxazamenvcmeo. Haanewm ¢ 3amaqn (21). Pacemorpum MHOKECTBO
(24) K={(y,a0) eR"xR:3z R 2>0, ¢-v<a, Az>y}.

Herpyano yboeaurnbes, uro K — Boinykibiit konyc. [lTokazxkem, uro K
— KOHEIHOMOPOXKAeHHBIH Konyc. [lycrh (y,«) € K. Torma naiinercs
r € RY x> 0, aas xoroporo ¢* -z < a u Az > y. CiegoBaresbHo,
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naiiayres takue 3y > 0u = (B1,...,58,)7 >0,ur0 ¢* -2+ fy=an
Ax — f = y. Tlepexoast K KOOPAWHATHO 3aMMCH, CIUTASA, ITO
1 ai; ... Qg
3 .
=(cry.y0), z=1], A=|............ ,
T4 Qp1 ... Qnd

HOJIy YaeM
d n
(y:0) = Y @&+ > Bibarji,
j=1 =0

rne & = ((arj, -, an)7,¢5), 7 =1,...,d, €av1 = ((0,...,0)7, 1),
Eava = ((=1,...,007,0),. .., &gy = ((0,..., =17, 0).

Takum o6pazom, K C cone{¢y, ..., qunr1}. Herpyano y6eaurbest, 9To
§ € Kopuseex j =1,...,d+n+ 1. Ing sToro Hajo B34Tb T; = 1
. =0,ectm k # j,upu j=1,....dyanpu j=d+1,...,d+n+1
Hajio B3dTh © = (0. Tak kak K sBjsieTcss BBINYKJBIM KOHYCOM, TO
cone{&y, ..., &arnr1} C K. Tem campiv mokasano, aro K — KOHEYHO-
MOPOKIeHHbIHT Konyc. V3 npemyioxkennd 12 BBITEKAET, 9TO OH 3aMKHYT.

[Tycrs & — 3Hauvenne 3amaun (21). Torma cymecTByeT mocienoBa-
TenpHOCTH {2¥} momycTuMBIX B 3ajaue (21) BEKTOPOB, [/ KOTOPBHIX
nocaeoBaTenbHocTh {aF}, of = ¢* - ¥, cxomures k @. Tak Kak BeKTO-
pol ¥ nomycrumer B 3amade (21), o (b, af) € K. [lostomy Touka (b, Q)
npuHaIeKUT 3aMbikannio K. B cuty samkayroctu K (b, a) € K.
1o o3nauaer, uTo Haiijgerca Bekrop T € RY Takoii, yro T > 0, AT > b
u ¢* -7 < @, HO NOCJIe/(Hee HEPABEHCTBO CTPOIMM OBITh He MOYKeT (MHa-
ve 3HadeHne 3a7a49u (21) 66110 OBl MEHBINE ('), MOITOMY T — DeIleHune
(21).

s 3agaqan (23) Hag0 paccMOTpeTh KOHYC

Ky = {(+",0) € (R xR: Jy* € (R")", y" >0, y"b > a, y"A < 2 }.

B octajibHOM cxeMa paccyzKIAeHuil ocTaeTcsd TOM Ke, KaK U B IIPeIbILy-
eM cjay4dae. ]

Teopema 15 (apoiicrBennocrn). Jasa 3adaw (21) u (23) cnpasedau-
80 CACOYIOUAA ANDMEPHATMUBE: AUOO SHAUEHUA IMUT 3000 KOHEUHDL,
PABHYL U 8 KaHCAOT U3 HUT CYUwecmsyem peulenue, A1ubo 6 00Hot u3 HUL
MHOHCECTNBO ONYCTNUMBLEY IAEMERMOS NYCMO, G 8 OPY20T UNU MHOIHCE-
CMB0 JONYCIMUMBLL IAEMEHMOE NYCTNO, UAU €€ ZHAYEHUE DECKOHEYHO.
Hyemo T u y* donyemumuie anemenmos 6 3adavaz (21) u (23). Tozda
OHU ABAAIOMCA PEUWEHUAMY IMUT 3aday Mo20a U MOALKO Moz0a, ko20a

(25) ¢ T=7 b

Jloxazamenavemeo. PaceMoTpuM ceMelcTBO 3a/1ad, 3aBUCAIINAX OT Y €
Rn

(26) ¢ -x—min, Ar>y, x>0.
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O6o3naunm gepep S7 S-PYHKIHMIO 3TOTO ceMeiicTBa

: *
S1(y) = xzofnszyc - T

Hokazxem, ato epi S; = K, rue konyc K onpenesen paeHCTBOM (24).
[yctb (y, ) € epiS;. Dro oznaugaer, uro S1(y) < a. Ecim Si(y) =
—00, To A5t m0boro a € R (u, B wacTHOCTH, 1715 ) cymmecTryer x € RY
Takoit, uro Az > y, x > 0 u ¢* -z < a. Cienosaresbho, (y, o) € K.
Ecau S;(y) KoHEYHO, TO MO Teopeme 14 CyIIECTBYET pellleHue 3a/a9u
(26), T.e. Takoit T € RY, uro T > 0, AT > yu c*-7T = Si(y) < a. 3nauur,
u B 9ToM caydae (y,«) € K. Tem campim qokazano, aro epiS; C K.

[Iycts Temeps (y, ) € K. DT0 3HAYAT, UTO CYMIECTBYET TAKOH T €
R?, nyia koroporo z > 0, Az > yu ¢*-x < a. Crenosarennno, Si(y) <
a, u 3Ha49uT (Y, ) € epi 5.

Nrak, nokazano, 4ro sHaarpadpukom (pyHKImn S SBIsIeTCS KOHYC K.
B cuny Toro, uro K — BBINYKJIOE U 3aMKHYTOE MHOZKECTBO, (DYHKITHS
S1 — BeInyKJIa 1 3aMKHyTa. g S-byukiuu 3a1aan (22) nmeem

S(y) = Si(y +b).

[Tostomy dbyuKIUS S TaKkKe ABIAETCH BBILYKJIOH U 3aMKHYTOI.

Ecau S: R" — R U {+o0}, 10 mo Teopeme Penxessi-Mopo (Teope-
ma 13) S(0) = S*(0), a S**(0) — 3madenue aBoiicTBennoii 3amaun (23).
Ecau 0 € dom S, To 3nauenus 3a1a4 (21) u (23) KOHEUHBI, PABHBI H IO
TEOpeME CyIIEeCTBOBAHUsI y KAZKJION U3 HUX CylIecTByeT pemenue. Ecim
0 ¢ dom S, ro S(0) = S**(0) = +o00. CiaenoBaTebHO, MHOKECTBO J10-
IyCTUMBIX 3JeMeHTOB B 3aaade (21) mycTo, a 3HaUeHHe JABOHCTBEHHOM
33,1491 O€CKOHEYHO.

[Tycrs cymecryer yo € R™, mas koroporo S(yg) = —oo. B srom
ciydae S*(y) = 4oo. CuenoBarenbao, S™(y) = —oo. D10 03HAUAET,
uro 3ama4a (23) necoBmectna. Herpymuo ybeauThest, 9T0 B paccMar-
puBaeMoM caydae S(y) = —oo mad Beex y € dom S (mokazkure 310!).
[Tostomy ecam 0 € dom S, To S(0) = —oo, T.e. 3Hauenue 3ama4du (21)
6eckoneuno, a ecsiu 0 ¢ dom S, ro S(0) = +00, u CjeJOBATEBHO,
3azava (21) HecoBMecTHA.

[ycts T u §* aBagorcsa pemennamu 3anad (21) u (23). Torma no
JAOKa3aHHOMY BHIIIIE (HOCKOJIBKY S3Ha4YCHUA KOHequI) 3Ha4YCHNd 3a1a4
COBIIAIAIOT, T.€. BBIIOIHACTCA PABEHCTBO (25).

[lycte T u y* momycrumbl B 3agadax (21) m (23) m cupaseaiuBo
paBencTBO (25). Lyis IpOU3BOIBHBIX JOMYCTHMBI B 3a1a9ax (21) u (23)
BEKTOPOB T U y* UMeeM

x> (YA -c=y" - (Ax) > y* - b.
[TosToMy Jjist BCeX JIOIYCTUMBIX T

crr>yb=c"-T.
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Orcrona BeITEeKaeT, 9T0 T — pemrenne 3a1adn (21). VI3 anasormansix
COOTHOIITEHU
yb=c-T>y"b

BBITEKAET, 4TO y* — perienue 3aja4qu (23). O

12. PABJIMYHBIE ®OPMBbI 3AJAY JIMHENHOT'O
[IPOI'PAMMUPOBAHNS I COOTBETCTBVYIIOIIUE
OBOMCTBEHHBIE 3AIAYU

MBI paccMOTpesIn 3ajady JUHEHHOrO MPOrpaMMHMPOBAHUSA B HOP-
masibhoit dopme (21). CymecrByior u apyrue GOPMbL 9TOH 3aadu.
[ycrs ¢ € (RY)*, A — marpuma pasmepa n X d u b € R™. Sagaay

(27) ¢ -x —min, Ax >0b,
Ha3bIBAIOT 3aJa4eil JUHEHHOTO MporpaMMupoBanus B oOIieit gpopme.

HanomunM, uto & € R?, a HepaBeHCTBA TOHMMAIOTCH TOKOODAMHATHO.
Bamaay

(28) c+r—min, Ar=0b, x>0,
HA3bIBAIOT 3aJa49eil JIMHEHHOTO NPOrpaMMHUPOBAHAA B KAHOHUYIECKOU
dopme.

Basaun B pa3auuHbIX (pOPMaxX JIETKO CBOIATCSA JAPYT K JIPYTY MyTeM
BBEJICHUS JOMOTHUTEILHBIX MEPEMEHHBIX U U3MEHEeHHeM MATPHIbL A.
[Tokazkem JiJisi HpUMepa CBeJIeHne 3a/a9u B HOpMaJsbHoil dhopwme (21) k
3aj1aue B Kanonuveckoii dpopme (28). TlookuM T = (Tgiq, .-, Tain)®
Torga 3amada (21) MoxKeT ObITH 3alHCAHA B BHIE

c+xr—min, Ar—2x2=0, x>0, =2>0.

Beegem obosnauenns: ¢* = (c¢*,0), T = (z,7)7, A = (A — I). Tenepn
3amava (21) 3anuimercs B Buje
¢-T—min, Az =0b, T>0.

OrmernM, 910 BO Beex Tpex dhopMmax 3a/ad JUHEHHOIO IPOrPaMMI-
posanus ((21), (27) u (28)) orbicKanue TOYHON HUZKHEH IDAHE MOXK-
HO 3aMEHUATH HA OTBHICKAHWE TOYHON BEpPXHEH rpaHun (HpOCToﬁ 3aMEHOM
BeKTOpa " Ha —c* 33J1a9y MOYKHO CBECTH K OJTHOMY M3 PaCCMOTPEHHBIX
BUJIOB).

st mostydenusi ABOACTBEHHBIX 33124 K 3a1a49aM (27) u (28) ux Ha1o
CBECTH K 3ajiade B HOpMaIbHOH dopme (21), aBoiicTBeHHAs K KOTOPO#
yke u3Becrna (23). Haunewm ¢ 3amaun (27). IIpegctaBum BeKTOp T B

~ d o = d
BHJE PA3HOCTH JBYX HEOTPHIATEIbHBIX BeKTOpoB T € R u T € RY.
Torga 3amada (27) 3anuuercss B Buje

r—c-r—min, Ar—Ar>0b, >0, T>0.

Brensa obosnauenns ¢ = (c*, —c*), 7 = (7,7)7, A= (A — A), nepenu-
IeM 3Ty 3aJia4dy B BHU/IE

¢ -7 —min, Az>0b, 7T>0.
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JIBoiicTBeHHast K 9TOi 3a7a4e uMeer B (cM. (23))
y*-b— max, yALE, y*>0.

Jlerko ybennThes, aro yeaoBne y* A < ¢ o3HagaeT paBeHCTBO y* A = c*.
Tem cambiM IBOHCTBEHHOR K 3ajade (27) sBJsieTcs 3aaada

(29) y'-b—max, y'A=c, y" >0.

PacemorpuM Ternepb 3aady JHHEHHOrO MPOrPAMMHPOBAHUSI B KAHO-
ardeckoM Buje (28). Ee MoxKHO 3ammcarh Tak

c-xr—min, Ax>b, Ax<b, x>0.

I[onoxkus

HEePeNuIeM Ty 3a/a4y B BHJIE
¢ -x—min, Az >b, x>0.
Torma nBoiicTBeHHAS 3a/a9a UMEET B
7 -b—max, TALc, T >0.

Ecsm 3anucars y* B Buge y* = (y*,y*), To 9Ta 3371a9a IpUMET BUT,

(7" —7y)-b—max, (Y —y)A<c, y* >0, y=>0.
Tak kak Jir060it BEKTOP MOXKHO IMPEJACTABUTH B BUJIE PA3HOCTU JIBYX
HEOTPpUIATEJIbHBIX BEKTOPOB, ,ZLBOIU/ICTBGHHaH 3a/Ja49a B OKOHYATEJIBHOM
BH/Ie npuHUMaeT (opmy
(30) Yy b —max, y'A<c.

3 mpoBeIeHHBIX PacCyKIeHui U TeopeMbl 15 BBITEKaeT

Caencrue 6. [Tycmo T u " donycmumuie sremermos 6 3adavar (28)
u (30). Toz2da oHu ABAAIOMCA PEWEHUAMU IMUT 360044 MO200 U MOABKO
moezda, Koz2da

(31) c-T=y" b

13. BBINVKJIBII AHAJIN3 I TEOPUMA JIMHENHBIX HEPABEHCTB

JIBoiicTBEHHOCTH B 3a/1a9aX JUHEHHOT'O MPOrPAMMHUPOBAHUS U COOT-
BETCTBYIOIIN{T Pe3yJIbTAT O PENIeHHsIX B JBOHCTBEHHBIX 3a/a4ax (Teo-
pema 15) MO3BOSAIOT JOCTATOYHO JETKO MOy 9aTh KPUTEPUH CYIIEeCTBO-
BaHUA pe]l[eHI/IIU/I B pdaJe 3ada49 U3 TeOpHuu JMHEHBIX HEPaBEHCTB.

Teopema 16 (Munkosckoro-®apkamia). [Tyems A — mampuya pas-
mepa n X d ubeR™ Jlaa mozo wmobu cucmema
Arx=1b

umena pewenue r > 0, Heobrodumo u docmamouro, 4mobo das 1106020
y* € (R™)* maxoeo, wmo y*A < 0, swnoananocwv nepasercmso y*-b < 0.
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Joxazameavcmeo. PaccMorpum 3aiady
(32) 0-z —min, Ar=0, x>0.

9TO0 3a/ava JUHEHHOTO TPOrPAMMUPOBAHUS B KaHOHWIECKOU dopme.
JIBoficTBeHHOI K Hell sBjisgercs 3a/a4da

(33) y*-b— max, y"A<O0.

ITo Teopeme aBoiicTBenHOCTH 3amada (32) umeer permenue (a TeM ca-
MBIM MHOZKECTBO €€ JOMYCTUMbIX 3HAYCHHI He [MYCTO, a 3HAUYCHHE 33/1a-
YH PABHO HYJIO) B TOM H TOJBKO TOM CJydae, Korja 3ajada (33) nmeer
pemenne, paBHoe Hy/0. [locnesnee oznagaer, uro y* - b < 0 11 Bcex
y* € (R™)*, yaosiersopsironux ycaosuto y*A < 0. O

Teopema 17 (Ku ®ansa). Mycmv A — wmampuya pasmepa n X d u
b e R™. Jlas mozo 4mobvl cucmema HEPaAGEHCmes

Ax <b

UMEAG peuterue, HeobXodumo u docmamowro, wmobv, das 4106020 y* €
(R™)* makoeo, wmo y* > 0 u y*A = 0, 86N0AHANOCH HEPABEHCMBO
y*-b>0.

Zloxazameavcmeo. PacemMoTpuM 33139y
(34) 0z — min, —Ax > —b.

DT0 3a7a4a JUHEHHOro mporpaMMupoBaHus B obmieilt popme. [IBoii-
CTBEHHOH K Hell gBJIeTCd 3343493

y* - (—=b) » max, y*(—A)=0, y*>0.
DTy 33127y MOXKHO IEPEHHCATH B BHIE
(35) y*-b—min, y*A=0, y*>0.

[To Teopeme gBoiicTBeHHOCTH 331ada (34) wmeer perenne (a TeM ca-
MBIM MHOZKECTBO €€ JOMYCTUMbIX 3HAYCHHI He [MYCTO, a 3HAYCHUE 33/1a-
Y PABHO HYJIO) B TOM H TOJBKO TOM CJydae, Korja 3ajada (35) nmeer
pemienue, paBHoe Hysmo. Ilociesnee oznagaer, aro y* - b > 0 1 Bcex
y* € (R™)*, ynosraersopsiionux yeiaosmo y*A = 0, y* > 0. O

Teopema 18 (Teitna). ITyems A — mampuua pazmepan X d u b € R™.
s mo2o umobvl cucmema Hepasercme
Ax <b

umena peuwenue r > 0, Heobxrodumo u docmamouro, 4mobo. i 1100020
y* € (R™)* maxozo, umo y* > 0 uy*A > 0, 60n0AHANOCD HEPABEHCMEO
y*-b>0.

Zloxazameavcmeo. PacemoTpuM 3a1a49y

(36) 0-x — min, —Ax>-b, z>0.



34

DT0 3a7a4a JIMHEHHOTO MPOTPAMMHUDOBAHWUS B HOPMAJbHON (opme.
JIBoficTBeHHOil K Hell sBjIsgeTcs 3aa4da

y* - (—=b) > max, y*(—A)<0, y*>0.
DTy 33/a9y MOXKHO TE€PEHUCaTh B BU/IE
(37) y*-b—min, y*A>0, y*>0.

I[To Teopeme aBoiicTBenHOCTH 3a1a4a (36) nmeer perenue (a TeM ca-
MbIM MHOZKECTBO €€ JOIIyCTUMBbIX 3HA4YECHUN He IIyCTO, a 3Ha4YeHue 3a/da-
91 PABHO HYJII0) B TOM M TOJBKO TOM CJydae, Koraa 3agada (37) mmeer
periterune, paBHoe Hy.10. [lociemnnee o3uagaer, uro y* - b > 0 115 Bcex
y* € (R™)*, ynosaersopsionux yeaosuio y*A > 0, y* > 0. O

14. TIPUMEPHI 3AJAY JIMHEMHOT'O MPOTPAMMMPOBAHUS

1. 3agaya oNTUMAJBLHOTO MJAHNPOBAHUSA IMIPOU3BOJICTBA.
[Ipenpusrue BollycKaeT d BHIOB HIPOAYKIIMH, HOTPeOJsdsd TP STOM
n BUIOB ChIpbs. /s BBIIYCKa €IMHUILI k-TO BHJIA TPOAYKIHH, k =
1,...,d, 3aTpaunBaercsd ay; €AUHUIL j-TO CHIPb4, j = 1,...,n. Cymmap-
HBII 00BbEM J-TO BHJIA CHIPbS, HAXOMISIIErOCd B PACHOPAXKEHHH IIPE]I-
npuatng pasen b;. IIpubbuis ¢ npoussojacTsa k-10 BHAA TPOAYKIUH
paBHa 1y, pyOJieit. 3amaua 3aKII09YA€TCA B TOM, 4TOOBI HMOJIYIUTh MaK-
CUMAJIbHYIO TPUOBLIL MPHU YCJAOBUU, UTO PACXOJ CHIPbS HE MPEBBICUT
TOT, KOTOPBIi HAXOAWTCS B pacnopsizkeHuu npeanpuarns. [lycrs xy, —
IpoOU3BeJIeHHbI 00beM k-ro Buja npoaykmuu. Torna obdiras npuObLIb
paBHa

d
T‘CEIZW%, r=(ry,...,rq), T= (xl,...,xd)T.
k=1

[Tosiygaem ciie/yIomyro 3a/ady

d
r - x — max, Zaijkgbj, j=1,...,n, x>0.
k=1

DTa 3a7a9a OYEBUIHBIM 00PA30M CBOJUTCS K 33/a49€ JIMHEHHOTO MPO-
IpaMMHPOBaHusl B HOpMaJbHOil dhopme (21).

2. TpauncmoprHag 3agada. lMmeercs n KapbepoB ¢ IIECKOM H M I10-
TpebuTteseil, KOTOpLIX Ha 0 obecneduTh neckoM. C k-ro kapbepa MOXKHO
YBE3TH aj, TOHH IIecKa B CYTKH, & j-My IOTpeOuTe 0 HyKHO b; TOHH Iec-
Ka B cyTKHU. [Ipu 3TOM mepeBo3Ka 0HOIT TOHHBI IECKa, ¢ k-TO Kapbepa j-
My TIOTpebuTe o 00xonuTes B ¢, pyoaeit. Tpebyerca obecnednTn Beex
norpeduTesieil, 3aTpaTUB IPH 3TOM HAUMEHBIIYIO0 BO3MOXKHYIO CYMMY
nener. ObosHavas 9epes3 Ty; KOJMIECTBO ecKa, B3ATOT0 ¢ k-ro Kapbepa
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JUIST IEPEBO3KH j-MY TOTPEOUTE/TIO, IMOIydaeM CAeIYIONIYI0 3a1a49y:

(38) Zchjxkj—)min, Zxkj:ak, k=1,...,n,
k=1 j=1 j=1
Zxkj:bj, jzl,...,m, xijO, k;zl,...,n, ]:1,,m
k=1
[Tonoxkum
C* - (0117C127 ce5Clmy -+ -5 Cn1,Cp2,y - - 7Cn7n)7
ZL':(Zlfll,flflg,...,xlm,...,l’nl,fﬁng,...,ﬂfnm)T,
11 1 0 0 . 0 0 0 0
0 0 011 1 0 0 0
A |00 000 ...0 11 1
110 01 0 . 0 10 0]’
0 1 0 01 . 0 01 0
0 0 1 00 1 0 0 1
b= (ay,as....,an,b1,ba ... byt

Torma 3amada (38) 3anuniercss B KaHOHHYIeCKOi (opme
c+xr—min, Ar=0b x>0.

3. 3agaua Ha MuHUMAKC. [lycrn ¢, ..., c; € (RY)* By, ..., B, € R,
A — marpuna pazmepan X d, b € R" n

f(z) =max{cl -z —B1,...,c, -2 — P}, =€R™
Paccvorpum cieyroniyio 3aaaqy
(39) f(z) > min, Ax =0, z>0.

Dynkuus f He siBIsieTcst IMHETHON 1 mosToMy 3ajava (39) He siBiIsieTcst
3a/1a4eil JMHEHOrO IPOrPAMMUPOBAHNs, HO €e JIEPKO CBECTH K TaKoO-
BOIt, BBE/Ig JOTMOIHUTEIBHYIO TepeMennyio. [lokazxkem, 1o 3amada (39)
9KBHBAJIEHTHA 3a/1a4e

(40) z4p1 — min, c;-x—f; <wgp1, j=1,...,k, Av=5b, x>0,

Heiicrurenbno, nyctb 7 = (Zy,...,7Tq)7 — pemenue 3ana4n (39).
Torna (T4, ..., 24, f(Z))T — pemenue 3amaun (40), Tak Kak ecjiu mpeji-
HOJIOZKHUTH MPOTHBHOE, TO CYMIECTBOBAT OBl BEKTOD T, JOMYCTUMBINA B
samade (39), niasg koroporo f () < f(Z), 9TO TPOTUBOPEIUT MPEIITOIO-
JKEHHIO O TOM, UTO T — pernenue 3ama4du (39).

Eciu mpeanonoxuTh, 9to (T1,...,Tq, Tap1)’ — pellleHde 3aJa4uu
(40), o Bekrop T = (Ty,...,%4)" — nouycrumbiii B 3agaue (39). Ec-
JIA OH HE ABJIAETCA PEIIeHneM 3TON 3a/1a4u, TO HallAeTcda AONYyCTUMBIA
B Heil BekTop T = (T1,...,24)7, ais xoroporo f(T) < f(T) < Tgy1-
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Torna BekTOp (T1,...,%4,Tas1)’, tie Tqy1 = f(T), aBaserca omy-
cruMbiM B 3a1ade (40), a It HEro Tgyq < Tgy1, 9TO TPOTHBOPEUUT
IIPEIIOJI0KEHHIO 06 SKCTPEMAIBHOCTH BEKTOPa (T, . .., T, Tas1)®

15. KPATTHUE TOYKU B 3AJTAYE JIUHENHOTO
TPOTPAMMUPOBAHUSA

[lycte X — jmmeitnoe mpoctpanctBo u A C X. Touka z € A
Ha3bIBAETCS KpaiiHeil Toukoit MHOXKecTBa A, ecam w3 Toro, 4ro r =
(1 — a)zy + axe npu HeroTOpbiX o € (0, 1) u 1,29 € A BBITEKAET, 4TO
r1 = x9. HBIMHU c/IOBaMHU, TOUYKA T He FABJSETCS BHYTPEHHEH TOYKOM
HHKAKOIO OTPe3Ka ¢ KOHIAMHE, MPUHAIIeKAIITIMI A.

MmuozkectBo B R?, 06pa3oBaHHOe epecedenneM KOHETHOTO YHCJIA TI0-
JIVIIPOCTPAHCTB, HA3BIBAETCS OJHAPOM. B dacTHOCTH, MHOZKECTBO J10-
IMyCTUMBIX TOUYEK B 3ajade (27) (Kak u B 0000 Apyroil 3a1ade guHeii-
HOTO [IPOrPAMMUPOBAHHS, TAK KAK OHH DABHOCHJIBHBI) SIBJISIETCS TIOJIU-
sapom. KpaiiHre TOUKH O pa HA3bIBAIOTCS €ro BepiinHaMi. JIerko
MOHATH, YTO MUHUMYM JIMHEHHON (DYHKIIUU, €CJIM OH KOHEYEH, JIOCTH-
raercd B BepIIMHAX HOJIHIPA.

Takum obpasoMm, Jjid pellleHHsT 3aJa4d JHHEHHOro IIPOrpaMMHPOBa-
HUA HAJIO IepedpaTh Bce BEPIINHBI U BHIOPATH Ty, 3HAUEHUE B KOTOPOM
MHHUMHA3APYEMON JuHeHHON (DYHKIUN MHHUMAIbHO. OTHAKO B MPH-
KJIQJIHBIX 33/a9aX 9KMCJI0 BEPIITUH MOXKeT ObITh O4eHb OoJibiuM. B cBsi-
30 ¢ THM BO3HHKaET 3ajada ‘“mesecoobpasznoro” mepedopa. OmHa u3
TaKUX IMPOILEIYDP U HA3BIBAETCSA CHMILIEKC-METOIOM.

Bynem paccmarpuBaTh 3a1a4y JHHEHHOTO TPOTPAMMUPOBAHUS B Ka-
HOHIYeCKOiT hopme (151 yaIo6cTBa paccMaTpUBaeM 33729y MAKCHMU-
3a1uu)

(41) c-r—max, Ar=0>, z>0.

Hanomnum, uro szech ¢ € (R?)*, A — marpuua pasmepa n X d u
b e R™
HpoiicTBennoii 3amaqeit k (41) apagercs 3amada (cm. (30))

(42) y*-b—min, y*A>c".

Mpennoxenue 13. [Tycmv sexmop x = (z1,...,74,0,...,0)T € RY,
x1,..., 2% > 0, — donycmumnii 6 3adave (41). Toeda x asasemcas
Kkpatineti moukol mroscecmsa donyemumus eexmopos 6 (41) 6 mom u
MOALKO 6 MOM CAYUaE, eCAU cmoabuw, a', . .., aF mampuyo A sunetino
HEe3a6UCUMDL.

Joxazameavemeo. 1lycts x — Kpaitnsist Touka. Jlokarkem, 910 ¢TOJIONBI

a',...,a” marpunp A anHeiiHO He3aBHCHMBL. [IPeIIIONIOAKIM IPOTHB-

noe. Ecm croabmmt al, . .. ,ak JAHENHO 3aBUCUMBI, TO HAWJIYTCH HE BCE
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paBHBIE HYJIIO A, ..., \; TaKue, 94TO

k
Z )\jaj =0.
j=1

Tem cambim AN = 0 agist Bextopa A = (Mg, ..., A\, 0,...,0)T € R% To-
raa To4YKa T + tA ABIsSeTCcsS JAOIMYyCTUMOIM JIjIsi BCeX t I0CTAaTOIHO OJIn3-
kux K Hy;10. OTCIO/a CIeyer, 9TO TOUKa T He sB/IsieTcs Kpaitaeii. [1o-
JYYIIN MpoTHBOpedne. Taxum o6pasom, cTonbusl a', . .., a* mmHeitno
HE3aBUCHMBI.

[IycTh Temepb cToabuel a',...,a" muHeiino nesasucumbl. Jlokazkem
TOIJIa, YTO JONYCTHMad TOYKa T — KpalHad Todka. [Ipeamonoxkum
OPOTHBHOE. B TAKOM CIyuae CYIIECTBYIOT IOMYCTUMbIe TOYKH Y U Z,
y # z, uw aucao t € (0,1) rakue, uro x = (1 — t)y + tz. U3 sroro
paBeHcTBa U TOro, uto T = (Tq, ..., 71,0,...,0)T ay, 2z > 0, BuTekaer,
aro y = (Y1, Y, 0,...,0)T, 2= (21,..., 2,0,...,0)T. B cuny roro,
gro Ay = bu Az = b, nonyaaem A(y — z) = b. D10 03HAUAET, UTO

1

k
>y —=z)d =0.
j=1

Tem cambiM cTos16nb ', . . ., aF suneitno sasucumsl. [loayduin nporu-

BOpevne. U

Tak KaK 4UCJI0 JUHEHHO HE3ABUCUMBIX CTOJIOIOB HE MOYKET IIPEBbI-
maTh YUCJa CTPOK MATPHIBI, TO W3 TpeIoxKeHUs 13 ciaeayer, 9TO
KpaiiHsisi TOUKa COIEPKUT He 0oJiee N MOJOKHUTEIbHBIX KOOPINHAT.

Bagaua (41) Ha3BIBAeTCS HEBBIPOXKICHHON, eciau Jobast KpaiHsst
TOYKA MHOYKECTBA, JIONYCTUMbBIX 3HAYEHUN COJIEPKUT POBHO N ITOJIOZKH-
TeqabHbIX KoopauHaT. Eciu b = 0, To HEeTpY/AHO yOeauTbes, uro x = 0
— Kpaitusisg Touka. [loaTomy B HEBBIPOXKIeHHOIT 33 aue b # (.

IIpennoxenue 14. [Iycmov (41) — neswpooicdennas 3adavwa v r =
(1,...,2%,0,...,007 € RY 2q,...,2p > 0, — donycmumas mouxa 6
amoti 3adave. Toz0a

a) k>n,

b) mouka x AsasemcA Kpalined MoKl MHOHCECMEA JONYCTNUMbBLE
ANEMEHMOB MO206 U MOALKO mozda, kozda k = n.

Jlokazamenvemeo. a). Ilpenamonoxum, uro k < n. Torma u3 Teope-
Mbl 3 cjaeayer, 9r0o Haiiayrcs s < k JUMHEHHO HE3aBUCHMBIX CTOJIO-

nos a’',...,a’s marpunst A m takme Bi,...,0, > 0, 9TO 37eMeHT
Y= (y1,...,Ya), B KOTOPOM
_ ﬁ87 ] - js-
Y =

07 jé{jl?"'vjs}a
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SBJISIETCS JIONYCTUMBIM. 13 nipejioxkenns 13 BeITEKaeT, 4To iy — Kpaii-
HsIsl TOYKA, HO OHA COAEPKUT § < k < M TOJOKUTETHHBIX KOODIMHAT,
9TO MPOTHBOPEYUT TPE/IIOJIOKEHUIO O HEBBIPOXKIeHHOCTH 3a1a4u (41).

b). Ecmn v = (z1,...,24,0,...,0)7 — kpaiinsasg Touka, TO 10 olpe-
JIeJIEHUIO HEBBIPOKIEHHOM 3a1a49u k = n.

[Iycts k = n. Eciu cronbuwt al, . .., a" maTpunnl A muHeiiHO 3aBHCH-
MbI, TO M3 T€OPEMbI 3 BbITEKAET, YT0 HafieTCst KpailHssi TOUKa ¢ p < n
YUCJIOM MOJIOKUTETHHBIX KOOPIUHAT, 4TO HPOTUBOPEYHT HEBBIPOK IEH-
nocru 3aaun (41). Tlosromy cTogbus: al, . . . a™ JUHEHHO He3aBUCUMBIL.
Tora u3 npemnoxkenus 13 ciemyer, 94T0 T+ — KpaiiHdsd TOYKA. U

16. CUMILJIEKC-METO/, PEIIEHUST 3AJJAY JIMHENAHOTO
MIPOTPAMMUIPOBAHUST

[IpuBeem cxemy pelreHud 3a/1a4 MO CUMILIEKC-METO/Ly. byaem pac-
CMaTpPUBATh HEBBIPOXKIEHHYIO 33J1a4y JIMHEHHOIO IIPOrpaMMUPOBAHUS
B KaHOHUYECKOii opme (41).

[lycrs mama kpaiias Touka © = (T1,...,2,,0,...,0), z; > 0,
j=1,...,n (maa yno6cTBa 3aMUCH CXeMBbI DEIeHHs CAUTAEM, ITO HOJIO-
JKUTEJIbHBIE KOOPJAUHATHI CTOAT TepBbiMu ). OJIHH U3 METOI0B HAXOK 16~
HUS HaYaJIbHON KpaiiHeil TOUKM OyAeT onncaH HuxKe. BeKTOp  MOXKHO

upejicraBuTh B Bugie © = (xp,2)7, tae vy = (21,...,2,)7, 1, > 0, a
7=1(0,...,0)7 € R, Anasoruuano marpumy A MOKHO NMpeCTaBUTD
B Bugie A = (Ay A), tie marpuna A, cocrout uz cToabuos a',. .. a".

3 npejgoxkenns 13 BeiTeKaeT, 4T0 MaTpuiia A, HEBBIPOXK/ICHHAS.
[TocTporM CUMILTIEKCHYIO TaOJIUIly JIJId 9TON KpaifHeil Touku (cM.
puc. 2).

c c1 | ... | cp Cnt1 . Chyo .. cd t

Gasuc b(zy) | at | ... ]a® | o™t | & || &

1
a C1 T 1 NN 0 T1,n+1 .o T1ko ‘e T1d tl
a’® Cjo Zj, O (...]0 Tjon+1l | -+ | Tjoko | Tjea |t
a” Cn Ty 0O [...] 1 Tnn+1 . Tk e Tnd tn
* *  n+41 ko * . .d
z Cp Ty | €1 | ... | Cn|Cp ey |G
O (...]0 Ant1 Ap, Ay

Puc. 2. Cummrekcnag tadaumna

Cremaem psijt nosicHenuiit Kk 31oit Tabsmme. B mepBom crosibie, Ha-
YUHAd C TPeThell CTPOKM 1o n + 2 0603Ha4ueHbl DA3MCHBIE BEKTOPDI,
COOTBETCTBYIOIHE MOJOKUTEJTbHBIM KOODJIMHATAM KpaiiHeili Touku (B
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Hamem ciaydae 31o a', ..., a"). Bo BropoM cTo/61e Ha COOTBETCTBYIO-
X MeCTaxX CTOAT 3HAYEHWd ¢; BEKTOpa ¢* ¢ TeMHU JKe HOMepaMM, 9TO
U CTOJIONBI @’ .

[ocaeaauit cToaber] 3aM0JIHAETCA TPU UCCISI0BAHNN CUMILIEKCHON
TaOJINIIBL.

B mepBoii cTpoke, HAYMHAS ¢ UETBEPTOTO CTOJIOINA, CTOAT IIEMEH-

ThL Cq,...,Cq. BTOpas cTpoKa, HaYMHAs C TPETHEro CTOJIONA, — BEKTO-
put b,al, ..., a’. Tlog HuME — pas3joXkKeHHe 3TUX BEKTOPOB 10 GA3HCY
a',...,a". $cno, uro B cury Toro, uto Ax = b,

n
— I
b= E a’z;.
=1

Tem caMbIM pas3iozKeHHEM BEKTOpa b sSIBJIsIeTCS BEKTOP T HEHYJIEBBIX
KOODJIHMHAT Kpaiffeil Toukn z. IIpeamonoxknmM, 9To BeKTOpH af, k =
1,...,d, nMeloT cieyioliee pasIoKeHne no 6asucy al, ..., a"

n

. .
a® = E a’ .

J=1

Takum obpaszom, a® = Ayz*, u caenosarensno, A = A, X, rue

11 ... X14

X=1.............

Tni Tnd
— MaTpHUIA Pa3joxkKeHHiHl BekTopos a',...,a? mo Gasmcy a',...,a", a
2% — croabupl sroit Mmarpunsl. Torna X = Ab_lA. Ou4eBuaHO, YTO IPHU
k=1,...,n pasnaoxenus BekTopos a* Tpusnaabus: a¥ = a”. Tloaromy

Marpuia X Ha caMOM Jiejie UMeeT BU/L

1 ... 0 Tin+l --- T1d
X =
0 ... 1 Zpny1 - Tng
[omoxum ¢ = (c1,...,c,). B mpeamocaenueii ctpoke z B crobie
HOJ, BEKTOPOM T, 3allUIIEeM 2y = Cj - Tp. 'Lorna 2y — 3HadeHne QyHKIHO-
HaJla B HaYa IbHOMN KpaiiHeil Touke . Ilon BexkTopamu af, k= 1,...,d,
samuieM zp = ¢ - ¥, To ecthb
*
z2=(21,...,2q) = ¢, X.
OueBuHO, 9T0 2, =y ipu k= 1,...,n.

B mocsienmeit crpoke A, HaUMHAS ¢ Y€TBEPTOro CTOJOIA, 3aIIHCHIBA-
eTcs Pa3HOCTh MeXKJy dJIeMeHTaMU MpeJIocye/iHell CTPOKH U dJieMeH-
TaM# IepBoit cTpokm: A = z — ¢*.

Janee caeayeT UCCAEIOBATD CUMILIEKCHYIO TAOIHUILY.

IIpennoxkenne 15. Ecau A > 0, mo éexmop © — pewienue 3a0a4u
(41), a sexmop y* = c; A1 — pewenue deoticmeennoti sadauu (42).
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Hoxazameavcmeo. Yemoue A > 0 o3magaer, uro z > c*. Tem ca-
MeiM ¢ X > ¢*. lloacrasisaa BeIparkenwe ¢; depe3 y*, mojaydaeM, 4TO
y*ApX > c¢*. CaenoBarenbho, y*A > ¢*. Takum obpasom, y* — momy-
CTUMBI 35teMeHT B 3aja4e (42). Kpome Toro,

U3 caencrBus 6 (¢ COOTBETCTBYIONMME 3aMEHAMH SKCTPEMATBHBIX 3a-
Jad ¢ MUHEMYMa Ha MAKCHMyM U HA00OpPOT) BHITEKAET YTBEPIKJEHUE
TIpeITOKeHN . Il

IIpennoxenne 16. Ecau daa nexomopozo k A, < 0 u 2% < 0, mo
snauenue 3adavu (41) pasno +oo.

Loxazameavcmeso. Tlomoxkum

0
z(t)=x—t| | +tex

0

(e1,...,eq — KaHoHmdeckuii 6azuc B RY). B cury Toro, uro z* < 0,
x(t) > 0 naa Beex t > 0. Kpowme Toro,

Az(t) = Az — tA" +tAe, = b —ta® +ta® = b.

Buaunt, x(t) — gomycTumMbiii saemenT npu Beex ¢ > 0. TIpu s1om
ca(t)=c-ap—tep -2t teh = ¢ - my — tA

Orcroga Bujno, uro ¢* - z(t) — 400 upu t — +o0. O

HyCTb B CTPOKeE A IMerTcs OoTpHuIaTeJbHbIC 9UCJIa, & COOTBETCTBY-
omue CTOJI6IU>I $k coaepzKaT IMOJIO?KUTEJIbHbIE YHCJIa. HpeﬂHOJIO)KI/IM,
q9T0

mkin Ak = Ako,

rJe MHHUMYM Oepercs UMEHHO II0 TeM CTOJ0IaM, KOTopble 00J1aaioT
yKa3aHHBIM BbIIIIe cBoiicTBOM. OueBuiHo, 4to n+1 < ko < d. Croaber,
COOTBETCTBYIONTHI MHIEKCY ko, HA3BIBAETCS PA3PEIIAIONIIM CTOJIOIOM
(eCﬂI/I MHUHUMYM JAOCTUTI'a€TCAd Ha HECKOJbKHX 3HAYCHUAX k’, TO BbI6I/I—
paem J060if n3 Takux cTosOnoB). st Tex j, mpu KOTOPBIX Zjk, > 0,
MTOJIOZKHAM
Lj

t;=—.

L jko
OTH 3HAYEHHSI CTABUM COOTBETCTBEHHO B IOCJEJTHEM CTOJIONE CHM-
maekcHoit Tadsuiel. [lycTn

tj, = mint;.

J

Crpoka BekTOpa @/° Ha3bIBaeTCd pas3pelnaiomeil. DaeMeHT Ty, Ha3bl-
BAETC Pa3peniaioniuM 3JIEMEHTOM CUMILIEKCHOI TabIUIbI.
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Jasiee neobxoanmo u3 yncjia 6a3ucHbIX BEKTOPOB UCKJIIOYUTH BEKTOD
a’®, BMecTO Hero B3sATh a0,

Teopema 19. Fcau me svinosrens, ycaosus npedasoscenut 15 u 16,
mo mouka x' ¢ HOGLLMU BAZUCHBLMU GEKMOPAMU

1

Jjo—1 ko jo+1 n
a,...,a ,a ", a ey @

ABAAEMCA HO60U Kpatineld moukol, a 3HaueHue OYHKUUOHAAL NPU
amom eospacmaem na eeaununy —tj Ay . Hosaa cumnaexcras mabau-
ua (0as 10601 Kpatineld mowky) mostcem Guimv nocmpoena u3 cmapot
C NOMOULBLIO CACOYIOUUT COOMHOULEHUTL:

( Lo Ljk .
x]_ ]0.70’ 1§]<n’
. = Ljoko
J Ljo
T ) J = kO)
\ L jok
(43) ) Joro . -
JokT ko ., ,
Tjp ——————, J#Jo, 1<j<m,
I/' — ijkO
Jk xjok L
) J = Ro.
\ Ljoko
Joxazameavcmeo. Tlonokum
ko
r_
xr _x_tjo . _'_tjoek()'
0

JokazkeM, 9T0 BeKTOp &' dBJdgeTCA HOBOU Kpaiineil Toukoil. ITokazkem
cHavaga, 9ToO OH SIBJISETCS JIOMYCTUMBIM BEKTOpoM. Meem

Ax' = Az — t;, Ayx™ + t;, Aey, = b — tj,a™ +tj,a™ = b.

Kpowme Toro, mpu j =1,...,n

x.
I L . . — L Jo
;= xj; — i Tk, = T

' L ko > 0.
Ljoko
Ipu srom 2% = 0. dna n+1 < j < d, j # ko, nonyuaem z; = 0, a
x .
I _ Jo
Z‘ko—tjo—‘—>0.
Ljoko
[To mocTpoernto y BeKTOpa &’ 10 CPaBHEHUIO C BEKTOPOM T T00ABUIACH
OJTHA TOJIOKUTeTbHasd KoopawHaTta kg, a KOOpAWHATA jo 0OpATUIACH B
HOJb. [locKOMBKY O Tipeiyiokennio 14 y 70mycTUMO# TOUKY He MeHee 7
MOJIOZKUTEbHBIX KOOPJMHAT, TO B HOJIb 00PATUIACh TOJBKO KOOD/IUHA-
Ta Jo. Takum 06pa3om, y TOUKH &' POBHO 1 IOJIOZKUTETLHBIX KOOPIHHAT,
U W3 TOrO Ke Ipeiokenus 14 caemyer, yro &' — KpaiiHgs TO4Ka.
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g HOBOI Kpaiineil TOYKN uMeeM

* /

= —t. ko o =
c v =c-r—tjc-x0 +1;c ep =cC

*

T — o2k Lo Chy

_ *
=c - x—t;,Ap.

Tem cambIiM

>k /

* — .
¢’ == =t A

BerancemMm Tenepb KOOPJAWHATHI ZL‘;k Pa3IOKeHuA CTOJIONOB aF MaT-

punpl A 1o 6azucy al, ..., a1t a* a0t .. @™ B crapom 6azuce MuI
MMeJIN CleyIoNne PasiorKeHnst

n n
(44) ak = Z(Ijl’jk = Zajxjk+aj°xjok, ] = 1,...,d.
j=1 j=1
’ j#jo

B gacraoctu, mpu k = ky

n

ko _ Jop. JO e .
a” = E A’ Tk, + AT ok -
j=1
J#Jo

KOJIBKY T TO BBIPA3UM a0 W3 MOCJIETHET BHCHUS
Ilocko joko 7 0, TO a3 J0 W3 mocJleiHero ypaBHe

n k()

: - Ll a
a]o:_E ql =1%o +

j=1 Ljoko Ljoko
J#Jo

u nojacraBum B (44). Vmeem

n n T " ako
a* = E a’ v+ | — E ol == + Tjok
j=1 j=1 ijkO xjoko
J#Jo J#Jo
& T T
koL jok k
_E:aj T i Jko<~J0 +k0 JO’ k:L ,d
j=1 Ljoko L joko
J#Jo
[osyauMm pasioxKenud 1o 6asucy a', ..., a1 a* afott . a”. Ilpn
3TOM KO3(DUIMEHTH PA3JI0KeHUs COOTBETCTBYIOT COOTHOIICHUSM
(43). O

3areM HOBas CHUMILIEKCHas TaOJIUIa BHOBb UCCJAEIYETCS, U TaK Ia-
Jiee, TIOKa He MPHUIEeM K perreHuio 3agadu. QopMysibl I BEIYUCTIEHNS
3JIEMEHTOB TaOJINIILI, JICSKAIINX MO BeKTopaMu b, a', . .., a?, m me mtexa-
UMY B pa3penraionieil CTpoKe, Ha3bIBAIOTCA NPABAJIOM IPAMOYTOIb-
HUKA — 3JIEMEHTDI, Y9aCTBYIONIHE B 3TUX (POPMYJIaX, CTOAT B BEPIIUHAX

NPIMOYTOJIbHUKA B CUMILIEKCHO TabJIuILe.
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17. TIPUMEPHI IIPUMEHEHU A CUMIIJIEKC-METOIA
PacemorpuM mpuMeps! pelteHud pAaa 3a1ad JUHEHHOTO MPOrpaMMU-

POBaHud C UCIIOJb30BaHuEeM CHUMIIJIIEKC MeTOo/1a.

ITpumep 17.1. Ilycrs Tpebyercs pemuTh 3aa49y JUHEHHOTO TIPOTPaM-
MHUPOBAHUSA

201 + w2+ 23 — 1y —w max, x; >0, j=1,...,4,
T1— To + I3 = 1,
2x1 + o 4+ x4 = 3,
c 3aJaHHOll HauaIbHOM Kpaifimeit Toukoit = (0,0, 1,3)7.

Basucnbie sekropnl 3jech a® = (1,0)7 u a* = (0,1)T. Cocrasum
HEePBYIO CHMILIEKCHY0 Tabuuiy (puc. 3).

c* 2 1 1 ]1-1]t
6aznc 2y | a' | a® |add] a
a’ 1 1 |—-1]110
at 1] 3 2 1 (013
z —2|-1|-2]11-1
A —3[-3]01| 0

Puc. 3

113 TabauIB BHIHO, 9TO B KAYeCTBe Pa3PeNIaloNiero CTOI0Na MOKHO
B3ATH cToIOub a' win a?. BospMmen cronber a?. Torma paspemaonas
crpoka a’. Bamensem B 6azuce ekTop a' Ha BexTop a?. Jlins HoBoro Ga-
3uca ¢ moMotbio dhopmya (43) cTpoOUM BTOPYIO CHMILIEKCHYTO TabIuILy

(puc. 4).

c* 2111 -11|t¢t
Hazuc xp | a' | a®|a®| at
a’ 1 3101 1
a? 11312110 1
z 715|111 2
A 310101 3
Puc. 4

BekTop A > 0, nosromy Touka T = (0,3,4,0)! apagerca pemrennem
3a/1a4M, & ee 3HaYeHne PaBHO 7.

EcJin Ob1 B KauecTBe pa3peniaioniero crojiona B 1epBoil CUMILIEKCHON
tabanme MBI B3aam croaber al, To npunin 66 K TOIl ¥Ke TOUKe, HO 32
OoJIbIlIee YHCJIO TITAroB.
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18. METOA MCKYCCTBEHHOI'O BABHCA /IS HAXOYKJIEHW S
HAYAJIBHOM KPAMHEN TOYKU

Bynem cHOBa paccMaTpuBaTh 331849y JHHEHHOTO IIPOIPAMMHUPOBAHHST
B KaHOHHUYeCcKo# dopme

(45) ¢ -rx—max, Ar=0>b, x>0,

rie ¢t € (RY)*, A — marpuna pasmepa nxd u b € R™. He orpannuunpas
OOIIHOCTH, MOYKHO cuHMTaTh, 4ro b > 0. Eciu 310 He Tak, Hampumep
b; < 0, To ymMHOKUM 00€ YacTH j-ro ypapHeHus Ha —1.

Paccmorpum BCoMOrarebHyo 3ajady, 100aB/iss MCKYyCCTBEHHbIE

IepeMeHHbIe T = (Tgy1,. .., Tasn)] U €JIUHUYHYIO MaTpuily 1.
n
(46) —Zmd+j—>max, Ar+Ir=b, x>0, x>0.
j=1
Touka T = (0,...,0,b1,...,b,)T aBngerca momycTumoii B 3amade

(46). Kpome Toro, 3navenme 3ajaun konedno. VI3 Teopembr 15 BbiTe-
KaeT, 9TO pelieHue B 3TOH 3a7a4e CyIIecTBYeT.

13 npennoxkenns 13 BBITEKACT, 9TO TOYKA T ABIACTCS KpaiiHeil s
sagaun (46). Byaem pemars o1y 3a1ady cuMIuieKe-merogomM. [Tpu srom
MOTYT BCTPETHTBCS CJCIYIONIE CATYAIH.

1. Pemenne 3amaan (46) cOmepKUT HEHYJIEBble UCKYCCTBEHHBIE Ie-
peMeHHbIe. DTO O3HAYAET, YTO B UCXOMHON 3amaue (45) HeT IOMyCTH-
MBIX 3JIeMeHTOB. JleficTBUTEILHO, €CIM He BCe HCKYCCTBEHHBIC IIepe-
MEHHbIE HyJIeBble, TO 3HadeHue 33/1a4u (46) orpunareabHoe, a eciu cy-

uectsyer gonycrumblit Bexktop (20, ..., 297 B 3anaue (45), To BeKTOP
(29,...,29,0,...,0)T apagerca nonmycrumbiv B 3a1a4e (46), a sHadenue

MaKCHMU3UPYEeMOTo (DYHKITMOHAIA HA HEM PABHO HYJIIO.

2. Pemenne 3amaun (46) He COAEP:KUT HEHYIEBBIX HCKYCCTBEHHBIX
HEepeMEeHHBIX M Cpejii GA3UCHBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBY-
IOIAX HCKYCCTBEHHBIM MEPEeMEHHBIM. B 9TOM ciIydae peleHne 3a1adu
(46) umeet Bug (T4, ..., 20, 0,...,0)T, aTouka (71,...,7,)", B KoTOpOI
KOOPJIMHATHI, HE COOTBETCTBYIONIHE OA3UCHBIM, PABHBI HYJIIO, SIBISETCS
Kpaitneit ajst 3aga49u (45), Tak Kak CTOJIONbI, COOTBETCTBYIONHE OA3HC-
HBIM KOODAMHATAM Oy/1yT JUHEHHO HE3aBUCHMBI (CM. TIpeiozkerue 13).

Jlajiee, B3g4B B KadecTBe IMepBOHAYAIBHON KpaiiHell TOYKM TOYKY
(T1,...,7,)T, MOXKHO HPHUCTYHATH KO BTOPOMY 3Tally - PENICHUIO 3a-
Jdaan (45) ¢ TOMOIIBI0 CHMILIEKC-MeToa. TeM caMbIM Mbl IIOJTydaeM
JIBYXITAIHBIA MeTOJ pertienust 3agaun (45).

ITpumep 18.1. Pemuth MeTO0M UCKYCCTBEHHOTO Da3mca 3a1a4dy

1+ 279 + 3w3 —4xy > max, x; >0, j=1,...,4,
T+ To — T3+ 1’4:2,
1+ 14?[]2 + 101’3 - 101’4 = 24.
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PaccmorpuM BeriomMoratTeibHYIO 3374y, J100aB/Isgsd HCKYCCTBEHHDLIE
IlepeMeHHbIE T U Tg:

—x5 —r¢ —wmax, x; >0, j=1,...,0,
T1+ xo— X3+ x4+ T =2,
r1 + 1429 + 1023 — 1024 + xg = 24.
Ucxomnasg kpaitusas Touka x = (0,0,0,0,2,24)7. Basuchble BeKTOpbI
a® = (1,07, a®=(0,1)".

CocTaBuM IepBYIO CUMILIEKCHYIO TabJIHILy 1715 BCIIOMOTATeIbHOI 33,18
un (puc. b).

c* 0 0 0 0 —1|—-1]| ¢t
6aznc xp | at | a® | a® | a* | a® | af

a® —1 2 1 1 -1 1 1 0 2

) 12

a -1 24 1 14 | 10| —10] O 1 7
z —26|—-2|-15] -9 9 -1 -1
A —2|-=15|1-9] 9 0 0

Puc. 5

PaspemalonmM CTOI0IOM dBJIdeTCs CTON0eI a’, paspenraiomnas
crpoka a®. 3amenseM B 6asuce BekTop a® Ha BeKTOp a? W [T HOBOTO
faszuca CTPOUM BTOPYIO CUMILIEKCHYIO Tabsuiy (puc. 6).

c* 0 0 0 0 1| =1 |t

6azmc xy | ab | a®| a at | a® | af
o5 1 2 13 0 _12 12 - 111
7 14 7 7 14| 6

12 1 5 5 1

2

= 2] 22 =

S e AV 7 71 Y i

2 13 12 12 1

I e ) R

§ 7171 | | 7 7 14

13 12 12 15

A i il et e

14 0 7 7 0 14

Puc. 6

Temephb 3aMeH"eM BEKTOp a° HA BEKTOP a* W CTPOMM TPETBIO CHM-
IeKCHy0 Tabuuiy (puc. 7).
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c* 010 0 0O|—-1| =1 |t
Hazuc xp | a' | a?| a® |at| ad® | af
1 13 7 1
4 il i SR IS ) (N
o 101Gl 12| 24
11 11 5 1
2
=11 I
“ 10 g 01013 5
z 0 010 0 0
A 010 0 0 1 1
Puc. 7

Tak kak A > 0, TO TOUKa

11 1 T
0,—.0.-.0.0
<76’7677)

SIBJISIETCS PelleHneM BCIIoMOoraTe /ibHOol 3aa4qn. [Ipu aTom cpeu H6a3uc-
HBIX BEKTOPOB HET BEKTOPOB, COOTBETCTBYIONINX UCKYCCTBEHHBIM Iepe-
MeHHBIM. TakuMm o0pa3oM, B KadecTBe HA4YaJbHONW KpaiiHeit TOYKH B
HUCXOIHOH 3a/1a4e MOXKHO B34Tb TOYKY

11 1\7*
—(0,=.0~-) .
x (767767>

CocraBuM HepByio CHMILIEKCHYT0 Tabsuiy (puc. 8), HCnonb3ys pas-
JIOKeHHs BEKTOPOB T, a' 1 a® W3 mocetHeil CHMIIEKCHOH TabInIH.

c* 1 213 |4 ¢t
6aznuc xy | a' |a?| a® | a?
1 13 4
a* 4| - — 0| =11 |—
6 24 13
a? 2 E E 110 0
6 24
15
3| — 12| 4 |—4
i 12
9
A —— 01| 1 0
4
Puc. 8

BamensgeM BekTop a’ Ha a! U cTPOUM BTOPYIO CUMILIEKCHYIO TabJIUILy

(puc. 9).
BamMenseM BeKTOp a’ Ha a

(puc. 10).

3 1 CTPOEM TPETHIO CHMILIEKCHYIO TabInILy
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c* 1] 2 3 —4 |t
6aznc xp |at | a®| a® at
1 1 24| 24
a 1{—]1]10|——| —
13 13| 13
s 52, 1],
a/ JE— [ES— —_——
13 13 13
48 2 2
2 Dl |2 2
13 13| 13
41 54
A B
010 13| 13
Puc. 9
c* 112 3|4\t
6azmc xp |a' | a® | a® | at
24
1 114|1|—101]0
¢ 11
13
5131210 —=1]1]-1
¢ 11
63
101 — 1|3 |-3
: 11
A 0 ﬂ 01
11
Puc. 10
Bektop A > 0, mosTomMy TOUYKA
T =(4,0,2,0)"

SABJIAETCA PereHneM 3a/1a49u, a ee 3Hadenne paBao 10.

19. TPAHCHOPTHASA 3A/TAYA

Pacemorpum Gostee mogpobHO TpaHCTIOPTHYIO 331ady (38). Hamowm-
HUM, 9TO peYb HJIET O IepeBO3Ke OJHOPOIHOIO TPy3a W3 N IIYHKTOB
orupaBienusa Aq,...,A, B m IOyHKTOB Ha3HadeHus Bi,...,B,,. U3
MYHKTa OTIpaBjieHust Aj MOXKHO YBE3TH aj €JIWHUI] I'Py3a, a B MyHKT
Ha3HavYeHus B; Tpebyercst qoctaBuTh b; enumuul rpysa. llpu sTom 1me-
PeBO3Ka ONHOIl eIWHUIE! I'Py3a U3 HyHKTa A, B myHKT B; o0XomuTcs
B c; pyOuneit. Tpebyercs obecriednTh HepeBO3KY I'PY30B, 3aTPaTUB IPH
9TOM HAMMEHBIIIYI0 BO3MOXKHY0 cyMMy aeHer. Obo3Hadast depes Ty; KO-
JUYEeCTBO TPy3a, MePeBO3NMOTo 3 myHKTa Ay B myHKT Bj, momydaem
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CJIEJIYIONIYIO 3a,/1a9y:

(47) Zchjxkj—)min, v >0, k=1,...,n, j=1,...,m,

k=1 j=1
(48) da=ap, k=1,....n,
j=1
(49) Y ap=b, j=1,....m
k=1

Beeng obo3naueHnst

C>'< = (0117012, ey Clmy -+ 5Cn1,Cn2,y ... 7cnm);
€T = (x117x12a s Timy - o5 Tl Tp2y - - 7xnm)Ta
11 1 0 0 . 0 0 0 0
0 0 011 . 1 0 0 0
(50) A — 00 0 00 0 101 1 7
1 0 010 0 1 0 0
01 0 01 0 .01 0
00 1 00 1 0 0 1
E: (a17a2""7an7b17b27 7b’m)T7

MBI 3aIuceBaIN 3aaady (47)—(49) B kanonmaeckoit hopme
(51) ¢ x—min, Ar=05b, x>0.

Beskuit IonycTuMBI BEKTOD B 3TOM 33/1a4€ Mbl HA3bIBAEM JIOIIYCTHMbIM
ILJTAHOM IIePEeBO30K, & pellleHre TPAHCIOPTHONH 3a1a4i Ha3bIBaeTCA OIl-
TUMaJIBHBIM IIJIAHOM II€PEeBO30K.

13 yemoswuit (48), (49) BeITEKaeT, 4TO

ZZIL‘M :Zak:ij =M.
k=1 Jj=1

k=1 j=1

WNupiMu cyioBaMu, OOIIHi 3amac rpy3a Ha BCeX IMYHKTAaX OTIHPABICHUA
paBeH CyMMapHOH NOTpPeOHOCTH BCeX NMYHKTOB HasHadeHus. B srom
cJIydae TOBOPST, 9TO WMeeTCsd 3aMKHyTasd MOJeJ b TPAHCIOPTHOH 3a-
JTAYH.

MozkHO paccMaTpuBaTh HE3AMKHYTbHIE MOJIEIH TPAHCIOPTHON 3aja-
qu. [Tokazkem, 9T0 OHU MOTYT OBITH CBEJIEHBI K 3aMKHYTOM MOJIE/IN.
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[IycTh cymmapHbie 3amachl OTIIPaBUTECH OOJIbIe CyMMapHBIX TO-
TpebHOCTel MyHKTOB HA3HAYCHUS, T.€.

n

Zak > Zb]
j=1

k=1

B sroMm ciryuae pasencrsa (48) 3aMEHAIOTCH HEPABEHCTBAMU

m
E xkjgak, kzl,...,n.
j=1

Beenem bUKTHBHBIN TIYHKT Ha3HAUYeHUs [3,, 11 ¢ BEJIMINHON 3aBO3a

n m
b1 = E ap — E bj
k=1 j=1

U HYJIEBBIMH CTOMMOCTSMH II€PEBO30K B 3TOT IyHKT. JloGaByidsa Ho-
Bble HEOTpUIATeIbHBIE IIepeMeHHBbIe Ty ,11, K = 1,...,n, moiydaeMm
3aMKHYTYIO MOJIeJTb TPAHCIOPTHON 3a3/a4W ¢ OTPAHUYEHUSIMU B BUJIE
PaBEHCTB

m+1

E Tkj = Ak, kzl,...,n,
j=1

S ag=b, j=1,...m+1
k=1

[IycTh Temepb cyMMapHBIe 3altachl OTIpaBUTe el MeHbIEe cCyMMap-
HBIX HOTPEOHOCTEH MYHKTOB HAa3HAYEHHS, T.€.

n

Zak < Zb]
j=1

k=1

Torya paBercTBa (49) 3aMeHSIIOTCST HepABEHCTBAMI

n
Zl’kj Sbj, jzl,,m
k=1

B sTom ciaydae BBojuTCA (DUKTUBHBINA IYHKT OTHpaBJieHusd A, 1 C Be-

JINYUHON BBIBO3a
m n
Upg1 = g bj — g ay
Jj=1

k=1

U HYJEBBIMU CTOMMOCTSIMHM IIEPEBO30K U3 ITOro myHkKTa. /lobasiiss HO-
Bble HEOTpUIATEJbHbIE IePeMeHHbIe Tpi1j, J = 1,...,m, noaydaem
3aMKHYTYIO MOJEJTbh TPAHCHOPTHON 3371a9W C OTPAHUYEHWSIMH B BUJIE
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PaBEeHCTB

Zxkj:ak, k=1,....n+1,

n+1

le?kj =0, =1,
k=1

20. CBOWMCTBA TPAHCIOPTHOW 3A/IAYU

TpancnopTHag 3a1ada dBadeTcd 3a/a49eil JUHEHHOTO TPOTPAMMEIPO-
BaHUS W MOXKeT PellaThbCd CUMILIEKC-MeTOI0M. B ¢ty mpocToro cTpo-
eHUs1 OrpaHudeHuii (MaTpuIbl A) cylecTByer psil yIpOUIeHUi IPH pe-
IEHUU STOH 3aa9u. DTOT YIPOIIEHHBIA MeTOJ U Oy/IeT ONUCAH HHUKE,
HO CHaYaJia HaM MOTPeOYIOTCS HEKOTOPhIE BCIIOMOIATEe/IbHbIE PE3YJ/IbTa-
THI.

Jlemma 1. Jlaa ar060t mparcnopmuots 3adavwu cyuiecmsyem donycmu-
ML NAGH NEPEGo3ok.

Joxazameavcmeo. be3 orpannydenusi oOIHOCTH MOXKHO CHHTATh, YTO
pPacCMATPUBAETCA 3aMKHYTasl MOJAEb TpaHcmopTHO#W 3amadu. Iloso-
ZKUM

akbj
Tpi = —.
kj M
Torna
agb; a “ a
agbj k k
Zfﬂka— YA _MZbJ—M = ay,
J=1 7j=1
n
akb bj bj
Tpi = = ar = =M =b;.
Z ML MM 7
k=1
Tem caMbIM @5, — JOIYCTUMBIi IIJIAH NEPEBO3OK. ]

Jlemma 2. Jlas w060t mpancnopmuoti 3a0a4u cyulecmeyem onmu-
MANOHBLT NAGH NEPEBOIOK.

Jlokazamesvemeo. B cuity jieMMBl 1 1 TOro, 9T0 3HAYEHHE TPAHCIOPT-
HOIf 331291 OrpAHUYEHO CHU3Y HYJIEM, 9TO 3HaYeHue KoHeuHo. [To Teo-
peme cymiecrBoBanus (Teopema 14), yaurbiBast, 410 pasiandubie (hoOpMb
3a/1a4 JTMHEHHOIO NPOrpaMMHUPOBAHUS SKBUBAJICHTHDI, OJ1yYaeM CyIIe-
CTBOBaHUE ONTUMAJILHOIO IIaHa B JiI060# TpancnoprTHoii 3amade. [

Jlemma 3. rgA=n+m—1.

Aoxasameavcmeo. IlpubaBum K n-oit cTpoke Marpuisl A Bce mpebl-
ayiue. [losryaum crpoky, cocrosinyio u3 ejguauil. [Ipubasum B 3710
MaTpuIle K MOCJIe/Hell CTPOKe BCe CTPOKHU, HaunHas ¢ n + 1-oit. [Tosy-
quM TaKyio ke cTpoky. Caenoarensro, g A < n+m — 1.
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[lepecraBum CTPOKM, HAYMHASA CO BTOPOI 10 N-YI0, MOCJE MOCae HEl
crpoku marpunsl A. Torma, ecim B HOBOW MaTpHUIE B3STH CTPOKH CO
BTOPOii 110 MOCEIHION U cTOJIONE! 1, ... ,m,m+1,2m+1,... (n—1)m+
1, To momyyurca MUHOD OPAJAKA N+ m — 1, apagionuiics TpeyroJbHOR
MaTpHuIleil ¢ eIHHHIAMHI Ha TJIaBHOW muaroHaan. Tem cambim rg A =
n+m— 1. U

U3 nokazanHOil TeMMBI U TpejiokeHus 13 BeITeKaeT, YTO KpailHss
TOYKA B PACCMATPUBAEMOl TPAHCHOPTHON 3a/a4€ MOXKET UMEeTh He 00-
Jgee n + m — 1 MoJIOKNTETBHBIX KOOD/IMHAT.

Jlemma 4. Jlobve n+m—1 cmpox mampuuyv, A Aunetino He3a6UCUMDYL.

Joxazameavemeo. Kak ObLIO 0OTMEYEHO, CyMMa TEPBBIX N CTPOK COB-
MAIAeT ¢ CYMMOI OCTaBIIMXCSA CTPOK. JTO O3HAUAET, UTO JII0OAsT CTPO-
Ka eCTh JuHeliHasg KOMOMHAIMS ocTaBmuxcd n + m — 1 crpok. B cury
Toro, 9to 1g A = n 4+ m — 1, 3Tu ocTaBiInecs CTPOKH JHHEHHO HE3aBH-
CHMBI. U

21. METOABI HAXOYKJIEHNS HAYAJIBHOI KPANHEN TOYKU B
TPAHCIIOPTHON 3AJAYE

Byaem paccmarpuBarb 3aMKHYTYIO MOJIE/Ib TPAHCHOPTHOMN 3a/iadu.
Kak 0bL710 mMoKa3aHo, He3aMKHYTasi MOJEJb JIEI'’KO CBOJUTCS K 3aMKHY-
TOI BBeJeHnEeM (DUKTHUBHOIO MOCTABIIUKA WX (PUKTHBHOTO NOTPEOU-
TeJIs.

Ucxonuyto TpaHCIOPTHYIO 3a7a4y Oy/1eM 3a/1aBaTh B BHJE ILTATEK-
HO¥ Marpunbl (puc. 11).

by | by | ... | by,

ay [ C11 | C12 | --- | Cim

Qg | Co1 | C22 | --- | Com

Ap | Cnl | Cn2 | -+ - | Cam
Puc. 11

Jluist cocraBiennst MATPUIB! IJIAHA TIEPEBO30K Y00HO MCIOIB30BATh
carenyrortyo Tabauiy (puc. 12).

1. Meton “ceBepHO-3anagHOro yria’

Haznaunm MakcuMaIbHO BO3MOXKHYIO IIEPEBO3KY U3 MYyHKTa OTHPAB-
Jenns A; B myHKT Haszuadenus Bi. To ecTh 3amoiHseM BepXHU JIEBBIi
sstement (x11) marpuust X = {xy;} m1ana nepeBo3oK Tak, 4TOOBI Iy HKT
ornpasienust A, aub0 TyHKT HaszHadeHus B, mmbo oba 3TU IyHKTA
OKaYKyTCs TOJTHOCTBHIO 00C/TY JKEHHBIMU.
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by | by | ... | by

ay | 11 | 12 | -+ | Tim

Ag | T21 | X22 | --- | Lo2m

Ap | Tnl | Tp2 | -+ | Tnm
Puc. 12

Ecan nynkT ormpaBierns A; OKa3ajcs MOJHOCTHIO OOC/IY KEHHBIM,
TO B JaJbHENIeM NP HAXOXKJIEHUW MMePBOHAYATBLHOTO MJIaHA HePeBO-
30K BBIBOJUM IEPBYIO CTPOKY MATpHUIbl X W3 PACCMOTPEHHS U pac-
CMATPUBAEM TOJIBKO OCTABIIYIOCH YacTh MaTpunbl X . Eciu myHKT Ha-
3HaYeHUs B 0Ka3ascd MOJHOCTBIO OOCIYKEHHBIM, TO AaHAJTOTUYHO BbI-
BOJIMM HEPBBIHl cTOJIOeN U3 jpajbHeilero paccmorpenus. Kcin ke u
MyHKT OTNPABJJEHUsI, U IIYHKT HA3HAYEHUs] OKA3AIUCH MOJHOCTHIO 00-
CJIy’KeHHBIMH (TaK MOKET CJIyYHThCSI TOJBKO B BBIDOXKICHHON 3a/a-
9e), TO BBIBECTH M3 DACCMOTDEHHUsI CJeyeT WIH MePBYI CTPOKY, WUJIH
nepBbIil crosidern marpurbl X. g onpenesnennoctu 6yj1eM BBIBOJIUTD
nepBbIit cTosibery MaTpurpl X . B 3TOM cirydae B 4mcio 6a3UCHBIX 1€~
MEHTOB Ha CJeAYIONIEeM JTale BBe/IeM JIEMEHT C HYJIeBbIM 3HAueHueM
MePEeBO3KH, CTOATIN B CeBEPO-3aMaJHOM YIVIY OCTaBINeics 9acTu MaT-
punbt X (215 = 0).

DTy HpPOIEAYPY IPOIOIKAEM JI0 TEX MOP, MOKA BCE MyHKTHI OTIPAB-
JIGHUsI W TIYHKTHI Ha3HadYeHusa He OymayT obcayxensl. [locienneir mepe-
BO3KOIl OyjieT mepeBo3ka W3 MyHKTa OTHpaBienns A, B MyHKT Ha3HA-
uenna B,,.

Ha xakmgoMm mare oOCIyzKHBaeTCs OAWH W3 MYHKTOB OTHPABIEHUS
W Ha3HAYEHWUs, & Ha TOCTIeHEM Iare oOCIYKUBAIOTCS 00a MYyHKTA
A, u B,,. lloaromy 1ncjio 6a3ucHBIX 971€eMEeHTOB OyIeT poBHO n+m — 1.
Haiinennslit mnan OyaeT JAOMYCTUMBIM ILJIAHOM TEPEBO30K, COIeprKa-
M He Oojiee n + m — 1 MOJI0KUTEbHBIX KOOPJAMHAT U SBJISTIONIUIICS
(kak GyeT HOKa3aHO HUZKe) KpaiHeill TOUYKOil MHOXKeCTBA JOMYCTHMBIX
9JIEMEHTOB.

IMpumep 21.1. 3ajaanM TPAHCIOPTHYIO 3389y B BUJE ILIATEXKHOI
marpuis! (puc. 13).

[lIoctpoum 1o Merosay “ceBepo-3alaJIHOrO yIJjia’ MHepBOHAYAILHBIN
IJIaH mepeBo30K. HazHaunM MaKCcMMaJIbHO BOSMOYKHYIO EPEBO3KY, PaB-
uyto 10, u3 nyHKTa oTmupasienus A; B NyHKT HazHadenus Bi. To ecthb
B MaTpHUIle MEPBOHAYAJIBHOTO IIJIaHA TePeBO30K X moaoKuM r1; = 10.
[Ipu sTOM W3 MyHKTa OTHpaBjieHuss A; Bech Tpy3 OKayKeTCsl BBHIBE3EH-
HBIM, [IO9TOMY X153 = T13 = x14 = 0. BbIBoguM u3 paccmorpenus
MEPBYIO CTPOKY MarTpuilbl X W pacCMaTpUBAEM TOJbKO OCTABIIYIOCS
MaTpuiry pazMepa 2 X 4.
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by =40 | by =15 | by = 42 | by = 13
ap=10] 2 1 5 11
as =80 4 3 4 2
a3 =20 6 2 7

Puc. 13

B nynkr naszuadenus By ocraercs npuse3ru 30 ejgunui rpy3a. Ha-
3HAYUM MaKCHUMaJIbHO BO3MOXKHYIO TepeBo3KYy, paBayio 30, U3 MyHKTA
ornpasienust A, B nyHKT Haznadenuns Bi. Tem cambim 197 = 30. Tlpn
9TOM TYHKT Ha3HaYeHUs B OKayKeTcsl MOJHOCTHIO 00CIY KEHHBIM, T10-
sroMy 231 = (. BeIBo UM U3 paccMOTpeHUS MEePBBIH CTOJIOEI MATPUILBI
U paccMaTpUBaEM TOJIBKO OCTABIIYVIOCS MATPHILY pasmepa 2 X 3.

Jajiee, HazHavyaeM MAaKCHMaJIbHO BO3MOXKHYIO IHEPEBO3KY, PaBHYIO
15, u3 myHKTa oTmpaBIeHus A, B IYyHKT HasHaueHHs Bs. Tem caMbiM
Tog = 15, a x30 = 0, Tak KaK IYHKT Ha3HAYeHHUsI By OKa3bIBaeTCs 110JI-
HOCTBIO 00C/IyKeHHbIM. [IpojioizKasi 3TOT MPOIece, MPUXOIUM K MaT-
puIie MepBOHAYAJIHHOIO TJIAHA TIEPEBO30K, B KOTOPOI JIjIs1 HATJISITHOCTH
He OyJeM mucath HyJeBbie 3HadeHus (puc. 14).

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
as = 20 7 13

Puc. 14

O0b1masa cTonMOCTb EPeBO30K M0 TAKOMY HAYaJbHOMY IIAHY PaBHA
cfx=2-10+4-304+3-154+4-35+7-7+8 13 =478.

OTmeTnM, YTO ONUCAHHBIA METOJl HAXOXKJEHWs MePBOHAYATBLHOTO
IJIaHA TePeBO30K He YUHUTHIBAeT CTOMMOCTH IepeBo30K. lloatomy on
MOYKeT OKa3aThCs JIaleKo He OonTUMaabHBIM. [IpuBenem npyrme meto-
Jbl HAXOXK/IeHUA HAYaJIbHOU KpailHeil TOYKHU, YUYUThIBAIOIAE CTOUMOCTHU
IIePeBO30K.

2. MuanMyM 1O MaTpUIEe

Boeibepem B mrarexkuoit marpuiie C' MunnMaJjbubiit sjiement. [lycrs

MmN Cj = Cyjo -
k,j

Ecyim MunuMaibHasg CTOMMOCTH HEPEBO3KU JIOCTHTAETCH HA HECKOJIb-
KHX 3JIeMeHTaX, TO BbiOupaem jt060it u3 nux. Haznauum makcuMaibHO
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BO3MOYKHYIO IEDEBO3KY M3 IIYHKTa OTIpaBjeHust Ay, B IIyHKT Ha3HAUe-
g Bj,. Tem caMbiM MyHKT OTHpaBIeHNs Ay, WIN MyHKT Ha3HAYEHUs
B, (wrn oba IyHKTa OTHOBpeMeHHO) OyaeT obciyzkeH. B miarexxnoii
MaTpHIle COOTBETCTBYIONIAs CTPOKA WJIU CTOJIOET BRIBOJIATCS U3 TATb-
HefiTero paccMoTpenusd. Eciau M myHKT OTHpaBieHs, U TYHKT Ha3HA-
YeHUs] OJTHOBPEMEHHO OOCIYXKHJHUCH, TO JIJIsT ONpeJeJeHHOCTH Oyaem
BBIBOJIUTH U3 PACCMOTPEHUs CTOJI0el, MaTpulbl X .

B ocrapmieiicss gacTu 1aTeKHOW MATPUIBI BHOBH HUIMETCS MUHU-
MaJIbHBIH 3JIEMEHT U TPOIEIyPa MOBTOPSIETCS 0 TeX TOpP, MOKa Iep-
BOHAYAJIBHBIN IJTAH MEPEBO30K HE OYyIeT TOJIyYeH.

IMpumep 21.2. 3amaaum TPAHCHIOPTHYIO 3329y B BHIE TOH K€ ILIa-
TEeXKHOI MaTPUIlbl, KoTopas Oblia Ha puc. 13. Beibepem B mrarexkuoii
mMarpuie C' MUHAMAJLHBIA 3s1eMeHT. VM gBIsgeTCst CTOUMOCTD C12 = 1.
Haznauum makcmMasibHO BO3MOXKHYIO IepeBO3KY, paBHyi 10, 3 us
MyHKTa OTHpaBieHus A; B NyHKT HazHadeHus Bs. Ilpu sTom u3 myHK-
Ta OTHpaBjenns A; Bech TPy3 OKayKeTCsl BHIBE3EHHBIM. B ILIaTe:KHON
MaTpHIE 1epBast CIPOKa BbIBOJAUTCH U3 JIAJIbHEHIIEI0 PACCMOTPEHUS.

B ocrasmieiicss yacTu miaaTekHoit Mmarpuibl 2 X 4 BHOBD UIETCH MHU-
HUMAJILHBIH 3/1eMenT. MuHuMabuasg CTONMOCTD TIEPEBO3KHU JIOCTUTALT-
Csl Ha JIBYX 3JIEMEHTaX C3p = Coy = 2. Bribupaem jrob6oit u3 Hux. s
OTPEJICSIEHHOCTH C3o. HazHauymM MaKCHUMaJILHO BO3MOYKHYIO ITEPEBO3KY,
pPaBHYIO 5, U3 IMyHKTA oTupasjienus Az B nmyHKT Hazuadenus Bs. Ilpu
9TOM TYHKT Ha3HaueHus By OKayKeTcd MOJTHOCTHIO OOCJTyKeHHBIM. B
ILIaTeKHOU MaTpuile 2 X 4 BTOpoil cTo10e1] BEIBOAUTCS U3 JajIbHei1e-
T'0 pacCMOTPEHHS.

B ocrasiefics yacTu 11aTeKHON MaTpuibl 2 X 3 BHOBb UILETCH MHU-
HUMaJIBHBIH d1ement. MM gaBiisiercs croumocts coy = 2. Haznauum max-
CAMAJIbHO BO3MOKHYIO ITepeBO3KY, PaBHYIO 13, M3 W3 MyHKTA OTTPAaB-
sennst As B nyHKT HazHadenus B4. [lpm atom nmynkT Hasnadenuns By
OKazKeTcsl TOJHOCThIO 00CTyKeHHbIM. B miarexkuoil MaTpuie mocmues-
HU cTOJIOEI BRIBOJUTCS U3 JAJIbHEHIero pacCMOTPeHNUs.

[Ipomoszkas 3TOT mpolecc, TpUieM K HadaJbHOMY ILIAHY MEePEeBO30K,
oTOOpaKeHHOMY Ha pHC. 15.

by =40 | by =15|b3 =42 | by =13
ap = 10 10
as = 80 40 27 13
as = 20 5 15
Puc. 15

O061masa cTonMOCTb EPeBO30K M0 TAKOMY HAYaJbHOMY IIAHY PpaBHA

¢ r=1-104+2-5+2-13+4-40+4-27+7-15 =419.
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Merox “MuHIMYMa 110 MATPUIE”, yINTHIBAIONIUI CTONMOCTH TIEPEBO30K
B JIaHHOM TpuMepe okasaJica 6osee 3(h@EeKTUBHBIM O CPABHEHUIO €
MEeTO/IOM “CeBepo-3allaIHOro yria’.

3. MuanMyM 1o CTpoke

Bribepem B mepBoit cTpoke miaaTexknoit Marpuibl C' MUHUMAJIBHBII
smeMenT. LlycTh
min ¢i; = Cyj,-
J

Ecyim MuHUMYM J0CTUTaeTCd HAa HECKOJIbKHUX 3JIEMEHTaX, TO BbIOMpa-
eM J11000i 3 nux. Haznaunm MaKCHMaIbHO BO3MOYKHYIO IEPEBO3KY W3
HyHKTa oTmpasienns A; B myHKT HaszHadenus Bj . Tem caMbIM TyHKT
OTHpaBJeHdd A; WIN IyHKT Ha3HadeHUA 5 (nnu 0ba myHKTaA OJHO-
BpeMeHHO) ByzieT 06cay KeH. B miareKHoil MaTpuile COOTBETCTBY IOIIAs
CTPOKa WK CTOJIOCI BBIBOJATCA U3 JIaJibHeiiero paccMorpenus. Ec-
JIM U IYHKT OTIIPaBJICHUs, U IIYHKT HA3HAUEHUsI OJHOBPEMEHHO 006CTy-
JKITACH, TO JJI OIpPeaeeHHOCTH OyaeM BBIBOIUTH M3 PACCMOTPEHUs
croJider;, Mmarpunbl X .

B mepBoii crpoke ocrasiieiicss 4acTH ILIATEyKHOW MaTPHUIbI BHOBb
HINETCHA MUHUMAJIbHBINA 3JIEMEHT U IIPOLEJLy Pa HOBTOPAETCA JI0 TeX 10p,
MOKAa TIOKa, MIepBOHAYAIBHBIN IJIAH TIEPEBO30K HE OYAET MOJIydeH.

ITpumep 21.3. 3agaguM TPaHCIOPTHYIO 3aja4y B BHJE TOM Ke ILIa-
TEeXKHOM MATPHUIIBI, KoTopas ObLIa Ha puc. 13. Bribepem B B mepBoit
cTpoke miarexkuoit marpunbl C' MEHUMAJIbHBIH dj1eMeHT. VM sBiisiercst
CTOUMOCTDH C15 = 1. Haznaumm mMakcumaibHO BO3ZMOXKHYIO IEPEBO3KY,
pasuyto 10, u3 w3 myHkTa ormpasienus A; B nmyHKT Ha3HadeHwust Bs.
[Ipu sTOM U3 TyHKTA OTHpaBaeHusT A; BeCh IPY3 OKayKeTCsl BBIBE3EH-
HbIM. B maTe:kHOfl MaTpuIle nepBas CTPOKA BBIBOJUTCS U3 JlajIbHel-
Iero pacCMOTPEeHUS.

B mepBoii cTpoke ocrapmieiicd 4acTH IUIATeXKHOH MaTpunbl 2 X 4
BHOBb HINETCS MUHUMAJIbHBIN 3jieMeHT. MuHUMAIbHAS CTOUMOCTD ITe-
PEBO3KH JIOCTUTAETCA Ha Coy = 2. Hazmaumm mMakcmMaabHO BO3MOK-
HYIO II€PEBO3KY, PaBHYIO 13, W3 W3 MyHKTA OTHPaBjeHHS Ay B IMYyHKT
nasznavenus By. [lpu 3Trom nynkT nHaszuadenus B, OKazKeTCsd IMOJHO-
cThiO 0OC/TyKeHHbIM. B 1miarexkuoit marpure 2 X 4 noc/eHuit cToaderr
BBIBOJIUTCS U3 JAJbHEHIIIEro pacCMOTPEHUSA.

B mepBoii cTpoKe ocraplIeiicd 4acTH ILIATEXKHON MaTpuibl 2 X 3
BHOBb HINETCS MUHUMAJIBHBIHN 371eMeHT. VIM gaBIgeTcad CTOUMOCTD Cop =
3. HaszHaumM MaKCcHMaJbHO BO3MOXKHYIO I€peBO3KY, PaBHYIO O, W3
IyHKTa OTHpaBiaeHus As B NyHKT HasHadeHus Bs. Ilpm sToM myHKT
Ha3HAUeHUS By OKayKeTcsd TOMHOCTBIO OOCIYKeHHBIM. B maarexkuoit
MaTpHIE BTOPOil cTOJIOEI BHIBOJAUTCH U3 JAJIbHERIIEr0 PAacCCMOTPEHUS.

[Ipomosizkas 3TOT MPOLECC, TPUIEM K HAYaIbHOMY ILTAHY MEePEeBO30K,
oTobparkeHHOMY Ha, puc. 16.



by =40 | by =15 | b3 =42 | by =13
a; = 10 10
az = 80 40 5 22 13
as = 20 20
Puc. 16

Ob611ast CTOUMOCTD IEPEBO30K 110 TAKOMY HAYAJIbHOMY ILJIAHY PaBHA
cr=1-10+2-13+3-5+4-40+4-22+7-20 = 439.
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4. MuHUMYM TO CTOJIOITY

Mero/1 anajiorndeH MpeabIIyIeMy, HO BMECTO CTPOK paccMaTpHBa-
IOTCS CTOJIOIIEL.

IMpumep 21.4. 3amaaum TPAHCIOPTHYIO 33129y B BHIE TOH K€ ILIa-
TEeXKHOI MaTpuibl, Koropasa Oblia Ha puc. 13. Beibepem B B nepBom
cTosibte TnaTekHoit MaTpuipl C' MUHEMAIbHBIH d1eMent. VM gBisger-
¢ CTOMMOCTD ¢17 = 2. Hazmauumm MakcuMaIbHO BO3MOXKHYIO IEPEBO3-
Ky, paBayio 10, U3 u3 myHKTa OTHpaBJeHus A; B IMYHKT HA3HAYCHUS
By. Ilpu sToM n3 myHKTa oTnpaBiaeHns A; BeCh Ipy3 OKarxKeTcsl BhIBe-
3eHHbIM. B 1iarexKHoit Marpuiie 1epsas CIPOKa BbIBOJUTCSH U3 JIAJIb-
He#Iero paccMOTpPEeHu.

B nepBom crposibiie ocrapiieiicss 9acTu MaTe;KHOW MaTpuIibl 2 X 4
BHOBD HINETCA MUHUMAJLHBIN 3jieMeHT. MuHUMaIbHasi CTOMMOCTD Tie-
PEBO3KH JIOCTUTAETCS HA Co; = 4. Haznaunm MakcuMaibHO BO3MOYKHYIO
epeBo3Ky, paBuyio 30, U3 U3 MyHKTa OTIpaBIeHud Ay B MyHKT Ha3HA-
venud Bi. [Ipu sToMm nyHKT HazHavenus B OKaxKeTcd MOJTHOCTHIO 00-
cayKeHHbIM. B miarexknoit maTpuiie 2 X 4 nepBbiit ¢T010€11 BBIBOJUTCS
U3 JAJIbHERIIero paccMOTPEHNUS.

B nepsoii cosbiie ocraBiieiicss 4acTu ILIATEXKHOW Marpunbl 2 X 3
BHOBb HIIETCHI MUHUMAJIBHBIA 3j1eMeHT. VM gBjigeTcs CTOMMOCTD €39 =
2. HasnaunMm makcuMa/bHO BO3MOXKHYIO IIE€PEBO3KY, paBHYIO 15, u3
nyHKTa OoTnpanienus As B nmyHkT Haszuadenus Bs. [lpum sTom myHKT
Ha3Ha4veHud By OKaxKeTcd IMOJHOCTBIO OOCIy:KeHHBIM. B Irarexkmoi
MaTpHIe BTOPOil cTOJIOEI BEIBOJUTCA U3 JAJbHERIIEr0 paccCMOTPEHHUS.

[IpomozKas 3TOT mponece, IpHUaeM K HadadbHOMY ILTAHY HEePEeBO30K,
oToOpakKeHHOMY Ha puc. 17.

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 42
az =20 15 5

Puc. 17

Ob61ast CTONMOCTD TEPEBO30K 110 TAKOMY HAYAJIbHOMY ILJIAHY DaBHA
Fx=2-10+4-30+2-15+4-42+2-8+8-5=39%4.

Meto “mumHIMYMA TI0 CTOJIOIY” B JAHHOM MPUMepe OKa3aJicst HanboJiee
3P HEKTUBHBIM 110 CPABHEHHUIO C JPYTUMH METOJIaAMHU.

IMpennoxkenue 17. Onucaruvie sviule MEMOJL HATOHCIEHUA NEPBO-
HAYANDHOZO NAAGHA NEPEGO3OK NPUBOOAM K NEPBOHAUAALHOT KpaliHel
MOUKE MHONCECTNEA DONYCTNUMDBLE IAEMEHMOE.
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Joxazameavemeo. 3 npepyioxkenns 13 ciemayer, 9T0O JOCTATOTHO J0-
Ka3aTh, 9TO CTOJOIBI MATPUIBI A, COOTBETCTBYIOIINE OA3WCHBIM 1€~
MEeHTaM, JIMHEITHO He3aBUCHUMBI.

OTMeTuM, 9TO BO BCEX OIMMCAHHBIX METOJAX Ha KarKJIOM ITale MbI
BBIBOJIMM 3 PACCMOTPEHUs JIUO0 cTo/10el, JuO0 CTPOKY MATPHUIlbl X .

JlokazaTebCcTBO MpoBeaeM UHAyKIueit mo n+m = k. llpu n4+m = 2
MaTpuna A COCTOUT U3 OHOTO CTOJIONA U YTBEPZKJICHUE ITPEJJIOXKEHNU ST
oueuHO. [Ipeamosoxkum, 4To mist n + m = k ¢Toa0IbI, Oy IaeMble
STUMH METOJAMH CTOJIONBI JIMHEHHO He3aBUCHMBI. JloKaykeM COOTBeT-
cTByOIIee yTrepxkaeaue aast n+m = k+1. He orpannauBast obmuinocTn
MOXKHO CYHTATbh, YTO HA IIEPBOM 3dTalle U3 PACCMOTPEHUs BBIBOJIUTCH
nepBas CTPOKa WU TepBbIil cTo6er (B IPOTUBHOM CJIy9ae Mbl MOXKEM
CTPOKY WJIH CTOJIOIBI Mepe00O3HAYNTS ).

Ecyin MBI BBIBOJIMM H3 PACCMOTPEHHS IEPBYIO CTPOKY MaTPHIIBI, TO
9TO O3HAYAET, UTO IePBLIl MyHKT ormpaBiaeHus A; oOCIyKeH IOIHO-
CThIO, T1; — OasucHblil vjement, a r1y = 0, K = 2,...,m. IlepBoe
orpanudenne ypasHenuii (48) seinosneno. [Tosromy B Marpuie orpa-
HuUUeHuit A MOXKHO yOpaTh MepPBYIO CTPOKY U TePBBIe m cTOJONOoB. st
HOBOI MATPUIbl MO TPEAITOJIOXKEHNIO MHAYKIUNW TTOJTYIC€HHbIC JHO6BIM
U3 PACCMOTPEHHBIX METOJIOB Oa3UCHBIE JIEMEHTBI CTOAT B N + m — 2
JIMHEHO He3aBUCUMBIX cToj0max. Jobapmenue croJidbna ¢ equHnAIeil Ha
mepBoM Mecte (U erme Ha OJHOM) K 1 + m — 2 JIMHEHHO He3aBHCHMBIM
CTOJIOIAM C pacIiupeHneM ¥ J00aBIeHHEeM HyJIsd Ha IepBOe MeCTO K
KaK/IOMY U3 3THX CTOJIOIOB IPUBOJUT K cUCTeMe u3 1.+ m — 1 JinHeil-
HO HE3aBHUCUMBIX CTOJI6]_[OB.

Ecyin MBI BBIBOJIMM U3 PACCMOTPEHUS TMEPBBIil CTOJOEI] MATPHUIIBI, TO
9TO O3HA4YAeT, YTO NEPBbI NMyHKT HaszHadeHus B; 06C/yzKeH MOJIHO-
CTBIO, ¥11 — OasucHblil sjtemenT, a x5 = 0, 7 = 2,...,n. [lepsoe orpa-
HudeHne ypasaeruit (49) poimosreno. [1osToMy B MaTpuIile orpanuye-
Huit A MoxkHO yOparh n + 1 cTpoky u emie m croaduos. /s HOBO#
MAaTPHIILI 10 TPEINOJ0KEHUI0 WHAYKIIUN TOJTyYeHHbIe JIIOOBIM U3 pac-
CMOTPEHHBIX METOJ0B Oa3MCHBIE 3JEMEHTHI CTOST B 1+ m — 2 JIMHEHHO
He3aBUCUMBIX cToJi0nax. /Jlobassiernue crosibia ¢ ejunuieit na n+ 1 me-
cre (7 emie HA OAHOM) K 1 + M — 2 JIMHEHHO HE3aBHCHMBIM CTOJIOIAM
¢ pacummpeHueM u A00aBJIEHHEM HYJsS HAa N + 1 MECTO K KaxKJIOMy u3
9TUX CTOJIOIOB MPUBOIUT K CHCTEME U3 N—+m— 1 TUHEeHHO HE3aBUCUMbIX
CTOJIOITOB. O

22. 3AJJAYA, JIBOVCTBEHHAS K TPAHCIIOPTHOW 3AJIAYE.
METO/, TTOTEHIINAJIOB

[Tonb3ysCh 3aNHCHI0 TPAHCIIOPTHON 33491 B KAHOHUYIECKOI (opme
(51) m Buaom mBoiicTBeHHOM eil 3amaun (cMm. (30)), momyvaem 3a1ady,
JABOMCTBEHHYIO K TPAHCIIOPTHON’:

y*-b— max, y*A<Lc
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Ecmm nonoxurs
*
Y= (Ut U, Ve, U,

TO JBOMCTBEHHAs 3aJa49a MOXKET ObITH IIepelucaHa B BHIE:

Z ugay + Z v;b; — max,
(52) k=1 7j=1

up +v; <cy, k=1,...,n, j=1,...,m.

JIBoiicTBenHbIe TIepeMeHHbIe U = (U, ..., Uy) U U = (U1, ..., V) Ha-
3BIBAIOTCA MMOTEHIINAJIAMU.

OgHoBpeMeHHOE paccMOTpeHne HCXOIHON M JIBOMCTBEHHOH 3aaadu
MIPUBOJIUT K METOJY PEIleHns, Ha3bIBAEMOMY METOJIOM MOTEHIHATIOB.

[IycTh m1d mexomHON TpPaHCHMOPTHOW 3aa9W HaiileH MmepBOHAYATH-
HBII TJIAH TEPEBO30K X, ABALIONIMNCA KpalHeld TOYKOH MHOXKECTBA
JonycTuMbiX 3HadeHuit. OH comep:KuT 1 + m — 1 HeoTpuIaTebHbIX
KOMIIOHEHT, KOTOPBIE Mbl Ha3biBaeM Ga3uCHBIMA (IPU ero HAXOXKIeHHH
MOZKHO HCIIOJIB30BATh JIIO00I W3 OMUCAHHBIX BhINe MeTO0B). HIEK-
col (k,j) coorBercTByfolne 6a3UCHBIM KOMIIOHEHTaM Oy/1eM Ha3bIBATH
6a3uCHbBIMU WHIEKcaMU. MHOKeCcTBO 6a3ucHbIX uHeKCcoB (k, j) 0603Ha-
quM depes B.

PacemorpuMm cuctemy u3 n + m — 1 ypaBHeHUI 1 ompejie/IeHus
N+ m NOTEHINATOB Uy, Uj:

(53) ug +vj =, (k,j) € B.

CTpoKH MATPHIBI ITON CHCTEMBI (€CTH PACIOJOKATH HEU3BECTHBIE B
HOPSIIIKE Up, U, -+« y Uy, U1, V2, .« . .y Upy) COBHAJAIOT ¢ BABUCHBIMHU CTOJIO-
HAMEU ¥ I09TOMY JUHEHHO He3aBUCHMbBL. 13 JoKa3aTeabCrBa JIeMMbL 4
caeayer, 910 J00oit crober cucremsr (53) ecThb nuHefiHas KoMOHHA-
s ocTaabHbIX. OTCIOJa BBITEKAET, U4TO JOYI0 HEH3BECTHYIO B CH-
creme (53) MOKHO TIPHHSATH 3a CBODOHYIO HEM3BECTHYIO, & OCTAThHbIE
TOI/Ia OMHO3HAYHO BhIpa3aTca depes uHee. [losoxum, Hanpumep, u; = 0.
Torna ocraibuble 1 + m — 1 MOTEHIIUAJIOB OIIPEIEISITCS OJIHO3SHATHO.

Honoxxum C = {T}, tne &y = up + v, k=1,....n, j=1,...,m,
a MaTpuiy A omnpeneauM crexyiomum obpasom: A = C — C.

Teopema 20. Fcau x — kpatinas mouka 6 mpancnopmuot sadayve u
A >0, mo x ABAAEMCA PEWEHUEM MPAHCTOPTHOT 340041,

okxazamenavcmeo. Yemosue A > () o3HaYaeT, YTO HaMJIEHBI TOTEHITHA-
JIBL Uj, ¥ V; TAKUe, 4TO

up+vj <cg, k=1,....n, j=1,...,m,

npudeM uy, + v; = ¢ upu (k,j) € B. Takum 00pa3om, BeKTOD
(Uly .oy Up,y U1,y ..o, Uyy) SIBIISIETCS JTOIYCTUMBIM B JIBOHCTBEHHOI 3a/1a~
we (52).
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C apyroii croponsl, TOCKOIBKY Z; = 0 mpu (k, j) ¢ B, To

n m
*
= g E CrjTrj = E CrjTrj = E (wk, + vj) Tk
k=1 j=1 (k,j)€EB (k,j)€B
n m

= Z (uk + Uj)l’kj.
k=1

J=1

Pazbupas nocjeHIO0 CyMMy Ha JiBe U yauThiBas yciaous (48) u (49),
HOJIY YaeM

n n

m n m m m n
cx= E E ULy + E E VjlLy; = E U E L + g Uj E Tkj
j=1 k=1

k=1 j=1 k=1 j=1 k=1 j=1
n m

= E Uy + E v;b;.
k=1 J=1

Orcrona u3 ciiegcTBus 6 BbITEKAET, 9TO & — pellleHne HCXOHOI 3a,1axH,
a (u,v) — pelenne B IBOUCTBEHHOI 3a/1ad1e. d

Yeaosue A > 0 gBasgeTcs He TOJBKO JO0CTATOTHBIM, HO U HEOOXOIH-
MBIM JIJIsI HEBBIPOXKIEHHBIX TPAHCIOPTHLIX 3a1a4. s ToKa3aTeIbCcTBa
sToro ¢akTa HaM MOTPEOYIOTCS HEKOTOpPbIe BCIIOMOTaTebHBIE YTBEp-
KJICHUS.

JIemma 5. Jhobot munop mampuyse A (50) pasen aubo 0, aubo +1.

Joxazameavcmeo. JlokazaresbCTBO HPOBEJIEM C HOMOIIbIO MHLYKIUU
10 MOPSAAKY MHHOPOB. /Iy MUHOpPOB mOpsiaka 1 yTBepzKIAEHHE JIeM-
MBI OYeBHIHO. [IpeamoioKuM, 9T0 yTBEPXKIACHNE TOKA3AHO JJI BCEX
MuHOPOB A mopsiaka k — 1. JlokaykeMm crnpaBegInBOCTh YTBEPIKICHNS
JIEMMBI JIJIE MEHOPOB nopsaka k. Pasmenum crpokn Marpunsl A Ha 1Be
IPYIIBL: IIEPBbIe N CTPOK OTHECEeM K IE€PBOM TPYIIIE, & IOC/Ie/1YIONIHe
m CTpOK — KO BTopoil. Ilycts A, — IpOM3BOIBHBIA MUHOP HOPSIKA
k. Kaxapiii cronben Ay, MoOKeT coiepzKarh Jub0 JBe eTUHUIBI, JTUOO
OJIHY eJIUHUILY, TUOO CILIONIH COCTOATh U3 Hy/Iel. B mocaeamem ciaydae
oueButHO, 910 A = 0. [IycTh KaxKapiil cTo10en Ay coAepKUT XOTsI Ob
OJIHY eauHuILy. Tormaa BO3MOXKHBI JIBA CJAyYast:

a) Xorst OB B OHOM cTOJOIEe Ay COAEPKUTCS OJTHA €THHUIIA,
6) BO BCex cTOIONAX Ay COMEPIKUTCST POBHO JIBE €JIUHUIIHI.

B cayuae a) BbibepeM CTOJIGEI, COAEPIKAIIMN OJHY €JIUHUIYY U Pas3-
JIOXKHUM TI0 HeMy HcciaeayeMpiit Mmuaop. [loayamMm, arto Ay = £A] |,
rae A)_, — HekoTopblit MuHOp A mopsiaka k — 1. I3 mpeamnosoxenus
UHJYKIUU BeiTeKaer, 4ro Ay pasen Jinbo 0, jubo +1.

B cayuae 6) cpenn ¢Tpok Ap HMEIOTCS MPeICTaBUTENH KaK MEPBOI,
TaK ¥ BTOPOI TPyl ¢TPOoK. Bo3bMmeMm JH00yI0 CTPOKY Ay, IpUHAIIe-
JKAIy 0 TepBOii IpyTIe, u npubaBuM K Hell BCe OCTAJbHBIE CTPOKH W3
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9TOoit ke rpynmbl. [TogydamM CcTPOKyY, COmep:KaIlyio BCe eTHHUNBI. AHa-
JIOTUYHO, npubaBiss K JiI0O0i cTpoke BTOPOit IPYIIBI BCE OCTATbHBIE
CTPOKH U3 3TON K€ I'PYNIBI, CHOBA MOJYYHM CTPOKY, COCTOAILYIO W3
Beex equnuil. [losromy B paccmarpubaemom ciaydae Ay = 0. U

Jlemma 6. [as aobwz (ko,jo) € B cywecmeyem sexmop t = {ty;}
maxot, wmo At =0 u

+1 usau 0, (k,j) € B,
? (k7j) = (k07j0)7

O, 6 0OCNMANABHBIL CAYHAAT.

Jloxasamenvecmeo. BekTop t J10JI2KeH yI0BAeTBOPSTL CUCTEMe

> Agitiy = —Argjos

(k,j)eB

rae Ap; — cooTBercTByIOmuit croxber MaTpunsl A. Beibpas n+m — 1
JIUHEHHO HE3aBUCHMBIX CTPOK B 3TOH cucTeMe (ITO BO3SMOXKHO CJIeIaTh,
Tak Kak r1g A = n+m — 1), MOJIyunM CHCTeMY ¢ HEBBIPOXKICHHON MaT-
pureit A
At = —b,

rae t = {ty;}, (k,j) € B, a cronben b — nosyden u3 croabua Ay,
BHIOOPOM COOTBETCTBYIONINX CTPOK. Perrasi 3Ty cucremMy 10 HMpaBHIY
Kpawmepa, 6yjiem umern
_ A
- 0

A

rae marpuna Ay; momyuena us marpunst A samenoii cron6ua (k, )

kj

ua croaber b. U3 semmbr 5 crenyer, uro |A| = £1. Marpuna Ay; ¢
TOYHOCTDHIO JI0 3HAKA U NEPECTAHOBKY CTOJIOIOB TAKKE ABJISETCS HEKO-

topeim MuHOpOM A. Tlostomy ompegenurens 3roit Marpuisl paseH ()
win +1. U

Teopema 21. Ecau x — kpatinas movwka 6 mpaHcnopmuot 3adaye ¢
n+m — 1 nosorcumesvHuMU KOMNOHEHMAMY U

min Ay; <0,
k,j

mo cyuwecmeyem naak T makot, wmo c¢* - T < ¢ - x.
Joxazamenavcmeo. 1lycrb

I%ln Ak’j = Akojo'
7‘7

[Monoxum T = x + tt, rae t u3 gemmbr 6. Boibepem ¢ > 0 gocraTrodno
MaJIbIM, 9TOOBI 2+t > 0 (B KadecTBe ¢ MOKHO BHIOPATH MEHIMAJIBLHOE
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Tk U3 TeX, JJIsd KOTOPbIX COOTBETCTBYIOIIHE tf; = —1). Torna x + &t —
JOTYCTUMBII 3JeMeHT B 3a7a9€ U B CUJY TOT'O, ITO

Crj = Akj + Cjr = Akj + ug + vy,
nMernT MeCTO paBeHCTBa

T —c'r= tZuk Z(Akj + ui + Uj)tkj = tz U Z Akjtkj
k=1 j=1 k=1 j=1

n

n m m
+tzukztkj ‘f‘tzvjztkj = tAkojo < 0.
k=1 j=1 =1 k=1

[ocyeame pa caraempre B 3TOf cyMMe DaBHBI HYJTIO B CHILY TOTO, UTO
At = 0. Cnaraemble Ag;ty; = 0 mpu (k, j) # (ko, jo), Tak xKak Ay; = 0
upu (k, j) € B, aty; = 0 upu (k,j) ¢ B u (k, j) # (ko, jo)- O

3 Teopem 20 n 21 HemocpeACTBEHHO BBITEKAET

CaenctBue 7. Kpaiinas mouka & AGAACMCA PEULEHUECM 6 HEGBLPOIHC-
dernoti mpancnopmmoti 3adane mozada u Moavko mozda, kozda A > 0.

23. AJITOPUTM PEIIEHUS TPAHCIIOPTHO SAJAYM C IMTOMOIIBIO
METOZA TIOTEHIIMAJIOB

CdopMmymupyem IpaBUIO pelleHusd TPAHCIOPTHOHN 3a/1a4i MeTOI0M
noTeHnuanoB. 1d perrerns TpaHCTIOPTHON 3a1a9H CJIeIyeT:

1. IlpuBecTn 33724y K 3aMKHYTOH MOJIEIN.

2. Haiitu nepBoHavaJibHbIN ILJIAH IEPEBO30K T, ABJISIONIUACS Kpaii-
Hell TOYKOH MHOXKECTBa JOIYCTHMBIX TOYEK (IPH HAXOXKICHHH
MOZKHO HCIOJIb30BATh JII000i 13 OMUCAHHBIX BHIIIE METOMIOB).

3. Haiirn motenmuast uy, v; 03 cucTeMsr (53) 1 IOCTPOUTH MaTPH-
ny C ={¢;}, tne ¢y =w, +v, k=1,...,n, j=1,....,m.

4. Ilposectn uccaenopanne Marpunbl A = C'— C. Ecau A > 0, To
HCCIeyeMbIil IIJIaH T ABJSeTCS PeIleHHeM.

5. Ecom

min Akj = Akojo < 0,
k.j
TO CTPOUTH HOBBIH TLJIAH MEPEBO30K CJIEAYIOIIIM 00Pa30M: MO0~
/ _ I ) ) ]

UM Ty . = U, T = Ty 1 Wam Ty; Jyia GA3UCHBIX MHJEKCOB J, k
TaK, 4ToObl X} ; NO-IIPexKHeMY ObLIM HEOTPUIATEILHBI, HO OJHA
13 6a3UCHBIX KOMIIOHEHT oOpaTuiaach Obl B HOJIb. BekTop MaTpu-
16l A, COOTBETCTBYIOIINN 3TOM KOMIIOHEHTE, BHIBOIUTCS U3 YHCIA
6a3uCHBIX, a BEKTOpP MaTpHUIBl A, COOTBETCTBYIONIHIT WHAEKCAM
ko, jo BBOIMTCST B 9HC/IO DA3UCHBIX BEKTOPOB. 3aT€M BHOBb HAYM-
HAETCd UCCJIeI0BAHKe OJIyUYeHnoil Kpaiineil Toukn x’, T.e. mepe-
XOIUM K II. 3.
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B HeBBIpOXKAEHHOI 3ajade B HOJIb MOXKET OOpPaTHTHCS TOJIb-
KO OJlHA M3 KOMIIOHEHT BekTopa x’. B BhIpOXKjIeHHO 3a1a4e Ta-
KOBBIX MOXKeT OBbITh HEeCKOJbKO. B 3ToM ciydae u3 4ucia Oa-
3UCHBIX 9JIEMEHTOB MCKJII0YAETCS JI00asd KOMIIOHEHTA ¢ HYJIeBbIM
3HAYeHNEM, KaK IPaBIIO HCKJIIYAETCS KOMIIOHEHTa ¢ HanOOJIb-
el CTOMMOCTBIO TTEPEBO30K.

ITpumep 23.1. PaccMorpum TpancnopTHyio 3aja4dy u3 npumepa 21.1.

by =40 | by =15 | b3 =42 | by =13
a; = 10 2 1 5 11
as = 80 4 3 4 2
as = 20 6 2 7
Puc. 18

BribepeM B KauecTBe HAYAILHOIO IIAHA TOT, KOTOPBIH IOy Ia/Ics IO
MeTO/Ly “‘CeBepo-3allaIHoro yria’.

by =40 | by =15 | b3 =42 | by =13
a; =10 10
as = 80 30 15 35
az =20 7 13

Puc. 19

Haiinem nmorennuasisl u nocrpoum marpuiy C'.

v =2|vy=1|v3=2|vu=3
uy =0 2 1 2 3
Uy = 2 4 3 4 )
Uz =5 7 6 7 8
Puc. 20
Nmeem
0O 0 3 8
A=C-C=[0 0 0 -3
-1 -4 0 O
MunnmasibabIit 1eMeHT Ay = —4 < 0. JlobaBiisigs B nepBoHAYAIb-

HBII [JIAH Ha MECTO HYJEBOI'O HEDA3MCHOIO 3JIEMEHTA T3y BEJIUYUHY
TTOJIY YUM
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by =40 | by =15 | bg =42 | by =13
a; = 10 10
as = 80 30 15—t | 35+t
as = 20 t 7t 13

Puc. 21

by =40 | by =15 | by =42 | by = 13
ay = 10 10
as = 80 30 8 42
as = 20 7 13

Puc. 22

[TooxkuB t = 7, MOJyYnM BTOPOIi MIAH MEePEeBO30K (puc. 22).

SHadenre MUHUMHU3UPYEMOro (PYHKIMOHAJIA Jjisi 9TOro miana 450
(Ha mepBOHAYAIBHOM ILTaHe OHO ObLIO 479).

HaiijieM BHOBDB HOTEHIMAJBI M TOCTpoUM MaTpuily C.

v=2|v=1lvs=2|v,=7

uy =0 2 1 2 7

Uy = 2 4 3 4 9

ug =1 3 2 3 8

Puc. 23
Nmeem
00 3 4
A=C-C=10 00 —7
304 0
MunnmaibHbIi 31eMeHT Aoy = —7 < 0. obaBisgs B mepBOHAYATb-

HBI{ TIJIAH Ha MECTO HYJIeBOTO HeOA3UCHOTO JIEMEHTA Loy BEJIMYHUHY i,
MOy YUM

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 88—t 42 t
az = 20 T+ 13—t

Puc. 24
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[MonoxkuB t = 8, moIyunM TPeTHii MaaH MepeBo30K (puc. 25).

by =40 | by =15 | b3 =42 | by =13
a; = 10 10
as = 80 30 42
az =20 15 5

Puc. 25

SHaveHNe MHHUMH3UPYyeMOro (bYHKIHMOHAJIA JJjis 9TOro niana 394.
Haiinem BHOBB moTeHnMAa LI U TocTpouM MaTpuiy C.

Vv =2|v=—06|v3=2|v,=0
up =0 2 —6 2 0
Uy = 4 —4 2
us =8 10 2 10 8
Puc. 26
Nmeem
0o 7 2 11
A=C-C=10 7 0 0
-4 0 =3 0
MunnmaibHbiii s1emenT Az = —4 < 0. lobapisgs B mepBOHAYAIb-

HBI{l TIJITAH HA MEeCTO HYJIeBOro HeOA3WCHOTO JIEMEHTA T3; BEJHYHHY i,
MOJTY YU M

by =40 | by =15 | b3 =42 | by, =13
a; =10 10
a; =80| 30—t 42 8+t
az =20 t 15 b—t

Puc. 27

[TonokuB t = 5, MOMyYnM YeTBEpPTHIN IJIaH MepeBo30K (puc. 28).

SHaveHre MUHUMHU3UDPYEMOTo (DYHKIMOHAJIA, I 9TOTO mjana 374.
Haiinem morennuanel 1 mocrponM Marpuiy C (puc. 29).

Umeem

0 3 3 11
A=C-C=1030 0
001 4
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by =40 | by =15 | b3 =42 | by =13
CL1:10 10
as = 80 25 42 13
as = 20 5) 15
Puc. 28
U1:2 U2:—2 1)3:2 U4:0
uy =0 2 2 2 0
Uy = 4 0 4 2
uy=4| 6 6 4
Puc. 29

B cuny Toro, uro A > 0, HOCTPOEHHBIH YeTBEPTHIH ILJIAH IIEPEBO30K sIB-
JITeTcsl ONMTUMAJIbHBIM U CyMMapHasl CTONMOCTD IepPeBO30K paBHa 374.
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