HEKOTOPBIE 3AJTAYM OIITVIMAJIBHOT O
BOCCTAHOBJIEHU Y JINMHENHBIX OIIEPATOPOB

[. I Marapun-Uinbses, K. FO. Ocunenko

BBEJIEHUE

Jlannast paboTa MOCBAIIEHA 3aa49aM ONTUMAJIbHOIO BOCCTAHOBICHUA
3HAUECHUI JTUHEHHBIX ONMEPATOPOB HA KJACCAX FJTEMEHTOB IO HETOYHON
uudopMamnu 0 camux j1emearax. OCHOBHOE MeCTO B paboTe 3aHUMAIOT
KOHKPETHBIE PE3YIbTATHI, U OHU KACAIOTCS JABYX TUIIOB 33129, KOTOPHIE
Ha COJIEPKATETBHOM YPOBHE MOYKHO C(POPMYTUPOBATH CJEIYIONUM 00-
pa3oM.

1. Iycrs mpo mepuogmdeckyo GyHknuo (wim (QyHKINIO Ha Tps-
MOit) U3 HEKOTOPOTO (hYHKIHOHAIBLHOTO KJIACCA U3BECTHBI MPUOJIHZKEH-
HO Kakue-To ee Koyduimentol Pyphe (wnu ee npeobpazosanue Oypbe
Ha HEKOTOPOM TIOJIMHOYKECTBe MpsiMoii ). Kak Hamaydmmm o6pa3om Boc-
10JIb30BaThCH ITON MHOpMaluei, 4To0bl BOCCTAaHOBUTH caMy (DyHK-
IUIO U ee TPOU3BOIHBIE B TOIl MM WHOW MeTpuKe?

2. llycTb B MOMeHTHI BpeMeHH ¢y < ... < t,, IPUOJHUAKEHHO U3BECTHO
peliieHne HeKOTOPOTroO 3BOJIIOIHOHHOTO ypaBHeHHsT (CKayKeM, yPaBHEHHs
TeraonpoBogHocTH ). Kak HamIydmum o6pa3oM BOCIOIh30BATHCS ITOMH
nndopmalmeit, 4ToOb BOCCTAHOBUTD PEIICHUE YTOr0 YpaBHEHUS B JIPY-
roii MOMeHT BpeMeHu?

MpI oTBeYaeM Ha 9TH BOIPOCHI B 33Ja4aX ONTHMAJIHLHOIO BOCCTa-
HOBJIEHHS (DYHKIHMH UM UX HPOU3BOTHBIX U3 CODOJIEBCKUX KJACCOB TIO
HETOYHO 33J@HHOMY CIIEKTPYy W B 3a/a4axX O PACHpPOCTPAHEHUU Teli-
Jia Ha d-mepuoit cpepe n Ha d-mMepHoM npoctpancTse. TodHee roBopd,
GOpMYIUPYIOTCSA COOTBETCTBYIONINE 338/[a91 ONTUMAILHOIO BOCCTAHOB-
JIEHUsI W TPUBOJIATCS SBHBIE BBIPAYKEHUS JIJIS ONTUMAJIHHBIX METO/IOB
BOCCTAHOBJICHUS W MX MOI'PEIIHOCTE.

Crenyer oTMETUTB, YTO B KaxKJI0# 3ajlade ONTHMAJJIbLHBIA METOJI HC-
MOJIB3YET BIOJIHE OIpeeeHHbIH 00beM uMelomeics HHMOPMAIUU U
IIPH 9TOM HCIIOJb3yeMast nHpopMaIus “criaaxkubaercs . B 3amagax Boc-
cTaHOBJIEHUs (DYHKIMHA O HETOUHO 3aJaHHOMY CIEKTPY 3TO COTJIACY-
€TCsI C TPAKTUKON: IPU BOCCTAHOBJIEHUN CUTHAJIA IO JOCTYIIHBIM H3Me-
PEHHUSIM TapMOHWKAM BBICOKOYACTOTHBIE KOMIIOHEHTHI OTOPACHIBAIOT, a
OCTaJIbHBIE TEM WJIH WHBIM CIHOCOOOM CIJIAYKUBAIOT, ITOOBI HHBEJIUPO-
BaTh €CTECTBEHHBIE MOTPEITHOCTH M3MEDPEHUSI.

Pabora seimonmena mpu ¢uHaHCOBOI momaep:xkke Poccuiickoro ¢orma dymma-
MeHTaIbHbIX uccjaenoBanuii (rpanrsr Ne08-01-00450, Ne08—01-90001) u IIporpam-
MbI TOCYJAPCTBEHHOM ITOAEPXKKHU BEAYIIUX HAy YHbIX KO Poccuiickoit @eneparmu
(HIII-3233.2008.1).
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Pa6ora mocut 0630pHBIT XapakTep. /loxkazarenbcTBa hopMmyanpye-
MBIX YTBepPKIeHNUiT He MPUBOAATCs (BOJBINAsT 9acTh WX OMyOJINKOBaHA
U COOTBETCTBYIOIINE CCBLIKH JAlOTCsI), HO (bOPMYIUpYyeTcst 0OImii pe-
3yJIbTAT, Ha KOTOPOM OAa3UPYIOTCd JI0Ka3aTeJbCcTBa Beex TeopeM. Ham
IPE/ICTABISETCS, UYTO PEe3YIbTATHI, MOJ00HBIE TeM, KOTOPbIEe IIPeICTaB-
JIEHBI B 3TO# paboTe, MOTYT OKa3aThCs MOJE3HBIMU IIPU pa3padOTKe
YHUCJEHHBIX aJrOPUTMOB BOCCTaHOBJeHUS (DYyHKIUI U perennii pudde-
peHrAJbHBIX YPABHEHUAN IO HETOYHON I/I/ WJIM HEIOJIHOH mHAOpMAaInn
00 MCXOIHBIX TAHHBIX.

1. TTIOCTAHOBKA BAJAYN U OBHIUI PE3VIbLTAT

[Iycts X, Y — BekTOpHBIE IpocTpancTBa, W — Helmycroe MHOXKECTBO
(kmacc memenToB) B X u Z — HOPMUPOBAHHOE IPOCTPAHCTBO. MBI X0-
TUM BOCCTAaHOBHUTH JTUHeWHBIH onepaTop 1: X — Z Ha kaacce W, pac-
moJaras o KaxkjaoM daeMente x € W nndopmalmeit o npubanzKeHHOM
3nadenuu oneparopa [: X — Y na asnemenre x. Tounee rosops, Juis
kaxkaoro r € W BMmecro sniementa [x u3BecTeH 3jieMeHT Yy € Y Takoii,
aro [x —y € Q, tme ) C Y — HekoTopoe (DUKCHPOBAHHOE MHOMKE-
cTBO (Kak MpaBHJIO, BEITYKJIOe U ypaBHoBeniennoe). Ecan 2 = {0}, o
TOBOPSIT, 9TO WH(MOPMAIUS 3aaHA TOTHO.

B kadecTBe METOI0B BOCCTAHOBJIEHUS PACCMATPUBAIOTCS IPOU3BOJIb-
Hble oToOpaxKkerus m: Y — Z. llorpembocrbio MeTona m Ha30BeM
BEJIHIUHY

e(T,W,1,Q,m)=sup |[Tx—m(y)|z.

zeW, yeY
Tz—yeQ)

Hac 6yjieT mHTEpecoBaTh BEJUIHHA
E(T,W,I1,Q)= inf e(T,W,1,Q2,m),
m:Y—=Z

HA3BIBAEMAS N0ZPEUHOCTILIO ONIMUMAADHOZ0 B0CCMAHOBAEHUA U METOJ,
M, HA KOTOPOM 3Ta HHIKHsII TPAHb JOCTHTAeTCs (€CIM TAKOBOM CyIie-
CTBY€T), HA3BIBAEMBIH ONMUMAALHBIM MEMOJOM BOCCTIAHOBACHUA.
Brepsbie 3a7a49a ONTHMAILHOTO BOCCTAHOBJICHH OBbLIA MOCTABICHA
C. A. Cyonsikom 1| mis coyaast, korma Z = R, nadopmanus 3amana
touno u dimY < oo. On goKa3aj, 9TO B 9TOH CHTyaIruu Cpeau ONTH-
MAJIbHBIX METOJOB eCTh JMHeinbiil. Brnocieacrsun npobiemarnka, on-
TUMAJILHOTO BOCCTAHOBJICHUS MWHTEHCHBHO Pa3BUBAJIACH B CAMBIX Pa3-
HBIX HanpaBieHusax (cM. [2]-[7]). Paa KoHKpeTHBIX 331249 ONTHMATbLHO-
IO BOCCTAHOBJIEHUs JIMHEHHBIX ONEPATOPOB BIEpPBbie OBLI PACCMOTPEH
B [8]. Tloaxom K pelenno 3a1a49 BOCCTAHOBJIEHNUS, GA3UPYIONMHCS HA
IPUHIATAX TEOPUH IKCTPeMyMa, paspuBascsa B paborax [9]-[14].
[TpuBememM Temepb OXWMH OO pPE3YJIBTAT, KACAIONIMHACST CIOCO-
6a HaxOXKJEHUsI ONTUMAJILHOIO METOJa BOCCTaHOBJeHUsA. Iy 3T0ro
HECKOJIHKO JeTAJIN3UPYEeM UCXOAHYIO MOCTAaHOBKY. [TyCThb, Mo-nipezknemy,
X — BEKTOpHOE NMPOCTPAHCTBO U Z — HOPMHUPOBAHHOE MPOCTPAHCTBO.
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[Tycrs, gajee, Yy, ..., Y, — OpOCTPAHCTBA CO CKAJSIPHBIMU IIPOU3BEIC-
HUAMA (-, )y, W COOTBeTCTRYIOMMME HopMamu || - [ly;, [ X — Y; —
JauHeitnsle oneparopsl 1 0; > 0, 1 < j < n. PaccmarpuBaercs 3ama4a
OITHMAJBLHOIO BOCCTAHOBJIEHUS JIMHelHoro omepaTopa 1': X — Z Ha
KJIacce

(mpu k = 0 cumraem, uro Wy = X) no undopManum o 3HAYEHUAX
oneparopos g1, ..., I, 38/laHHBIX HETOYHO, T. €. JIJid KaxKj1oro r € Wy,
U3BECTEH BEKTOD Y = (Yki1y- -, Yn) € Yer1 X ... X Y, Takoii, 4ro

B coorBercTBun ¢ 001I€il TOCTAHOBKOI, 3716ch Y = Yy X ... X Y, (c
HOPMOIii, paBHOI cymMMe HOpM coMHOkuTeneit), W = Wy u

Q={(Wrs1,- - Un) €Y1 X ... x Yo lyjlly, <05, j=k+1,...,n}.

[TorpemrHOCTHIO MeTO/a BOCCTAHOBIEHUS M: Yipi1 X ... X Y, — Z
HA3BIBAETCA BEJIHYNHA,
e(T, Wy, I,0,m) = sup sup [Tz —m(y)]|z,

TEWE y=(Yk15-Yn)EVky1 X... XY,
I jz—y;lly; <85, j=k+1,...,n

tne [ = ([1,...,1,) ud = (01,...,0,), @ noepewsnocms ONMUMAALLHOZO
60CCMAN0BAEHUA OTIPEJCIIACTCS PABCHCTBOM
E(T, Wy, I,8) = inf (T, Wy, 1,5,m).

(&
m: Y1 X..XYpn—2Z

[Ipu TOM MeTOm 7, Ha KOTOPOM JIOCTHUTAeTCsd HUXKHss TpaHb (ecim
TAKOBOH CYIIECTBYET), HA3BIBACTCS ONMUMAALHbM MEMOJOM 60CCMa-
HOBACHUA.

OTMeTHuM, 9TO B 3aJa4e ONTUMAJILHOTO BOCCTAHOBJICHHS 00 /IeMEeHTe
r € X nmeercsa uHdOpMAaIg IBYX THUIOB : alpHOpHAsI, 3aKII0YaI0Na-
sl B IPUHAIJIEZKHOCTH T Kjaccy Wy m amocrepuopHasi, 3aJaHHON B
BHjie HADOPA JIEMEHTOB Yk i1, - - - , Yp, KOTOPHIE ABJISIIOTCS MPUOTUIKEH-
HBIMYM 3HaYeHudAMu i [, ..., [,x. Takum obpazom, omepartopb
Ii,... I, BMecTe ¢ BeIWYHHAMH 01, ..., 0, Onpeaenstomue kiaacc Wiy,
3aJIAI0T AIPHOPHYIO MHMOPMAIHNIO, a onepaTopsl .1, ..., I, BMecTe ¢
BEJUIUHAMHA O 11, . . . , 0, — amocTepuopuyio uuhopmanuo. Hekoropoe
eanHooOpasue B 0003HAYEHUAX ITUX JIBYX PA3IUUHBIX THIIOB HHMOP-
MaIli{ JAeT BO3MOXKHOCTD 110 PA3HOMY MHTEPIPETUPOBATL JAHHYIO 3a-
Jlady BOCCTQHOBJIEHU, CUUTAS TY WJIM UHYIO UH(MOPMAIMIO allPUOPHOI
UJIM AlIOCTEePUOPHOI.

CmsizkeM ¢ TMOCTaBJIEHHON 3ajade ONTUMAJTHLHOTO BOCCTAHOBJICHUSI
CTEYIONIY IO SKCTPEMATBHYIO 3329y

(1) 7T=[7 - max, |Laly, <67, j=1,....n, z€X,

KOTOpAasi, KK Mbl BUJIIM “He Pa3jndaeT’ alpUOPHYIO U allOCTEPUOPHYIO
nH(OPMAIIHH.



OIITUMAJIbBHOE BOCCTAHOBJIEHNE OIIEPATOPOB 4

OCHOBHBIM pe3y/IbTATOM, HA KOTOPOM OA3MPYIOTCsT TIOCTPOEHUS OII-
TAMAJIbHBIX METOIOB BOCCTAHOBJIEHUS SBJIACTCS CJICIYIOMAS

Teopema 1. IIycmov cywecmsyrom makue wucaa Aj >0, j =1,...,n,
YO 3HAYEHUS 300041

n n
T3 — max, > MLz} <Y Nd;, zeX
j=1 j=1

u 3adawu (1) cosnadarom. Ilpednorosicum, Kpome mozo, 4mo 0ia 6Cex
Y= (Ukt1, -+ Un) € Yiy1 X ... X Y, cywecmsyem pewerue x, 36004y

S Nl + S Xz - i3, - min, z€ X,

7j=1 Jj=k+1
Toz0a
E(T, Wy, 1,0) = sup Tz 2
11j|ly; <6, j=L,....,n
U Memod
m(y) =Tz,

ACAACITINCA ONINUMAADHHIM.

2. ONTUMAJIBHOE BOCCTAHOBJIEHUE CDS/HKHI/H/“I n "X
ITPON3BOJHBIX [IO HETOYHO 3AJAHHOMY CIIEKTPY

PacemorpuM mannyio 3aja4y OTAEAbHO Jid (DYHKIUK Ha OpaMOil U
JLIST IEPUOIUYIECKUX (DYyHKIIHA.

Oyuknun HA npsMoi. OJHa U3 BO3MOKHBIX U BIOJHE €CTECTBEH-
HBIX ITOCTAHOBOK 371ech TakoBa. O6osnaunm depes Wi (R) coboseBckoe
npocTpaHcTBO MYHKIMNA Ha nmpamoii R, T. e.

Wi(R) = {z() € Lo(R) : 2"7V(-) € LAC(R), 2(-) € La(R) },

rie 7 € N u LAC(R) — COBOKYIHOCTH BCEX JIOKATBHO aOCOIIOTHO
HenpepbIBHBIX (byuknuit Ha R. ITycThb

Wi (R) = {z() e Wi(R) : 2 ()l oy < 1}

— cobostesckuii knace ynkuuit Ha R, 0 < 0 < o0, A, = [—0,0]
(A, =R, ecm 0 = 00), 0 <k <r—1wud > 0. CraBurcs 3ama4a 06
ONTUMATHLHOM BOCCTAHOBJIEHUH k-Oi TPOM3BOAHON (camoii dyHKuuwy,
ecan k = 0) na cobosesckom kiaacce dbyukmuit W3 (R) mo caemymoniei
HerouHoit nadopmanun: o Kaxmoin dyuknun x(-) € W] (R) n3secrro
ee mpeobpasoanne Pypbe Fz(-) Ha A, ¢ TOYHOCTBHIO 10 § B METPHKe
Ly(A,), 1. e. u3BectHa dyukius y(-) € Lo(A,) Takas, aro ||Fx(-) —
Y(O)llzaan < 0.

B tepmumnax obmeil moctanosku u3 1. 2 3gech X = WIH(R), W =
WE(R), Yi = Lo(R), Y = Ly(A,), L)) = (), La() = Fa()la,
— cyzKenmue npeodpaszopanus Pypre HA A,, 01 = 1, 09 = 0.
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B COOTBETCTBUH C BBCACHHBIMU OIIpEeACICHUAMU IMOIPEIMHOCTDL OIITU-
MAaJIbHOTO BOCCTAHOBJIEHUS B ITOil 3aj1a9€ ONPENNAeTCS CIIeILyIOIIM
obpazom
E,(D*, W3 (R), 6) = inf sup 12 ¢) = my () Ol e

m z(-)EWF(R), y(-)€L2(As)
1F2()=y( )Ly aq)<o
rJe HUKHSISI TPpaHb Oepercst o BceM Merogam m: La(A,) — La(R).

Bajiauy Haxoxjiennd peiuuunbl E,(DF Wi (R),0) u coorsercrsy-
IOIero ONTUMAIBLHOrO MeTojia OyiaeM HasbiBath (DF W5 (R), 4, 0)-
3a1a4eil.

Caeyromuii pe3yabrar qokasad B [13].

Teopema 2. Ilycmo k,r e N, 0 <k <r,0<oc<00,0>0u

o= () ()
Y )
k(K 7F 1
ok | L2 (—) 52 + o<
g

2rr T

— >0
B e

Toeda

E,(DF, Wi (R),6) =

a memod
-1

o =g ot (1o g ()7 (2)) o

—oo

20e 0g = min(o,d), ABAAECMCA ONMUMANDHBIM.
Ecruk=0u0 <o <o0, mo

B, (D', WE(R),8) =\ 3+
M(y)(t) = % / ’ (1 + (§)2> _ly(T)em dr

—0

a memod

ACAACITINCA ONIMNMUMAADHHIM.

13 TeopeMbl 2 BHITEKAET, YTO, HAUUHAMA C 0, JajIbHelilnee yBeIndeHrne
UHTEpBajIa, Ha KOTOpoM mpeobpasoanune Pypoe byukmun u3z Wi (R)
3a/IaHO C TIOTPEITHOCTHIO § B MeTpuKe Lo(A, ), He IPUBOJUT K yMEHDIITe-
HHUIO IIOI'PECITHOCTH BOCCTAHOBJICHU . I/IHbIMI/I CJIOBaMu, IIpU HapylIeHUUn
COOTHOITIEHUS

r

(2) 620% < 2m (%) o

ME2K/Ty TOTPENTHOCTHIO 3aJaHNd UCXOTHBIX JAHHBIX 1 Pa3MepOM MHTEep-
BaJia, HA KOTOPOM 3TH JaHHbIE U3MEPAIOTCH, JOCTynHAsS WHMOPMAINAs
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okazbiBaerTcs uzsuiineii. CoorHomerne (2) MOXKeT PACCMATPHBATHCS
KaK CBOEro poja “npunuyun neonpedeserrnocmu”.
i DF WI(R), 6

JlanbHeiinme uccie10BaHIA , WJ(R), 6, 0)-3a1axit IOKA3AJIH, ITO
HAPSILY ¢ METOIOM M U3 (HOPMYIUPOBKA TEOPEMBI CYIIECTBYET ILEI0€
ceMeifiCTBO ONTUMAJBHBIX METOI0B, H HAPALy ¢ HH(GOPMAIMOHHON Xa-
PAKTEPUCTUKON 0 MOSB/ISIETCH ellle OHa XapaKTepUCTHKa 1. Jpyrumu
CJIOBAMH, CIIPABEJJIMBA CJICLY IOTIasT

Teopema 3. Ilycmv k,r e N, 0 <k <r,0<o<o00,d>0,0 uo
— me oice, Ymo U 6 meopeme 2 U

1 1
. (’I“) sk [ 2T\ 2"
o= |-+ — ] .
Pk 52

~

01
0<01 < =09

Toz0a npu ecex

o
Memodut
~ [ it

) )0 =5 [ (o e ars

1 T N T\ !

- \k r—k Tt
— T 1+ <—> — 7)™ dr
2 UIS‘T‘SJO( ) r—k \k 09 y(7)

asaaromea onmumarvromu 6 (DF W (R), 5, 0)-3adame.

Meroz (3) ormvaercst OT M3HAYAIBHO TOCTPOCHHOI'O OITHMAIBHOIO
MeTOo/a TeM, YTO B MOC/e/IHEM HeTOYHas nH(OpMalus o npeodpa3oBa-
o Pyphe CrIIaKuBaeTCs Ha BCEM MPOMEXKYTKe [—ay, 0gl, & B MeToje
(3) — Tonbko Ha MHOKecTBe 01 < |T| < 0p. Tem cambiv nHbOpMAaIH-
OHHBI CMBICT BEJIMYUHBI 0 3aKJ0YAeTCst B TOM, YTO OHA ONpEIesier
HPOMEKYTOK, Ha KOTOPOM IIOJIyUYeHHAs HeTOYHAst HH(MOPMAIUS O Ipe-
obpazopanuu Oypbe He TpedyeT CrIaKHBAHUS.

BoO3HUKAET ecTeCTBeHHBIN BOMPOC: KAK CPABHUBATH METOIBI (3), Ka-
KUM U3 HUX JIYYIIIe M0Jb30BaThea? BOT 0quH 13 BO3SMOXKHBIX IOIX0I0B.

BazkHoil XapaKTepuCTHKO METOIOB allllPOKCUMAIAU (HAIIPUMED, Ta-
KHUX KaK HHTePIOJIANMOHHbIE MK KBAapaTypHbIe (GDOPMYJIbI) SIBIISETCS
UX TOYHOCTH HA TEX WM HHBIX MHOMKeCcTBax (QyHKIHii (0OGBIYHO 3TO
MOANPOCTPAHCTBA aArebpandecKuX NI TPUTOHOMETPUIECKUX TOJINHO-
MOB). [Ipu 9TOM pasMepHOCTh COOTBETCTBYOMIUX MOIIPOCTPAHCTE CTa-
paroTcs caeaaTh Kak MO:KHO Gosibine. Hampumep, kBajgparypHas ¢pop-
MyJ1a [aycca cTpouTes Kak KBaapaTypa, TOYHAsS Ha IIOJTHHOMAX MakK-
CUMAJIbHO BO3MOYKHOM CTeIeHH.

Mg kaxxmoro o > 0 oboznatuum depes B, o(R) moampoctpancTso B
Ly(R), obpazoBannoe cykennsvu Ha R nesbix dyHKIuii 9KCIOHEHIH-
anpioro tuna o. Kak xopormo uszsectno, x(-) € B,3(R) Torga u tosn-
KO TOIJIa, KOrma HocuTesnb Fx(-) MpHHAIEKAT OTPe3Ky [—o, o). Drn
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npocTpaHcTBa MYHKIMHE Ha TMPSMOIl SIBJISIIOTCS aHAJIOTOM TPUTOHOMET-
pUYEeCKUX MOJUHOMOB.

Bysiem rosoputs, uro B (D, W5 (R), 6, 0)-3ama4e meton im: Ly(A,) —
Ly(R) Touen na By, 2(R), ecm mpu Beex x(+) € By, o(R) cupaseamuso

PaBeHCTBO
m(F(-)|a,)() = 2®().

N3 upejgpiynieii TeopeMbl cpal3y cjejayer, uTo Juid Kaxkjoro 0 <
o < 00 ONTHMAIBHBIH METOJ TOUeH Ha HpocTpaHcTBe B, o(R) mra
Beex 0 < 0y < 0’ = 0100/0 u Bz 2(R) — Makcumanbnoe mpocTpam-
€TBO, 00JIa /1at0IIIee STUM CBOMCTBOM. Taknm 0Opa3oM, HAMIY UM Cpe-
JIi ONTUMAJBHBIX METOJ0B (3) MOXKHO CIMTATh METOJ|, OTBEYAIInii
01 = 0100/0, TIOCKOJBKY OH TOYEH HA MAKCHMAJIBHO IIAPOKOM MOJPO-
CTPAHCTBE TEJIbIX (DYHKIMH SKCIOHEHITUAILHOIO THIIA.

Ilepuoguueckue dbyukmun. Ilycrs r € N u T — orpesok [—m, 7| ¢
naeHTHMUIIIPOBAHHBIME KOoHIaMu. O6o3HATHM

W5(T) = {z(-) € Ly(R) : 2"V (.) — abe. menp. , 7 (-) € Ly(T) }

Wi (T) = {2(:) e W5 (R) : || ()| Loy < 13-

Kak n B mpegslaymeM ciydae, Hac OyJeT HHTepecoBaThb 3ajada 00
ONTUMAJIBEHOM BOcCTaHOBJIeHHH k-oit mpoussoanoit (0 < k < r) dbyHK-
mun u3 kiaacca WJ(T) no ee npubiauzkenno 3ajanabiM koahdunuen-
tam Q@ypbe. Tounee, Mbl IpejloaaraeM, 4To Jjisi BCIKOW (DyHKIUU
x(-) € W3 (T) nam n3Becren BekTop y = {y;}|j|<n TaKOii, 4T0

HxN - yHlQ < 57

rae oV = {z;}};)<n, T; — K03 dunnentor Pypre bynxnun z(-), T. e.

1 .
v, =— [ z(t)e'dt, jeL,
2m T
all ||, — eskanmora nopma B C2NFL.

[TorpemHoCTh ONTUMAIBHOIO BOCCTAHOBJIEHHS B 9TOH 3a/ade olpe-
JeJISIeTCs CJIeIYIONUM 00pa3oM
EN(Dk7W2T(T)76) = inf sup ||I(k)() _m(y>(')||L2(T)v
mz()eW5(T), yel
[N —ylli, <6
rJle HUZKHSS IPpanb Gepercsd mo BeceM merogaMm m: ly — Lo(T).

D1a 3a/a9a pacCMaTPUBAIACEH B pabore [12] 1 pe3ynbTar BroHe aHa-
ngornder Teopeme 2. Ho, Kak u B ciayvae hyHKIUHA Ha TpAMOii, 371€Ch
TaK’Ke CYMECTBYeT TeI0e CeMefiCTBO ONTHMATIBHBIX METOMOB BOCCTA-
HOBJICHUA 1 CHOBa BO3HUKAET BOIIPOC O Pa3yMHOM BbI60pe n3 HUX Me-
TO/IA, KOTODHIH 0061121 ObI HEKOTOPBIME [IPEUMYTIECTBAMHE IO CpaBHE-
HHIO C OCTAJbHBIMA. AHATOTHYIHO IIPEIBIAYIIEMY, OyIeM HCKATh CPeIn
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ONTUMAJBHBIX METOJ0B T€, KOTOpPbIe OblLIM OBl TOYHBI HA TPUTOHOMET-
PHUYECKUX TMOJNHOMAaX KakK MOYKHO Oojiee BHICOKOI crenern. OOo3HAINM
qepes 7, HpOCTPAHCTBO TPUTOHOMETPHYECKHUX ITOJTHHOMOB CTEIEHH He
Boime n. [log TOYHOCTBIO MeTOma M Ha IPOCTPAHCTBE T, MOHUMAETCS
BBITIOJITHEHWE PABEHCTBA

m(z™)(-) = 2®()

Juist Beex x(+) € Tp,. Makcuma/ibHOe U3 1, pU KOTOPBIX CYILIECTBYET Oll-
TUMAJILHBI METOJI, TOYHBIH HA MOAIIPOCTPAHCTBE 7, 0003HAYNM Yepe3
~/

n'.
g kaxxporo N € N noJjioxkum

(s+1)%F — 5% < 1
(S + 1)2r — g2r — (N+ 1)2(7‘71’6)

SoZSo(N):min{SEN:

ITpu 0 > s," oupeaesnm s; < sy U3 yCJAOBHS

1
(81—1)r§ 5 <S1£.

Beenem cirenyoomme 0603HAYCHAS:
1
2(r—k)\ 2k

5 . s 1 80
N—m1n{N€N:8025}7 a(N) = so 1_(]\[—1—1) '

8?(7”*]{) _ (81 _ 1)2(r—k) 2k

s2r — (sy — 1)

/ﬁ = 81(81 — 1)

CupaBei/iuBa CJIe Iy I01ast

Teopema 4. llycmv k,r € N, 0 <k <r u N € N. Tozda

., Ja), 1<N<N,
n = ~
n, N> N.

ﬂ,/Lﬂ NnozpewHocmy onmumMatsbHo20 60CCMAHOBAECHUA UMEETT, MECTTIO DA~
GEHCIMBO

(

1 1/2 .
2k 2

2k . 1)% 1/2 R
A2k62 S]. (Sl N > N
(” T - 1>2r) =

En(D", W5 (T),0) =

a memod
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20e N' = min{N, N},
1
(N + 1)20—R)p2k’
= s2F — (51— 1)%*
(7 = G —

1< N<N,

N > N,

ACAACTINCA ONTNUMAADHHIM.

O4eBuIHO, YTO METOJ 111 TOYEH Ha TOANPOCTpaHCTBE Tryr.

3. ONTUMAJTBHOE BOCCTAHOBJIEHUE PEIIEHU
SBOJIIOIUOHHBIX YPABHEHUI (JIUCKPETHBIN CJTYYAILTL)

Hagnem ¢ HeKOTOpOit aGCTPaKTHOR MOCTAHOBKH 32,189 OITHMAJILHOTO
BOCCTAHOBJICHHS.

[Iycte H — ruapbepToBO MPOCTPAHCTBO, {€;}jeNy — OPTOHOPMUPO-
Bauublil 6asuc B H, {/;}jen — MOHOTOHHO BO3pACTAIONIAS YUCIOBASI
IOCJIeI0BATEILHOCTD TaKast, 910 lim;_, | o p; = 400,

Ho={v et Litlo@P <o | o) = (e,
jEN

A: Hy — H — yimHelHbIl OnepaTop, Onpe/ e/ IeHHbII pABEHCTBOM

Ar =Y piei(w)e;

jEN
nzxy € H.
Paccmorpum ciejytonnyio abcrpakrayio 3aja4dy Koru:
dz
4 — 4+ Ax =0,
(4) 7
(5) Ti=0 = Z9.

[Tog pemrennmem 3TOH 3aJadl MOHHMAETCS HeIpepbIBHAsT (DYHKIHA
x(-): [0,00) — Hy, muddepennupyemas mpu KaxkaoMm t > 0 u y1o-
BiaerBopsiomas ycaosusam (4) u (5). Herpyano ybegurnes, aro egumn-
CTBEHHBIM DeIIeHIeM JAHHOM 331a9 ABIAeTCH (DYHKIHS

(6) 2(t) =Y e ttei(wo)e;.
JEN

[TpeamomoKuM, 9T0 U3BECTHBI MPUOTUKEHHbIE peneHus Ty, k = 1,2,
910it 3aa4u B MOMeHThl Bpemenu 0 < ¢y < t9. Tpebyercs 110 aTum jaByM
37eMeHTaM HaWIydInM 00pa3oM BOCCTAHOBHTBH €€ DelleHne B MOMEHT
BpeMeHu T, 11 < 7 < fa.

[lepeiigem kK TouHOI MocTanoBke. [IpenomoKuM, 4T0 U3BECTHHI Ta-
Kue Ty € H, 910

lz(te) = Tullr < 6, 0 >0, k=12
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B kadecTBe METOMOB BOCCTAHOBJICHUS OyJeM PacCMaTPUBATDL MPOU3-
BoJIbHBIE OoTOOpaxkenus m: H X H — H. Ilozpewrocmoio memoda m
HA30BEM BEJTUIUHY
e(r, A, d1,09,m) = sup |x(7) — m(Z1, Z2) | 1,
r0,T1,22€H
lz(te) =2kl m <Ok, k=1,2
rae x(-) oupemesneno pasencrBoM (6). Iozpewnocmvio onmumanibrozo
B0CCMAHOBAEHUA HASBIBAETCS BEJIMINHA
E(1,A,01,09) = inf  e(r, A, 1,52, m),
m: HxH—H
a MeTOJI M, Ha KOTOPOM JIOCTHTAeTCsl HUXKHSAS I'PaHb, HA3BIBAETCS 0N~
MUMANEHBM MEMOJOM.
[Tepe hopMyIMPOBKO# TEOPEMbI ONPEIEINM HEKOTOPhIE BEJINIHHbI.
[TycTn

1= oo = Mgy < Mhji41 = o0 = Mgy < Mol = o0 = Mgy <o
[Tpu
e (tt) < 02y (at)
e Mist+1 < = <etsi2T 0 s e N,
1

IIOJIOZKUM

/)\\ 62Mj5+1 (tQ_T) — ezujs (tQ*T)

1 p—
€2H’js+1(t2—tl) _ e?,ujs (tg—t1)7
o~ e_QMjs (T_tl) — 6_2/’Lj5+1 (T_tl)
Ay =

e 2Mjs (ta—t1) _ 6_2“J's+1(t2_t1) '

B caywgae, ecin 0y /6, > e #1271 monoxkmm A = e~ 2m(T=t) o 2y = 0.
CrpaBe/InBa CJIeIyI0Mast

Teopema 5. Ilpu ecex 0 < t; < 7 < ty u 6cex 41,09 > 0 umeem mecmo

PABEHCTNEO
E(1,A,01,02) = \ les% + X25§>

o ) = S M 00) a3
’ /):1672“#1 + /):2672“712

a memod

€
jEN

ABAACTNCA ONITNMUMASAOHBIM.

Yuco npusiokennit 31oit reopembl orpoMuO. OrpaHuYauMCst 371€Ch
3ajia4eil 0 pacipocTpaHeHuy Temia Ha d-mMepHoil cdepe.
[IycTn

d+1
Sd:{x:(ml,...,xd+1)G]Rd“;zx?:l}
j=1
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— equanunag d-vepnas cdepa. Mssectno (cm. [15]), aro Ly(S?) =
2;‘;0 Hj;, tne H; — mHOXKecTBO chepHUeCKUX TapMOHUK IIOpsAJIKa j,
dim HO = Ng ‘= 1,

2j+d—1 d—2
dim]—]j:nj:—L(jJr ), 1=1,2,....

J J—1
Kpowme toro, mns Beex z(-) € H;, j =0,1,..., ©MeeT MeCTo paBeHCTBO
Ax(-) = —p;x(),

rae pu; = j(j+d—1), a A — oneparop Jlamraca-Benprpamu. O6o3na-
aum uepes {Y{(-)},2, opronopmuposanubiii 6asuc B H;. Tna o > 0
omepatop (—A)*/? ompeaendgerca paBeHCTBOM

ng
(—0) () = 3 eV,
k=1

JEN
riae
o N
=22 i)
=0 k=1

Paccvorpum 3agaqay Kot j11s1 0600I1II€HHOTO ypaBHEHUsT TEILJIONPO-
BojHOCTH Ha SY

dx
A a/2,.
pr + (—A)Yz =0,
$‘t:0 = w0(-), wo(-) € La(S?).

Jlas 3a1a4u ONTUMAILHOTO BOCCTAHOBJICHUS PEIIEHUs 3TOIO yPaB-
HEeHnd B MOMEHT BpeMeHI/I T 110 eT0 pe]l[eHI/IHM7 3aJaHHBIM C HOFpe]HHO—
cTIMHI 07 ¥ 03 B MOMEHTHI {1 ¥ ty U3 TEOPEMBI D IOJIydaeM

CaenctBue. llonroorcum

2
—~ 62“3-{-1(152*7') _ 62#3/2@2—7)
M= 2072 (ty—t1) 2022 (tg—t1)
el’[’9+1 2 1 _6,Ufs (271)
- —QMQ/2(T—t1) _ 6—21‘(;4?(7—751)
)\2 —
2
o—2u8 2 (ta—t1) _ p—202{3(t2—t1)
npu
)

2
e—ﬂgﬁ(h—tl) < -2
1

2 g —
<e ps' " (b2 tl), S € Z+,

u A =1, Ay =0 6 cayuae, ecau 69 > 01. Toeda npu scex 0 < t; <7<
ty u 6cex 01,09 > 0 umeem mecmo pasencmeo

E(T7 (_A)oz/Q} 517 52) =YV /)\\15% + Xg&%,
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a memod

m(T1, 22)(+)
-~ ~ a/2
e ,u] C'k T ) + )\267% t2C'k 57\2 :
1€ J ( 1 J ( )Yk]()

o
LS
04/2"12

T oty N ol
=0 1 e i M Ngem M

nj

enla) = [ a7,
ABAAECTNCA ONTNUMAABHBIM.

Paccmorpennas 371ech 3a71a9a OTHOCUTCA K OTepaTOpaM C JUCKPeT-
HBIM CHEKTPOM. AHAJIOIMYHAs MOCTAHOBKA BO3MOXKHA U ISl OIEPATO-
pa, CKazKeM, ¢ HelIpepbIBHBIM CIIeKTpoM. B cieayionieM maparpade Mbl
MPUBOIUM YACTHYIO TTOCTAHOBKY TaKOM 3aavdd, HO C TMPOW3BOJTHLHBIM
KOHEYHBbIM HAOOPOM M3MepeHHii.

4. PACTIPOCTPAHEHME TEILJIA HA R?

Pacnpocrpanenue Temia B R? omuceBaeTcs, Kak XOPOIIO H3BECTHO,
ypaBHEHUEM

ou
7 = Au
(7) e
(tme A — oneparop Jlamaca B R? u u(-, -) — dbynxunua na [0, 00) x RY)
C 3a/J]AHHBIM HAYAJIBHBIM PACIPEIETCHHEM TeMIIEPATY Dbl

(8) u(0,-) = uo(*).
Mpbr mpeamonaraem, 9to ug(-) € Lo(R?). EqMHCTBEHHBIM penreHuem
sagaan (7)—(8) mpu t > 0 apisiercst unrerpan Ilyaccona

O ultr) = ultmue() = —— [ e ug(e) d,

2/t Jra
e v = (x1,...,24), E=(&1,...,&), |[v — &> = Z (z; — &)% uupn
stom u(t,-) — ug(-) npu t — 0 B Merpuxe Ly(R?).

CraBuTCa cJeIyronas 3a/1a49a, aHaJOTHIHasd TeM, KOTOpbIe YzKe CTa-
BUINCH panee. llycts B MomenTwl Bpemenn 0 < t; < ... < t, Opu-
OIMZKEHHO W3BECTHBI pacupesesenns temmuepatyp u(ty,-), ..., u(t,, ).
Tounee rosops, ussecTHbl dynkun y;(-) € Lo(R?) Taxue, uro

u(ti, ) = yi( ) Lomay < 6, i=1,...,n,

rae 0; > 0,7 =1,...,n. Mbl XOTUM KaxKIOMy TakKoMy Habopy (YHK-
nuii conocTaBuTh GyHKIHIO 13 Ly(RY), KoTopas 6bI B HEKOTOPOM CMbIC-
Jie HAWJIYUIIM 00pa30M anmpOKCUMUPOBAJIA UCTUHHOE PACIpeIeeHIe
temueparypsl B R? B bukcupoBanHbIil MOMEHT BPEMEHH T.

[Tox stum moHmMaercs chieaymoriee. JIoboe orobpakenue m wu3
(La(R) = Lo(R?) x ... x Ly(RY) B Ly(R?) obbsasasercss merTomom
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BOCCTAHOBJIEHUST (TeMIepaTyphl B R? B MOMEHT BpeMeHH T 10 JAHHOI
urdopmanun). TTorpernHocTbio TOr0 MeTOIa HA3BIBAEM BEJHYNHY

e(r,8,m) = sup Ju(r, ) = m@() Ol Lo@ay,
uo(-), y(-)€(L2(RY))"
lu(ts ) =yi Ol L, gy <6is i=10m

rae y() = (yl()v <o 7yn()) mo= (51, S 7671)
Hac uaTepecyer Benmnmamna
E(r,0) = inf e(r,9,m),
m: (L2(R7))"— Ly (RY)
KOTODYIO HA30BEM NMO02PEULHOCNBI0 ONMUMGAABHO20 80CCMAHOBAEHUA T
METOJI, 7, Ha KOTOPOM HUKHsIsI TPaHb JOCTUTAETCH, T. €. JJIsT KOTOPOTo

E(T7 5) = 6(7-7 g? m)?

HA3BIBAEMBIH ONMUMAALHOLM MEMOJOM 80CCNAHOBAEHUA (TEMIIEPATY-
pol B RY B MOMeHT BpemeHnn T 1o JanHoil mHdoOpMaIum).

[Tepen poOpMyIIPOBKOil TEOpeMBI CIe1aeM HEKOTOPDIE IIOCTPOCHHUS.
Ha nBymepHoii mwiockoctu (¢, ) TOCTPOUM MHOZKECTBO

M = co{ (t;,n(1/¢;)), 1 <j<n}+{(t0)] t=0},

rae co A obo3HavaeT BHITYKIYIO 000JI09KY MHOKecTBA A.

Ompenenum bynknuo 0(-) na [0,00) pasencrsom: 0(t) = max{z |
(t,x) € M}, npuaem 6(t) = —oo, econ (t,z) ¢ M HE 1jg Kakoro .
fcno, aro Ha [t,00) dyuxmus 0(-) — Boruyras goManas. O603HATIM
qepes ty, < ... < ts, €e TOUKH H37A0Ma (cunTast {; TaKyKe TOYKOH H3-
JoMa, T. €. tg, = t1), KOTOPbIE, OYEBUIHO, SBJISIOTCS MOJAMHOKECTBOM
toyek {t,...,t,} (cM. pHCYHOK, HA KOTOPOM H300parKeHHbIE TOYKH
uMeroT KoopauHatsl (t;,1n(1/6;)).
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®opwmyaa (9) g kaxaoro t > 0 onpesesser JUHERHbIH HEIPEPbIB-
nerit omepatop B Ly(RY),! xoropwiit obosnaunm P n ecim uwepes Py
0603HAYUTD TOXKJIECTBEHHBII omeparop, 1o u(t, - ug(:)) = Pug(+) as
Bcex t > 0.

Caeyromuii pe3yibrar n1oka3ad B [16].

Teopema 6. Jlis aobozo T > 0 cnpasediuso paseHcmeo
E(1,6) = e 0.

(1) Ecaut; >0 u 0 <7 < ty, mo 10600 MeMOOD AGAAEMCA ONIMU-
MAALHBIM,

(2) ecau 7 =ty,, 1 < j <k, mo memod m, onpedeaennii pacen-
cmeom M(Y(+)) (1) = ys;(+), AcaAEMEA ONMUMANLHBIM,

(3) ecau k > 2 ut € (ts,ts,,,), 1 < j < k—1, mo memod m,
onpedeseHHuili PageHCMBoM

o~

m(?())() - (KS]' * ysj)(') + (KSJ'-H * y3j+1)<.)7
ede K, (1) u K, (-) — dynryuu us Ly(R?), npeobpasosanus
Dypve Komopur umeem 6ud

-~

)\Sj e_‘£|2(7'_tsj)
FEL (€)= =

=~ “olel2 _ )
)\Sj + )\5j+1€ 2¢] (ts]grl tSj)
N, e [Pt —20s))

_ Sj+1
FK8_7'+1 (g) - /)\\Sj + /)\\Sj+1€—2|§\2(tsj+1 —tsj) )

2(77755]')

S b7 (e
S T )
to,n —ts; \ Os

Sj+1 J
2<t5j+1 )
~ . T — tSJ 6SJ t5j+1 _t.Sj
Sj+1 T _ ’
tsj-‘rl tsj 5sj+1

ABNAEMCA ONMMUMANDHBLM,
(4) ecau T > ts,, mo memod m, onpedenentvill PaGEHCMEOM

m(y())() = Prt., s, (),

ACAACTIICA ONTNUMAAHOHHIM.

CresraemM HECKOJTBKO 3aMeYaHuil M0 OBOY C(HOPMYIMPOBAHHON TEO-
pPeMBI.

1.Ecmt; >0m 0 <7 <t, 10 0(1) = —00 u 3HaunT, F(7,0) = +00
— MPOILIOe HEJIb3sI BOCCTAHOBUTH IO HETOYHOMY HacTosemy. B aTom
caydae JI000# METOI MOXKHO CIYUTATH OMTUMAJILHBIM.

2. OTMeruM, YTO ONTUMAJIbLHBIN MeTOI JIMHEeeH, “‘CrIa:KuBaeT’ Ha-
6aoaennst (cBeprka — Oeckonedno juddepennupyemas QyHKIUsS) 0

1310 caenyer, nanpumep, u3 nepasencrsa FOura, rak xax unrerpan Ilyaccona
ecTh CBepTKa OrpaHmIenHnoil Gpynxnun u Gyuxmun u3 Lo (R?).
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ucIoJib3yer wHGOpPMAINIO He Dojiee YeM O JBYX M3MEPEHUSX JI0 U T10-
¢cJie BpeMeHn T, JIH0O TOJIBKO J10 Bpemenu 7 (ecam T > i, ).

3. Ecim 7 = t; u t; ne aBisercd TouKoit uzaoma Gyukmun 6(-), To
ONTUMAJIBHBIA METO/I TI03BOJISIET JTAHHOE U3MEPEeHHe YTOTHHTD.

4. Cayuait 7 > ts, 03HaAYaeT, 9TO caMoe TOUYHOe U3MepeHne TeMIlepa-
TYpHI OBLIO MPOU3BEICHO paHbINe BpeMeHH 7. B 9Toil curyamumn onru-
MaJIbHbIT METOH — pelieHue ypaBHEeHHdA TEIJIOIIPOBOAHOCTH B MOMEHT
BpeMeHU T — ts, ¢ HA4aJIbHBIM PACIPEICICHHEM TeMIePATyPs Ys, (-)-

[1]
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[6]
7]
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