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1. BBEJEHUE

Muorue HpUYHUHBI MOOY2KIAIOT CTABUTb M PEIIaTh IKCTPeMaJbHbIe
3aJIa49M, T. €. 33Ja4d Ha MAKCUMYM U MHHUMYyM. VIHTepec K HUM Ipo-
SIBUJICS YK€ Ha 3ape Pa3sBUTHsS MATEMATHKH M OCHOBHBIMH CTHMYJIAMH
OBLTH JTIOO03HATEILHOCTD U CTPEMJIEHHE K COBEPIIECHCTRY.

Cpenu manbosiee paHHUX, TOYHO PEIIEHHBIX 3a/a9 — TaK Ha3bIBae-
Mast U30NEePUMEMPUYECKaEH 3a0aya — 3a7a49a 0 (Gopme KpuBoil 3a1aH-
HOfi JI7TMHBI, OXBATHIBAOIIEH HANOOIBIIYTO ILIOMMA b (OTBET B Hell IpH-
BOJIWJT B CBOMX COUMHeHUsIX ere Apucroresab — [V B. 70 H. 3.) 1 33a9a
0 (hopme TIOBEPXHOCTH 33JaHHON TLIOMIAN, OXBATHIBAIOIIEH HANOOIb-
muit o6beM. OTBETH Ha 9TH 3aJ1a4u i1 MblcauTteseit dpesueit ['perun
OBLTH CUMBOJIAMH COBEPIIEHCTBA YeJI0BEYECKOro pasyma. KpynHeine
ux npencrapuTenn: EBkaua, Apxumen d ANOJJIOHHN CTaBHJIA U pe-
AT pa3JudHble TeoOMeTpHUYecKue 3aJa4ud Ha IKCTpeMyM. 3ajada o
NAPAANEAOPAMME HAUDOOABULET NAOWAIU, KOMOPIT MOHCHO GNUCEND
6 mpeyeoavnur npusogurces B “Haganax” Eskmuma (IIT B. 10 H. 3.);
3a/1a9a 0 WAPOBOM CE2MEHME MAKCUMAALHO20 00Bema Npu 360GHHOT
NAOWAU WaPOBOT HACMU NOBEPTHOCTNUY IMO20 CE2MEHMA COTEPIKUTCS
B counnennsax Apxumena (roxke III B. g0 H. 3.); 3ama49a 0 MuHUMGAD-
HOM PACCMOARUL 0T MOYKY NAOCKOCTU 00 INAUNCG U O HOPMAAAL K
AANUNCY U3 NPOUZBOALHOT, MOUKY NAOCKOCTU OBLIa OCTAaBICHA H Pe-
mena Anosutonuem (ITI-11 B. 1o H. 3.) B ero 3HamenuTHIX “KoHnKax”.

Jonroe BpeMs Kakaas 3ajada peliajach WHIXBHAYAIbBHO, IIO-
cBoemy. [lepBbiit mrar K ucc/ieI0BaAaHUIO IKCTPEMAIbHBIX 33184 ObLI C1e-
aau I1. @epma B 1638 rosy, KOTOPHIi H0Ka3a/1 (B COBDEMEHHBIX T€PMH-
HaX), 9T0 Npou3BoAHAsA (DYHKIMU B TOYKE €e JIOKAJIBHOIO IKCTPEMyMa
paBHA HYJIO (XOTsI NOHUMAHWE TOTO SBJEHUS MOXKHO W3BJedb W U3
6osiee pannux BoickasbiBanuii V. Kemepa). /lanHoe cobbiTHE 0OBITHO
CUYMTAIOT HAYAJIOM CTAHOBJIEHUS TEOPUHU SKCTPEMYMA.

3areM OT paccMOTpPEeHHs 3a/1a9 Ha MAKCUMYM U MHHUMYM 171 (pyHK-
IHAH OJHOIO TEPEeMEHHOI'0 MePelLId K PacCMOTPEHUIO SKCTPEeMaIbHBIX
3aJa4, Tae mepeMeHHble — caMu (DYHKIHH, T. €. 3JeMeHThl OeCKOHed-
HOMEPHBIX TPOCTPAHCTB. DTH 331491 MOPOIIIN HOBOE HAIIPABJIEHUE B
MaTeMaTHKe, [TO/IyYuBINee HA3BAHUE 6aPUAUUOHH020 UCHUCAeHUA. POAK-
JIeHTEe BAPUAIMOHHOTO UCYHMC/IEHNST 9aCTO CBSI3BIBAIOT C 3a/1a4eit 0 Opa-
xucToxpone, nocrasaennoit . Bepuyumm B 1696 roay. 9to 3a1a4a o
dopme KpuBO# HauCKOpeiiIero ckara, T. €. 0 (popMe KPUBOi, COeTUHSI-
IOMIER IBe TOYKKA B BEPTHKAJBHOU MJIOCKOCTH, BJIOJIb KOTOPOW TEJ0 O/,
JIeiCTBHEM CHJIBI TS>KECTH 0e3 TPeHHsS HMPOXOJUT IYTh OT OJHOU TOY-
KU JI0 IPYTOi 3a Kparyaiilee BpeMst (TOCTAHOBKA, MO-BHJIUMOMY, ObLIA
HaBestHa OoJiee PAHHUME DAa3MbIILICHUAME [auiies Ha 9Ty Temy).

OCHOBHBIM MOTHBOM J[IJIsi PA3BUTUsI BAPHANUOHHOTO HCUUCTICHUSI
SIBIJIOCh TO, 9TO MHOTHE 3aKOHBI ITPUPObI, KAK BBISCHUIOCH, UMEIOT



9KCTPEMAJIBHBIM XapakTep, T. €. OHW HeKUM 3araj0qHbIM 00pa30M siB-
JISTIOTCST PETIeHUsIME 3329 HA MaKCUMyM W MuHUMyM. JI. Ditmep 1o
9TOMY MOBOJIY BBICKa3aJics Tak: “B Mupe He NpouCXOIUT HUYETO, B 4eM
He ObLI ObI BUJEH CMBIC] KAKOTO-HHOYIb MAKCUMyMa HJIM MUHAMYMa .

2. DKCTPEMAJIbHBIE BAJIAUU, UX ®OPMAJIUBALINS

3aauu Ha S9KCTPEMYM M3HAYAJILHO CTABATCHA, KaK IPABUJIO, HA SA3bI-
Ke TOit 001acTH 3HAHUI, U3 KOTOPO# OHKM TPOUCXOAIT. s Toro, 4ro0n
9TH 33Ja9K MCCJIEI0BATH MATEMATHICCKAME CPEJACTBAME, HEOOXOMMMO
[EPEBECTH UX Ha MaTeMATHUYECKHUil s3bIK, T. €. hopmaiu306amsb. DTOT
Iponece 3aKJI1049aeTCd B OITMCAaHUN MUHUMU3UPYEMOI'O NI MaKCUMH3U-
pyemoro GpyHKIMOHAIA [ BMeCTe cO ¢Boeil 001acThio onpeaeaenns X u
MHO)KecTBOM orpanndennii C' C X. @opmaan3oBaHHas SKCTpeMaIbHAs
3a/1a49a 3aIUCHIBACTCS TaK

(1) f(z) = min(max), =€ C,

1 32KJII0YAETCS B HAXOXKICHHH TaKUX ToUeK & € C'; B KOTOPBIX (DYHKIIN-
onaJs f jocturaer cpoero MunuMyMa (Makcumyma) Ha C. Takue TOUKH
HA3BIBAIOTCS 24000A0HbMU WIH GOCOMOMMHBMU MUHUMYMAMY (MAKCU-
mymamu) B 3anade (1) win ee pewenuamu. Ecium HAC HHTEPECYIOT U
TOYKM MHUHUMYMA, U TOYKHM MAKCUMyMa, TO BMECTO min(max) umiiem
extr u roBopuM 0 3az1aue Ha IKCTpeMyM GyHKIMoHaNA f.

Ormernm eme, 9T0 ecn T — perrenue 3aa9n (1) na MEHEMYM (Maxk-
CUMYM), TO SICHO, UTO T — PelIeHne AaHAJOTUYHON 331291 HA MAKCHMYM
(MuHEMYM) ¢ dyHKIIOHATOM — f BMecTO f.

Toukn w3 MHOKecTBa orpanndennii C' HABBIBAIOTCI JONYCMUMBLMU
B 3agade (1). Ecom C' = X, 1o 3amava (1) masbiBaercs 3a1aueii fe3
o2paruterud.

[Ipu perreHnyu MHOTHX KOHKDETHBIX 33Jad HaIllell Iesibio Oyaer Ha-
XOXK/IeHHE TJI00ATBHBIX IKCTPEMYMOB, HO JIJIsl STOTO IIPEIBAPUTETHHO
HPUXOUTCS UCCJAEN0BATH 3334y HA HAJMYUE JIOKAJTBHBIX IKCTPEMY-
MOB (T. €. JIOKAJIbHBIX MUHUMYMOB 1 MakcuMyMoB). Ecim B X onpeje-
JIEHO MOHSATHE “OKPECTHOCTH TOYKHK’, TO Touka T € (' Ha3bIBAETCS A0-
KAAbHOM MUHUMYMOM (Makcumymom) B 3a1ade (1), ecin cymecTByer
Takas ee okpecrnocts U, aro f(x) > f(Z) (f(x) < f(T)) ansg Beex
nonycrumbix © € U (1. e. as Beex x € CNU).

3. IITPOUBBOJTHASA OTOBPAYKEHUSI. TEOPEMA O CPEIHEM

Kaxk yzke oT™Medaaoch epBBIM MArOM K UCCIETOBAHUIO IKCTPEMATh-
HBIX 33129 ObLT pe3yabTar [1. @epma o paBeHCTBE HYJIIO TPOU3BOIHON B
TOYKE JIOKAJbHOrO 3KCTpeMyMa, pyHKiuu. /g Toro urodwl cchopmylin-
POBATh 3TOT Pe3yJIbTAT B JOCTATOYHO OOIIEM BH/Ie, A/ IHM OIpe e IeHre
MIPOU3BOHON OTOOPAZKEHUS.



[lycte X u Y — nuneiinbie HOpMUpOBaHHBIE mpocTpancTBa. CoBO-
KYITHOCTh BCEX JIMHEWHBIX HempepwhiBHBIX oneparopoB A: X — Y o6o-
saaunM depe3 L(X,Y). D10 HOpMUPOBAHHOE TPOCTPAHCTBO ¢ HOPMOiH

A= sup [Az]ly.
o]l x <1
B cayuae, korma Y = R, £( X, R) coBmamaer ¢ MHOXKECTBOM BCeX JTHHEH-
HBIX HEIPEPbIBHBIX (PYHKINOHAIOB HA X U HA3BIBACTCH CONPANCEHHHLM
npocmpancmeom K X . COIpsArzKeHHOE MPOCTPAHCTBO K X 0003HAYAETCS
X",

OHUM W3 OCHOBHBIX TPHUMEPOB PACCMATPUBAEMBIX B JajIbHEHTIIEM
HOPMHUPOBAHHBIX IPOCTPAHCTB OyleT ABIAThcA npocTpancTso RY, mos
KOTOPBIM MBI OYJIeM MOHUMATh COBOKYITHOCTH BCEX YIOPSAIOYCHHBIX Ha-

L
Goposx = | i | u3d neiicTBurenpubx gncen (ecan d = 1, T0 310 MpO-
Zq
CTO MHOMKECTBO JEeHCTBHTEIBHBIX 4HCes, W Mbl muimem R Bmecro RY).
Daementsl © € R?Y HaspIBaIOTCa 6eKMopamu AIH 6€KMOP-CMOAOUAMU,
a4hucia xj, j = 1,...,d, — xoopdunamamu eexmopa x. 11a sKOHOMHIH
Mecta, stementsl R? Gynem szammcwiBath Tak = (11,...,74)%, 170
cumvpost T 06o3HaYaeT TPAHCIOHUPOBAHUE CTPOKHU B ¢TOJ0eI (B 00IIeM
cJlydae — TPAHCIOHUPOBaHWEe MAaTPHIlh). B R? ecTecTBeHHBIM 06PA30M
BBOJIUTCs olleparus (IIOKOOPHHATHOTO) CJIOKEeHHsI BEKTOPOB U OIepa-
musi (MOKOOPIMHATHOTO) YMHOYKEHUsI BEKTOPA Ha YUCJI0, MPEeBPAIIAI0-
e 9TO MHOYKECTBO B BEIIECTBEHHOE JIUHEHHOE MPOCTPAHCTBO.
[ycts © = (71,...,24)7 € RY. Bennuuna

lo| = /a2 + ... + 2?3
Ha3bIBaETCH 0AUNOT ni modyaem BekTopa x. [losoxus s o € R?
|%]|re = ||

(Takasi HOpMa HA3BIBAETCS €6KAUJOB0T HOPMOTL), TIOTYIUM JIHHEHHOE
HOPMHPOBAHHOE TPOCTPaHcTBO RY.
[Iycrs a = (ay,...,aq) — BEKTOP-CTPOKa U3 d JEHCTBUTENbHBIX Y-
cen. Jlns kawaoro & = (21, ...,7q9)7 € R? nonoxnm
d
a-Tr = E (lj$j.
Jj=1
DTO MATPUUIHOE IPON3BEIEHIE BEKTOP-CTPOKH @ HA BEKTOP-CTOJIOEI X,
KOTOPOE WHOT/JA HA3BIBAIOT SHYMPEHHUM Npouseedenuem. f1cHO, 910
oTobpaykeHne T — a - T ecTh JauHeinbH Gynaknmonan na RY. Jlerko
IOHATH, YTO U JI060i JuHeiinblil dynkmuonan | ma R? 3amaerca mo-
no6ubIM 06pasoM ¢ a = (I(eq),...,l(eq)), e

er = (1,0,...,00%, ... ,ea=(0,...,0,1)T
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— emandapmmnd 6aszuc B RY. TakuM 06pa3zoM, CONPAKEHHOE TPOCTPAH-
ctBo (RY)* MOYKHO OTOMKIECTBHTH ¢ MHOYKECTBOM, 37IeMEHTAME KOTOPO-
r'0 ABJIAOTCA HAOOPBI U3 d MeWCTBUTENBHBIX TUCET, HO PACIIOTIOKEHHbBIE
B CTPOKY (¢ AHAJIOTMYHBIME OHEPAIUSIMU CJIOXKEHHUs] U YMHOXKeHUs Ha
qHCIIA).

[Iyects X m Y — HopMmmpoBaHHBIE TPOCTpaHCTBa, a U — OTKpPBHI-
toe nogmuozxkectso X. Orobpaxenue F': U — Y wnaswbiBaercs aud-
depennupyembiM B Touke T € U, ecam Haiijercs Takoil omeparop
A € L(X,Y), aro ans Beex h € X, s kKoropeix T + h € U cmpa-
BEJIJINBO TIPeICTABICHIE

2) F(Z +h) = F(Z) + Ah+r(h),

rae r(h) = o(||hllx) (||r(h)|ly/]|h]|lx — O mpu h — 0). JIuueitabrii
omeparop A Ha3bIBaeTCsA HMPOU3BOAHON oTOOparkeHuss F B TOUKe T U
oboznavaercss F'(Z). HerpyaHo moKa3aTh eJMHCTBEHHOCTH OTEPATOpPA
A, YIOBJIETBOPSIONIETO pABEHCTBY (2).

Ecim orobpaxkenue F muddepennupyemo B Kaxkiaoit Touke U, To
ompegeneno orobpaxenne F': U — L(X,Y), comoctaBasiomee x € U
upoussouyto F'(z). Ecan 10 orobparkenue nenpepsisao B T € U (Ha
U), To roBopst, uro orobpazkenne F nenpepueno duddepenyupyemo B
T (ma U).

Ecim X, Y — HOpMUpOBaHHBIE IPOCTPAHCTBA, TO HOPMY B IIPOCTPAH-
crBe X X Y MOXKHO, HAIIPUMEP, OIPEJICTUTD CAEIYIONAM 00pa3oM:

1z, )l xxy = max{|[z]|x, ly[ly}-

[Iycte W — okpecrrocts Touku (T,y) € X XY u F: W — Z, tae
7 — HOPMHPOBAaHHOE TPOCTPAHCTBO. Kcian orobpaxkenue x — F(x,7)
(onpegesnennoe Ha mpoektnun W Ha X) auddepennupyemo B ToUKe T,
TO COOTBETCTBYIONLYIO MPOU3BOIHYIO HASBIBAIOT “acmHoli npouscodnot
omobpascenus F no x 6 mouxe (T,y) n obosuauaior F,(Z,y). Ana-
JIOTUYHO, YaCTHYIO MPOM3BOAHYIO I 1o y B Touke (T,%) 0603HAYAIOT
F,(7.9)
PaceMOTPEM HEKOTOPbIE TIPUMEpH.

Ipumep 3.1. Ilycrs U — oxpectrocts Toukn T € RY. Torga byukmus
f: U — R mnddepennmpyema B TOUKE T, €CIM CYNIECTBYET JUHEHHDBIA
dbynxmmonan na RY T e. sextop a = (ay,...,aq) € (RY)* Takoit, aro
ang Beex h € R, mia xkoropeix T+ h € U cipaBeyiiBo OpeicTaBIeHIe

f(@+h)=f(Z)+a-h+r(h),
rae [r(h)|/|h] = 0 mpu h — 0, 7. e. r(h) = o(|h]).

Orciofa serko ciemnyer (6epst B Kagectse h BekTopsl (hy,0,...,0)7T,
0y (0,...,0,hg)T), aT0 a; ecTh yacTHAS Mpou3BOAHAA DYHKIHE f TI0
nepeMeHHOit z; B Touke T, j = 1,...d. Takum o6pazom,

@ = (g@..t@).
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B kjaccuveckoM ananmuse oboznadaior h = (dzy, ..., dzg)T u Torna
R of . of .

D10 BBIpakeHme Has3biBaeTca auddepennuanom [ u 0003HAYAETCS
df (7).

IIpumep 3.2. Ilycrs Teneps U C R™ u 3aman0 orobpazkenue F: U —
R, JIuneiinsiit oneparop A € L£(R%Y, R%) Gyaem 0T0xkKIeCTBAATH C €ro
MaTpHIeH B CTAHIAPTHBIX 0a3mMcax

e = (1,0,...,00%, ... eq, = (0,...,0,1)T

¢\ =(1,0,...,00",... ¢, =(0,...,0,1)7

B R™ 1 R% coorsercrBenno, T. e. ecam Ae; = fil aijel, j=1,...,d,
TO MaTpuIileil omepaTopa A Ha3pIBaeTCs MaTpuia (Mbl ee 0603HAYAEM
Tolt e 6yKBoit) A = (aij)1<i<d; 1<j<d> PA3Mepa dy X dy. B sTOM ciytae
Az — npoussesenune marpunbl A Ha BekTOp x. U3 onpenesenust aud-
depeHImpyeMoCcTu BhITEKaeT, 4To orodpaxkenue F' nuddepenimpyemo
B Touke 7 € U, ecqu cymecTsyet auneitnbrii oneparop A € L(R% R?),
T. e. MaTpuna A pasmepa dy X d; Taxas, uTo n1d Beex h € R, s
KOTOPBIX T + h € U, cupaBejiuBo IIpeIcTaBIeHne

F(@ +h) = F(@) + Ah +r(h),

rae |r(h)|/|h] — 0 opu h — 0, . e. 7(h) = o(|h|). Marpuna A na-
3BIBAETCS B 9TOM CJIydae MPOU3BOIHOI orToOpaxkeHust ' B Touke T u
obozmadaercs F'(T).

Orobpaxkenne F: U — R% moxno samucars B Buge F(r) =
(fl(m)a--'afd1($>)T7 rae fj: U — R; j - 17"'7d1 (f](.fE) — 9TO j'
ast Koopjunata sektopa F(z) B crampaprHom Gasuce B R%). Jlerko
npoBepuTh, uto F' auddepeHnupyemMo B TOUKe T TOIJA U TOJIHKO TO-
ria, xkorna ¢yukmuu f;, j = 1,...,d;, nuddepenupyemst B z. [lpu
9TOM CTPOKH MaTpmupl F'(T) apismiorces BekTopamu fi(7),..., f1, (7).
[Ipouseoguyto F'(T) HazwiBaior mampuuel Skobu orobpaxkenust F' B
Touke T. Tem cambiM

Oft 0N oft -
a—xl(f) 8_:172(x) Da, (7)
f2 ~ Of2 o 2
afdQ A .. afdz A ........ a fd2 A
o, & o, @ Dy, (7)

Ecmn 2,y € X, 1o muOXKecTBO [2,y] = {2 € X : 2z = (1 = Nz +
Ay, 0 < X\ <1} HazwlBaeTCs 0mpeskom, COeUHSIONNIT TOYKH T U Y.
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Teopema 1 (o cpeanem). ITyems X, Y — nopmuposantvie npocmpar-
cmsa, U — omxpwuimoe muoocecmeo ¢ X, omobpasicenue F: U — Y
dugpepenyupyemo na U u [x,y] C U. Toezda

1F(y) = F(@)lly < sup [[F'(2)]llly — = x.

z€[z,y|

Jokxazamenvemeo. Ecniu F(y) = F(x), To yITBepXKIEHTE TEOPEMBI OUe-
sugno. [lycts F(y) # F(z). Torna mo crefcTBuio W3 TeopeMbl XaHa—
Bamaxa (cMm. |2, crp. 195]) maitmerca sgement y* € Y™ rtakoii, 4r0

[ly"]
(3) (", Fly) — F(x)) = [ F(y) = F(o)lly.
Paccvorpum dbyHnKIuo

ot) = (" Fle+tly—x))), 0<t<1L

B cuny nudpdepennupyemoctn F' npu jocrarouno maasix At mmeem

Y*:ll/I

p(t+At) —p(t) = (y*, Flz + (t + At)(y —2)) — F(x + t(y — x)))
= (y*, F'(x + t(y — x))(y — x)) At + o(At).

Tem cavbiv byukius ¢ auddepeniupyema B uarepsase (0,1) u
Pt) = (y", Fl(z + t(y — 2))(y — 2)).

CaenosaTenbHo, o Teopeme Jlarpamzxka cymectByer Takoe 0 < 6 < 1,
aro (1) — (0) = ¢'(0), nm

(", Fy) = F(2)) = (y", F'(z + 0(y — 2))(y — 2)).
Orciona, yanteias (3),

1F(y)=F@)lly < [[F'(z+0(y—2))llly—zlx < sup [[F(2)]lly—=llx.

z€[z,y]

g

[Iycts A € L(X,Y). Tlpumensist Teopemy 0 CpefiHeM K 0TOOPAZKEHHIO
G(z) = F(z) — Az, nonyuaem
(4)  IF@y) — Fz) = Ay —2)lly < sup [[F(2) = Alllly — =[|x.

Z€[z,y]

4. TEOPEMA DEPMA /15 TJIAJKUX 3AJIAY BE3 OTPAHUYEHU

B srom nyrkTe OyaeT goKa3aH W3HAYAJIBHBIN PE3yabTaT TEOPUHU IKC-
TpemyMa — Teopema Pepma (HEOOXOAMMOE YCIOBHE SKCTPEMyMa [Tt
DAaJIKUX 3371249 6e3 OrpaHuIeHui ).

llycte U — OTKPBITOE TOAMHOXKECTBO HOPMHUPOBAHHOT'O MPOCTPAH-
crBa X u f: U — R. PaccmoTpuM 3a1a1y

(5) f(z) = extr, zeU.
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Teopema 2 (Pepma). Ecau T — aokarvhudi sxempemym 6 3adaue (5)
u pynxyua [ duddepenyupyema 6 T, mo

(6) (@) =0.

Jlokasamenvemso. Jlomyctum, ato auHeiubiit byukiwonan f/(Z) oriu-
ven or nyns. Torna maiinercs snement x € X rakoit, aro f'(Z)-x > 0.
B cuny orkpeitoctu U cymecrByer d > 0 takoe, aro T + tx € U mis
Beex |t| < §. duddepennupyemocts f B T 03HAYAET, 4TO MPU TAKUX ¢

f@+tx)=f@)+t(f(Z) z+o(t)/t).
[Iycts 0y < 0 TaKOBO, UTO
lo(t)/t] < f'(Z) - x/2.
Torna f(Z + tz) > f(Z) ans Beex t € (0,00) u f(T + tx) < f(T) maa

Beex t € (—dg, 0). [Tonyunim mpoTuBOpedne ¢ TeM, 9T0 T — JIOKATHHBIH
SKCTPEMYM. U

5. BTOPAdA NIPOU3BOIHAA OTOBPAXKEHUSA. POPMYJIA TENIOPA

[Iycte X m Y — HOpMHUpOBaHHBIE MPOCTPAHCTBA, a U — OTKPBITOE
noamuozkecTBo X. Ecan orobpaxkenne F: U — Y nuddepeniupyemo
B Kaxmoit Touke U, 1o ompeneneno orobpaxkenune F': U — L(X,Y),
conocrasistioniee x € U npoussoguyio F'(x).

Jaaum ompejesenne BrTopoit mpousBojHoi. Ilycrs otobparkenue
F': U — L(X,Y) nuddepenmupyenmo B Touke . Torma ropopsr, uro F'
JaBazk bl nnddepeHnupyemMa B T ¥ COOTBETCTBYIOMNIYIO (BTOPYIO) TTPOHM3-
BoziHY10 00o3HauatoT F” (7). Tem cambiM jjist Beex h € X | 171st KOTOPBIX
T+ h € U, uMeer MeCTo paBeHCTBO

F'(Z+h)=F'(Z)+ F"(@)h+ o(||h| x).

fcno, aro F"(Z) € L(X, L(X,Y)).

[Ipocrpancreo L(X, L(X,Y)) wusomerpudecku u30MOphHO MTPO-
crpanctey L£2(X,Y) Bcex HempepbIBHBIX OMJIMHEHHBIX OTOOPasKeHHid
B: X x X =Y c nopmoii

1Bl = sup 1Bz, 2]l

lz1]lx <1, [le2llx <1

DToT n30MOPGUIM OCYHIECTBASIETCH COMOCTABICHAEM KazKIO0My OTOO-
paxennio A € L(X, L(X,Y)) orobpaxenus B: X x X — Y, neiicrBy-
fotero o npasuiny: Bz, xs] = Axy[xs] (neiicrBue oneparopa Ax; Ha
sJIeMenTe Tp). OveBnaHO, 9T0 B — OGuinHeitHOoe 0TobpaykeHue.

ITpumep 5.1. Haiizem mnepByio um BTOPYIO HPOU3BOJHYIO (DYHKITUU
F(h) = B[h, h], tie B — 6unauneiinoe orobpazxkenue. Vmeem

F(h+ Ah) — F(h) = B[Ah, h] + Blh, Ah] + B[Ah, AR).
Tax xax ||B[Ah, AR]|ly < ||B|[||AR|%, o
F'(h)§ = BI¢, h] + Blh,¢].
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Janee, noay4daem
F'(h + AR)¢ — F'(h)¢ = BI¢, Ah] + B[Ah, €.
Takum obpasom, mpu Beex h, &, n € X

(7) F"(h)[€,m] = BI&,n] + Bln, ).

IMpumep 5.2. [Iycts U — oxpecrnocts Touku 7 € RY u dynkuus
f: U — R gBaxab quddepenmupyema Bo Bcex touxkax u3 U. Torna,
KaK ObLI0 IMOKa3aHo B npumepe 3.1,

r@ = (pr@n o).

anajornano npumepy 3.2 (3ueco f': U — (R)*) nomyuaem, uto ec-

an yukmug f' auddepennupyemMa B TOUKe T, TO (DYHKIUH ——

8513]' ’
j=1,...,d, nuddepernupyemMbl B TOYKE T 1
Po) olm . 2l
al'% 89018902 o 8[L‘18£L'd
Tw De e
(8) (@) = 01507, 03 T Ox90xy
a2an2fA ......... 3 2fA
(@)
0xq01, 01402 oz

DTy MaTpHUIly Ha3LIBAOT mampuuyet ecca mna zeccuanom Pymruuy f
6 mouke T.

zBectHO (cM., Hampumep, |1, Teopema 14.13]), uto y asazx sl aud-
depennupyeMoil pyHKIUE CMeITaHHbIe TPOU3BOJIHBIC COBIAIAIOT

O f O f

8@85@ 8xk8x]
Tem cambiM i1 ABaK b1 Judbdepenimpyemoit pynknun marpurna [ec-
ca CUMMETPHUYHA.
Mpur jokazkeMm 6osee obmuit pesyiabrar. Ilyers X u Y — HOpMEpO-
BaHHBIE TPOCTPAHCTBA, a U — OTKPBITOE MOAMHOXKECTBO X .

Teopema 3 (0 cMemaHHBIX TPOU3BOAHBIX). Feau omobpascenue
F: U =Y dsascoun dugdeperyupyemo 6 mouxe * € U, mo das 6cex
&EneX

FU(@)[&,n] = F'(®)n, &].

Jokazameavcmeo. VI3 onpenenenns BTOpoil TPOU3BOJHON JIId T J10-
CTaTOYHO OJIU3KUX K T

F'(x) = F'(z) = F'(@)(x = %) + a(z) |z — 7] x,
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rie a € L(X,Y) n a(xr) — 0 npu x — Z. Ilpu goctaTodno Masbix 7
TTOJIOZKUM

p(x) = Fz+n) — F(x).
Vmeem
¢(z) = F'(z+n) - F'(Z) - (F(z) - F'()) =

F'(@)(z+n—2) +a(z+n)llz+n—7]x — F"(2)(z - 7) —a(z) |z - 2| x

= F'@)m+ alz +n)llz+n—Zx — a(@)llr — 2] x.
[Ipu z = ¥ nonyuaem
(9) P'(7) = F"(@)n + (@ +n)lnllx-
Takum obpazowm,
¢'(z) —¢'(@) = alw +n)lz+n -2 x —alz)llzr = 2| x — (@ +n)lnlx.
st npousBosbroro € > 0 maiigercs d > 0 takoe, uto npu ||z —Z||x < ¢
BBITIOJTHACTCS HepaBeHeTBo ||a(x)|| < e. Ilosromy, econ ||z —Z||x < 6/2
u [nllx < 0/2, 10 fla(z + )| <& a(z)]| <en llal@+n)| <e
CuiejioBaTe/ibHO,
(10) [l¢'(z) =" @) < elllz = Zllx + [Inllx) + ellz = Zl[x +ellnllx

= 2e([lz = Zllx + [Inllx)-
J1s TOCTATOYHO MAJIBIX 1) U & MOJIOZKIM
A, &) = Fx+&+n) - F(T+&) — F@+n)+ F(2).

YuaursiBas (9), umeem

1A, &) = F"@)n.&lly = llo@ + &) — o@) — F' (@), &y
= lle(@ +¢) — o) — ¢ (@) — al@ + n)élnlxlly

Ucnonb3ys (4), mosydaem

1AM, &) = F' @) &lly < sup ¢ (z) = &' @)III€]lx

z€[T,T+E]
+ (@ +n)l€llx Il
Orciona, ¢ yaerom (10), pu ||€]|x < /2 u ||n||x < /2 momxyaaem

1A, &) — F"@)n, llly < 2e([I€llx + Inllx)lIElx + ell€lxInllx
< 3e(llgllx + lnllx) Il x-

[IycTs Temepnb & u 1) — npousBosbHbIE 3jteMeHTl X . J[g pocraTrodano
MaJjioro t € R Oyiem umern

|A(tn, t6) — 2F"(T) n, §]HY < 3t%([I€]lx + Inllx) 1] x-
[Tockonbky A(tn, t&) = A(t€, tn), T

[ F" (@) [n, ] — *F"(@)[€, 77]Hy < 3t%([[€llx + [Inllx)*.
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T[Tocte cokpamenns Ha t2 B CHITy TPOU3BOILHOCTH € TIPHXOANM K J0Ka-
3bIBAEMOMY PABEHCTRY.

g

Teopema 4 (Qopmyra Teitnopa). [ycmv X u'Y — nopmuposarmuie
npocmparcmea, U — oxpecmuocmos mouku T € X. Ecau omobpasicenue
F: U =Y dsascov duddepenyupyemo 6 mouke T, mo umeem mMecmo
popmyna Tetiropa

1
F(Z+h)=F@)+ F'(Z)h+ §F”(§)[h, h] +r(h),
ede r(h) = o(||h||%), m. e. |[r(h)|ly/lIP|% — O npu h — 0.
Jlokazamenvecmeo. Oueuguo, uro r(0) = 0. V3 npumepa 5.1 cienyer,

uro 77(0) = 0. Takum o6paszom, u3 (4) mosydaem

lr(R)lly = lIr(h) = r(0) = r'(0)Ally < S 7 (ha) = 7" (O)[[[]] x-

13 Toro ke mpumepa 5.1 (em. (7)) u Teopemsr 3 BerTekaer, 9to 1 (0) =
0. Ilosromy

r'(ha) = 7'(0) = r"(0)h1 + o([[lu]lx) = a(hn)[[Iu]]x,
rae a(hy) — 0 upu hy — 0. B cuay roro, aro ||h||x < ||h||x, umeem
17 (ha) = 7" (O) ]| < B(R) IRl
rae f(h) — 0 upu h — 0. Takum o6paszom,
lr(W)lly < B(R)IIRI%.
O

6. HEOBXOAUMBIE 1 JOCTATOYHBLIE YCJIOBUA SKCTPEMYMA
BTOPOI'O ITIOPAIKA

[Iycts U — OTKpbITOE HMOJMHOZXKECTBO HOPMUPOBAHHOI'O IIPOCTPAH-
crea X u f: U — R.

Teopema 5 (HeOOXOAMMBIE YCJIOBHS 9KCTPEMYMa BTOPOTO TOPSIIKA B
3amave Ge3 orpanndenuii). Ecau T — A0KGAHOT MUHUMYM (MAKCU-
mym) 6 sadave (5) u Pynryusa [ deasrcow duddepenyupyema 6 T, mo
F'(Z) =0 u daa mobozo h € X ewnoansaemes nepasencmaso

f'(@)[h,h] =20 (<0).

Joxazameavcmeo. TlycThb, 11a OOpeneeHHOCTH, T — JOKAJbLHBIA MU-
aumyM dyuxiun f. [lo Treopema @epma f'(Z) = 0 u Torga mo dopmyste
Teitopa mist sroboro h € X u jmocraroano Maasix ¢ € R umeem

0. JE+1h) — (@) = 51" @)h 1] + o).

Orciona (enst na t? u yerpemissd t K HyJII0) Ho/LydaeM TpeGyemoe Hepa-
BEHCTBO. /19 JIOKAJILHOrO MAKCUMYMa PacCy K/IeHnus aHaJIorndnbl. [
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Ecm X = R? 1o f”(7) — marpuna Tecca (8). Tem cambiM u3 J0Ka-
3aHHOI TeopeMbl BbITEKAeT

Cnencreue 1. Ecau X = R, T — aoxaavnvidi munumym (maxcumym,)
6 3adave (5) u Pynkyus f deascow duddepenyupyema 6 T, mo f'(T) =
0 u daa 06020 h € RY evinosnsemea nepasencmeo

W' (@)h >0 (<0).

[TepeiineM Temepb K JOCTATOYHBIM YCJIOBUSAM SKCTPEMYMA.
Teopema 6 (j0cTaTOYHBIE YCJIOBHS YKCTPEMyMa BTOPOTO MOPsiIKa B
3ajave 6e3 orpanndenuil). Eeau 6 3adaue (5) dynruyus f dsasrcdw dud-
depernyupyema 6 T, f'(xr) = 0 u cywecmeyem o > 0 maxoe, wmo das
ecex h € X

~ 2 2
P@E A > allhl (< allhI),
mo T — AOKAAOHUT MUHUMYM (MAKCUMYM).

Joxazamenvcmeo. 1lpeanonoKum s OnpeieJieHHOCTH, 9TO
f'(@)[h, h] > all]%.
Torna s gocrarodno magbix h o gpopmysie Teitiopa
~ o~ L1, 1
F@+h) = [@) = 5" @) b + o([[]l%) = 5allhllx + o([Allx)
@
= (5 o) Al

Orciona moayvaem, aro f(Z + h) — f(Z) > 0, 7. e. T — JIOKATBHBIHA
MuUHAMYM. /111 JTOKaTbHOTO MAKCHMyMa JIOKA3aTeIbCTBO AHAJIOTHIHO.

g

Caenctsue 2. Ecau X = R?, dynwuyus f 6 sadaue (5) deasrcow dug-
dpeperyupyema ¢ T, f'(T) =0 u das ecex h € RY, h # 0,

(11) RTf"(@)h >0 (<0),

mo T — AOKAAOHT MUHUMYM (MAKCUMYM).

Jokasamenavcmeo. Tycrs hT f(Z)h > 0 aua moboro memysesoro h €

Re. Oynxmma hT f”(ZT)h wenpepwisaa ma RY. OGozmaunm wepes a ee
MIHIMAJIbHOE 3HaUeHHe Ha eIMHIYHON cdepe

Sl = {zeR: |z] =1}

deno, aro o > 0. Yuurweisag, aro h/|h| mpumagmexut S Gymem
UMETD T ,
(=
— (@) — > «a.
||

Al
CrenoBaresnbHo, 1 Bcex h € R?
BT F(F)h > alhl?.

Termepnb yTBepIK/I€HIE CJIEICTBHSI HEITOCPEICTBEHHO BhITEKAET M3 Teope-
MBI 6. O
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Yeaosust (11) o3magaror, 4ro KBajpaTndHas (GopMa ¢ MaTpuIeil
(8) mosoxkuTENBLHO (OTpHIIATENBHO) onmpeeneHa. COrIacHo KPUTEPHTO
CuspBecTpa 3TO paBHOCHIBHO TOMY, YTO IVIaBHbIE MUHODPBI 9TOI MaT-
PHIBI TOJOKUTEIBHBL (YepejiyioT 3HAKH, MPUYeM MepBblii — OTpHIla-
TEeJIbHBII) .

3ameTnM, YTO B OECKOHEYHOMEPHOM MPOCTPAHCTBE YCJIOBHS CJIeJ-
CTBHY 2 yKe HE SBJISIOTCS JOCTATOYHBIME Jijisd 9KcTpeMyMma. [Ipuseiem
coorBeTcTByIONMii mpumep. [lycrn

00 1/2
XZZQZ{I':(xl,xQ?...):’lx‘|12:(Zx?) <oo}.

j=1

Pacemorpum orobpazkenue f: I — R, 3agaBaemMoe paBeHCTBOM
00 22
_ i 4
f0) =2 (ﬁ xj) |
Hetpyano yoeaurnes, 9To

=L [ 2x;h; — [ 2h]
Pl =30 (252~ aain ). o= (52 - 1202).
j=1 =1

Caemosatenso, f/(0) = 0 u mpu Beex h € Iy, h # 0,
_ J
f1O)[h,h) = =L >0

= J

Tem e menee, T = 0 He ABASIETCS JOKATLHBIM MUHEMYMOM, T. K. f(0) =
0,

1 1
f(ek/k;)zﬁ—y<0, k:2,3,...,
e e — k-brit 6a3uCHBIT BEKTOP
L, j=k .
= =1,2,...,
=0, G2k

1 J1100ad OKPECTHOCTD HYJIS PH JIOCTATOYHO OOJIBIIUX K COIEPIKUAT TOU-
Ki ey /k.

7. CTPOrAS JU®PEPEHIIMPYEMOCTh. TEOPEMA O
CVIIEPIIO3ULINN

Ilycrs X — HOpMHpoOBaHHOe mpocTpancTBo, £ € X u r > 0. IloJo-

JKIM
Bx(z,r)={ze X |z —Z|x <7}

Orobpaxkenue F': U — Y, rme U — OTKpBITOE TMOAMHOXKECTBO X,
HA3BIBACTCS ¢cmpo20 duddepenyupyemovim 6 mouke T € U, ecan Haii-
nercs Takoii oneparop A € L(X,Y), uro gs moboro € > 0 cyrmie-
crByer 6 = 40(g) > 0, obanaroiiee TeM CBOHCTBOM, 9TO JJisl BCEX
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x1, 29 € Bx(Z,d) cnipaBe/yinBO HEPABEHCTBO
[F(21) = F(x2) — Ma1 — 22) ||y < ellzr — 22|

Orcrona crenyer (nomarast o = 7), uro F' auddepennmpyemo B T
tem cambiM A = F'(Z).

Ilpennoxxenmne 1. [Tycmv X, Y — HopmuposarHvie npocmparcmesa,
U — omxpumoe nodmuooscecmso X u omobpasicenue F: U — Y
nenpepuiero ouddepenyupyemo 6 mouke * € U. Toeda F empozo dudg-
depenyupyemo 6 T.

Jlokasameavemso. Ilyctb € > 0 u § = d(¢) > 0 Takoe, aro || F'(x) —
F'(z)|| < € pma © € Bx(Z,0). Ecm x; € Bx(Z,0), j = 1,2, 10
[21,23] C Bx(Z,0) u Torma, nonmoxus A = F'(Z), B cuny (4), momy-
qaeM

1F(21) = F(x2) = F'(Z) (21 — 22)ly < ellr — 2|x,
T. e. F' crporo nudpdepennnpyemo B T. O

[Tycrs X, Y, Z — nopmupoBanHbie mpocTpancTBa, U — OKPecTHOCTH
touku T € X, V — okpecraocts T0uku §y € Y, ¢: U =V, p(T) = ¥,
VvV —=Z, F=vop: U — Z — cyuepuo3uius oToOpaxKenuii ¢ u 1.

Teopema 7 (o cynepnosuiun). FEcau omobpasicenue 1 dugddepenyu-
pyemo (cmpozo dupdepenyupyemo) 6 moure Y, a ¢ duddepernyupyemo
(ecmpozo dupdepernyupyemo) 6 mouxe T, mo omobpasicerue F dudie-
peryupyemo (cmpozo duddepenuyupyemo) 6 mouke T u
FI(z) = ¢'(§) o ¢'(2).

Jlokasamenvemso. Tlomoxnm ggist kparkocrn L = ¢ (Z) u M = ¢/ (y).
Bynem mnpeanosarars cHadasa crporyio JauddepeHnupyeMocTb 1) B
TOUKe Y U @ B Touke T. Ilo onpenenenuto crporoit auddepermnupye-
MOCTH Ij1s Joboro €, > 0 Haiimyrea o, > 0 u d > 0 Takme, 9T0 /151

BCeX T1,Te € Bx(T,01) u s Beex yi,ys € By (Y, ) cupaBenuBbl
HEPaBeHCTBA

(12) lo(z1) — p(z2) — Lz — 22)|ly < erffvr — 22 x,
(13) [(y1) — (y2) — M(y1 — y2)llz < erllyr — v2lly-

Jna moboro € > 0 BoiOepem €; > (0 Tak, 9TOOBI BBINOJIHSAIOCH HEpa-
BEHCTBO

el M| +ei|[ L+t <e.

[To Tak BeIOpanHOMYy &1 Haiimem 0; > 0 u dy > 0 Tak, 9TOOBI UMEIH
Mecto HepasencTsa (12) u (13). Iomoxnm

. 02 )
0 =min | 0y, ————— | .
< Vet L]
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Eciu Tenepn x1, 29 € Bx (7, ), To n3 (12) nvmeem

(14) [lp(x1) — p(x2)[ly < |l@(x1) — @(22) — L(21 — 22)]|y
+ || L(21 — 22) ||y < erllzr — ol x + || L[| — 22||x
= (I1L]] +&1) |z — 22|l x-

[Tosarag B 3TOM HEPABEHCTBE T1 = T, & HOTOM Ty = I, HOJIydaeM
le(z;) = ylly < (1Ll +&1)d < b, j =1,2.

Takum obpasom, mist y; = ¢(z;), j = 1,2, cupaseniuso (13). [Tonb3sy-
sch (13), (12) u (14), nmeem

| F(21) — F(22) = M o L(z1 — 22)| 2
< [[9(p(21)) = Plp(2)) — M(p(1) — @(22))]|2

+ [M(p(z1) — p(x2)) = M o L(z1 — 22)||7 < e1llp(z1) — p(2)[ly

+ [[M|[lle(@1) = p(a2) = L(z1 — 22)[|z < ex([|L]] + 1)1 — 22| x
HMller ||z =2 x = (1| M|+l L] +eD) |21 —a][x < |1 -]

JlokazkeM Tenepb yTBEePZKIeHHEe TeOpeMbl JJId CJIydas, Koraa 1 aud-
depennupyemo B Touke Y u @ auddepennupyemo B rouke T. [1o oupe-
nesternio guddepeHnupyeMocTs 11s Jar0oro €1 > 0 HaiiayTes 61 > 0 u
dy > 0 Trakme, aro amst Beex Ax € By (0,d1) n nisa Beex Ay € By (0, d2)
CIIpaBe IJINBLI HePaBEHCTBA
(15) lo(@ + Az) — () — LAz[ly < & |Az]x,
(16) 1Yy + Ay) —(y) — MAy|ly <e||Ayly.

s mo6oro € > 0 BeiOepem €1 > 0 Tak, 9TOObI BBIITOJIHAIOCH HEpa-
BEHCTBO

e1||M|| + e1||L|| + &2 < e.

[To Tak BeIOpanHOMY &1 Haiimem 0; > 0 u dy > 0 Tak, 9TOOB UMEIH
Mecto HepasencTsa (15) u (16). ITomoxnm

. 5 )
0=min [ §;, ——— | .
(1el+||L||

Ecau reneps Az € Bx(0,0), To u3 (15) umeem

(17) p(@+ Az) — @)y < |lo(@ + Az) — @(F) — LAZ|y
+ [[LAz]ly < el Azflx + ||| Az]lx
= (LIl + e) | Azllx < ([[L]| +€1)d < 2.
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Takum obpazom, aisg Ay = (T + Ax) — ¢(T) cupasenanBo Hepa-
Benctso (16). Mmeem
|F(Z + Az) — F(Z) — M o LAx||z
< [[Plp(T + Az)) = () = M(p(T + Ax) — ¢(7))l|2
HIM(p(Z+Az) = @(F)) = Mo LAZ|z = [[¢(y+Ay) —¢(H) - MAy| 2
+ M (o(T + Ax) — (7)) = M o LAz||z < &1 Aylly
+Mlle@ + Az) — (@) — LAz|ly <ei(|[Ll]l + )] Az|lx
+[M (el Azllx = (1] M| + el | LI + D) | Azl x < el Azlx.
U

8. TEOPEMA O TIOJTHOM AU®DPEPEHIIUAJE. [IPOU3BOIHAS
OIIEPATOPA HEMBILIKOI'O

Teopema 8 (o nonrom auddepennumare). [Iyeme X, Y u Z — nop-
muposanmvie npocmpancmea, W — omxpoimoe nodmmoscecmeo X XY
u F: W — Z. Ecau wacmnoie npoussodnve I, u F, nenpepweros 6
mouke (T,y) € W, mo F' — cmpozo dupgepenyupyemo 6 (T,y) u

FI(Z,9)(&n) = (@ 0)E+ 1@, Y)n, (€X, neY.
Zoxasamenavemeo. dns moboro € > 0 maiimercas § > 0 Takoe, 94TO
U= Bx(7,0) x By(y,0) C W u nus Beex (z,y) € U

1P (2, y) = Fo(@,9)[| <e/2,  |1Fy(z,y) — B, (T, 9)] <e/2.

Umeem

A = F(z1,y1) — F(x2,92) — Fo(Z,9)(x1 — 22) — Fy(Z,9) (1 — ¥2)
= F(r1,y1) — F(w2,91) — Fo(T,9) (21 — 22)
+ F(z2,y1) — F(22,92) — Fy(Z,9) (Y1 — ¥2)
[To Teopeme o cpeanem (cMm. (4)) mag Beex (x1,y1), (22, y2) € U

1Az < sup [[Fola,y1) — Fo(@, 9)|| |21 — 2l x

a€lxy,z2]
+osup [|Eulen,b) B Dl —welly < Slle =zl + Sl —selly
bE[y1,y2]
< emax {||z1 — 22| x, |ly1 — vallv }-
|

[Iyets G oTKpeITOoe momMmuoKecTBo R X R u f: G — R% —
dbyrkmua nepemennbx t € R u o € R%, menpepniBHasg BMecTe co
cBoeit wactHoit npoussognoit f, ma G. llycrs cymecrByer (pyukus
r € C([tg, t1], RY) raxas, uro ['(z) = {(t,z(t)) : t € [to,t1]} C G.
[Tonoxum

U={z¢cC(ty,t,],R") : I'(x) c G }.
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Herpymno y6eaurnes, aro U otpwito B C([tg, t1], R%). Orobpaskenne
F: U — C([tg, t1], R%), onpenenentroe no mpaBmiy

F(z)(t) = f(t,z(1))
HasbIBaeTcd onepamopom Hemwiykozo.

Ilpengmoxxenue 2. Onepamop Hemwviurozo F' nenpepoiero dugdgdepen-
yupyem wa U u F'(x)h(t) = f.(t,z(t))h(t) daa mobux x € U,
h € C([to, t1],R™M) wu t € [to, t1].

Joxazameavcmso. Ilycrs T € U. Cymecryer 0y > 0 Takoe, 9T0 KOM-
IMaKT

K={(ta):tetot], |z—2(t)] <)}

npunaiexur G. [lycrs € > 0. QyHKiys f, pABHOMEPHO HelpepbIBHA
Ha K u mosromy Haiigercss 0 < 0 < §p Takoe, UTO ecau |x; — xo| < 0,
1o || fu(t, z1) — fu(t, z2)|| < & mms Beex (t,z;) € K, j =1,2.

Jlns moboro t € [tg,t;] orobpamenue g: Bga, (Z(t),0) — R%,
g(x) = f(t, %) = fo(t, Z(t))x, nucddepennupyemo na Bya (Z(t), ) u ero
Ipou3BoAHAas B Touke x umeeT Buj ¢ (x) = f.(t,x) — f.(¢,2Z(t)). [Iycrn
Tj € Beo,n)ren)(T,0), j = 1,2. Torna ;(t) € Bra, (2(1),0), j = 1,2,
U Mbl HMeeM 110 TeOPeMe O CPeJHeM, IPUMEHEHHOI K 0TOOpaXKeHuo g
(yamrbiBasi, uTo ecau © € [x1(t), z2(t)], T0 & € Bra(Z(t),0))

[f(t 20 (8) = F(E, 22(8) = fa(t,2(8)) (21 () — 22(2))] <

< 1fz(t, ) = falt, Z@)[|21(2) = 22(8)] < elza(t) = 22(2)].

[TockosibKy 3T0 BepHO st at06oro t € [tg, 1], To orcioaa caemyer, 4To
orobpaxkenne F' crporo muddepennupyemo B T u uro F'(Z)h(t) =
fx(t,Z(t))h(t). Tak kak T — npousBoabHas dyuknusa uz U, To F qud-
depenrupyemo na U.

HenpepsoiBnasg muddepennupyeMoctsb orobpazkenust F' na U npose-
PAETCA HeIOCPEICTBEHHO, HCIOIL3Ys PABHOMEPHYIO HEIIPEPBIBHOCTD [
HA, COOTBETCTBYIOMEM KOMIIAKTE. O

Hawm monamobuTcst ere oanH omepaTop, KOTOPBIH SABJISETCS HEKO-
TOpbIM 0000IIeHneM omneparopa Hewmbimkoro. Ilycrs G — oTKpbITOE
noamuoxkectso R x R x R% u f: G — R®% — dbynknusa nepemen-
X t € R, # € R® u u € R%, menpepnIBHadg BMecTe €O CBOHU-
MH YaCTHBIMHU TIpOU3BOAHbIMU f, u f, HA G. [lycTh cymecTByeT mapa
(z,u) € CY([to, t1], RY) x C([to, 1], R%) Taxas, uro

D(x,u) = { (t,z(t),u(t)) : t € [to,t1] } C G.
[Monoxxum

U= {(z,u) € C*([ty, t1],R™) x C([to,t1],R®) : T'(x,u) C G }.
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Jlerxo mpoBepuTh, uTo MHOMECTBO OTKpHITO B C([tg, 1], R%). Onpene-
amm otobpawxenne F: U — C([tg, t1], R%®) no mpasury

F(z,u)(t) = f(t,x(t),u(t)),
KOTOPOEe HA30BEeM 0000wehtbim onepamopom Hemwviurozo.

CaenctBue 3. Obobuennoti onepamop Hemwviykozo F nenpepuisro
duppepenyupyem na U u

F'(@,u)(h(t),£(t)) = folt, z(t), u(t)h(t) + fult, x(t), u(t))S(t)
ona mobvix (z,u) € U, (h, &) € C([to, t1], RY) x C([to, t1],R%E) u t €
[to, t1].

Joxazameavcmeo. Hactnag npoussojgnas 1mo x orobpazkenus F', co-
[JaCHO mpeyoxkenuio 2, pasua f,(t, (1), u(t)). Ee nenpepoisnocts na
C([to, t1], R%) x C([to, t1], R%) BBITeKaeT W3 paBHOMEPHOI HEPEPHIB-
Hoctu f,(t, z,u) HA KOMIAKTe BUJA

Ky ={(t,z,u): t €[to,t1], |z —2(t)] < do, |u—1u(t)] < dp}

Tem cambiv ona HenpepsibHa u Ha C1([tg, 1], R%) x C([to, t1], R%).
YacTHas TPOU3BOAHAL 110 U TAKZKE HEIIPEPBIBHA B CIIY TeX YK€ MPUIHH.
[Tosromy 110 Teopeme o nosuom guddepennuare (reopema 8) orobpa-
xkenue F' nenpepoiBao Juddepentupyemo na U u cupaBejjiuBa COOT-
BeTCTBYIOIAst (DOPMYyJIa sl TPOU3BO/IHOIM. U

9. JIEMMA O IIPABOM OBPATHOM. TEOPEMA O HESIBHOW
®VHKIINU. TEOPEMA JIFOCTEPHUKA

Jlemma 1 (o mpaBom obparaom). ITyems X u Y — banazosv npo-
empanemea, A € L(X,Y) uImA =Y. Tozda cywecmeyrom omobpa-
owcenue R:Y — X u wonemanwma v > 0 maxue, wmo AR(y) = y u
IRW)llx <Allylly dan arwbozo y €Y.

Jlokasamenvemso. Tlo Teopeme Banaxa 06 0TKpbITOM 0TOOpazKeHUH |2,
crp. 243] muoxkectBo A(Bx(0,1)) otkpbito. OHO, OYEBHIHO, COMEPIKUT
HOJTb U TeM CAMBIM COJEPKUT HeKoTOpbiii map By (0,7), 7 > 0, T. e.
Juist Kaxkaoro z € By (0,7) naiigercs ssnement x(z) € Bx(0,1) rakoi,
gro Ax(2) = z. omoxkum R(0) =0, a ecm y # 0, 10

Collly [
Ry == aiv?) -

Torma AR(y) =y u [[R(y)llx <llylly, toe v = 2/r. O

Jlemma 2 (o 3amkHyTocTH 0Opasa). Ilyemv X u Y — Ganazoso
npocmpancmea, A € L(X,R?), B € L(X,Y), C: X — RIxY,
Cx = (Az,Bx) ulm B =Y. Toeda Im C — zamxnymoe noonpocmpan-
emeo 6 R x Y.
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Jlokasamenvemso. Tlyers (y,z) € cllmC n nycrs {z,} — mocmemno-
BareqbHOCTH B X Takas, 9ro y = lim, .o, Az, u z = lim,_,. Bx,.
[Monoxum h, = R(Bx, — z), e R — npasbiii obpatsbiii K B, Toraa
B(zy, — hy) = z. Tak kax ||h,||x = |R(Bzx, — 2)||x < || Bxn — z]y,
10 h, — 0 mpu n — oo u moyromy lim,,_,o, A(z, — h,) = y. Takum
0obpazoM, y IPUHAIIEIKAT 3aMBIKAHUIO 00pa3a MHOXKECTBA

X.={zeX:Br==z}

npu ortobpaxenun A. Ho A(X,) — mmmeiinoe muoroobpasme B RY u
TeM caMbIM 3aMKHyTO. Clle0BaTeabHo, CyIIecTByeT Takoe T € X, 4To
Br=zuy=Az,1.e (y,2) € ImC. O

Teopema 9 (OGobuIeHHAs TeOpeMa O HesiBHOM dbyHKIMH). [Tyems 3 —
monoaozuneckoe npocmpancmeo, X u'Y — 6aHaAT06bL NPOCMPAHCMEa,
U — oxpecmnocms mouku T € X, F: Ux X —-Y uo € X. Ecau

1) F(z,0) =0;

2) F nenpepweno 6 mouke (T,0);

3) F dugdepernyupyemo no x 6 mouke (T,0) u daa xascdozo € > 0
cywecmesyrom okpecmuocmu U(e) C U u V(e) mouek T u 0
maxue, wmo dasn ecex x,x’ € U(e) u o € V() sunoansemcs
COOMHOULEHUE

|F(2,0) = F(a',0) = Fo(Z,0)(x — 2') [y < ellz — 2/||x;
4) ImF,(x,0) =Y,
mo natidymes oxpecmuocmu Uy C U u Vy mouer T u 7, omobpasicenue

o: Uy x Vo = U u xonecmanwma K > 0 maxue, wmo F(p(x,0),0) =0
ul|lo(z,0) —z||lx < K||F(x,0)|ly daa scex (x,0) € Uy x V.

Jlokasamenvemeso. Obosuadnm g Kparkoctu A = F.(Z, 7). Tak kak
Im F,(z,06) = Y, To no jemme o mpaBoM obpaTHoM (Jemma 1) cy-
mecTByeT orobpaxkenne R: Y — X um kKonctanta 7 > ( Takue, 4TO
AR(y) =y u |R(y)lx <Allylly wrs Beex y € Y.

[Iycts €9 > 0 TaxoBo, ut0 0 = g9y < 1 mw U(egg) u V(g¢) — oKpect-
HOCTH TOYEeK T U 0, COOTBETCTBYIONHE € (13 (DOPMYIUPOBKU TEOpe-
mbl). Ilycre 6 > 0 makoe, uto Bx(Z,0) C U(gp). Boibepem okpect-
noctu Uy n Vp Tak, aro Uy C Bx(Z,0/2), Vo C V(ep) u upu srom
|F(z,0)|ly <0(1—80)/2y, ecu (z,0) € Uy x Vj.

[Iyctb (z,0) € Uy X V. PacemMoTpum o€ 10BaTeIbHOCT
(18) Ty =Tp1 — R(F(zy-1,0)), neN, xzy=u.

JlokazkeMm, 9TO 3Ta MOCAE0BATENBHOCTh NpHHALIEKRAT Bx(Z,0) u
dbynaamenTaabia. [leppoe jlokaszpiBaeM 1Mo UHAYKIMHA. ZlcHO, 9TO 2§ €
Bx(z,9). lycrb 2y € Bx(7,0), 1 < k < n. [Ipumensis Kk 06enm gactsam
(18) omeparop A, moJyaum

(19) ANzy, —xp 1) = —F(xH_1,0).
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Ncnonb3yst mocaenosarenbro (18), onenky st mpaBoro 06paTHOTO,
(19), ycioBue 3) TeopeMbl U 3aTeM UTEPHUPYs MPOIEAYPY, OyaeM uMeTh

(20) [|zns1 = allx S ANF (@0, 0)lly =F (20, 0) = F(@0-1,0)
— Ay =z )lly SOllzn — 2pallx <00 <021 — 7|

Hanee, o HepaBeHCTBY TpeyroabHuKa, (20), (18), ycaoBuio 2) TeopemMbr
U COIJIACHO ompeeseHnio okpecruocreit Uy u V), noaydaem, 4ro

21) Nznt1 —2llx < llwpm —2llx + [z — 2| x

< Nzntr — @allx + oo+ flon — 2llx + lz — 2l

<@+ D)o —2||x F e —Z|x

0 . b
< oNF o)y + e~ Flx < 5+ 5 =4,
T. €. Tpy1 € Bx(Z,0) u 3HAUAT, BCSI MOCI€I0BATEILHOCTD { T, } TIPUHAI-
aexur Bx(Z,9).
[MocaenoBarenbHocts {x,} dyunamentanpraa. JleiicrBuresnbHo, nc-

nonb3ys (20) m paccyzKmasi Kak B HPeJbIIYIeM HepaBeHCTBe, OyaeM
uMeTh JJid Bcex n,m € N

|Zntm — Tullx < | Tngm — Tngm—1llx + -+ [|Tns1 — Tnl[x <

n
1-46

[Monoxum ¢(z,0) = lim, o T,. 13 (21) caenyer, aro ¢(x,0) €
Bx(z,d8) € U. 3 ycaoBusi 3) Teopembl CJIeIyer, 9To JJIs KazKI0ro
o € Vpy orobpaxenne F(z,0) HernpepbiBHO Ha Uy, U TOrIA mepexost K
npeseay B (19) mpu n — oo, momydaem, uro F(¢(z,0),0) = 0.

B (21) mokasaHo, 4TO

B . 5
<O 40— alx < e — 2l < S0

g
lzn = 2llx < T I1F (@, o)y

[Tepexona 3mech K mpeaeay NpH n — 00, MPUXOAUM K HEPABEHCTBY
lo(z,0) — zl|x < K|F(z,0)|y, rae K =v/(1-0). 0

Pacemorpum cirydaif, Korma > COCTOUT U3 OJHOTO 3JIeMeHTa (3aBHUCH-
MOCTH OT Hero orMedarhb He Oyxem). Torma us Teopembr 9, paccmarpu-
Bast BMecTo orobpakenns F(x) orobpaxkenne F'(z) — F (), moaydaem

CanencrBue 4. Illycmv X u Y — 6anazxoswvs npocmpancmea, U —
okpecmmocms mowku T € X u F: U — Y. Ecau F' empozo dugppe-
peryupyemo 6 mouke T u Ilm F'(Z) =Y, mo natidemca oxpecmuocmo
Uy C U mouxu T, omobpascenue o: Uy — U u xonemanma K > 0
maxue, wmo F(p(x)) = F(Z) u [[¢(x) —z|x < K[|F(x) = F(Z)|ly dan
scex x € U.

[Tycte M — HemycToe MOAMHOYXKECTBO HOPMHPOBAHHOI'O ITPOCTPAH-
crBa X. DdmemenT h € X Ha3bIBaeTCsa Kacamesvhovim eexmopom x M 6
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mouke T € M, ecan cymectByior € > 0 n orobpazkenne r: (—¢, ) — X
takue, 910 T+th+r(t) € M nng seex t € (—e,e) u ||r(t)||x/t — 0, npn
t — 0. MHO>XKecTBO BCeX KacaTeJIbHbIX BEKTOpoB K M B Touke T € M
oboznagaercs depes3 15 M.

Teopema 10 (Jlrocrepuuka). [Tycmo X, Y — 6anaxosw npocmpar-
cmea, U — oxpecmnocms mouku T € X, omobpascenue F: U —Y —
cmpozo dugpepernyupyemo ¢ T, ImF' () =Y uM ={z €U : F(z) =
F(Z)}. Toeda T3 M = Ker F'(7).

Joxazameavemeso. 1lycts h € T3 M u r u3 onpejeeHns KacaTeabHOTO
BekTopa. Torma Beaencrsue guddepennupyemoctu F' B TOYKe T nMeeM

0=F@+th+r(t)— F@) =tF(Z)h+o(t),
oTKyna (menst Ha t W mepexos K mpefeay npu ¢ — 0) ciaemyer, 9To
h € Ker F'(Z).

O6parno, nycrs h € Ker F'(Z). Orobpaxenne F(x) ymoBiaeTBopser
yesoBuaM caeactbus 4. CiieoBaTe/bHO, HAMIeTC TaKasd OKPECTHOCTD
Uy € U roukn T, orobpaxenue p: Uy — U u koncranta K > 0,
vascue, 410 F(p(z)) = F(3) u |(2) — 3)x < K|[F(z) — F(@)y anm
Beex x© € Up. Tlycrb € > 0 TakoBo, uro T + th € Uy nupu t € (—¢,¢).
[Monoxum r(t) = (T +th) — T —th. Umeem F(Z+th+r(t)) = F(Z) n
Ir(®)llx < K|IF@+th) = F@)lly = K[tF'(@)h+o(t)lly = Kllo(t)[ly,

T. €. h — KacaTeJbHbIl BEKTOP. Il

10. TEOPEMBI OTAEJIUMOCTU. JIEMMBI OB AHHYJISITOPAX

[Iyctb A m B — HemycTble TOIMHOXKECTBA HOPMHUPOBAHHOIO IIPO-
crpanctBa X. ['oBopgar, uTo HenyreBoit pyHkImonar x* € X* omdensa-
em mmoncecmea A u B, ecyin

* < : * .
i‘éE@ ;) < inf (2, 2)

Ecin HepaBeHCTBO CTPOroe, TO FOBOPAT, 9TO ¥ cmpozo omdeasem A u
B.

Ilycts uncio v € R takoBo, 4TO

sup(z*, x) <~ < inf (z*, ).
zEA zeB

Torma, reomerprdeckn, OTAEJIMMOCTb MHOXKECTB A 1 B 03Ha4YaeT, 410
OHHU PACHOJIO?KEHBI 0 Pa3Hble CTOPOHBI OT I'MIEPILIOCKOCTH

{xreX:(z"z)=~}.

HanmomuuM GOpMyJIHPOBKY TepBOH T€OpeMbl OTIEJUMOCTH (CM. |2,
crp. 243]).
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Teopema 11 (Tlepsast Teopema ornesumoctn). ITyecmo A u B — neny-
cmole BLNYKABLE NOOMHONCECTNGA HOPMUPOBAHHO20 NPOCMPAHcmea X ,
npuvem int A # 0 v BNint A = 0. Toeda mnooscecmea A u B omade-
AUMDL.

Orcioga ciaemyer

Teopema 12 (Bropast reopema oraenumoctn). Ilyecms A — nenycmoe
BAMKNYMOE BHINYKAOE NOOMHONCECTNBO HOPMUPOSAHHOZ0 NPOCTNPAH-
ecmea X u T ¢ A. Toeda mmooicecmea A u T cmpozo omdeaumo.

oxazameavemeo. Tak Kak A 3aMKHYTO, TO JOIMOJHEHHE K A OTKPHITO
U MOITOMY CYIIECTBYeT Takoe r > 0, 9To OTKpBITHI map By (T, r) me
nepecekaercd ¢ A. Torma o nepsoii TeopeMe OTIEIUMOCTH CYIIECTBYET
HenyJsieBoit pynknuonas r* € X* rakoii, 4ro

sup{z*,z) < inf (2", x).

€A x€Bx (Z,r)
Ho

inf (2%, 2) < (2", 7),
xGBX(i‘\,r)< > < >

TaK KakK HEHYJIeBOIl JIMHEeHHBII HenpepbiBHbIN (DyHKIHMOHA HE MOZKET
JIOCTUTATh TOYHON HUKHEl rpaHu BO BHyTpeHHel Touke. Crie0Bare ib-
HO, MHOYKeCTBa A W T CTPOro OT/IeTHMBI. U

[Iycth L — moanmpocTpaHcTBO HOPMHUPOBAHHOI'O IIPOCTpPaHCTBa X .
MuozkecTBo

Lt={s"e X" :{z*2)=0,VoecL}

HasbIBaeTca anmyasmopom L. Jlerko supern, uro LT — 3aMKHYyTOE
IMOAMPOCTPAHCTBO B X ™.

JIemma 3 (o HeTpuBHaTbHOCTH aHHYAATODA). [Tycmo L — 3amrHnymoe
noONPOCMPAHCMBO HOPMUPOBAHHO20 Npocmparcmea X, e cosnadaio-
wee ¢ X. Toeda L+ codeporcum nenyaesoti anemenm.

Jlokazamenvemeo. Taxk xkak L # X, 1o cymecrByer T ¢ L. Muoxkecrso
L, 04eBUIHO, BBIMYK/IO U 110 YCJAOBHUIO 3aMKHYTO, MIO3TOMY IO BTOPOIi
TeopeMe OTIENTUMOCTH HalijieTcd HeHy/1eBoil dpyukimonan r* € X* Ta-
KOil, 9T0
* * N

(22) sup(z*,x) < (2", ).

z€L
Torga z* € L. Jleiicturennro, eciu (z*, 1) # 0 1 HEKOTOPOTO
ro € L, 7o Tak Kak axg € L ama gobdoro a € R, Mbl nmeem

sup(z*,z) > sup(a*, azo) = sup a(x*, o) = +00,
zeL a€cR a€R

9TO HPOTUBOPEUHT (22). O

Jlemma 4 (06 anmyaarope siapa). [Tyemsv X u Y — 6banaxosv npo-
cmpancmea, A € L(X,Y) ulm A =Y. Toeda (Ker A)t = Im A*.
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Joxasamensvcmeo. Tlycts x* € Im A*. Torma x* = A*yx, e yx € Y.
s smoboro x € Ker A nmeem

(2%, x) = (A", 2) = (y", Az) = 0.

Tem cambim z* € (Ker A)*.
[Iycrs 2* € (Ker A)+. O6pas onepatopa M: X — R x Y,

Mz = ((z*,x), Azx),

3aMKHYT T10 JIeMMe 0 3aMKHYTOCTH oOpasa (JeMMa 2) U He COBIaIaeT ¢
R x Y, tak kak (1,0) ¢ Im M. CrenoBaresbHo, 10 JleMMe O HETPUBH-
ALHOCTH AHHYJIATOpA (JIeMMa 3) CYIIeCTBYeT HEeHyJIeBOi (byHKIMOHA
(a, y*) € R x Y* rakoit, aro

alz*, z) + (y*, Ax) = 0

g Beex ¢ € X. [Ipu atom o # 0, u60 B TPOTUBHOM cIydae (pyHKIINO-
a1 y* ObLT OBl HyJIeBbIM B cuity Toro, o Im A =Y. Takum obpaszom,

(" +a TA*y 1) =0
s Beex x € X. CraemoBaTebHO,
¥ = A*(—aly*) € Im A*.
O

11. TIPABUJIO MHOYKUTE/IEN JIATPAHYKA JIJIsT DJIAJKUX 3AJAY
C OPPAHUYEHUSIMU TUIIA PABEHCTB

[Iycte U — OTKpBITOE HMOAMHOYKECTBO DaHAXOBa MpocTpaHcTBa X,
f:U—=RuF:U—=Y, e Y — 6aHaX0OBO IPOCTPAHCTBO. 3a1ady

(23) f(x) — extr, F(x)=0,

HA3bIBAIOT 3adavel ¢ oepanuvenuamy muna pasencms. Ecan dyuknms
f m orobpazxenune F 00/1a1a10T HEKOTOPOH T/IAIKOCTHIO, TO TOBOPST O
2A00%K00 3a0aMe € 02PAHUMENUAMUY TMUNG DABEHCMSE.

Conocrasum 3a1aue (23) dynryuro Jlazpanorca

E(ZE, )\an*) = )‘Of(x) + <?J*7F(37)>a
rae A\g € R u y* € Y* naspiBaorcs muoocumenamu Jlazpanorca.
Teopema 13 (IIpasuio muoxuresneii Jlarpanxa). Ecau T € U — s0-
KaavHul axempemym 6 3adaue (23), dynkyus [ — duddepenyupyema
6 T, omobpascenue F' — cmpoeo dudipeperyupyemo 6 T u Im F'(T) —

3amrHymoe nodnpocmpancmso 6 Y, mo Hatidymcs, He pasHvie 00HO-
BPEMEHHO HYM0, MHodtcumeny Jlazpanorca Ny u y* maxue, 4mo

(24) L.(Z, o,y ) =0 <  Nf'(Z)+ (F'(Z)y*=0.
EcauIm F'(Z) =Y, mo Ay # 0.
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Joxazamenvcmeo. Pacemorpum cnadana ciydaii, korga Im F'(7) = Y.
[ycrs h € Ker F'(Z). Orobparkenune F' yIoBIETBOPSIET YCJIOBHIM TEO-
pembl Jlrocrepruka (Teopema 10) u mosromy h € Tz M, 1. e. cyiiecTBy-
ot ¢ > 0 u orobpazkenne r: (—e,e) — X Takue, uro F(T+th+r(t)) =
0 nia t € (—e,e) ur(t) =o(t) upu t — 0. Takum o6pazoM, 1eMeHTHI
TH+th+r(t),t € (—e,¢), nomycrumbl B (23) 1 TaK KaK T — JIOKAJbHbIH
3KCTPEMYM B 3TOH 3aja4e, TO

f@E+th+r(t) = f(@) =t(f'(Z),h) +oft)

COXPaHsIeT 3HAK JIIsl JIOCTATOYHO MaJibiX t. Jlejist nocJie/inee cOOTHOIIe-
Hue Ha t > 0 u ycrpemutsis t K Hysto, noiaygaem, 9to (f'(Z), h) coxpa-
Hger 3HaK. Ho h — mpoussosbubiii snement u3 Ker F'(Z) n nosromy
(f'(z),h) = 0 naa moboro h € Ker F'(Z), r. e. f'(T) € (Ker F'(Z))*.
Corusacro Jemme 00 anuyasitope sapa (memva 4) f'(Z) € Im(F'(Z))*
U, CJeJ0BaTeJIbHO, CYINecTBYeT (GyHKIMOHAT y* € Y™ Takoii, 4TO
(@) = —(F'(2))*y*, wm f'(Z) + (F'(Z))*y* = 0. Tem cambim pa-
BeHCTBO (24) ¢ \g = 1 goKasaHo.

[Iycts tenmeps Im F'(Z) # Y. Tak Kak mo yCJOBHIO TOIIPOCTPAH-
crBo Im F”(Z) 3aMKHYTO, TO 110 JIeMMe O HETPUBHAJIBHOCTH AHHYJISITO-
pa (slemma 3) cymecTByer Heny1eBoil yHKIMOHAT ¥* € Y* Takoii, 4To
(y*, F'(Z)x) = 0 s moboro x € X, 1. e. (F'(Z))*y* = 0. D1o qoKa3pi-
BaeT yTBEPIKJIEHWe TeopeMbl B pacCMaTpuBaeMoM ciaydae ¢ A\g = 0. [

Paccvorpum wacTHBIH caydait zagaam (23), korma X = R4 Y =
R%_ a orobpaykenme F 3amaercd QYHKITAMH fi: R® — R, j =

L....do, . e. Fx) = (fi(),..., fs,(2))T, x € R®. Takum obpasom,
PacCMaTpPHBAETCS 3271498

(25) folx) = extr, fi(x)=0, j=1,...,ds.
[lockombKy JuHefiHble (GYHKIUOHATH Ha RY  gapidioTcs BeKTOp-
crpokaMu (A1, ..., Ag,), TO dynknus Jlarpanzxa 3agaaun (25) 3anuchl-

BaCcTCd B BHJEC
da
,C((ﬂ, /\) = Z )\jfj(l’),
7=0

rae A= ()\0, )\1, R 7/\d2)-
Kiaccuyeckum mnpasusiom MHoxkuTesieit Jlarpanzka juist rjiajkux Ko-
HEYHOMECPHDLIX 3aJa4 ABJIACTCA CJaeAylomee YTIBEep2KACeHue.

Teopema 14 (IIpauao muoXkuTesneii Jlarpanka B KOHETHOMEPHOM
caydae). Ecau T — aokasvhudd sxkempemym 6 sadave (25), dynrxyus
fo duddepernyupyema 6 T, a pynwrsyuu f;, j =1,...,ds, cmpozo dugh-
deperyupyemvr 6 T, mo HaUdymca, He pasHble 00HOBPEMEHHO HYAIO,
muoorcumenu Jlazpanoca \o, A1, . .., A\g, maxue, ¥mo

da
L(ZN) =0 & D Nfi@) =0.
j=0
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Ecau sexmopu f1(T), ..., fi1,(T) aunetino nesasucumo, mo Ao # 0.

JlokazareabeTBo cpady Cjeayer Hu3 NpeabLAyliell TeOpeMbl, €C/u
Y4eCThb, 9TO MOAIPOcTpancTBo Im F'(T) KOHEYHOMEDHO U MO3TOMY 3a-
MKHYTO, & JInHeiiHasg He3aBHCHMOCTh BeKTOpOB f1(Z),. .., fi,(Z) sxBu-
BastenTHa ycuaosuio Im F'(7) =Y.

[IpuBesem mpuMep, MOKA3BIBAOIIUI, 9TO ¢ A\g # 0 IPaBHIO MHOXKH-
Teseit Jlarpanzka MOXKeT He BBINOJTHATHCsI. PaceMoTpum 3aady

Ty — min, 2} — 25 =0.
Brech dy =2, dy = 1, fo(x) = 21, fi(w) = 2} — a3,
ﬁ(l‘, )\0, )\1) = )\0!]]1 + )\1(1’? — l’%)

HerpynHo y6eautbest, aro Touka T = (0,0) SBISETCS TOYKOR MUHIMY-
Ma B paccMaTpuBaeMoil 3asade. B cuy Toro, 9To

Ex(O, )\0, )\1) - ()\0,0) - O,

Ao HEe MOXKET OBITh OTJIMYHBIM OT HYJIs.

12. YCaA0BUS 9KCTPEMYMA BTOPOTO MOPSIAKA 17151 TJIAJKNAX
3ATIAY C OPPAHUYEHUSIMU TUIIA PABEHCTB

Teopema 15 (HeoGxomnmple yCaoBusi 9KCTPEMYMa BTOPOTO TOPSIIKA) .
Ecau T — aokanvnoitd munumym (makcumym) 6 sadaue (23), dynruyua
[ u omobpastcernue F deaotcov duddepenuyupyemn 6 T uIm F'(Z) =Y,
mo Hatidemes muoocumens Jlazpanorca y* € Y™ maxoti, wmo

(26) Lo(Z,Ly) =0 <« [f(@)+F @)y =0
u o ecex h € Ker F'(7)

(27)  Lox(7,1,y%)[h, h] = 0 (< 0)
& U@ b+ (7, F(@)[h, h]) 2 0 (< 0)

Joxazameavemeo. 3 nBaxkapl guddepeHimpyeMocTu 0ToOpakeHust
F' B TOuKe T ciemyer HempepbiBHOCTH V' B TOouke T. B cumy mpeiozke-
nug 1 orobpaxkenue F' siByigercs crporo auddeperiupyembiM. 1loaTo-
My coorHotenue (26) cpasy caeayer u3 (24).

Hoxkazxkewm (27). Ilycrs h € Ker F'(Z). Orobpazxenne F yaoBaeTBopsi-
er ycaoBusiM TeopeMbl Jlocrepruka (Teopema 10) u mosromy h € TaM,
T. e. cymectByor € > 0 u orobpaxkenue r: (—e, ) — X Takue, 4ro
F@+th+rt)=0mqmte (—e,e)nr(t)=o(t) uaput — 0. Ecin &
— JOKaTbHbI MuHUMYM, TO f(Z + th + r(t)) > f(Z) maa gocrarodsro
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mastbix t. Tenepn 1o dopmyse Teiinopa nveem (yanrsiBast (26)

0< f(@+th+rt)— f(@)=LT+th+rt),l,y")—L(~Z, 1,y

1
= §£m(£, Ly*)[th +r(t),th +r(t)] + o(t?)
t2
- ELM(E, Ly [h, h] + o(t?),
OTKyIa caeayer (27). O

Teopema 16 (/locrarodnbie ycaoBust IKCTPEMyMa BTOPOTO MOPSIKa B
3a/1a4e ¢ OrpaHNIeHUsIMU THIIA paBeHCTB). [Tycmo 6 sadaue (23) Pyrk-
yua f u omobpasicenue ' dsascdvr duddeperyupyemor 6 donycmumoti
mouxe T u Im F'(Z) — samrnymoe nodnpocmpancmeo 6 Y. Tozda ec-
AU Hatdymea muootcumens Jlazparorca y* € Y* u wucao o > 0 makue,
YMo

(28) L.(Z,1,y")=0
u npu ecex h € Ker F'()
(29) Loa(,1,y7)[h, ] = ol bk (< allhl%),

mo T — A0KaAvHul Munumym (makcumym) 6 sadaue (23).

Jlokazamensvcmeo. Pacemorpum  orobpaxkenue G: X —  Im F'(Z),
onpenesnennoe mo dopmyrne G(z) = F'(Z)x. dna wero, oueBmiHO,
BBITIOJTHEHBI YCJIOBUSA CIEACTBHAS 4, COTJIACHO KOTOPOMY CYINECTBYIOT
OKpecTHOCTH Uy TOYKH HOJIb, oToOpazkenue ¢: Uy — X u KoHCTaHTa
K > 0 Takme, 910

(30) F'(@)(p(x)) =0
(31) lo(z) —zllx < K||F'(2)z]y

s Beex x € U,

MOXKHO CYATATh, YTO B JIIOOOH OKPECTHOCTH T €CTh JIOMYCTHMBIC B
(23) TOUYKH (T.K. H30TMPOBAHHAS TOUKA ABTOMATHICCKH SIBIISICTCS U JIO-
KAJbHBIM MHHAMYMOM, U JIOKAJBHBIM MakcuMyMmoMm). Ilyers o € Uy u
T+ x — gomycTuMblii anement B 3agade (23). Torma o dhopmyste Teii-
J0pa

0= F@E+2) = F@)+ 3 F'@)r, ] + o Jal}3).

OTCIOJda cJjgaeayer, 4TO AJid JOCTATOYHO MaJIbIX X CIIpaBed/JIMBO HEPDaBEH-
CTBO

- 1 .
IF @l < (SIF/@]+1)
a Torma u3 (31) moaygaem, 4To

le(z) = zllx <Al
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rae v = K(||F"(z)]|/2 + 1). CnenoBaresnpHo,
le(@)llx < llzll +vl2l% = @ +Allzlx)llzlx.

Cumnrast, uro ||z||x < 1/7, uMeeMm Tak:Ke ONEHKY

le(@)llx = llzllx = [le(z) = 2llx = (1= llzlx)lzllx.

O6osnauast, qys kpatkoctu, L(x) = L(z,1,y*), caoa o dbopmyre
Teiinopa moaywaem (yuntbiBasg (28) u TO, 4TO T + & — JAOMyCTHMAs
TOYKA)

f@+)=f(7)+ %L”(f) [z, 2] + o(||z[I%)-

Orciona, noaarast B = ||[L"(Z)]|, yaursiBas, aro ¢(x) € Ker F'(T) co-
riaacuo (30), mOIyYeHHBIE BBHINIE ONEHKH, W CYUTAsl, YTO BBIIOJTHEHO
mepBoe U3 HepaBeHCTB (29), GygeM UMeTh

FE+a)~ (&) = 5L'@)e() —p@) +, () —o(x) +a] +o(l2l%)
= (@), 9(@)] - 2L @) — 7. 9(a)]

+ L' (@)](r) — 2, o(x) — 2]) +o([l2]%) > %(allw(fv)lli
—2Ble(@)|xlle(@) — zllx — Blle(z) — zl%) + o(llz]%)
> %Hxllﬁc(a(l —zllx)* = 2Byllzllx (1 + yll2x)

— By |ll%) + o(ll=[%).
Herpyano ybeauTbesi, 4TO BbIpakKeHHe CIpaBa HEOTPUIATEJNbHO JJIs

JOCTATOYHO MAJbIX T U MO3TOMY T — JIOKaJbHBIH MuauMyM. Ciydaii,
KOTJIa BBITIOJIHEHO BTOPOE W3 HepaBeHCTB (29) mccienyercs aHaJIornaHo.

g

13. IVIAJIKME BAJIAYM C OIPAHUYEHUSIMU TUIA PABEHCTB U
HEPABEHCTB

[Iycth U — OTKpBITOE MOAMHOXKECTBO DAaHAXOBa MpOoCTpaHcTBA X,
fi:U—=R j=01...,muF:U =Y, tge Y — 6anaxoBo 1mpo-
CTPAHCTBO. 33129y

(32) fo(z) = min, f;(z) <0, 1<j<m, F(z)=0,

HA3BIBAIOT 3a0a4et] ¢ 02PAHUMEHUAMU TUNG PAGEHCTE U HEPAGEHCTE.
Ecim dynknuu f;, j =0,1,...,m, u orobpazkenue F 06/1aJal0T HEKO-
TOPOH IMIAJKOCTBIO, TO TOBOPAT O 24adk0l 3a0aue ¢ 02PAHUMEHUAMU
MUNG PAGEHCTNE U HEPAGEHCE.

Conocrasum 3a1aue (32) gynryuro Jlaepanorca

Lz, Ny ZAJ‘] F(z)),
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e A = (Ao, Aoy Am) € (R™ w y* € YV*. Ynena Ay, j =
0,1,...,m, u GyHKIUOHAJT Y* HA3BIBAIOTCA MHodHcumenamu Jlazpan-
atca.

Teopema 17 (IIpaBuio mHoxkHUTesel Jlarpanzxka B 3aja4e ¢ OrpaHU-
YEeHUSIMU THIA PABEHCTB M HEPABEHCTB). Fcau T — A0KaAHOLT MUHU-
mym 6 sadaue (32), dynwyuu f;, j = 0,1,...,m, duddepenyupyemo
6 T, omobpasicernue F' cmpozo dugdepenyupyemo 6 T u Im F'(T) — 3a-
MEHYMOe nodnpocmpancmeo 6 Y, mo Hatldymesa makue MHOHCUMEeN
Jazparnoca Ao, A, ..., Ay U Y*, HE PaBHBIE HYAIO 00HOBPEMERHO, OAA
KOMOPHLL BHINOAHEHBL YCAOBUS

(@) Lo(T, A y7) = 0 & YT N f@) + (F(@)y" = 0 (yeaosue

CMAYUOHAPHOCTU) ;
(b) A\; >0, 7=0,1,...,m (ycrosue HeOMpuyaMesLHOCMAL);
(c) N\ifj(Z) =0, 5=1,...,m (ycaosue donoanaroued nestcecmroc-
Ecau Im F'(Z) = Y wu cywecmeyem eexmop h € Ker F'(T) maxot,

umo (f;(Z),h) <0 dan ecex j € Jo={j: f;(Z) =0, 1 <j<m}, mo
Ao # 0.

Jlokaszamenvemeo. 3aMeTuM CHadasla, 9TO yTBEpXKIeHHe (C) MOXKHO
CYNTATH BBINOJHEHHBIM BCerja. B caMoM jese, oTOpOCHM T€ OTpaHu-
JeHUs CPeu HepaBeHCTB, 11 KoTopuix f;(Z) < 0. Torma T 6yaer Jo-
KaJIbHBIM 9KCTPEMYMOM H B HOBO# 3a1aue. Ecim g 910l 3a1a4u J10-
KazaHbl yTBepKaenus (a) u (b), To (¢) BBIIOJHSAETCS ABTOMATHYECKH.
JononuB HaiinenHbli HAOOP MHOXKUTEeH JlarpaH:ka HyJIeBBIMA KOM-
IOHEHTAMH, COOTBETCTBYIOMIUMHE TeM HoMepaM, rje f;(Z) < 0, nosyaum
yrBepxkaenus (a), (b) u (¢) AIs WCXOMHON 3a1a49M.

Kak u B jloKazareabcrse npasuia Muoxkureseil Jlarpamxka jys 3a-
JIa9H ¢ OrPAHAYEHUSME THIIA PABEHCTB PACCMOTPUM OTACABHO JIBA CJIYy-
qasl.

A) Beipoxaenusiii cayqait: Im F'(Z) # Y. 3nech, dakruygecku, 1mo-
BTOPSIETCH JI0OKA3aTeIbCTBO NpaBuia MHOKUTe el Jlarpan:xka J/isl Bbl-
POXKJIEHHOI'O CJydas B IJIAJIKOHW 3ajade ¢ paBeHCTBaMH. B cuiy To-
ro, 9To ToAnpocTpancTBo Im F'(T) 3aMKHYTO, 1O JleMMe O HETPHUBH-
AJIBHOCTH AaHHYJIITOpa (JleMMa 3) CyIecTBYeT HeHyIeBOH (hyHKIHO-
Hai y* € Y* rakoit, uro (y*, F'(Z)x) = 0 pua awboro z € X, 1. e.
(F'(Z))*y* = 0. Ocraerca nosoxurs A\; =0, j =0,1,...,m.

B) Hesbipoxkaennsiii cayqait: Im F'(Z) = Y. Pacemorpum mMuOXKe-
CTBO

C = { (1os ft1, - - flm, y) ER™ XY 1 Jz € X @ pyj > (fi(@), ),
j=0,1,...,m, y=F'(Z)z}.

Ouesnno, uro C' — BeIIyKI0e MHOXKeCTBO. Jlokazxkem, aro 0 ¢ C.
[Ipemmonoxkum, aro 0 € C. Torma cymecTByer Takoe rg € X, 49TO
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(fi(Z),20) < 0,5 =0,1,...,m,u F'(T)xo = 0. [To Teopeme Jliocrepnnu-
kKaxg € TzM,tme M ={zx e X : F(zx)=F() =0}, e cymecrByior
e > 0 u orobpaxenue r: (—e,¢) — X Takue, uro F (T +txg+1r(t)) =0
1 Beex t € (—e,¢e) u ||r(t)||x = o(t) npu t — 0. B cuny auddepen-
nupyemoctu byukuuii f;, j =0,1,...,m, B Touke T nMeeM

[i@ + two + (1) = f;(@) + (f5(Z), o)t + o(t) < f3(Z)

JUIS IOCTATOYHO MaJibix t > (. DTO 3HAYMUT, YTO JJid TAKUX { TOYKH
T+ txg + r(t) ponycrumbl B 3agade (32), a 3Havenne dyHkiunonasa fo
Ha HUX MeHbIe, yeM fo(7), B MpOTHBOpEUHe C TeM, 9TO T — JIOKATbHBIH
muaIMYM. Utak, 0 ¢ C.

[Tokazkem Tenepnb, uro int C' # (). PaccMOTpuM MHOZKECTBO

CO:{(/LU7M17"'7Mm7y)6Rm+1XY:Mj>d, jZO,l,...7m,
y € F'(@)(Bx(0,1)) }, d= max [fj@)]

0<j<m

[To Teopeme Banaxa 06 OTKpbITOM oTOGpazxkenun [2, crp. 243|
muoxkectBo F'(7)(Bx(0,1)) orkpsito. Tem campim Cj — OTKDBI-
Toe MHOXKecTBO. Ilokaxkem, uro Cy, C C. [leiicTBuTe/bHO, TyCTh
(tos f1s - -+ by Y) € Co u x € Bx(0,1) rakoe, uyro y = F'(x)z. Torga
pi > d > (fj(x),z), j = 0,...,m, u snauur, (fio, fh1,- - fim,y) € C,
T. e. int C # ().

B cmiy mepBoii Teopembl orieauMocTH (TeopeMa 11) MHOXKeCTBO

C' MOKHO OTJeJIUTh OT HyJd, T.e. HaiijeTcd HeHyseBoil pyHKIHOHA
Aoy ALy -+ s A, ¥) € (R™H* X Y* Takoit, uto

(33) > Npi+ W y) =0
7=0

AT BCEX (/1’07/'1’17 ey My y) eC. Ha60pbl (,u07 K1y -e sy s O)? rae [y >
0,7 =0,1...,m, upunaymiaexkar C' (#ago B3a1h x = 0). [logcraBiuss
ux B (33), nosydaem, 4ro

> Ay =0
=0

a1 Beex p; > 0, 7 =0,1..., m. OTciona BRITEKAaIOT HEPABEHCTBA \j >
0,7=0,1...,m, u yrBepxKaenue (b) TeOPeMbI JOKA3AHO.
s moboro x € X u Joboro € > 0

(fA@),x) +e,... . (f @), z)+e F(@)z) € C.

13 (33), moaygaem, 9to

m m

D oN@E) @) + (0 F @) 2 —e Y Ay

j=0 Jj=0
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B cuity npou3BONBHOCTH € JieBasi 9acTh 3TOTO HepaBeHCTBa (KOTOpas
ecTh JUHEHbIH (DYHKIMOHAT) HeoTpunaresbHa Ha X W 3HAYUT, OHA
paBHA HYJIIO, & TO PABHOCHIBHO YTBEPKICHHIO (@) TEOPEMBI.

JokazkeM TocsiesiHee yTBepzKIeHre TeopeMbl. IlyeTh BHIIIOTHEHDI ero
npejnoyoxenus u Ay = 0. Eciu mpu vekoropom 1 < j < m, f;(Z) # 0,
To U3 ¢) caenyer, uto A; = 0. Tem cambiM u3 (a) BBITEKAeT, YTO

SN @), B =0

J€Jo

B cumy b) u Toro, uro (fj(7),h) < 0, j € Jo, momyqaem, ato \; = 0,
j=0,1,...,m. CrenoBarenbno, u3 a) Boirekaer, 4ro (y*, F'(T)x) =0
aist Beex ¢ € X. Tak kak Im F'(Z) = Y, 1o (y*,y) = 0 npu Bcex
y €Y, re. y* = 0. DT0 IPOTHBOPEUNUT TOMY, ITO HE BCE MHOKHUTEIN
Jlarpanzka paBHBI HYJIIO. O

14. BBIOVKJ/BIE 3AJTAYN BE3 OTPAHUYEHU.
CYBAU®OEPEHIINAJ. TEOPEMA DEPMA

IIycre X — BemmecTBeHHOe JHHeiiHOe mpocTpancTBo  f: X — R =
R U {+00}. Muoxecrsa

domf={zxeX: f(zr) <40},
epif ={(r,0) e X xR:a> f(x), z €dom f }

HA3BIBAIOTCS COOTBETCTBEHHO IPPeKMmUSHbIM MHOHCECMEOM U HAD2Pa-
durom (wmu snuzpagom) Pynryuu f. OyHKIMIO [ HASBIBAIOT COO-
emeennoti, ecima dom f # (.

J1s1 371eMeHTOB paCITUperHoi IpsMoil canTaercs, 910 a + (+00) =
+00 ans Beex a € R, a - (+00) = +o0, ecim a > 0, 0 (+00) =0 u
400 + (4+00) = +o0.

®yukmua f: X — R masbiBaercs swnykaol, ecin ee maarpadux
BBITTYKJI0€ MHOXKecTBO B X X R. Herpyano npoBeputh, 4T0 (QyHKINSA
f BBIIYKJIA TOT/Ia M TOJBKO TOTJA, KOIJA JiJisd JIOOBIX X1,Ty € X H
sgo6oro 0 < a < 1 BBINOJIHSIETCS HEPABEHCTBO

f((1—a)ry + azy) < (1 —a)f(z1) + af(ze),
KOTOpoe Ha3bIBaeTCd Hepa@eHcmGOM I;IGHCCGHG.

Teopema 18. Ilycmo X — aunetinoe HOPMUPOBAHHOE NPOCTPAHCMEO
u f: X = R — dsaoscov duddepenyupyema na X. Toeda f — svinyk-
aaa Pynryus moeda u moavko mozda, xozda f"(x)lh,h] > 0 das scex
re X uscexrhelX.

Jokxaszameavcmeo. Ilycts f — Beinyknas dyskmus. [Ipesmonoxum,
uyro cymecrsyer x € X u h € X taxme, aro f’(x)[h,h] < 0. Io
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dopmyse Teitmopa aast t € R umeem
2
P+ th) = £(x) + £ @)t + ()b B+ olf?),

o —th) = Fla) — F@ht + ) h) + o).
Orcrona, cKIaabIBast 3TH PABEHCTBA, MOJIYYaeM
flx+th) —2f(x) + f(z —th) = f"(x)[h, h]t* + o(t?).
CreoBaTeIbHO, TIPU JOCTATOTHO MAJBIX ¢
f(x +th) —2f(zx) + f(x —th) <0,

YTO MPOTUBOPEUINT BBIMYKIOCTH f.
[Iycte reneps f”(x)[h,h] > 0 mag Beex @ € X u Becex h € X. g
IPOU3BOJIBHBIX 1, Ty € X paceMoTpuM (DYHKIIUIO

F(t) = f(z+t(xe — 21)) — flzr) — t(f(z2) — f(21)).
Nmeem F(0) = F(1) =0,
F'"(t) = f"(x1 + t(z2 — x1)) w2 — 21, 22 — 1] > 0.

[Ipeanonoxkum, ato mpu Hekoropom t € (0,1) F(t) > 0. Torma naii-
nercs Touka to € (0,1), B kKoropoit dyukiusa F Gyger J0CTUTATh MaK-
cumasbHOro 3Havenus u, 3naunt, F'(ty) = 0. [ockosbky F”(t) > 0
upu Beex t € [to, 1], To F'(t) > 0 npu t € [ty,1]. Tem cambiv byHK-
st F' we yObiBaer Ha orpeske [to, 1], a snaunt, F'(1) > 0. TToay4uenuoe
npoTuBopedne nokaswiBaetr, 4to F(t) < 0 mas seex t € [0, 1]. Takum
obpaszom, Jyist Beex ¢ € [0, 1] copaBeyinBo HEPABEHCTBO

(1 =t)xy +tag) < (1 —1t)f(x1) + tf(xs),

YTO M O3HAYAET BHIMYKJIOCTH (DYHKIHH f. U

IIycts X = R%u f: R? — R. Ecou f — nBaxxapl auddepeHmpyeMa,
to f"(x) — reccuan f B Touke x (cM. (8)).

Caencteue 5. Ecau gynxuyus f: R — R deascdw duddepenyupyema
na R, mo ona asaaemca evnyxaoti 6 Mom, U MOALKO 6 MOM CAYYGE,
eCAU ee 2eccuah 8 A0000 mouke r € X ydosaemeopaem ycao8u0

KT f"(x)h > 0

onsa scex h € X (mampuya 2eccuana 6 m060t Mouke AGAAECMCA HEOM-
PUYAMENLHO Onpedenetnol).

[lycte X — nwmreiliHOE HOpMHPOBaHHOE mpocTpancTBO, f: X — R,
T € X u dyukuus [ koneuna B Touke T. Cybduddeperyuanom dymr-
yuu f 6 mouke T HA3BIBAGTCS MHOYKECTBO (BO3MOXKHO IYCTOE)

of(x)={z" e X*: f(x) — f(Z) > ("2 —2), Ve € X }.
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Crenyroree mpeioyKeHne MOKA3bIBaeT, 9o cybauddepennnan mo-
CTATOYHO €CTECTBEHHOE ODOOIIeHNEe MOHATHSA TPOU3BOIHON HA BBHITTYK-
Jible (DYHKITUH.

Ilpensoxkenune 3. Ilycmoe X — aunedinoe HOPMUPOBAHHOE NPOCTPAH-
cmeo u f: X — R — sunykaran pynryua, duddepenuyupyeman 6 mou-

ke T. Toeda Of(T) = {f'(Z)}.

Loxazameavemso. Ilycts x € X. s jgwoboro 0 < a < 1 umeem 110
HepaBeHCTBY lleHccena

f(1=a)z+az) < (1-a)f(@)+af(z),
OTKY/Ia
f@+alz-7)) - f(Z) < alf(x) - f(2)).

B cuny quddepennupyemoctn Gynkuun f B TOUKE T HMeeM

a(f'(@),z = Z) + o(a) < a(f(z) — f(7)).
Coxkpamas Ha « U mepexond K mpeaeay npu « — 0, mogydaem, 9To
f'(@) € 0f (7).
O6parno, ecin z* € Jf(T), To ana moboro x € X u mwbdoro t > 0
umeem f(x +tx) — f(Z) > t(z*, z). CaenoBaresibHo,

(), z) + o(t) = t(z", z),
T. e. (f'(Z),z) > (x*,z) nag moboro = u 3Hauut, x* = f'(T). O

[Iycts X — nmneitnoe HOpMuUpoBaHHOE mMpocTpancTBo U f: X — R
— cobcrBennas dyukinus. Pacemorpum 3aiauy

(34) f(z) - min, z€ X.

Teopema 19 (®epma B cybauddbepennuaibuoit popme). Touka T A6-
AAEMCH 20000N6HBM MUHUMYMOM 6 3adaue (34) mozda u moavko mo-

2da, Koeda 0 € Of(Z).

Jlokasameavemeso. Ecan T — rnobanbubiiit Muanmywm, To f(z) — f(Z) >
0= (0,2 —Z) na moboro z € X, 1. e. 0 € f(x). Ecom 0 € 0f(Z), To
flz)=f(Z) >0,z —2) =0, r. e. f(z)> f(Z) nns moboro x € X. O

Eciu B 3aa4e (34) dynknust f — BbIyKJasi, TO OHA HA3BIBACTCS G-
nykaoli 3adaueti 6e3 oepanuvenut. OTMETHM, YTO B 3TOM CJIydae HeT
CMBICJIA TOBOPHUTH O JIOKAJbHBIX MUHHUMYMaX, MOCKOJBKY JH000# J10-
KaJbHBIT MUHUMYM SIBJSIETCA W TJIODAJIbHBIM. [leficTBuTe/IbHO, TTYCTh
T — JIOKAJbHBI MHHHMYM, T. €. CYIIECTBYeT Takas OKPeCTHOCTH U
toukn Z, uro f(z) < f(x) mag seex x € U. Ilycrh tenepb x — mpo-
u3BosibHas Touka u3 X. s gocrarodno maasix 0 < o < 1 TOYKH
(1 — )7 + ax mpuraamexar U u mosToMy (110 HepabeHncTBY lenccena)
f@) < f(1l-—a)z+az) < (1—a)f(Z)+ af(r), orkysa creayer, 9T0
1@ < f()

13 npepioxkenus 3 u Teopembl 19 BeiTeKaeT
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CaencrBue 6. Fcau 6 sadaqwe (34) f — euwnyxaraa dynwryus, dud-
deperyupyemas 6 movwke T, mo T — 2A00aAbHbT MUHUMYM 6 MOM U
moavko 6 mom cayuae, ecau f'(T) = 0.

15. BBIIIVKJBIE 3AJAYN C OI'PAHUYEHUSAMU. TEOPEMA
KAPVIIA-KYHA-TAKKEPA

ITycts X — BemiecTBeHHOEe JHHeliHOe mpocTpaHcTBO, fi: X — R,
j = 0,1,...,m, — BeimyK/ble (hyHKIUH U A — HEIyCTOe BBHIMYKJIOe
nmoaMHOKecTBO X . 3amady

(35) fo(x) = min, f;(z) <0, j=1,....m, z€A

HA3BIBAIOT 6uNYKA0T 3adaueli W 3adaueli 6LNYKA020 NPOLPAMMUDPO-
GaANHUA.
CesizxeM ¢ 3ajadeii (35) caeayronyto dyukiuo Jlarpanxka

L(z,\) = Z)\jfj(x%

re A = (Ao, A, ..., A) — HAGOp MuoxKureseii Jlarpamxa.

Teopema 20 (Kapyma-Kyna-Takkepa). Fcau T — munumym 6 3ada-
ue (35), mo natidemes makot nenyaesol nabop mroorcumenets Jlazpan-

oca X = (Ao, AL, -+, Am), MO GUINOAHENHDL CACOYIOULUE YCAOBUS
(a) mingea L(x, ) = L(T, ) (yeaosue munumyma);
(b) A\; >0, 7=0,1,...,m (ycrosue HeOMPUUAMEALHOCTIUL);
() \jfi()=0,7=1,...,m (ycrosue donosnarouwels nescecmroc-

Ecau eyweemeyem donycmumasn 6 (35) mouka T u Habop MHOMCU-
meneti Jdazparoica \ = (Aoy ALy ooy Am), ydosaemsopaouue Yeao8uim
(a), (b) u (c) u npu amom Ng > 0, mo T — pewenue 3adavu (35).

Ecau natidemes mouxka T € A maxaa, wmo f;(T) < 0,1 < j <m,
mo Ao # 0 (ycaosue Caetimepa,).

Jlokasamenvemso. Tlyers T — pemmenne 3a1a4an (35). PacemoTpum MHO-
JKECTBO

M ={p= (o, )" €R™ Tz € A foz) — fo(T) < po,

HenocpeicrBeHHast HpoOBepKa MOKA3BIBAET, YTO ITO MHOXKECTBO BBIILYK-
10. Kpome TOr0, JIerKo BUIETH, 9TO OHO COIEPKHUT BCE BEKTOPHI C II0-
JIOKUTEbHBIMA KOMIIOHEHTAMH (HAJ0 B3ATh & = T) M T€M CAMBIM €r0
BHYTpeHHOCTD He mycra. Hakonen, 0 ¢ M, Tak Kak B IIPOTHBHOM CJIy-
wae Hamrescs 6ol anement T € A takoif, uro f;(7) <0,j=1,...,m, n

~

fo(Z) — fo(Z) < 0, B mpoTuBOpEYHE ¢ TEM, YTO T — MHHUMYM.
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CoracHo mepBoil TeopeMe OTAeTUMOCTH HalIeTCsa TaAKOil HeHYIeBOit
dbyakmmona, T. e. BeKTop A = (Ao, A1, ..., Ap) € (R™TH)* uro

(36) > N =0
=0

s BCeX (b= (o, fi1, - - - )T € M. Tyern § > 0. [Mogcrasass B (36)
sekropnl (1,8,...,0)T,...,(0,...,8,1)T, a sarem ycrpemuss § K HyJo,
noaydaem, 4ro A\; > 0, 7 = 0,1,...,m, T. e. JOKa3aHO yTBEepKIeHUE
(b) TeopeMoi.

Teneps nogcrasum B (36) Bekropnl (6,...,0, fj(Z),0,...,0)T, j =

1,...,m (onu npunaye:kar M, HaJ0 B3s4Th T = T') U CHOBA, YCTPEMJIssI
d  Hymmo, moryauM, 910 A, f;(Z) > 0. Ho A; f;(Z) <0, tak kak \; > 0,
a fj(z) < 0 u nosromy A;f;(x) =0, j = 1,...,m, 4T0 J0OKa3bIBaET

yTBepxKIenue (c).

[ycts z € A. SIcno, aro (fo(x) — fo(Z) + 6, fi(z),. .., fm(z))T € M.
[Moxcrasass sTor BekTop B (36), npuxomaum (B npegene npu § — 0)
K HEPaBEHCTBY Z?L:o Nifi(x) > Aofo(Z). Jobapisis cupasa Hy/eBble
craraembie \;f;(7), 7 = 1,...,m, nomygaem, uto L(x,\) > L(T,\) u
(a) mokazaHo.

JlokazkeM BTOPOE YTBEPIKJICHHE T€OPeMbl. 1LyCTh & — JMOMyCTUMBbIi
ssieMenT B 3aza4e (36). Torga, uCnoab3yst 3T0 00CTOATETHCTBO BMECTE
¢ (b), (a) u (c), 6yaem nmeTh

Nofo(x) = Xofolz) + Z Nifi(x) = Lz, X) > L(T,N)

= Xofo(x) + DN fi(@) = o fo(®).

Hens Ha Ay, moIydaem Tpedbyemoe.

JlokaxkeM mocjiejinee yrBepzkienue TeopeMol. Eciaun A\g = 0, To Heny-
JIEBOM MHOXKHUTEJIb JIarpanzka HaXOAUTCA CPeIH OCTAJIBHBIX H OITOMY
(c yaerom (c)) L(Z,A) = 35 Nifi(@) < 0= 37" Nifi(@) = L(T, ),

9T0 HPOTUBOpEYnT (a). O

16. TIPOCTEMIIIAST 3ATAYA BAPUAIIMOHHOTO UCUYNUCJIEHMS.
VYPABHEHUE DWJIEPA

[IpuHATO CYUTATH, YTO BAPUANMOHHOE UCYUCICHHAE POIUIOCH C 3a/a-
9d 0 OpaxuCTOXpoHe, mpeioxkentoi B 1696 r. 1. Bepuysum njs pere-
HHUA CBOMM COBPeMEHHHKaM. 3ajiada Oblaa pelieHa camuM beprysim,
ero oparom ZkoBom, Hbioronowm, Jleitbuunem u Jlonutaaem. Pemenns
OBLIN pa3Hble, M BCKOPE ellle OBLIO PelreHo HECKOJIbKO CXOIHBIX 3a1ad.

B nauasie 18 sexa 1. Bepnysuin npemioxun JI. Ditnepy (rorma mosto-
JIOMY 9€eJI0BEeKY, KOTOPOrO OH KOHCYJIBTHPOBAJI [0 HAYYHBIM BOIIPOCAM)
HaiiTu obIue MeTo/bl pereHust moMo0HbIX 3a1a4d. Haunnas ¢ 1732 1.
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JI. Diisep Havaa aKTUBHO THM 3aHUMAThCA W 4depe3 12 jer 3aBep-
mu1 ¢Boit pynmamentaabubiil Tpya “Modus invineniondi lineas curvas
maximive proprietate gemdenties sive soluto problematis isoperimetrice
latissimo sensu accepti” (“MeTos HaXOXK IeHNsI KPUBbIX JIMHUI, 001814~
IOIIAX CBORCTBAMHU MAKCHUMYMa HJIM MUHUMYMa, WK PEIIeHue U30IePH-
MeTPHYECKON 3a/auu, B3ATOil B caMoM MmupokoMm cMmbicse”), JlozaHHa,
1744 r. Tam, B yacTHOCTH, OblJIa PACCMOTPEHA 3a/1a4a, KOTOPas HbIHE
Ha3bIBAETCsI POCTelineii 3a1aueii (KIaccH4ecKoro) BApUAIOHHOTO HC-
TUCJICHUSI.

[Tycrs [tg,t1] — oTpe3ok uncaoBoil psaMoii, G — OTKPBITOE TOIMHO-
xecrso R?, L: G — R — ¢yHKIHd HepeMeHHBIX t, T, & 1 Tg, 71 € R.
3ajtaua

t1
(37) J(x) = / L(t,z(t),2(t)) dt — extr, xz(ty) =z, x(t1) = 1,
to
Ha3bIBaeTCsl npocmetiweds 3adauet] (KAaccuneckoz0) 6apuatuonHo20 Uc-
wucaenus. PyHKINo L HASKIBAIOT UHME2PAHMOM I AGZPAHHCUGHOM
3a/1a4H.

Vrounum nocranoeky. O6ozuaunm uepes C([to,t1]) u C([to,t1])
MHOXKECTBA BCEX HeIPePLIBHBIX H HEIpepbiBHO 1 hepeHupyemMbIx
dbynknumii x wa [ty,t;]. DT0 HOpMHUpPOBaHHBIE MPOCTPAHCTBA COOTBET-
CTBEHHO ¢ HOpMaMH

= t
||$||C([t0,t1]) tér[%?;(ﬂ |ZIZ’( )|a

]l (ito,ta)) = max( ||zl o,y 1€ e (ito,a]))-

Oyuknus x € C([to,t1]) naswiBaerca donycmumoti 6 sadaue (37),
ecin I'(z) = {(t, z(t), 2(t)) : t € [to,t1]} C G m z(t;) =, j=0,1

Honycrumas yHKIMA T HASBIBACTCA CAAGOBLM AOKANOHOIM MUHUMY-
mom (marcumymom) B 3a1aqe (37), ecan cymecTByer Takoe € > 0, 9410
JUIA J000# JlonmycTuMoit bYHKIME &, /I KOTOPOH || — Z||c1(g.4]) < €
Boinosigercs Hepasenctso J(x) > J(Z) (J(x) < J(Z)). Caaboiii ao-
KaAoHl IKCMpemym — 310 JTU60 CIabblil JTOKAJILHBIH MEHAMYM, JTH00O
cJ1a0bIH JTOKATbHBIT MAKCHMYM.

Janee, ecin chKCI/IpOBaH/g dynkua T, To AJ1sL COKPAILIEHUST 3AUCH
ucnoab3yeM obosnavenust: L, (t) = L,(t,2(t), T(t)) u aHATOrHYHO 751
YaCTHOU Mpou3BoAHO# L 110 2.

Teopema 21 (Heobxomumbie ycaoBust skcrpemyma B 3azade (37)).
ITyemv T docmasasem caabvili sokarvrwlll sxcmpemym 6 3adave (37).
Toeda, ecau dynryua L nenpepuiena 6mecme co C60UMU UACTVHOLMU
npouscodnvmu no T u i 6 oxpecmmuocmu I'(T), mo Ly € C([to, t1]) u
ons ecex t € [tg, t1] ewnoaneno ypasrernue Jirepa

d ~ -
——L;(t) + L,(t) = 0.
SLa(t) + L)
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Hoxasamenvcmeo. Iycrs x € C'([to, t1]) u x(ty) = z(t1) = 0. Io-
JIOXKUM T = T + ax, e a € R. JIasg jpoctarouno MaabiX o (pyHK-
must ., TpuHaIexRuT okpecrroctu ['(Z). KpoMe Toro, o4eBuiHO, 9T0
o € CY[to,t1]) m zo(t;) = x4, 7 = 0,1. Tem campim s mocTa-
TOYHO MAaJBIX « GYHKIUU T, JONYCTUMBI B 3ajade (37). OyHKIus
J(@) = J(x,) MMeeT B HyZe TOKATBHBI SKCTpeMyM. B ety Teopemsr
0 Tpou3BOHOI cyneprnosunuu GyHKIwi (Teopema 7) u nuddepennu-
posanuu oneparopa Hewmbinkoro (caeacrsue 3) sra dbyukius mudde-
peHIpyema B HyJie u Torja 1o reopeme Pepma ee mponsBoHAS B HyJIe
pasna my/a0. CjemnoBaTe/bHO,

~

dJ(«)
da

~

) B /tu <Lx(t)x(t) + Ei,(t)j'(t)> dt =0,

(38)

[IycTs p Takas dpyukiusd, 9o p = L,. Torna, HHTErpupyIio 1Mo 4acTsiM,
OJTy YaeM

/t "R ((t) dt = /t " o0a(t) dt = — /t " o(0i(t) dt.

[TosTomy, u3 (38) cremyer, uro ans seex dbynkmuit z € C([tg, t1]), s
KOTOPBIX Z(tg) = x(t1) = 0 cupaBeIMBO PaBEHCTBO

t1 R
/ (—p(t) + Li(t)) () dt = 0.
to
Ho Torna s siro6oit korcTtanTsl ¢ € R ciipaBeInBo U TaKOe PaBeHCTBO
t1 R
(39) / <—p(t) + Li(t) + c) () dt = 0.
to

Bribepem ¢ Tak, 9T0o0bI

/tl(—p(t) + Ly(t) 4 ¢) dt = 0.

Paccvorpum dbyHKIuoO

2(t) = /t (—p(r) + La(7) + ) dr-

deno, uro x € C([ty, t1]) m x(tg) = x(t;) = 0. TlopcraBum 31y PyHK-
mto B (39). Torma mosayanm

t1 A 2
/ <—p(t) + L;(t) + c> dt = 0.
to

Orciona caeyer, uto —p + Ly 4+ ¢ = 0. Tem cambiv L € C([to, t1])-
Huddepennupysa paBerctBo p = L; + ¢ u yuureiBag, 410 p = L,
oJIyuaeM ypaBHeHUe JDiliepa. U
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17. SBAJAYA BOJBIA. THTETPAJIBI YPABHEHUA DUJIEPA

[IycTh, KaK W B TIpeJbIIyIIeM ciydae, [to,t1] — OTpe30K 4ucI0Boil
npsamoit, G — oTKkpeiToe moaMuozxKecTBo R3, L: G — R — HempepbiBHASA
dbyHKINUS nepeMeHHBIX ¢, © 1 Z. [IycTh, KpoMme Toro, 3a1aHa GYHKIIH
I: W = R, rne W — orkpsiToe nomymozkecTso R?. 3amzaqa

t1
(40) B(z) = / L(t,z(t),z(t)) dt + l(x(to), z(t1)) — extr
to

HazpiBaeTcs 3adavets Boavya.

Oyuknus x € C([to,t1]) nasbiBaerca donycmumoti 6 sadaue (40),
ecmm I'(x) = {(t,x(t),2(t)) : t € [to, 1]} C G u (x(to),z(t1)) € W.

Crabslit JIOKAJIBHBINR SKCTPEMYM OIIPEJIE/ISIeTCST aHAJOTUIHO TIPE/THI-
JIYTIEMY CJIydJalo.

Oyuun L, n L; ompeaessdioTcd KaK U paHbllle, I KpOMe TOTrO, JIIs
bynxmun (&, &) momaraem lg, = lg, (2(to), (1)), j = 0, 1.

Teopema 22 (Heobxogumbie ycaoBust skcrpemyma B 3azade (40)).
ITyemv T docmasasem caabvili sokarvrwlldl sKcmpemym 6 3adave (40).
Toz0a, ecau pynryus L nenpepuiena 6mecme co COUMU “4acMHbLMU
npouszeoduumu no r u & 6 oxpecmuocmu I'(Z), a Pynryus | nenpepoie-
HA GMECTNE CO CEOUMU NACTIHBLMU NPOUSE00HBIMU 110 §o U 1 6 OKpecn-
nocmu, mouru (T(ty), Z(t1)), mo Ly € CH([to,t1]), daa ecex t € [to,t1]
BLINOAHEHO YpasHenue Jirepa

d ~ ~
ZLa(t) + Lo(t)

a, wpome 1mozo, 8blNoAHAECTNCA YCAOBUE TMHPAHCEEPCANADHOCTTIU,
~ N T .

Joxasameavcmeo. Tyers x € C([tg, t1]) n x, = T + ax. Paccyxnas
TOYHO TaK Ke, KAK U B NPEJbLIYIIeH TeopeMe, TPUXOIUM K COOTHOIIIe-
HHUIO

dB(z, ERVAN ~
() 4B ()| _ / (Lx@)m(t) + Lgb(t)jc(t)) dt
do a=0 to
+ lgOZI}(to) + l5113<t1) = 0.
[Tycrs p — perenne 3aaaqu Ko p = Zx(t), p(ty) = _ZA&- Tem cambiM

tl/\
p(t) = T, — / Lo(r)dr, t€ [0, t].
t

[Mogcrasiss p B (41) BMecTO L, W HHTEIPUPYSI [0 YACTIM, OJIYYaeM,
qT0

@) [ (b L) i) dt+ - plt)alts) =0

to
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-~

[Tyctb Teneps x — perenne 3agaun Komm & = —p(t) + L;(t), x(to) =
lfo —p(to), T. €.

~

t
ot) =Ty~ plto) + [ (~p(r) + La(r)dr, 1€ [t
to
dceno, uro z € C*([tg, t1]). loacrapnas x B (42), IpEXOIUM K paBeH-
CTBY
t1 R ) .
| (o004 L) dt + (@~ plte)* =
to

OTKYJIa CJIeJlyeT PABEHCTEO P = L, PABHOCHJIBHO®, B CULY ONpe/IeleHus
P, ypaBHeHHIO Diiepa, a TakxKe cooTHONeHne p(ty) = lg,, wmn L;(ty) =

le,. Yenosue Li(t1) = —lg, BXOIUT B OIpe/ieIeHHE D. d

Mpbr paccMmorpenn “ogHoMepHBIE” BapHaHTBHI HpocTefilneil 3a1adu u
3aga4u bosbia. CoBeplIIeHHO aHAJOTHYHO PACCMATPUBAIOTCI UX BEK-
TOpHBIE aHAJIOIH, Korga ¥ = (xq,...,14)". B 3T0M cilydae pob mpo-
crpancts C([t, t1]) u C([ty, t1]) urparor npocrpancrsa C([ty, 1], RY)
n CY([tg,t1],R?) — cOOTBETCTBEHHO HENPEPLIBHBLIX M HeIPePLIBHO
maddepennupyembx BexTop-pyHKnmi co smadennamu B RY. Omm
OPEJIEJISIIOTCA AHAJIOTHYHO OJHOMEDHBIM BapuaHTaMm, rae |z(t)] =

Vri(t) + ... + 2%(t). Heobxoaumble ye/10BHst SKCTPEMyMa 3/1€Ch HMEIOT
TOT Ke BUJ| M UX JIOKA3aTeJbCTBa OcTaloTcsd mpexkaumu. Ho dbopmyiibr,
pa3ymMmeeTcs, Ha/I0 IIOHUMATh BeKTOpHO. Hamnpumep,

d ~ ~ d ~ -~ .

HanomuuMm, 4T0 epBbIM HHTETrpAIoM JudPepeHnuajbHOTO ypaBHe-
HUS HA3BIBACTCH (PYHKIMSA, KOTOPas MOCTOSHHA HA, PENIEHUSAX JAHHOTO
yPaBHEHHUS.

Bcsm sarpankuan L He 3aBHCHT OT IepeMeHHON X, TO ypaBHeHUe
Dilepa UMeeT OYEeBUIHBINA EPBBIH WHTErpaJ

p(t) = Ly(t,Z(t)) = const,

KOTOPBIH HA3BIBACTCA UHME2PANOM UMNYALCA.
Ecyim narpanzkuan L He 3aBHCHUT OT IepeMeHHO# f, TO ypaBHEHUe
Dilyiepa UMeeT NepBbIii HHTErpaJ

H(t) = Ly(Z(t), 2(8))2(t) — L(Z(t), Z(t)) = const .

OH Ha3bIBACTCA UHME2PANOM IHEP2UL.
1 noka3zareabcTBa BRIYUCIUM TPpOn3BOAHY0 hyHKImn H (yaurhi-
Basl, 9TO T(+) yIOBJIETBOPSET YpABHEHWIO Diiepa)

dH d

= La@(0), B0)E() + S La(F(0), 50)F(0) — L@ (1), 5(2)3()
— La(3(), 3(6)3() = (%Lgb(f(t), 3(1)) - L3 (1), é?(t))) i(t) =0,
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[Ipu nokasaTeabCTBE Mbl IPEIIOJI0KIIN CyIIeCTBOBAHNE .

18. 3ATAYA JIATPAHYKA. OBIIASA TOCTAHOBKA

[Tyctb [tg, 1] — KOHEUHBIH OTPE30K, G — OTKPHITOE MOJAMHOKECTBO
R x R4 x R%, W — orkpeitoe mommuokecTBo RY x R4, dpyrkmun
Li: G—TR,j=0,1,...,m, uorobpaxenne ¢: G — R% (nepemennbx
teR, z=(z1,...,2q)" € R" u=(uy,...,ug)" € R®2) u pyuknuu
lij: W — R, j =0,1,...,m (nepemenusix & u ;) HENPEPHIBHBI Ha
cBoeil obsiacTu oupeesenus. 3a1a4a

(43)  fo(z,u) :/1Lo(t,x(t),u(t))dt+l0(a7(t0),a:(t1)) — min,

to

j: = gp(t7 I? u)?

i, u) = / Ly(ta(t), ult)) db -+ (w(to), 2(t)) <0, 1< j < i,

to

filx,u) = / 1 Li(t,x(t),u(t))dt + 1;(z(to), z(t1)) = 0,

to
m' +1<j<m,

HasbIBaeTCst 3adauels Jlazpanotca 6apuatuoniozo ucuucienus (B MOHT-
psruHCKOR opme).
Yrounum nocranosky. [Tojoxkum

7z = Cd([t(), tl], Rdl) X C([to, tl], Rdg).
Hopwmy B Z BBegem ciienytomnimm o0pa3oMm:

Iz, )|z = [zl o gy + 1l oo ) ree) -

[Tapa (x,u) € Z nassiBaerca donycmumoti 6 3adave (43), ecau

D(z,u) = {(t, z(t),u(t)) : t € [to,t1] } TG, (x(ty), x(t1)) € W,
(t) = (t, z(t),u(t)) musa Beex t € [to, t1],
filz,u) <0, 1<j<m/, fi(xz,u)=0 m'+1<j<m.

Homyctumas mapa (T, W) HA3BIBACTCS CAGOBM AOKAADHOM MUHUMY-
mom 6 3adave (43), ecam cymecTByer Takoe € > 0, 9To 118t JIIOGON
JOMYCTUMOMN Tapel (&, u), maas kotopoit ||(z,u) — (Z,u)|z < € BBITO-
HeHO HepaBeHcTBO fo(z,u) > fo(Z,u).

Oynkuueit JTarpanxka 3aqaan (43) HazoBeM QyHKIIHIO

L(z,u,\) :/1L(t,x(t),jc(t),u(t))dt—l—l(x(tg),x(tl)),

to
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rie

L(t,z,,u) = NLi(t, z,u) + p(t) (& — ¢(t, z,u)),

NE

0

J

1(&0,&1) = ' Ajli(&o,&1)

J

1 BeKTOp A = (Ao, ALy ..oy Am, p) € (R™F1)* x C*([to, t1], (R%)*) — na-
O0op MuHOKUTEICH Jlarpanxka.

Eciu dukcuposana napa (T, ), 70, KaK 1 paHbIIe, sl COKPAITEHHSI
sammcn ucnoms3yeM obosnadenns: Ly (t) = Ly (t, 7(t), 0(t)) n anamorma-
HO JIJIsl 9aCTHOM IIPOU3BOIHOM 110 U, YACTHBIX HPOM3BOIHBIX OTOOPaZKe-
HUd ©, [ A T. 1.

3

Il
=)

Teopema 23 (HeoGxopumble yciaoBusi MmunuMyma B 3ajade (43)).
ITyemov (Z(+),u(:)) docmasasem crabvlii AOKGADHUG MUHUMYM 6 30-
dave (43). Tozda, ecau ¢ynxyuu L;, 0 < j < m, u omobpa-
JHCENUE O HENPEPBLEHDL BMECTNE CO CEOUMU “ACTNHOLMU NPOU3EO0HbL-
MU no T u u 6 okpecmuocmu mroscecmsa (T, W), a dynkyuu 1,
0 < j < m, nenpepuisno duddeperyupyemo, 6 OKPECTHOCTIU TMOYKY
(Z(to), Z(t1)), mo natidemes nenyaesoti nabop mmoscumenets Jlazpan-
aca X = (Mo, AL,y Amy D) € (R™F)* 5 C([tg, ], (RN)*) maxodi, wmo
BUUNOAHATOMCA

(a) yeaosus cmayuonaprocmu (ypasnernus disepa—Jlaepanoica):

d~ ~ . N USSR
— g La() + Lo(t) =0 & —p(t) = p(t)2a(t) — > ML),
=0
Lu(t) =0 & pOu(t) =D NLu(t);
=0
(b) A\; >0, 7=0,1,...m" (ycrosusa neompuyamesvrocmu);
(c) N\ifj(x,u) =0, j=1,....,m' (ycaosua donosnmoued neacecm-
KOCTU);
(d) Li(t;) = (=1)l¢,, j = 0,1 (ycaosus mpanceepcarvrocmu,).
Jokazamenvemeo. onoxum € = (z,u), £ = (Z,u) w ®(&) =
(G(£), F(£)), rae G(§) = (fm+1(8),- -, fin(§))T, F(§) = & — o(t, x,u).

Torpa 3amaua (43) Mozxker OBITH HEpenucaHa B BHJIE
(44)  fo(§) »min, f;(§) <0, 1<j<m,, &) =0.

Bynem npumensaTs kK 31oit 3ajade Teopemy 17. U3 quddepennnasib-
HBIX cpoiicts dynkmmit L; u l;, j = 0,1,...,m, n ¢, yrBepxKaenuii
OTHOCHUTEJIHLHO JHu(bPepeHITupyeMOCTH CyepIno3uiiuii oTobpakennit n
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pou3BOTHOIT 00001IeHHOr0 oneparopa Hewmbinikoro ciemyer mudde-
penupyemocth orobpazkennii f;, j = 0,1,...,m’, n crporas andde-
PEHIIPYeMOCTb oTobpazkenuit F'u G.

okazkem, uto Im F'(£) = C([to, t1], R%). lycts y € C([to, t1], RY).
Nmeem

F'(€)(h,v)(t) = h(t) — Zu(t)R(t) — Gu(t)v(t).

[Tonoxum v = 0. YpaBHEeHHE

(45) h—Gu(t)h = y(t)

dABJIAeTCA JIMHEHHOW cuctemoil uddepeHnuaj bHbIX ypaBHEHUT ¢
HelnpepbIBHBIME KO3 durumentamu. [losromy g Joboro y €
C([to, t1], R%) cymecTByer pemrenne s1oit cucremsr h € C([tg, t1], R%H).
B cuuty temmbl 0 3aMKHYTOCTH 06pa3a (Jemma 2) Im @’ (E) — 3aMKHYTOEe
TO/IMPOCTPAHCTBO.

Takum obpaszom, Bce ycjioBus TeopeMbl 17 BoloJiHenbl. Torna cyime-
cTByeT HeHyaeBoii HaGop MmozkuTeei Jlarpamxa A = (Ao, ..., A, 7°)
Takoi, uyro Jid pyukmun Jlarpanzxa

(&%) = _Zm@ + (1", 2(6))

Z (17, G(Q) + (", F(&) = D_Nfi(€) + (", FI&),

7=0

BBIIOJTHSIIOTCs yeaoBus craionapuoctu L£7(€, A) = 0, a, Kpome TorO,

BBIIIOJIHEHB YCJIOBUA HeoTpuuarensHoctu A; > 0, 7 = 0,1,...,m u

yCJIOBHs JomosHsoneit Hexxectkoctu A, f;(Z,u) =0, 7 =1,...,m"

BaiimMeMcst UCCaeI0BAHHEM VCJIOBUS CTAIMOHAPHOCTH, U3 KOTOPOTO
oJiy4aeM ypaBHEHUS

(46) Li.(E, / M(t)h(t) dt + lgoh(to) + l}lh(tl)

+{y" h(t) = Bu(B)h(1)) = 0,

rie

a TaKzKe

(47) LruE N)olt) = / ’

to =0
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Mycrs y € C([to, t1],RY), a h € C([to, t1], R%) asasercs pemennem
cucremst (45) ¢ nagagbubM yegaosueM h(ty) = ho. Torga uz (46) nmeem

t1 P . N
<¢w=—/’M@mww—%m—@mm.
to

Onpenenum GYHKIUO P KAK PEINTeHHe CHCTEMBI

(48) —p — pPx(t) + M(t) = 0,
V/IOBJIETBODSIIOIIEe YCIOBHIO P(t1) = —lA&. U3 (45) mosryaaem

PO (DA(E) = p(t)a(t) — p(t)y(t).

Torna, Beipazkas M u3 (48), moygaem

<mm=—/%mmwm@mmmﬁ—&m—kmm

to

= - / 1(Ii(lf)h(t) + p()h(t) = p(t)y(t)) dt —le,ho — Ie, h(t)

to

= [ s~ [ L OnO) - Ty~ Tt

to to
t R
= [ plowe)dt+ (oit0) = Te
0
[Tostarast hg = 0, mosry4vaem, 9To
t1
W= [ Py
to
a monaras y = 0, B CHJIy TPOU3BOJBLHOCTH hg TOJTyIaeM, 91o p(ty) = Z\gl.
YuaursiBast By dyskiponana y*, uz (47) nmeem
t1
0

/t (i:: A Lju(t) - p(t)@u(t)) o(t) dt = 0.

B cuiy TOro, 4To TO PaBeHCTBO CIPaBEIIUBO s JI060# dyHKIHI
v € C([to, 1], R?%), mosmyuaem, 4ro

pO)Bu(t) = > NLju(t).

J=0

19. 3AIAYA CO CTAPIIUMU [IPOU3BOIHBLIMU. Y PABHEHIE
ONNEPA-IIVACCOHA. M3ONIEPUMETPUYECKAS 3ATAYA

B kadectBe ciie/icTBUsI TEOPEMBI, JOKA3aHHON B IIPEJIbIIYIIEM pa3/ie-
Jie, TOJIYIUM HeOOXO/MMbIe YCJA0BUS SKCTPEMYMa B 3a/1a4e CO CTAPIIN-
MU TPOU3BOTHBIMHU ¥ U30MEPUMETPUIECKO 3a,1a4e.
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[yctb [tg,t;] — oTpe3ok 4ucaoBoii mpsimoii, G — OTKPBITOE MOJI-
muoxkectBo R42 [: G — R — nenpepoiBHast GbyHKIms (MepeMeHHbie
KOTOpOit oGosragaem t,x, %, ..., 2@) n :rg-k) eR, k=01,....d—1,
7 =0,1. Bamaua

(49) J(z) = / " L (), (0. D) dt - min,

to

W) =2, k=01,...,d-1, j=0,1,

Ha3BIBACTCA 3adaveti CO CIapUUMU NPOU3E00HBLMAL
O6oznaunm vepes C([ty,t1]) mpocrpancTBO BeeX d pa3 HeIPepbIBHO
nuddepennupyembix GbyHkuuit r Ha [to, t1] ¢ HOpMOi

Izl ety = max(llzll oo 1l et - 12D leqo.n)-
Oyukuua x € C4[ty, t1]) HasbiBaercsa donyemumoti 6 sadaue (49), ecin
D(z) = {(t,x(t),&(t),..., 2 D)7 : t € [to,t1]} C G

na®(t) =2, k=01,....,d-1,j=0,1.

Homnycrumas hYHKIUSA T HA3BIBAETCH AOKAALHbM MUHUMYMOM 6 30~
daue (49), ecam cymecTByer Takoe £ > 0, 4To JijIs 0G0 JT0MyCTHMOI
byHKIIM 2, 17T KOTOPOHt ||2 — Z|cd((4,4,]) < € BBHIMOTHACTCS HePaBEH-

cro J(z) > J(Z).

Teopema 24 (HeoGxomumbie ycioust MuHnMyMa B 3agade (49). Ypas-
nerwe Diinepa-Ilyaccona). ITycmo T — aokaavrod murnumym 6 (49),
dynryua L nenpepuisra smecme ¢ 4acmmumu npoussoonvimu L x 6
oxpecmnocmu (T), quc) € C*[to,t1]), k =1,...,d -1, u qu) €
CY([to, t1]). Tozda Lyw € C([to, t1]) u 0 scex t € [to, t1] sunoane-
no ypasnenue tsepa—Ilyaccona

d dk R
Z<—1)k%[/x(k) (t) =0.

k=0

JHoxazameavcmeo. Obo3Ha"asg r = T, 1 = Lo, ..., Tg_1 = Tq, Tq = U,
samady (49) MOKHO 3ammcaTh Kak 3aady Jlarpan:ka

t1

(50) / L(t,z1(t),...,zq(t), u(t)) dt — min,
to

Ty =g, ..., Tg—1 = Tq, Tq = U,

_ (k1) _ C_
ri(ty) =z; 7, k=1,...,d, j=0,1.
[Tpocrag mpoBepKa IMOKa3bIBAELT, YTO €CJIH T — JOKAAbLHBI MUHUMYM B

zagaue (49), To Bekrop-pyukius (T, ..., Tq, U)T — JOKANbHbI MUHU-
MyM B JaHHoii 3amade. CorsacHo o0Imeil TeopeMe 43 HallayTcs Takne
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vuoxKuTe N Jlarpanwka Ao 1 p = (p1,...,pq) € C([to, t1], (RY*), me
PaBHBIE OJIHOBPEMEHHO HYJII0, YTO MMEIOT MECTO DABEHCTBA

—p(t) = p(t)Fa(t) — ML (1),

(51)

Ecim \g = 0, To cpazy Bujano, uro u p = 0. Bygem cuurarn, 9to \g =
1. U3 Broporo pasenctsa ciejyer, urto ps € C%([to,t1]), u3 Tpernero
— p3 € C3([to, t1]), makonen, uz mpeanocaennero — pg € C4[tg, t1]).
Tora 13 [MOC/IeHEr0 PaBeHCTBa ceyer, uro L w € C%([to, t1]).

13 coornomenwuit (51) BoIBoAUM (YIUTHIBAS YCIOBUS TEOPEMbI H Tie-
PEXOJIsT K MPEKHNM OGO3HAYEHUSAM: T = T, Lo = &, ..., g = x@ D,
u = 29), aro

7 : . d ~ ~
Ly(t) = pu(t) = —pa(t) + %Lx(t) = .= ()P )
. dl( 1)k,1d_kz ) (t) — (_1)d—1d_z @ (t)
P dtk dtd
d—1 Cd -
1) ——L,m(t
+ 2 (DT g L (f)
k=1
DT0, 0YEBUIHO, PABHOCHIBHO ypaBHeHUIO Ditnepa—Ilyaccona. dJ

[Iycts [to, t1] — oTpe3ok dncioBoii mpsMoit, G — OTKPLITOE TTOIMHO-
wecrso R¥H Gyuknun fj: G — R, j = 0,1,...,m (uepemenubix
teR, x € R u i € RY) menpepwisubt va G, a; ER, j=1,...,m, u
z; € RY, j =0,1. Banaua

(52) J(x) = /t ot o (t), @(t)) dt — min,
/t 1 fit,z(t),2(t)dt =a;, 1 <j<m, xz(ty) =z9, x(t1)=11

HA3BIBACTCS u3onepumempudeckoti sadaved. SICHO, 9TO 3TO YACTHHI
caydail 3anaun (43) (nuddepennmanpuas cBa3b: & = u).
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Oynkuusa r HasbiBaercst donycmumol 6 3adave (52), ecam x €

Cl([t0>t1]7Rd)>
D(z) = {(t,z(t), 2(t))" : t € [to, t1]} C G,

t1
/ fit,z(t),2(t)dt =a;, 1<j<m, z(t;)==z; j=0,L1
to

Honyctumasa GyHKIUA T HA3BIBACTCA AOKAALHOIM MUHUMYMOM B 3a-
nade (52), ecau cymiecTByer Takoe € > 0, 9410 [ JII00O0# J0MycTHMOi
byEKIEN T, 1718 KOTOPO# || — Z[|c1 (g 4, rY) < € BBHINOTHACTCA Hepa-
Berncrro J(z) > J(7).

[Honoxum

L(t,z, 4, ) Z)\ fitz, ), A=A A,.e s Am)-

Teopema 25 (HeoGxomumbie yciaoBust MunmMyma B 3amade (52)).
IIycmv T docmasasem caabolll A0kaavHvil murumym 6 sadave (52).
Tozda, ecau dynkuyuu f;, 7 = 0,1,...,m, nenpepwenv, emecme co
CEOUMY YACTHBLMU NPOU3EOIHbIMY N0 T u T 6 okpecmuocmu I'(T),
mo Hatidemcs maxoti nenyaesoti nabop muosncumenets Jlazparorca A=
Aoy Aty Am), wmo Ly € CH[to, t1],RY) u daa ecex t € [ty, t1] evi-
NOAHEHO YpasHenue JUiepa
d ~ -

(53) —ELi(t) + L.(t) = 0.

Joxazameavcmeo. Pacecmorpum ciieyroniyio 3aja4dy Jlarpamxka
t1
(54) / fo(t,x(t),u(t)) dt — min, = u,
to

/t1 fj(t,l'(t),’lt(t))dt = Oy, 1 S] S m, Jf(to) = Xy, l’(tl) =

Hecoxmnas poBepKa MOKA3bIBACT, YTO €CAM T — JOKAIBHbI SKCTpe-
mMyM B 3amade (52), to (T,u), rue U = T, — JOKATIbHBINH 9KCTPEMYM B
JTaHHOW 3aj1ayve.

CorytacHO Teopeme 0 HEOOXOJMMBIX YCJIOBUSIX MUHUMYyMa B 3ajade
(43) maiigyrcsa Takue MHOXKHUTETH JlarpaHxka (Ao, Ai,...,Ap) 0 p €
C([to, t1], (R%)*), He Bee paBHBIE HYJIIO, UTO

—p = pPa(t Z A fia(t,

t) = Z)\jfju(t,if m
j=0
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[Tockonbky @(t,x,u) = u, TO MOJTyYaeM PABEHCTBA

_p = - Z )\jfjx(t7 /.CIZ'\, a)a
7=0

p(t) =D N fiult, 2, 0).
j=0

[Togcrapngsg B 3TH paBeHCTBA T BMecTO U ybexkmaemcs, uro L; €
Ct([to, t1], RY) u umeer mecto pasencrso (53). O

20. 3AJAYU OINTUMAJIBHOI'O YIIPABJEHUS. [IPUHIIUIL
MAKCHUMYMA

Bapunanuonnoe ucuucjienue, Kak yzKe TOBOPUIOCH, HHTEHCUBHO Pa3-
BUBAJIOCH B 18 Beke (B 0CHOBHOM ycmamsivu Disiepa, Jlarpanxka u Jle-
Kauapa). B 19 Beke B ero pa3BuTHH NPHHSIIN yIacTHEe TaKHe MaTeMa-
tuku Kak [lyaccon, Beifiepmrpace, I'nanbepr u [Iyankape. K nauaxy 20
BeKa MPEeJIMET, B CYIECTBEHHOM, OKa3aJiCs ncueprnanubiM. [locTpoenne
TEOPUH IKCTPEMyMa (KaK OHa MPeJICTAB/sIACh B Te BPEMEHA), Ka3a-
JIOCh, 3aBepIineHo. Ho BIOOCIEICTBHE MOSBHINCH BBIIYKJIBIE 33JIa9H, A
3areM, B Hadase 50-X TOIOB IPOIILIOrO BEKa POIMJIOCH ONTHMAJIBHOE
yIpaBJIeHHe — HOBOE HAIpPaBIEHHE B TEOPUU IKCTPEMYMA, OXBATHIBA-
I01ee  BapHAIMOHHOEe ucducjiaenue. HeoOxoaumbie yCaIoBUS KCTPEMY-
Ma B 3a/Ja9aX OITHMaJIbHOI'O YIIpaBJICHUA 6bI.HI/I IMOJIYYEHbI B HIKOJIE
JI. C. TloaTpsrura. OCHOBHOI pe3y/IbTaT HA3BIBAETCSA MPUHIIUIIOM MaK-
cumyma [Torrpsaruna. B aTom pasjesie paccmarpuBaeTcs 3a1ada ONTH-
MaJIbHOTO YIPaBJIEHHA U JOKA3BIBAIOTCS /I Hee HeOOXOIMMBIE YCJI0-
BHS MHUHHIMYMaA.

[Iycth [tg, 1] — KOHEUHBIH OTPE30K, G — OTKPBITOE MOJIMHOKECTBO
R x R%, U — nemycroe momvuoxkecTBo R%, dynxmua f: G x U —
R u orobpaxenne ¢: G x U — R (mepemennnix t € R, 2 =
(21, ,24) T € R mu = (uy,...,ug,)" € R®) nenpepsiunt na G'x U
u z, r1 € R™. Bagaua

(55) J(x,u) :/tlf(t,x(t),u(t))dt%min, P—

u(t) e U, x(ty) =x0, z(t1) =24

HA3BIBACTCS 3adavel] oNMmuMasvbho2o ynpasaenua. IlepeMeHHy0 T da-
CTO HA3BIBAIOT (Ha30BOI MepeMeHHOM, a U — yIpaBIeHHEM.

Vrounum mocranosky. I[lycrs PCY([tg, 1], R¥) — cosoxynmocTs
BCex KycouHo-HenpepbisHo auddepernupyembrx, a PCO([tg, t1], R%) —
KYCOYHO-HeNpephIBHBIX (DYHKIMA Ha [fo, 1] cO 3HAUYEHHMSMHU COOTBET-
creenno B RM u R, Tlapa (z,u) € PCY([ty, t1], RY) x PC([to, t1], R%)
Ha3piBaeTcda donycmumol 6 3adave (55), ecan

T(z) = { (t,z(t)) : t € [to, 1] } C G,



48

Bratouenne u(t) € U u paBenctso (t) = p(t, x(t), u(t)) BHIMOTHIIOTCS
JJIst Beex t € [to, t1], nae dyHKIMs u HenpepbiBHA U x(tg) = o, x(t1) =
Zq.

Homyctumas mapa (T,U) HA3BIBACTCS CUADHBIM AOKGALHOIM MUHU-
mymom 6 3adave (55), ecin cyniecTByer Takoe £ > (0, 4To Jist JHOOOM
JOTYCTUMO# napbl (7, u), 118 KOTOpo#t [T — T ¢y Rty < € BBHITION-
HeHo HepaBencTso J(z,u) > J(Z,u).

Oynknueit Jlarpanxka nis 3aga49u (55) Oy/em Has3bBaTh QYyHKIUIO

C®) = [ 102 0,40,0(0, X0, p)
e ’
L(t,x,x',u, /\07]9) = >\0f(t7'rau) —|—p(ZL’ - (,O(t,ZL’,U))

D YHKITHIO
H(ta z,u, )\07p> = ng(t, z, U) - )\0f<t7 z, U)

HasbBaOT dynkyuets Ilonmpazuna 3adawu (55).

Teopema 26 (Heobxonumbie yeaoBust Munumyma B 3agade (55). [Tpun-
mun Makcumyma Ilourpsruna). ITycmo (T,U) docmasasem cusvHvil
munumym 6 3adave (55). Toezda, ecau dynruyus f u omobpasicenue
© HENPEPLIBHBL BMECTNE CO CEOUMU YACTNHLIMU NPOU3BOOHLLMU NO X
6 G x U, mo natidemca nenyresoti Habop muosncumenets Jlaeparoca
A= (Ao,p) € R x PC([to, t1], (R®)*) mawot, wmo evinoaneno ycaosue
CMAYUOHAPHOCTIY 1O T

-~

— = La(t) + Lo(t) =0 & —p=pPa(t) — Nofa(t)

U 68 MOYKATL HENPEPBIGHOCTU iZ Yycaosue MUHUMYMA No U
(56)  min L(tZ(1), 2(t), u, Ao, p(t)) = L(t, 7(£), 5(2), (1), Ao, p(t))-
ue

Yenosue (56) MOXKET OBITH 3AIIHCAHO B BIJ€e YCJOBUA MaKCHUMYyMa I10
u
mag(H@a f(t), u, AOap(t)) = H(tv f@)? a(t)a )\Oap(t))
ue

B cuny 3toro cooTHomenns HeoOX0UMbIe YCJIOBUS B 3a7a49€ ONTUMATb-
HOTO yupas/ienus u Ha3bBaioT “lIpunnunom makcumyma [lonrpsirnna’”.

CdopmynupoBannas 3ajada ONTHUMAJIBLHOTO YIIPABJICHUS] HE CaMasl
0011tast, HO JOCTATOYHO TIpeIcTaBuTeIbHAsT. Mbl IOy dnM HEOOXO MBI
ycJi0Bust Jjist 60J1ee TPOCTOrO BAPUAHTA, KOT/IA IPAaBBIt KOHET CBOOOIEH,
T. €. TIOJIyIUM HeOOXOMMbIe YCJIOBHST MUHUMYMA B 33J1a9e

(57) J(z,u) :/tlf(t,x(t),u(t))dt%min, P

u(t) e U, x(ty) = xo.

DTH yCJaOBHs MEHEMYMa Te ke, 9T0 u B 3a1ade (55), HO gobaBisiercs
erre ycaoBre TpaHcBepcaabHocTu p(ty) = 0.
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[Tepen mokazareabeTBOM cHOPMYJIUPYEM JBe JeMMbI (CAUTaeM, 9TO
dbyurIIM f W @ YAOBIETBOPSIOT YCIOBHIM TeopeMbl 26).

Jlemma 5 (06 uronbuaroit Bapuarun). I[Tyems (T,u) — donycmumas
napa 6 sadave (55) (uau (57)), T € (to,t1) — moura wenpepusHOCMU
u, a > 0 cmoav manro, wmo GyrnKyuA U Henpepusna na [T — a,T| u
v e U. Honootcum

woltor0) = {mt), t¢r—an),

v, te[r—a,r).

Tozda watidemea maxoe ag > 0, umo daa amobozo 0 < o < ap cyue-
cmeyem eduncmeennoe pewenue To(t, T,v) 3adavwu Kowu

T =p(t,x,us(t,7,v)), x(ty) = xo,

onpedeaennoe na ecem ompeske [ty, t1]. Kpome mozo, npu o — 0
1) dynryua x,(t,7,0) — T(t) 6 Mmempure npocmpaHcmsa
C([th tl} ) Rdl )7.
2) Ppynryus
l’a(t, T, U) — EB\@)
a

— Yro(t)

6 mempuxre npocmparcmea C([T,t1], RM), 2de pynxyua y., 6
MOUKAT HENPEPBLEHOCTNY U, AEHCAUUT Ha ompeske [T, t1], ydo-
BACTMEOPACTIL YPAGHEHUIO

(58) y'rv - @x(t)yrv
C HGYAGADHBIM YCAOBUEM
(59) Yro(T) = @(7,2(7), v) — (7, 2(7), u(7)).

OyHRIHIO U (T, T, V) HABBIBAIOT U20Ab4AMOY 6GPUAUUET U, & TAPY
(T,v) — ueoakod.

JIemma 6 (o npousBoguoil dyHkmonansa). I[ycmy (T,u) — donycmu-
mas napa 6 3adave (55) (uau (57)). Tozda das Pynryuu

J(a) = J(xao(t, 7,0), ua(t, 7,v))

UMEETTL MECITIO PABGEHCITIEO

(60) 70)=80f + | ROyl dt.

2de Arof = f(r,2(7),v) — f(1,2(7),u(T)) u yry — pewenue 3adavu

(58)(59).
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Joxazameavemeso. Vveem

J/(O + O) _ ag{ﬂ_o J(Oé) ; J(O)
- Jm | (Pl malt ) ) — F30),80)) de
) 1 M - PUTN
+QEI£OE/T (F(t, 2a(t, 7, 0), () — F(£,7(E), QL)) dt.

Nmeem B cuy guddepennupyeMoctu f 1Mo x

ft,za(t, 7 0),ult) — (1, 2(2), u(t))
= fo(O)[walt, 7,v) — B(t)] + o(wa(t, T,v) — E(t)).

[TosTomy

lim l/1<f(t,xa(t,7,v),a(t)) S ORT0)

a—04+0 ¢ )) dt
= [ Ryt

K nepBomy mHTErpasy NIpUMEHUM TEOPEMY O CPEJTHEM JIJIs HHTErPAJIOB
U TOrJIa B UTOTEe IMOJIYYUM

J(0+0) = lim (f(,za(S,7,0),0) — f(&T(E), u(€)))

a—0+0

+ [ L(B)yn(t) dt,

rae € € [T—a,7]. Korma a — 0+0, T0, oueBugHO, & — T, 24(&, 7,0) —
Z(7) cormacno JeMMme 06 mroJpdaToit Bapmanun, a u(§) — u(T), TaK
Kak U HenpepbiBHa B Touke 7. Popmysa (60) nokazana. O

Jloxazamenvcmeo npunyuna makcumyma. Llycrs (T,u) — cuibHbL
MuHEMYM B 33jade (55). OGo3Havyas uepes p — pelieHue JTUHEHHOrO
ypaBHEeHHSI

(61) —p = p3.(t) — Fo(t), p(t) =0,

MOJIyYaeM YCJIOBHE CTAIIMOHAPHOCTH MO T M YCJIOBHE TPAHCBEPCATBLHO-
cru.

Tak kax nmapa (T,u) gocrapisier MEHEMYM, TO HeoOxogumo J'(0 +
0) > 0, wan cormacuo (60)

Awf+/hﬂwwxwwza

[MoxcraBum crofa Bvecto dyHKIuu f, ee Bbipazkenue u3 (61), a 3a-
TeM BMecTO (bYHKIHU @Y, € Bbipakenne u3 (58) u, yuuThiBas, 4To
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p(t1) =0, a yro(7) = @(1,2(7),v) — p(7,2(7),u(7)), Gynem umern

0< At / (OYrolt) + P(1)iralt)) dt = Ary f + p(E)yms (1)

< p(T)SD(Tv /I\(T% a(T)) - f(Ta &?(T)u a<7—))
Takum obpazoM, i 11000 ToOYKM 7, rae (pyHKIUsS U HelpepbiBHA,

MaKCHMYM BBIpazKeHHUs cJeBa 110 BceM v € U jocTHraercs B TOUKe
u(7). DTO U €CTH YCJAOBHE MAKCHMYMA U3 TEOPEMBI. d

21. HEOBXOAUMBIE YCJIOBUSA CUIBLHOTO S9KCTPEMYMA B
MIPOCTEWNIIEN 3AJAYE BAPUAIIMOHHOTO UCUYNCIEHUS.
YCJIOBUE BENPIIITPACCA U JIEXKAH/IPA

Yr100hI HE YCI0XKHSITH BHIKJIAJIKH, BCIOAY Jajiee OyIeM UMeTh JeJI0
¢ KJIACCHYECKHM (CKAJSIPHBIM) BAPUAHTOM MpPOCTENIei 3a1aqu Bapu-
AIIMOHHOI'0 MCYHMCJICHHUS, XOTH BCEe JOKa3bIBaeMble YTBEPXKICHUS CIIpa-
BeJIJTUBBI U JIjII BEKTOPHOrO BapuanTa. s omnpeiaeneHHOCTH OyaeM
paccMaTpUBATh 334249y HA MAUHEMYM

t1
62) J(z) = / L(t,x(t),&(t))dt — min, z(t;) ==z, j=0,L1
to

Baech [tg, t1] — OTPe30K YnCI0BOI MPSIMOl, HerpepbiBHAS DYHKITHSI
L nepemennnix t € R, x € R u & € R oupesenena Ha OTKPBITOM
nopvuokectee G CR*nz; € R, j =0,1.

Hanomuum taxwxe, uro gyuxmust x € C1([tg,t,]) naswsaercst dony-
cmumoti 6 sadave (62), ecan

D(x) ={(t,z(t),z(t)) : t € [to, 1] } C G

u x(t;) =z;, j = 0,1, u gonycrumas GyHKIUSA T HASBIBACTCS CAGObIM
AOKAADHOM MUHUMYMOM B 3amade (62), ecn cymecTByer Takoe € > 0,
4TO 217151 JI06OM JomycTHMOil QYHKIMH X, 11 KOTOPOI ||2—Z |1 (11,41 <
€ BBIIIOJIHsIETCS HepaBeHcTro J(x) > J (7).

B BapuanuoHHOM HCUHCICHUH, HAPSALY CO CIA0BIM 3KCTPEMYMOM,
PACCMATPHBAIOT €Ile W CHJIbHBIA JIOKAJBHBIA SKCTpeMyM, riae OJiu-
30cTh byHKIM n3Mepsiercst B mpocrparctse C'([to, 11]). Tounee ropops,
obosmaunm gepes PCY([to,t1]) mpocTpaHCTBO KyCOYHO-HENIPEPHIBHO-
mubdepennupyembrx Gyukimit wa [ty, t;]. Pyaxuna z € PCY([to, t1])
HA3bIBAETCsI JOMYCTHMO B 33ade (62), ecin jyist BceX TOYEK Helpe-
phIBHOCTH (DYHKIMH & BBIIONHEeHO yeaosue (¢, z(t), 2(t)) € G u, Kpo-
Me Toro, x(t;) = x;, j = 0,1. Cxazxkem, uro gomycTumas DyHKIHS T
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JOCTABJISAET CUALHOIT AOKAAbHO Munumym B 3agade (62), ecan cy-
mecTByeT Takoe € > 0, 4To iy J1000# JTonycTuMoil (DyHKIUKU X, JIJTd
KOTOPOIi || — Z|c(jto,t,]) < € BBIIOMHgETCS HepaBencTso J(x) > J(T).

Bamernm, 9To ecau (DYHKIWMS T JAOCTABJIsIeT CUTBHBIH MUHHUMYM B
sagade (62) u upu srom T € C([tg,t1]), T0O T aBaserca u crabbiM
MHUHIMYMOM B 9TO# 3ajade. /leiicTBuTenbHo, mycth € > ( Takoe, 4To
kak 10abK0 & € PCY([to, t1]) u ||z — Z|lc(pon)) < & 10 J(x) > J(T).
Ecnun reneps x € C'([to, t1]) 1 || — Zl|cr(to,r)) < € TO TaK Kak, B
YaCTHOCTH, T € PCl([tO,tl]) u HCB — f”c([tth < ||I — /x\HCl([th]) <eg,
nosydaem, aro J(x) > J(T).

Takum obpaszom, HEOOXOUMBbIE YCJIOBHS CJIA0OT0 MUHHMYMa JIJIs
xr € CY([to,t1]) ABAAIOTCH HEOOXOAUMBIMHI YCJIOBUAME U CHIBHOTO MHU-
HUMYMA.

DyHKIHS, IS KOTOPOIi BBITNIOJHEHO YpaBHeHHe Diliepa HA3bIBAETCsI
akempemasvro (A CMAYUOHAPHOT MOWKOT) 3aIa9H.

[Iycth T — sKcTpeMasb B 3a1ade (62) u cyIecTByeT

Lis(t) = Laa(t, 2(t), 7(t)).
ToBopsiT, 4T0 Ha (PYHKIUMH T BBINOJIHEHO ycaosue Jleocandpa, ecan
L;:(t) > 0 mrst Beex t € [to, t1] u yeuaennoe yeaosue Jleocandpa, ecau
L;:(t) > 0 s Beex t € [to, t1].
[ycrs f: R — R — muddepennupyemas dyukius. OyHkims

E(x,2’) = f(a') = f(z) = f'(z)(2" — )

HasbiBaeTcs ynkyueld Beldepwmpacca (coorBercrBytommeii dyHKIHH
f). Teomerpuuecku, £(x,x') — pasznocTh MexIy 3HAUeHHEM (DYHKIHHI
f u dynkmuu g(y) = f(x) + f'(2)(y — x) (rpaduk koropoii ecTb Kaca-
TesibHag K Tpaduky dyHKIUA f B TOYKe T) B TOUKe X'

Ecan f — Bomykimas dyuknus, to E(x,x’) > 0 aisa Beex x,z’ €
R. eitcrurensro, nycrh 2,2 € R u 0 < a < 1. Ilo HepaBeHcTBY
Menccena

f((1 =)z +a2’) < (1-a)f(z) +af(),
OTKY/Ia
o (flz+a(r’ —2)) — f(2) < f(z') — f(a).

[Mepexoaga k mnpegery npu o« — 0, moaygaem, qro f(a') — f(x) >
f'(@) (' — ).

[Iycts L — unrerpant B 3a1a4e (62). Ecau L — nuddepeniupyemast
bYHKIUA 110 & Ha HEKOTOPOM OTKPHITOM MHOXKecTBe G X R, rne G —
OTKpBITOE TOAMHOKeCTBO R X R, TO bynkmms

E(t,x,&,u) = L(t,zv,u) — L(t,x,%) — Ly (¢, x,2)(u — ),

ompenenennas Ha G X R x R, masbiBaercsa ¢ynkuyuets Belepwmpacca
dyrrxyuonara J. dcHo, uro npu Kaxkapix t u x — 510 QyHKINS Beii-
eprrpacca, coorsercTByomas dbyukiun G(i) = L(t, z, ).
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ToBopsiT, 9TO Ha SKCTpeMasam T BBINOJIHEHO ycaosue Belipwmpacca,

ecm E(t,x(t),Z(t),u) > 0 mst Beex u € Ru t € [tg, t].

Teopema 27 (HeoGxogumbie yCIOBHSI CUIBHONO MUHHUMYMA B 33196
(62)). Hycmo pynryua T € C([ty, t1]) docmasasem cuavnoli sokano-
noili munumym 6 3adave (62). Toeda, ecau unmeepanm L nenpepuisen
BMECME ¢ MACTVHOLMY NPOU3B0ONbIMY 10 T u & 6 G X R, mo

(a) dan scex t € [to,t1] sunoaneno ypasnenue Jdrepa

d ~ ~
SLalt) + La(t)

(b) swnoaneno yeaosue Betepwmpacca, m. e. daa ecex t € [tg, t1]
u u € R cnpasedauso Hepaserncmeso

E(t,2(t), 2(t), u) = 0;

(c) ecau cywecmeyem Ly, mo evnoaneno ycaosue Jleocandpa,
m. e. Ly:(t) >0 dan ecex t € [ty, t1].

Jlokasamenvemeo. 3anumem 3anady (62) Kak 3ajady ONTHMATBHOIO
yIpaBJICHUS

t1

(63) / L(t,z(t),u(t))dt - min, & =wu, z(ty)=x0, x(t1) = 1.
to

Jlerko BujeTh, 4TO T s0CTAaBIASIET CHIIBbHBI MuHEMYM B (62) Torma u

TOJIBKO TOIJIA, Korjia napa (T,U), rje U = T sBJISeTCs CUIbHBIM MUHH-

mMyMoMm B (63).

CorylacHo TIpWHIMIY MakcnMmyma (Teopema 26) HaiiayTcss Takoif
HeHysleBoil Habop MHOKHTemell Jlarpamka A = (\g,p) € R x
PC([to, t1]), aro myis Beex t € [to, t1] BBIMOMHEHO YCIOBHE CTAITMOHAD-
HOCTH IO

~

(64) —p(t) + AoLa(t) =0
n ycJjoBue MUHUMYMa 11O U

(65)  min (AL(t, Z(t), u) — p(t)u) = MoL(t, T(1), 2(t)) — p()(1).

Eciu \g = 0, 10 p = const Beaeactsue (64). Torma us (65) crenyer,
9TO 9Ta KOHCTAHTa 00s13aHa ObITh HYJIEBOH M T€M CaMbIM BCE MHOXKHUTE-
s Jlarpam:ka mysaesbie. tak, \g # 0 ¥ MOXKHO CYIHTATh, 9TO Ag = 1.

Yeaosue (65) o3nauaer, 9To s Beex t € [to, t1] dyuxmus f(u) =
L(t,2(t),u) — p(t)u na R pmocruraer munumyma B Touke T(t) u, cjeno-
BaTebHO, 110 TeopeMe Pepma IPOU3BOJHAS ITOI dyHKIUN B JTaHHOM
TOYKe paBHA HYMO, T. €. p(t) = L;(t). Bmecre ¢ (64) 310 1aeT ypasue-
Hue ditaepa.

HeoGxomumoe yc/10Bust MUHEMYMa BTOPOro HOpsiiKka (yHKuu f 3a-
KJIIOYAIOTCST B TOM, 9T0 Lj;:(t) > 0, T. €. BBIIOJIHEHO ycaoBue Jleskan-
pa.
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W3 coorromenns (65) n jokasanHoro pasenctsa p(t) = Ly(t) cie-
JyeT, 4To

L(t,T(t),u) — Lg(t, 2(t), 2(t))u > L(t,T(t), 2(t)) — La(t, T(t), (t))Z(t)
nuist Beex u € R u t € [to, t1] wim, 9To 10 XKe
L(t, Z(t),u) — L(t, Z(t), T(t)) — La(t, T(t), () (u — Z(t)) > 0,

T. e. BBIIIOJTHEHO ycJoBHe BeifepriTpacca. U

22. HEOBXOJUMBIE YCJIOBHUS C/IABOI'O SKCTPEMYMA B
IIPOCTEMIIEN 3AJJAYE BAPUAIIMOHHOT'O NCYNCTEHUS.
YCJI0OBUE AKOBU

[TpeanoaokuM, 910 T — KCTpemMasib 3a1a49u (62) u BBITIOJHEHO YCJI0-
BHE:

(66) L wnenpepsiBa Bmecte ¢ Ly, Ly, Lyyy Lpgy, Lig
B HEKOTOPO#i okpectHOCTH ['(ZT).

[ycts b € CY([to, t1]), h(to) = h(t1) = 0. Pacemorpum dbyukmuio (oj1-
HOTO TIePEeMEHHOIO )

(67) o(\) = / ' L, 7(t) + Mh(t), 3(t) + Ma(t)) dt.

to

Torma s 70CTaTOYHO MAJBIX IO MOJLYJII0 A

P00 = [ (alt 30) 4 00,30 + MO

+ Ly(t, B(t) 4+ Ah(t), Z(t) + Ma(t)h(t)) dt

u aucdepeHIupys ee pas, mogaydaem, ITo

~

©"(0) = / § (Zm(t)h2(t) + Lo (D)) + Lo (t)R(t)R(t)

to

—~ . tl o~ o~ .
+Las(i0)) dt = [ (Lualt)0) + 2Las(Ob(0)A
to
+2M(t)h2(t)) dt.
Oynknuonan ¢”(0) (kak dynknuio or h) obosuadum depes Q(h) n
PaCCMOTPHUM 33124y

Q(h) — min, h(ty) = h(t;) =0.
Vpapuenne Ditnepa I JaHHON 3a1a9W IMeeT BUJ
d

dt
I Ha3bIBaeTCS ypashenuem Hrobu ncxonnoit 3anaun (62).

(Zia(®h(1) + LisDh(0)) + Luw()ht) + Luat)() = 0
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[Tycts Ha I BBINOIHEHO yCuJIeHHoe yciaosue Jlexkanapa. Touka
T € (to,t1] HABBIBAETCS conpascennoll mowkol x ty, €U CYIMIeCTBYeT
HeTPUBUAJIBHOE pelienne h ypaBaenus fkobwu, st kotoporo h(ty) =
h(t) = 0.

[oBOpAT, 4TO HA T BBIIOJIHEHO Yycaosue SKkobu, ecid B UHTEPBAJIE
(to, t1) HET TOUEK COMPSIKEHHBIX K to U ycuaernoe ycaosue Hrobu, ecan
nosyuHTepBad (to,t1] He COMEPKUT TOUEK COUPSIZKEHHBIX K .

[Tpu nokazarenbcTBe HEOOXOAMMBIX YCJIOBHUI €JIa0OT0 MUHUMYMa B
3anade (62) HAM TTOHATOOUTCS OJMH HECJOKHBIH TeXHUIECKUI Pe3y/Th-
TaT, KOTOPHIH MPUBOIMM 0e3 JoKaszarenbcTBa (cM. |3, crp. 69)]).

Jlemma 7 (o ckpyrienun yriaos). ITycmo 6 3adaue (62) unmeepanm L
HENpepvieen No cosokynHocmu nepementux. Toeda

inf{ J(z) : € PC"([to, t1]) x(to) = z0o, x(t;) = x1}
=inf{ J(2) : z € C'([to, t1]), z(to) = x0, z(t1) = 21 }.

Teopema 28 (HeoGxomumbie ycjaoBus ¢1ab0ro MUHHMYyMa B 3ajade
(62)). Iycmo T € C([to,t1]) docmasasem caabuudi aokaabrvili munu-
mym 6 3adaue (62). Toeda, ecau sunosneno yeaosue (66), mo daa scex
t € [to, t1] swnoaneno ypasnenue diaepa, yeaosue Jlescandpa u ycao-
sue Hxobu.

Jlokasamenvcmeo. YpapHeHue Diiepa, Kak HeOOXOIUMOE YCIOBHE CJIa-
Ooro ’KcTpeMyMa, yzke ObLIO JIOKa3aHO paHnblie. J[oka3arejibcTBo, 3a-
K/II0O49aeTCd B TOM, 4TO €CJIu T — JIOKAaJIbHbIM MUHUMYM, TO HOJIb €CTb
JIOKAJIbHBIIT MUHUMYM /I8 (DYHKIIUH @, OIPEJIeJeHHON COOTHOITEHUEM
(67) m Torga weobxomumo ¢’'(0) = 0. Pacimudposka 31010 yeaoBus u
OPHUBOJIUT K ypaBHEHUIO Diltepa.

Hoxkazkem ycoBue Jlexkanapa, paciudpoBbiBast HEOOXOIUMOE YCJIO-
Bre MuHEMyMa BToporo mopsaka ¢”(0) > 0. Cormacuo dopmyse ms
¢©”"(0), BbIMHCAHHOW BHIINE, JTAHHOE YCJOBHE PABHOCHIHLHO TOMY, HUTO
Q(h) > 0 nna seex h € C([ty, t1]) Taknx, uaro h(ty) = h(t;) = 0. dro
O3HavaeT, YTo pyHKIU h = 0 ecrb c1aGbiil aBCOTOTHBIL MHHUMYM B
3aj1a4e

69) Q) = [ (o) + 2L 0)h00)

0

+Zi¢(t)h2(t)> dt — min, h(ty) = h(t;) = 0.

[To nemMe 0 CKPYTJIEHUH YIJIOB h=0 JOCTaBAgeT W CUJIBHBIN a6coA—
JIIOTHBI MUHUMYM B 3Tofi 3ajade. Torma, o y»Ke q0Ka3aHHOMY, Ha h
JIOJIZKHO BBITIOJIHATRLCS yeaoBue Jlexkanapa, KOTopoe B JaHHOM CJIydae
UMeeT TOT Ke BUJT Em(t) > 0.

Joxkaxkem ycioBue Zkobu. IlpeanosokuM NPOTUBHOE, UTO CYIIe-
ctByer Touka T € (fg,11) M HeTpUBHMAILHOE DeIieHHe h ypaBHEHHs
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Skobu Takoe, ato h(ty) = h(r) = 0. Ilycrs dbymkmus b TaKoBa, €TO

h(t) = h(t), ccmuto <t < 7w h(t) =0, eccmu 7 < ¢ < t1. BameTny, 9TO

h(T) # 0, Tak Kak B IPOTHBHOM CJIydae, 10 TeopeMe eJINHCTBeHHOCTH,
dyukius h 6bLIa ObI TOXKIECTBEHHBIM HyJIeM. /lajee, unrerpupys 1o

gacrsMm (h(ty) = h(7) = 0), nosyaum

~ -2

QW = [ (Laat0)+ 2Lua OB 00 + Lt (1))

4 Lo (DR + Em(zﬁ)ﬁ(t» R(t) dt.

[TockombKy h yIOBJIETBOpSIET ypaBHEHHIO IKOGH, TO OTCIONA cretyer,
ato Q(h) = 0. D10 o3HAUAET, YTO HAPSIY C h = 0, dyHKIHS h TakzKe
JOCTABJISET CUIBHBIH MUHUMYM B 3ajade (68). 3amurmem 3Ty 3agady
KaK 3a/la1y OIITUMaJIbHOI'O YIIpaBJICHUA

/ ' <Em(t)h2(t) 4 2L (DR()ult) + Em(t)u%t)) dt — min,

to

CorracHo IPUHIUITY MAKCUMYMa, Haii Iy TCa TaKie MHOKHTesH Jlarpan-
xka A\ u p € PC([to,t1]), He paBHBIE OHOBPEMEHHO HYJIIO, YTO BHIIO/I-
HEHO yCJIOBHE CTAIMOHAPHOCTH 110 N

—p(t) + 200 Laa(1)1(t) + 200 Liw () R(t) = 0
u yCﬂOBI/Ie MI/IHI/IMyMa 10 U

(69)  min(2XgLae(t)h(t)u + Mo Lgs (t)u? — p(t)u)

u€R
~ ~ < ~ -2 k3
= 200 L ()R (t) + AoLss(t)h (t) — p(t)A(2).
Kak u pambime mposepsiercst, 9to Ao # 0. [Tycts A\g = 1/2.
3 (69) caeayer, uro mist kaxaoro t € [to, t1] muddepenupyemast
na R pyukiusa

-~

fm>=Lmuﬂ@w+«umiw@m2—mwu

JIOCTHTaeT MUHEMyMa B Touke h. CjiejioBaTesibHO, 110 Teopeme DepMa,
ee TIPOU3BOJIHAS B 3TOW TOUYKEe paBHA HYJIIO

(70) p(t) = Lan(OR(E) + Las (DA (1).

[To onpenesenuro ?L(t) = 0, eciu t > 7 u nosromy u3 (69) BbITEKaer,
g10 p(7 4+ 0) = 0. Ho dyHKIus p HempepbiBHA U 03TOMY (CHOBa U3
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(69)) nonyuaem 0 = p(r —0) = Lo (T)h(T — 0) = Ly (7)h(7) # 0, Tak
Kkak 1i(7) # 0 (kaK y2xe 661710 orvedeno) u Ly;(7) > 0 B cuty Toro, 9o
BBIIIOJIHEHO ycHJIeHHOe yciaoBue Jlexkanapa. IIpunum K npoTuBopedno
1 TeM CaMBIM yCJoBHe ZKoOu J0Ka3aHo. U
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