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Ïîä íåðàâåíñòâàìè äëÿ ïðîèçâîäíûõ êîëìîãîðîâñêîãî òèïà íà ïðÿìîé òðà-

äèöèîííî ïîíèìàþò íåðàâåíñòâà âèäà

‖x(k)(·)‖Lq(R) 6 K‖x(·)‖αLp(R)‖x
(n)(·)‖βLr(R), (1)

ãäå 0 6 k < n � öåëûå, 1 6 p, q, r 6∞, α, β > 0. Ïðè ýòîì ñ÷èòàåòñÿ, ÷òî ôóíê-

öèè x(·) ∈ Lp(R), èìåþò (n − 1)-óþ ïðîèçâîäíóþ, ëîêàëüíî àáñîëþòíî íåïðå-

ðûâíóþ íà R, è x(n)(·) ∈ Lr(R). Íåðàâåíñòâà (1) ñ íàèìåíüøåé êîíñòàíòîé K
íàçûâàþòñÿ òî÷íûìè. Â 1939 ãîäó Êîëìîãîðîâûì áûëè íàéäåíû òî÷íûå êîí-

ñòàíòû â (1) ïðè p = q = r = ∞ â îáùåì ñëó÷àå, ò.å. ïðè ëþáûõ n > 2 è

0 < k < n. Ýòîò ðåçóëüòàò ÿâëÿåòñÿ íàèáîëåå ÿðêèì â äàííîé ïðîáëåìàòèêå,

ïîýòîìó òî÷íûå íåðàâåíñòâà âèäà (1) ÷àñòî íàçûâàþò íåðàâåíñòâàìè òèïà Êîë-

ìîãîðîâà.

Òî÷íûì íåðàâåíñòâàì äëÿ ïðîèçâîäíûõ ïîñâÿùåíî äîâîëüíî ìíîãî ðàáîò, íî

ðåçóëüòàòû, àíàëîãè÷íûå ïî ñâîåé çàâåðøåííîñòè êîëìîãîðîâñêîìó, ïîëó÷åíû

íà ïðÿìîé ëèøü åùå â òðåõ ñëó÷àÿõ (p = q = r = 2 � Õàðäè�Ëèòòëâóä�Ïîëèà

(1934), p = q = r = 1 � Ñòåéí (1957), p = r = 2, q =∞ � Òàéêîâ (1968)).

Â ðàáîòå [1], çàíèìàÿñü çàäà÷åé îá îïòèìàëüíîì âîññòàíîâëåíèè ïðîèçâîä-

íûõ ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå, àâòîðû äîêàçàëè, ÷òî ïðè

âñåõ 2 < p 6∞ è âñåõ 0 6 k < n èìååò ìåñòî òî÷íîå íåðàâåíñòâî

‖x(k)(·)‖L2(R) 6 K‖Fx(·)‖
n−k

n+1/2−1/p

Lp(R) ‖x(n)(·)‖
k+1/2−1/p
n+1/2−1/p

L2(R) ,

ãäå

K =

√
n+ 1/2− 1/p

k + 1/2− 1/p

(√
k + 1/2− 1/pB1/2−1/p

√
2π(n− k)1−1/p

) n−k
n+1/2−1/p

,

B = B

(
k + 1/2− 1/p

(n− k)(1− 2/p)
, 2

1− 1/p

1− 2/p

)
,

B(·, ·) � B-ôóíêöèÿ Ýéëåðà, à Fx(·) � ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè x(·).
Â ñâÿçè ñ ïîëó÷åíèåì ýòîãî òî÷íîãî íåðàâåíñòâà âîçíèê âîïðîñ î íàõîæäåíèè

òî÷íûõ íåðàâåíñòâ âèäà

‖x(k)(·)‖Lq(R) 6 K‖Fx(·)‖αLp(R)‖x
(n)(·)‖βLr(R). (2)

Â äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû îòíîñèòåëüíî òî÷íûõ íåðàâåíñòâ âèäà (2)

è èõ îáîáùåíèé íà ìíîãîìåðíûé ñëó÷àé. Â ÷àñòíîñòè ïðèâåäåí ñëåäóþùèé ðå-

çóëüòàò èç ðàáîòû [2].
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Îïðåäåëèì îïåðàòîð (−∆)n/2, n > 0 (n � íå îáÿçàòåëüíî öåëîå), ñëåäóþùèì

îáðàçîì

(−∆)n/2x(·) = F−1(|ξ|nFx(ξ))(·), |ξ| =
√
ξ21 + . . .+ ξ2d.

Ïîëîæèì

γ =
n− k − d/2

n+ d(1/2− 1/p)
, q̃ =

1

1/2 + γ(1/2− 1/p)
, I0 =

2πd/2

Γ(d/2)
.

Òåîðåìà 1. Ïóñòü 1 6 p 6 ∞, k > 0, k + p > 1, à n > k + d/2. Òîãäà èìååò

ìåñòî òî÷íîå íåðàâåíñòâî

‖(−∆)k/2x(·)‖L∞(Rd) 6 Kp(k, n, I0)‖Fx(·)‖γ
Lp(Rd)

‖(−∆)n/2x(·)‖1−γ
L2(Rd)

,

ãäå

Kp(k, n, I) =
γ
− γ
p (1− γ)−

1−γ
2

(2π)
d

2n−k−d/p
2n+d(1−2/p)

(
B (q̃γ/2 + 1, q̃(1− γ)/2) I

2(n− k − d/2)

)1/q̃

.

Ëèòåðàòóðà

1. Ìàãàðèë-Èëüÿåâ Ã. Ã., Îñèïåíêî Ê. Þ. Îïòèìàëüíîå âîññòàíîâëåíèå ôóíêöèé è èõ ïðî-

èçâîäíûõ ïî ïðèáëèæåííîé èíôîðìàöèè î ñïåêòðå è íåðàâåíñòâà äëÿ ïðîèçâîäíûõ //

Ôóíêö. àíàëèç è åãî ïðèë.�2003.�Ò. 37.�Ñ. 51�64.

2. Osipenko K. Yu. Inequalities for derivatives with the Fourier transform // Appl. Comp. Harm.

Anal.�2021.�V. 53.�P. 132�150.

2


