ON SOME PROBLEMS OF OPTIMAL RECOVERY OF
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INACCURATE DATA
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ABSTRACT. We consider some problems of optimal recovery of
holomorphic and harmonic functions in the unit disc. We obtain
extensions of Schwartz’s Lemma and optimal formulas for numer-
ical differentiation.

INTRODUCTION

Let X be a linear space, let Y and Z be normed spaces, and let
W C X. Consider the problem of optimal recovery of the operator
L: W — Z using the values of the information operator [: W — Y in
the case where those values are inaccurate ones. More precisely, let us
consider the extremal problem

(1) E(L,I,6)=inf sup | Lx— Sy,
zeW
[Tz—yl|<é

where S: Y — Z is some mapping (algorithm). E(L,,0) is called the
intrinsic error of recovery. An algorithm Sy is called an optimal one if

sup ||Lx — Soy|| = E(L,1,9).
zeW
[Tz—yl<s
If Sy is an optimal algorithm, zy € W, and
sup ”on—SOyH :E(L7I75)7

[[Tzo—yl| <o
then z, is called a worst element.

The investigations of the problem (1) were initiated in [1] for the
case dimY < oo. The case dimY = oo was worked out in [2] (see
also [3]). In this paper we consider some problems of optimal recovery
of analytic functions from the Hardy space H, and the Bergman space
Ay, 1 < p < oco. We also consider the same problems for harmonic
functions from similar classes h, and a,. Some results related to H,
can be found in [4-7].

In Section 1 we prove some general theorems on optimal recov-
ery from inaccurate data, which closely relate to results obtained
in 2,3,8,9]. In Section 2 we apply these theorems to finding opti-
mal recovery algorithms for functions from H,, A,, h,, and ay in some

point of the unit disc of C, when the disposed data is the inaccurate
1
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value of these functions in some other point. In particular we obtain
some generalizations of Schwartz’s Lemma. In the last section we find
optimal algorithms of recovery of f(0) from inaccurate data f(—h) and
f(h), h € (0,1) in H, spaces. In H,, we also find the optimal value of
h for which the intrinsic error is minimal.

1. SOME GENERAL THEOREMS ON RECOVERY FROM INACCURATE
DATA

Now our aim is proving the sufficiency of some conditions for the
Sop to be an optimal algorithm and zy to be a worst element. These
conditions were originally found by Micchelli and Rivlin [2]. Though it
is closely connected with Micchelli and Rivlin’s result the theorem we
need is slightly different.

Theorem 1. Let xg € W, —xg € W, L(—zo) = —Lxo, |[{z0] < 0,
[ (=o)| <6, and

sup ||Lx — Soyl| = [[Lxo]-
zeW
[1z—y|| <o
Then

(i) So is an optimal algorithm,
(i) xq is a worst element,
(iii) the intrinsic error is E(L,I,0) = ||Lxo||.

Proof. Tt follows from (1) that
E(L,I,0) < sup |[Lx— Soy|| = || Lol
zeW
[Tz—yl|<é

On the other hand, for any algorithm S we have
(2) [ Lag — S0)|| + [|L(=z0) — S(0)|| = 2| Lol
and therefore

sup || Lz — Sy|| = max{|| Lz = SO)]], [|L(=w0) = SO)[I} = [[Laoll.

Te
[Tz—yll<é

Thus E(L,I,6) = ||Lxo|| and Sy is an optimal algorithm. Now suppose
that x( is not a worst element, i.e.,

sup ||Lzo — Soy|| < su%)/ | Lz — Soy|| = || Lxo]l.

[1zo—yl|<o z€
[Tz—yll<é

Then
[ Lxo — So(0)| < [[Laoll,  [[L(=20) = So(0)[| < [[Lazol],
which contradicts (2). O
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Corollary 1. Let xg € W, —xg € W, L(—xo) = —Lxq, |[Izo] < 9,
Il (—x0)|| <0, let Sy be a linear operator, and let
sup || Lz — Solz|| = || Lxo|| — 6]]So]|-
zeW

Then
(i) So is an optimal algorithm,
(i) xq is a worst element,
(iii) the intrinsic error is E(L,I1,0) = sup || Lz|| = || Lxo].

zeW
[ 1z]|<o
Proof. Note that
sup ||Lz — Spy|| = sup ||[Lx — Solz+ So(lz —y)|
zeW zeW
[Tz—y|| <o ([Hz—y[|<o
< sump/ |Lx — Solz|| + 6||So|| = || Lxoll.
Te

Since ||/zo]| < 6 we have

sup [|Lz|| > ||Lzol = sup ||Le — Soyl| = sup ||Lx]].
w w w

e ze e
[[Tz] <6 [Tz—y[|<s [[1z]|<d
Thus
sup || Le — Soy|| = || Laol| = sup ||L]].
zeW zeW
[Hz—yl|<é [pedliy
Now the corollary follows from Theorem 1. O

Let 2 be a subset of C" and p be a nonnegative measure on ().
Denote by L,(€2, i) the Lebesgue space of complex- (or real-) valued
functions with the usual norm

1/p
£l = ( / |f(2)|pdu(2)) Cl<pes,
Il = esssup £(2)|.

Let X, be some linear subspace of L,(S2, u) and BX, = {f € X,, :
IIfll, < 1}. Consider the problem (1) for X = X,, W = BX, and
Z =C(R).

The following theorem is a generalization of the appropriate results
from [8,9] obtained for the case 6 = 0.

Theorem 2. Let g € X,, ||lgll, # 0, g0 = g/|lgll,- Also let L be a
functional on X,,, L(—go) = —Lgo, || Lgo0|| <6, [|[I(—g0)|| <9, and Sy a
linear functional. Let Solgo = 6||So|| and for every f € BX,, let

o / SEDg()P2f (=) du(z), 1<p < oo,

) Lf-Slf={ 7
/Q d@De() () du(z), p= oo,
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where o« > 0, ¢ € L1(Q, ) and if p = oo then |g(2)] = 1 almost
everywhere on ) with respect to measure p. Then
(i) So is an optimal algorithm,
(i) go is a worst element,
(iii) the intrinsic error is

E(L,1,6) = sup |Lf|= Lgo=
feBX,
I1f]I<o

allglp=t +6[1Soll, 1< p < oo,
el +6llSoll,  p=oo.

Proof. For every f € BX, from (3) and the Holder inequality we have

=l 1 <p<
Lf— Sorf] < { Mol 1sp<oo,
||90||17 p = OQ.
On the other hand we obtain
=l 1 <p<
Lgo — 0|1So|l = Lgo — Solgo = allgllp~t, 1< p < oo,
el p = 0.

Hence

fEBX,
Now the theorem follows from Corollary 1. O

Let ;" be the space C™ supplied with the norm

m 1/q
(Zw) Cl<g<oo,
j=1

ax. |a;l, q = o0,

lally = ll(ar, .. am)llg =

and by (a,b) denote the Hermitian inner product

m

(CL, b) = Z ajl;j.

J=1

Let a # 0, a* € Bl and
(ava*) = Hqu’? 1/Q+1/q/: L.

It is easy to see that

a: . q,_2
a; = ‘j‘a‘]—q|/_1’ 1 S q/ < OO,
lally
and for ¢’ = oo
. 0(71, j#jOa
J ’CL]‘O|7 J = Jo,
J0

where jo, such that |a;,| = max;<j<p, |q;].
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Corollary 2. Let [: BX, = I;", Soy = (y,a), a € C™, g € X}, ||gll, #
0, go = g/|lgll,, L be a functional, L(—go) = — Lo, and | I(—go)l, < 5.
Suppose that for every f € BX, the equality (3) holds and Igy = da*
ifa#0, or ||Igo|l <6 ifa=0. Then

(i) So is an optimal algorithm,
(i) go is a worst element,
(iii) the intrulsic error is

Py §lally, 1<
E(L7[75): sup |Lf|:LgO:{aHg”p + HaHQ7 S p <oo,

el +dllally,  p=oo.

2. OPTIMAL RECOVERY OF ANALYTIC AND HARMONIC FUNCTIONS

Let D = {z € C: |z] < 1} and H, be the Hardy space, i.e., the space
of functions which are analytic in D and for which

1 27 ] 1/73
171, = su (— / Fre®)p de) coo, 1<p<oo
0

<r<1 2
£l = sup |f(2)] < 0.
z€D

(4)

It is well known that the functions from H, have boundary values
almost everywhere and therefore H, can be considered as a subspace
of L,(Q,u) for Q={z € C:|z| =1} and du(e?) = (1/27)d0.

Recall that the Bergman space A, is the space of analytic functions
which satisfy the inequality

@ W= (2 [ 1seran) < 1p<m,

where o(z) is the Lebesgue measure on D (for p = co A, = Hy).
Thus the space A, is the subspace of L,(D, p) for du(z) = (1/m)do(2).

Denote by h, and a, the spaces of harmonic functions in D which
satisfy (4) and (5), respectively.

Consider the problem (1) when X is one of the spaces H,, A,, h,, or
a,, W =BX, Lf = f(§), If = f(#1), £ and 2 are distinct points in
D. The relative intrinsic error will be denoted by E(¢, 21, d, X).

Put

(6) p=
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where ¢ is determined from the condition W (§) = p,

51:(_1—p )”” 52:(1—p2 )“”
2(1— [z ]?) ’ 1 —|z? ’
1,

0 S ) S 517
h(z) =4 (W(z)+a)/(14+aW(z)), 6 <<,
W(z), d > 0o,
where a € [0, 1] and satisfies the equation
CL52

0 h(z)(1 + ap + a2)/r 0 0=0<0

(The existence of a solution follows from the continuity of the function
from the left hand side of (7).) Put a =0 for 6 > Js.

Proposition 1. Let X = H,. Then for every 1 <p < oo and § > 0

(i)

Soy =

M) -p)  (1-€1\"
MO +appe v \1—[gP) 7
15 an optimal algorithm,

(i)
(8)  go(z) = (1_—|§‘2) Hr (W (2) +a)(1 +aW(z))EP)/p
14 2ap + a? h(z)(l _ EZ)Z/p
18 a worst function,
(iil) the intrinsic error is

(p+a)(1 +ap)* PP

B0 ) = 0+ 200+ @)L P
Proof. Put
(W(z) +a)(1 + aW (2))C-P/r p(1 — [¢[*)=2)/p
9() = h(z)(1 — Ez)%/P T RO+ ape

By the residue theorem we have for every f € H,
1 27 - ' '
age [ o@lg(e) () do
1 (14 aW(2))2P=D/Pp(2)
a=—: _
2710 J o W(2) (2 — &)(1 — €z)p=2)/p

In addition,

(2) dz = f(§) = Sof(21).

2

do

» 1 [*"]| 1+ aW(e?)
91, = —=

oy | 1-ge
RSO R PR E= TR L
21 Ji=r W(2)(1 = €2)(2 = ) IRGE
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It follows from (7) that for 0 < § < ds |go(21)] = d and for & > Jy
lgo(z1)] = 62 < 9, Spy = 0. Since Spgo(z1) > 0, we have Spgo(z1) =
d]|So]| for every > 0. Now the proposition follows from Theorem 2.

U

Note that in virtue of Theorem 2 the following generalization of the
Schwartz Lemma can be obtained from Proposition 1:

(9)  sup [f(2)]

fEBH,
|f(0)|<8
(el talpeor <1_|z|)
(1= [z2)V/2(1 + 2alz[ + a?)/P" ~ = :
= (1+ a|2])>? N -
(1 —[2[2)P(1 + 2alz| + a2)V/P’ ( < (L= |z[f)P,
(1= [z[*)V7, 5> ( 1—|z| I

Here a is defined by (7) for z; = 0.
Now consider the same problem for X = A,. Put

__ @+pa—p)r s _ (1= N\
LRGPP T\ TP
1
>O§5<517
b— 14 ap
aa 5251a
a—+p

where a € [0, 1] and satisfies the equations

(10)
ap??((p/2 = (1 — a?)B + b+ B2 (1 — |24[2) 7 5
(/2= 1)(1 = a*)(1 + 2ap +a®)pb* | p*2=p%) | + (1= 1) v
1—p? (1—p?)?
for 0 < 6 < d; and
(1 _ b2)2/p(1 _ p2)2/p 5

(1=2(1 = p?)?0 + (1 = p?)20") VP (1 — [21]?)?/P

for 6 < 0 < 5. (The solution of the last equation may be given in
direct form and the existence of solution (10) will be shown below.)
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Put ¢ =0 for § > §,. Let
(p/2 =11 —a*)(1 - pW(2))
o(z) = +(1+aW () (2+ap— pW(2)), 0<6< b,
(1+aW(z))(2a + p — apW(2)), 6 > 41,
W) ta (e
L+aW(z) (1 —Ex)4p"

g(Z) = 2/p
() -
(1 -2
Proposition 2. Let X = A,. Then for every 1 <p < oo and § >0

()

1-¢&x 4/p ((p(zl))(p—%/p
G = B2(1 — )2
w=ra-i (i) (55)

18 an optimal algorithm,
(i) go = g/ll9lla, is a worst function,
(iii) the intrinsic error is

(p((p/2)(1 = p*) + 1)

a—fepr °=0
5ba+f’( L |af )/p(so(é))””
E(ga 217& Ap) - a (]_ _ |§|2)(1 _ p2) 90(21) )
0 < <o,
1
KW’ 5 2 (52.

Proof. Note that the functions
(p/2 = 1)(1 = a?)(1 = pw) + (1 + aw)(2 + ap — puw)
and
(1+ aw)(2a + p — apw),

as the functions of w, have real zeros which are outside the interval
(—1,1). Therefore ¢(z) is zero free in D. Let 0 <6 < §;. For f € Hy
denote
_ 1 (1+aW(2))*(p(2)) P2/

271 Sy W) (W(2) — p)(1— E2p2w DI
Since W(z2) —p=¢€"(z —&)(1 —|21)*) /(1 — z12)(1 — z:£)) we obtain
by the residue theorem

I B o e
‘ (1+ ap)2(1 — 7,6)(p(€))P=2/p Jf = (&) = Sof(z1).

Jf f(z)d=.
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On the other hand, in view of the equality W(e®) = W=1(e), we
obtain by Stokes’ formula

e (W”_)Q (1+ TGP ()02
et \L+aW(z)) (1= pW()(1— Eopo-as
)

271
[ p/2+1 _
! W(z)+a (1+aW(2)? [ W(z)+a \"*!
N |2l=1 ( > ( )

omi 1+ aW(z) 1—pW(z) \1+aW(z)
(e 0-me [ (et
X (1- EZ>2(p—2)/pf(z) dz=e 1—|n]?2 « /D (1 + aW)

p(2) (W@)M)p/g_l (ENTDP ) do(z)
(

Ao \1+aW(2) 1 —Z2)20-2/p
= e L | Sl ) dot).

Thus for every f € H,, we have
(11)

_ £12)2(—2)/p o
T ey [ TP d0() = £ - Suf (),

As functions from H,, are dense in A, for every 1 < p < oo, the
equality (11) holds for every function from A,. It is easily seen that
Sog(z1) > 0. Therefore it follows from Theorem 2 that if a € [0, 1] sat-
isfies the condition |g(z1)|/]|g[|4, = d, then Sy is an optimal algorithm.
For f = g, from (11) we have

p(1— €)% A
(1+ap)? (90(5))(” B/
_ (pta)(e©)*r (1 - p2>2 ap(z)
(L+ap)(1—[gP)¥r \14ap) (1—[EP)Hr(p(E))e=2/p"

Hence

p(1 —§]7)? p(1 —§]7)?
We find by direct calculation that

(21).

g%, = b (1 1_ €]2)2 ((g - 1) (1= a®)(1 = p*)(1 +2ap + a®)p?b*

L1 2P (1 )

Since [|g||4, > 0 for every a € [0,1], the function in the left-hand side
of (10) is continuous as a function of a (a € [0,1]), and therefore the
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equation (10) has a solution for every 0 € [0,9;). We have

) 2—-1)(1—a?) +2+ap)??
(o) — a PO (/2= D= ) +2 4 ap)
1= Calt 1= Gl
a((p/2—-1)1—a®)+1+b" )2/p( —p )2/;,
(1— [€[2)2/P(1 — |2 [2)2p
and so the equation (10) means that [g(z1)|/||g|la, = 6.
The case § € [01, 2] can be considered in the same way if we set

1 (W(2) + a)(p(2)) P27
210 e W (2)(W(2) — p)(1 — E2)20-2)/p f(2)dz
L[ Ol R
210 J =1 (1 — pW (2))(1 — €2)20-2)/p
Let now 8 > 8. Then a =0, g(z) = p¥?(1 — £2)~*?, and

L e f(2)do(2)
L it = 2= [ LA

— p2(p—1)/p f(f)
(1 — [€[2)2e—2)/p
(Here we use the fact that the Bergman kernel (1 — £z)72 is the repro-
ducing kernel on A,.) Thus

_ (r—2)/p _
a2y LB [ GGl 212 dote) = £0) - Suf )

Now let us verify that [g(21)|/||g]|4, < 6. Substituting f = g in (12),
we obtain

2/p
(L= 1672 glls, = e
which yields
|ﬂan_(1—p2y@_5<5
lglla, — \1T—1?) 777
The proposition is proved. U

Now we consider the same problem for X = h,, p > 1. Put

1 2

o P(z1,e?)(P(&,e") — AP(21,€"))(p df
a(A) = 0 -  —a0)
|P(&,-) — AP(z1,-)|4

where P(£,2) = (1—|£]?)/|1—£2|? is the Poisson kernel, 1/p+1/q =1,
(2)(q) = |z|? ! signz, and

1 2 ‘ 1/q
1= (52 [ trepean)
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Let us show that for every 0 < 9§ < §; the equation

(13) a(A) =0

has a solution A € [0, (1 + p)/(1 — p)]. For z = € and ¢ = W(z) =
e(z — 21)/(1 — z12) we have

(11 e (R S .

P(z1,2) L =pC2 T 1y
(p and ¢ are the same as in (6)). Thus for every z = ¥
1
P(¢,2) — %P(zl, 2)<o.

Therefore

Since a(A) is continuous for A € [0, (1+ p)/(1 — p)] and a(0) = 4y, the
equation (13) has a solution in this interval for every 0 < 0 < §;. We
denote this solution C, (¢, 21,0). For § > §; we put C,(&, z1,6) = 0.
Proposition 3. For X = h,, p > 1,
(i) Soy = Cp(&, 21,0)y is an optimal algorithm,
(i)
1 2

o ), P(C,ew)(P(&ew)—Cp(ézlﬁ)P(Zue”))(q)d9
I1P(E, ) = Cpl&: 21, 0) P21, ) l7

18 a worst function,
(iii) the intrinsic error is

E(&, 21,0, hp) = uo(€) = [|P(§,-) = Cp(&, 21,0) P21, -)[lg + 0C (&, 21, 0).-

Proof. Tt is known (see [10]) that every function from h,, p > 1, has
boundary values almost everywhere. It is also known that boundary
values reconstruct this function by Poisson transformation. So for every
u € Bhy, p > 1, we have by the Holder inequality

[u(§) — Cp(§, 21, 0)u(z1)]
L /QW(P(&G”) — Cy(&,21,0) P(z1, ”))u(e) db
2m Jo
<||P(&+) — Cp(&, 21,0) P21, )l

up(C) =

On the other hand, the function
f(@) _ (P(€76i0) - Cp(gvzla ) (Zl7 19))(
I1P(&, ") = Cp(&s 21, 0) P (21, ) |lg

and therefore (see [10]) ug € Bh,, and has almost everywhere boundary
values which coincide with f(60). Thus we obtain that

uo(§) = Gp(&s 21, 0)uo(21) = [[P(E,-) = Cp(, 21,0) P21, ) -

€ BL,(0,27)
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Hence

(15)  sup [u(§) — Cp(&, 21, 0)u(z1)] = uo(§) — Cp(E, 21, 6)uo(21)-

ucBhy

Let 0 < § < 6. It follows from the definition of C,(¢, 21,0) that

up(z1) = 6. Since Cy(, 21,0) > 0, we have from (15) that ue(§) > 0
and
sup [u(€) — Cp(&; 21, 6)u(=21)| = |uo(§)] — 0CL(&, 21, ).
ucbhp
For § > ¢, the same equality holds because C,(&, 21,0) = 0. Now the
proposition follows from Corollary 1. O
We can easily find C (&, 21, ). In this case ¢ = 1 and
1 [ , . .
a(d) = 2—/ P(z1,e") sign(P(€, ") — AP(zy,¢")) db.
T Jo

In view of (14) the substitution z = (e7( + z1)/(1 + z1e7%() yields

1 2w )
o)) = — / sign(P(p, ) — \) df
2 Jo
1 (7 1 — p?
= —/ sign P -\ db
T Jo 1 —2pcosf + p?
’17 A S ﬂ’
2 1 2 1 ) 1
2 A(L —(1—- —
= { — arccos (+p7)=( p)—l, —pgAgﬂ,
s 2pA —i—,ol 1—0p
1, A> P
\ 1 —pP
Hence for 0 < § < 1 the solution of (13) is
1— 2
Coo(ga 21,5) P

T 1+ 2psin(md/2) + p*

If§ =1, every A € [0,(1 — p)/(1+ p)] is a solution of (13).
For 0 < § < 1 and z = ¢ we have
sign(P (€, 2) — Coo(§, 21,0) P(21, 2))

2
= sign <1—p|2 — Co(&, 21, 5)) = sign (Re W (z) + sin gé)

11— pW(2)
W(z) +tan(md/4) W (z) + tan(wd/4)
T W (=) tan(mo/d) — m e At e n (ro )
In the case p = 00, 0 < 6 < 1, we obtain
4 W(C) + tan(md/4)
up(¢) = - Re arctan T W (O tan(r0/4)

Thus the next corollary follows from Proposition 3.

= sign Re
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Corollary 3. For X = hy

(i)

L—p 0<d<1
1—i—2psin(7r5/2)—l—pr7 - ’
Soy = 1-p
c , 0=1, ce|0,1],
5, [0,1]
0, 0>1,

is an optimal algorithm. (In the case 6 = 1, ¢ is an arbitrary
value in [0,1].)

(i)

tan(md/4), 0<6 <1,

4 A
up(z) = — Rearctan Wiz) + ) 5> 1

Al A —
s 1+ AW(z)’ where {

18 a worst function,
(iii) the intrinsic error is

E(éa 21, (57 hoo) = u0(£) = % arctan 1p_:_AAp
The solution of the equation (13) may also be obtained in direct form
for p = 2. Nevertheless, we prove a more general result for the Hilbert
space.
Let X be a complex (or real) Hilbert space. Consider the problem
(1) in the case W = BX,Y = Z = C (R), Lz = (z,21), [z = (2, 13),
x1, 22 € X. The intrinsic error will be denoted by E(z1,zq,0, X).

Proposition 4. Let x1 and x5 be linear independent elements from the

Hilbert space X. Pul
€ = min {5, M} .

1]
Then
(i)
Soy _ )\(x27x1)
[T
where
e w2
(21, 22)] [|@2|* — € ’
15 an optimal algorithm,
(i)
2> — €2 ( (w1, ) )
To = Ty — A T
1|2l = (21, 22) 22

18 a worst element,
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(iii) the intrinsic error is

€2 Ty1,x 2 r1,T
Blonens.X) = 1 - o e - 8220 el
2

2] 222

Proof. We have

sup |(z,x1) — So(z, x2)| = sup ($,x1 — A(m,xg)@)‘
<1 Jall<1 2]l
2 2 _ 2
_ ‘ 1 _)\(Jflaxi)mz _ 4[| 2] _ |(1;17172)|
[ |22]|2 — €
Moreover
($0 513'1) — S()(l'o i['z) = (33'0 r1 — )\wmg) = ‘ T — )\M 2
’ ’ ’ |22 |22
Thus ||zo|| = 1 and sup|,<; |(x, 1) — So(z, 22)| = (20, 1) — So(20, T2).
Since
A1 — A 2
50(11307$2) — ( )’('%(';7 :Ei) ‘) > 0
a2 |21 — A
[[22]]
and
[[22]]* — &2
’(3307‘772)‘ = ’2‘(331,332”(1—)\):57

1 [l = (21, 22)

we obtain Sy (g, x2) = 0||5]|. To finish the proof of the proposition we
need only apply Corollary 1. O

The problems of optimal recovery in Hilbert spaces from inaccurate
data were investigated in [11]. (See also [2] for a more general situa-
tion.)

Let X be a Hilbert space of functions f: Q@ — C (R) with the repro-
ducing kernel K: Q x Q — C (R), i.e.,

f(z) = (f(), K(, 2))

for every f € X and z € Q. Consider the problem (1) for W = BX,
Lf = f(&), If = f(z). If K(-,€) and K(-,2) are linearly indepen-
dent (i.e., the class BX distinguishes the points £ and z;), then from
Proposition 4 we get Corollary 4.

5:min{5,M}.
K(&,€)

Corollary 4. Put

Then
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_ K(£7 Zl)
Soy = )\my’
where
re1- = EEOKE ) = Kz, OF
|K(217€>’ K(thl)_gQ

15 an optimal algorithm,

(i

_ K(z1,21) — €2
fo(z) = \/K(f,f)K(zhzl) — |K(21,8)?
K(21,8)

x (K(z,g) - Amfﬁz,zl))

18 a worst function, and
(iii) the intrinsic error is

E(€,2,6,X) = \/1 - K(%ZQ\/K(@@ B |l}<(’§2iiy)2 +5|;[({((§11§1))|‘

We list some examples of Hilbert spaces with reproducing kernels:
1 2 S
1) H27 K(ga Z) = (1 - 52)715 (f> g) = %/ f(ew)g(eze) d(97
0

) A K62 = (-6 (Fo) = [ fEaE o),
3) hy, K(£2)=2Re(l1-&2)7' -1,
1 2m

(u,v) = %/0 u(e®)v(e®) db,
4) ay, K(& 2)=2Re(l1—-¢€2)2 -1,

(1, v) = % /D w(2)v(2) do(z).

Note that we can obtain the generalization of Schwarz’s Lemma in
the same way as (9):

sup |f(£)| :E(gazla(;’X)a
feBX
[f(21)|<4

where F(¢, 21,0, X) can be found from the corresponding proposition
for X = H,, Ay, h,, and a.
Put
D(&,21,0,X) ={z€ D :|go(2)| <9},
where X = H, Ay, hy, or as and go(z) is a worst function for the
appropriate recovery problem. Consider the information operator I f=
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fiD(e,21.0,x) instead of If = f(z1) and let Y be the space of functions
which are continuous in D(&, 21,6, X) with the norm
Iyl = sup  [y(z)]
2€D(&,21,6,X)

It follows from Corollary 1 that the optimal algorithm, the worst func-
tion, and the intrinsic error will stay the same. Thus the additional
information (with the same inaccuracy) about the behaviour of the
function f in D(, 21,0, X) will not decrease the intrinsic error. In
other words, the point z; forms some “shadow” set in which any addi-
tional information is useless.

3. OPTIMAL RECOVERY OF THE DERIVATIVE FROM INACCURATE
DaAtA

We turn now to the problem (1) for X = H,, Z = C, Y = lg,
Lf = f(0), If =(f(=h),f(h)), h € (0,1). The intrinsic error will be
denoted by E(h,d, H,).

There is the well-known algorithm

1y ~ 4 h) = f(=h)
7o)~ B
which is not optimal even in the case § = 0 (see [12]). It was shown
in [2] that
N w S (h) = f(=h)
f(0) = (1=h7) 57

is an optimal algorithm for 6 = 0 and p = oco. It follows from [8] that
this algorithm is optimal for 6 = 0 and every 1 < p < co. Moreover it
is also optimal for § = 0 and X = hy (see |9]).

Now we consider the case when the value of functions in the points
—h and h are known with an error < ¢ in the norm of lg, that is, we
know y; and ys such that

|f(=h) =T+ |f(R) =] <69, 1<q< o0,
max{|f(—h) —yl,|f(h) — 2|} <9I, ¢=o0.

Put
I/p, 1<p<
sp:{/p’ =P s = hae (L k), Gy = ha,
0, p=o0,
1, 0 <6 <y,
Oé(Z): a2—22
—w 20

Let a € [h,1] be a solution of the equation
h(a2 _ h?)(l _ a2h2)2£p—1
a(h)(1 — h*)er(1 — 2a2h? + at)e»

(16) = §27,
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where 0 < 0 < dy. (The existence of the solution follows from the
continuity of the function in the left hand side of this equation). Put
a = h for § > ds.

Proposition 5. For every 6 >0, 1 < p,q < o0

(i) e

a(h)(1 —a®h?)*=) gy — gy,
"(0) ~ Sy =
PO~ Soy = = oya— w2

18 an optimal algorithm,

(i)
1_h4 EPZCLQ—ZQ 1-@222 2ep—1
R )" et )

1 —2a%h? + a* a(z)(1 — h2z2)%r»

18 a worst function,
(iii) the intrinsic error is

a? 1 —ht »
E!(h,d, H,) = .
(s 0, Hy) a(0) (1—2a2h2+a4>

Proof. Put

2) = z(a® = 2%)(1 — a?2?)*! z) = ooz @)’
9(2) = a(z)(1 — h222)%r , p(2) (1_h222> .

0

For every f € H, and z = €' we obtain by the residue theorem

h? L/ a(z)(1 — a222)2(1-=0)
a(0) 27 J =y 22(22 = B2)(1 — h222)1 -2
h? 1

Sz TP 1< <o

f1(0) = Sol f = - f(z)dz

3 IR ®, .

For f = g we have from these equations
1 —2a?h? + a*
1—ht

Note that if p = oo, |g(e?)| = 1. Now to use Corollary 2 we must prove
that

g1l = llollm =

4}
[g(] =da* = 27(—1, 1)
if < 0 < 52 and ||]g()ng < o if o > (52. Let 0 < 0 < (52. Since

if 0
go(—h) = —go(h) it is sufficient to prove the equation
go(h) = )2 ¢«

which coincides with (16). If 6 > da, go(2) = 2z and |[Igoll;z = h2% =
09 < ¢§. This completes the proof of the proposition. O
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Note that Spy = 0 for § > 2%. If § < 2°¢ we can consider the problem
of finding such a value hg, that

E(ho, 6, Hy) = min E/(h,0, H,).

he(0,1)
The value hg is called an optimal value of h. We give the solution of
this problem for p = oo.

Proposition 6. Forp=o00, 1 < ¢ <00, and 0 < < 2% the optimal
value hy satisfies the equation
(17) Shy + 21 eap3 — 5221 %apy — § = 0.

The equality

in E'(h,6, H,) = h?
he(o.1) (1,0 Hoo) = ho

holds. The optimal value hy can also be found from the equality
ho = Vksn(K/3, k),

where k 1s determined by the equation

0o hm(erl) )
(18) Vi = 2h}/4 Zm:() ol) —, hy = o TN /(3M)
14+2> " Y
or
K’ N
1 - .

here K, A denote the complete elliptic integrals of the first kind with
respective moduli k, N = 62475« and K', N’ denote the ones with com-
plementary moduls.

Proof. From Proposition 5 we have

a?, 0<4 < h2s,

E!(ho,d, Hy) =
q( 0, Y, ) {17 5 Z h25q’

where a € [h,1] and is determined by the equation

2 2
a®—h )
(20) h———— = —.
1 —a?h? 2%
Extracting a? from this equation and minimizing it as a function of
h € (0,1) we obtain that the minimum hg is unique and satisfies the

equation (17). Taking a derivative from (20), we have

a? — h? 5y 1= a* 1—ht
LT o2 T i oadh— =0,
1 — a2h? (1 — a?h?)? +saa (1 — a%h?)?
Thus if hg is minimum then g{(hy) = 0, where
a? — 22

Now it is sufficient to find a function go(z) like (21) such that for some
ho € (0,1), go(ho) = 627 and gj(ho) = 0. It follows from Lemma 2.2
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of [7] that this function is a Blaschke product of order 3 with minimal
norm

gl = max |go(z)| =627,
ool = _mesx o)

where k is determined by the conditions |go(—vk)| = |go(Vk)| = 62754.
From [13] this function can be written in the form

ksn?(2K/3, k) — 2*
z :

1 —ksn2(2K/3,k)z?
This function can be rewritten by using the first fundamental transfor-
mation of degree 3 (see [14])

go(z) = VAsn (BAu/K, ), z=Vksn(u,k),

where A = §%47% and k satisfies (18), (19). If we put hy =
VEsn(K/3,k) then go(ho) = 6275« and gj(ho) = 0. This completes
the proof of the proposition. O

go(z) =

It is easily shown from (17) that
hy = 2~ (/36113 1 O (53
and consequently

in E(hy,d, Hy) = 4~ 1+ed/382/3 4 0 (§?) .
in +(ho, 0, Hy) + 0 (6%)
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