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�1. Introduction

Let B denote the class of analytic functions on the unit disc K = {z :
|z| < 1} with modulus at most 1. We consider the problem of �nding
the best approximation of a function f ∈ B at some point z0 ∈ K,
knowing its values at the points zl, . . . , zn ∈ K with an error ≤ δ, i.e.
under the condition of knowing some values f1, . . . , fn which satisfy the
inequalities

|f(zj)− fj| ≤ δ, j = 1, . . . , n.

We call
(1.1)
r(z0, zl, . . . , zn, δ) = inf

S
sup
f∈B

sup
f1,...,fn

|f(zj)−fj |≤δ, j=1,...,n

|f(z0)− S(f1, . . . , fn)|

the error of the best approximation, where the in�mum is taken on the
set of all functions (called methods) S : Cn → C. A method for which
the in�mum indicated in (1.1) is attained, is called optimal.
Let E be a subset of K. We call

(1.2) rn(δ, E) = inf
zl,...,zn∈E

sup
z0∈E

r(z0, zl, . . . , zn, δ)

the error of the optimal interpolation on E for n points. Those knots
for which the in�mum in (1.2) is attained are called optimal knots of
interpolation.
Problems (1.1), (1.2) and similar ones were investigated for δ = 0

in [1], [2], [5�7], [10�12]. The case δ ≥ 0 of (1.1) was dealt with in [10]
(for n = 1) and in [8] (for z0, zl, . . . , zn ∈ (−1, 1)). In these papers it
was shown that

(1.3) r(z0, zl, . . . , zn, δ) = sup
f∈B

|f(zj)|≤δ, j=1,...,n

|f(z0)|

(cf. also [5]).
Set

Rn(z0, δ, E) = inf
zl,...,zn∈E

r(z0, zl, . . . , zn, δ),(1.4)

R(z0, δ, E) = inf
n
Rn(z0, δ, E).(1.5)
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It is worth while considering the problems (1.4) and (1.5) only for
z0 /∈ E and 0 < δ < 1, since else their solution is obvious. We call
Rn(z0, δ, E) the error of the optimal extrapolation at z0 for n points
from E, and the points where the in�mum (1.4) is attained will be
called optimal knots of extrapolation for the given n.
If there exist numbers n for which the in�mum (1.5) is attained, then

the smallest of them is called the informativity order of E, and will be
denoted by In(z0, δ, E). In the opposite case we say that E has in�nite
informativity order. The optimal knots for n = In(z0, δ, E) will be
called optimal knots of extrapolation on E (for given z0 and δ). Thus,
the informativity order of E is the minimal number of points from E
giving the best possible extrapolation of a function in a point outside
E provided the function is known on E with error δ.
Problems (1.4) and (1.5) for E = [−l, 0] ⊂ (−1, 1), E = (−1, 0)

and z0 ∈ (0, 1) were investigated in [9]. In the present paper we deal
with the same problems for arbitrary closed sets E ⊂ (−1, 1) and
z0 ∈ (−1, 1) \ E, as well as with (1.2) for E = [α, β] ⊂ (−1, 1) and for
δ near to 1.

�2. Optimal extrapolation

Let E be a closed subset of K. Put

‖f‖E = max
z∈E
|f(z)|.

First we discuss the problem of Blaschke products

(2.1) Bn(z) = λ
n∏
j=1

z − αj
1− αjz

, |αj| < 1, |λ| = 1,

of order n with minimal norm

(2.2) δn(E) = inf
Bn

‖Bn‖E,

on E.
The quantity δn(E) was dealt with in [4], [6] for E = [a, b] ⊂ (−1, 1).

In [7] it was proved that for every closed set E ⊂ K the inequalities

δn(E) ≥ exp

[
− n

c(E)

]
, n ≥ 1,(2.3)

δn(E) < exp

[
− n

c(E) + ε

]
(2.4)

hold for arbitrary ε > 0 and for su�ciently large n, where c(E) is
the capacity of the condenser (E,C \ K). Let us also mention that
problem (2.2) is closely connected with the problem of widths of classes
of analytic functions (cf. [2]).
We assume thatE ⊂ (−1, 1). Let

ρ = max
z∈E
|z|, α∗ = min{ρ, |Reα|} signReα.
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It is easy to see that

(2.5)

∣∣∣∣ z − α1− αz

∣∣∣∣ ≥ ∣∣∣∣ z − α∗1− α∗z

∣∣∣∣
for all z ∈ [−ρ, ρ] ⊃ E and all α ∈ K. Hence, in determining the
number (2.2), we can con�ne ourselves to Blaschke products (2.1) with
αj ∈ [−ρ, ρ].
From the inequality∣∣∣∣ z − α1− αz

− z − β
1− βz

∣∣∣∣ ≤ 1

1− ρ2
|α− β|,

which holds for every α, β, z ∈ [−ρ, ρ], we obtain

|B1
n −B2

n| =
∣∣∣∣B1

n−1

(
z − αn
1− αnz

− z − βn
1− βnz

)
+ (B1

n−1 −B2
n−1)

z − βn
1− βnz

∣∣∣∣
≤ 1

1− ρ2
|αn − βn|+ |B1

n−1 −B2
n−1| ≤ . . . ≤ 1

1− ρ2
n∑
j=1

|αj − βj|.

here

B1
k =

k∏
j=1

z − αj
1− αjz

, B2
k =

k∏
j=1

z − βj
1− βjz

, k = 1, . . . , n.

Hence it follows that the function

ϕ(α1, . . . , αn) := max
z∈E

∣∣∣∣ k∏
j=1

z − αj
1− αjz

∣∣∣∣
is continuous for (α1, . . . , αn) ∈ [−ρ, ρ]n and, consequently, there exists
a Blaschke product having real zeros, for which the in�mum (2.2) is
attained. As the inequality (2.5) is strict for α∗ 6= α, every Blaschke
product of order n for which this in�mum is attained has its real zeros
in the interval [−ρ, ρ].

Lemma 2.1. Suppose that the closed set E ⊂ (−1, 1) consists of more

than n elements and let B∗n(z) be a Blaschke product, normed by the

condition B∗n(1) = 1, such that

δn(E) = ‖B∗‖E.
If f ∈ B is a function real on the interval (−1, 1), such that there exist

n+ 1 points z1 < z2 < . . . < zn+1 in E with the property

f(zj)f(zj+1) < 0, j = 1, . . . , n,

then

(2.6) min
1≤j≤n+1

|f(zj)| ≤ δn(E).

Besides that, (2.6) turns into equality only if f(z) ≡ λB∗n where λ = ±1.
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Proof. The results of [13, �10.2] concerning the interpolation of func-
tions from the class B imply the existence of a Blaschke product Bm(z)
of order m ≤ n+ 1 which is real on the real axis and satis�es

Bm(zj) = f(zj), j = 1, . . . , n+ 1;

moreover, f(z) ≡ Bm(z) if m ≤ n, and for m = n + 1 one can choose
Bm(z) normed either by Bm(1) = 1 or by Bm(1) = −1. Suppose
|f(zj)| ≥ δn(E), j = 1, . . . , n+ 1. Consider the function

ϕ(z) = Bm(z)− λB∗n(z) signBm(1),

where λ = 1 if m ≤ n, and λ = −1, Bm(1) = − sign f(zn+1) if m =
n+ 1. In virtue of its normalization, B∗n(z) is real in (−1, 1) whence

(2.7) (−1)j+n+1ϕ(zj) sign f(zn+1) ≥ 0, j = 1, . . . , n+ 1.

Thus, ϕ(z) has at least n zeros (with multiplicity) in the interval
(−1, 1). On the other hand, by [8], Lemma 1.1, we have for the number
k of roots of the function ϕ(z) 6≡ 0 in the disc K

(2.8) k ≤ (m+ n− l)/2,

where l is the number of roots of ϕ(z) in the unit disc. If m < n or
m = n (in this latter case ϕ(−1) = ϕ(1) = 0 whence l ≥ 2), then
(2.8) contradicts the fact that k ≥ n. Hence in these cases the only
possibility is ϕ(z) ≡ 0 which means that f(z) coincides with B∗n(z) up
to signs. If m = n+ 1, then the normalization of Bm(z) implies

ϕ(1) = −2 sign f(zn+1).

Taking into account (2.7), we obtain that the number of zeros of ϕ(z)
in the interval (−1, 1) is at least n + 1. This contradicts (2.8), which
proves the lemma. �

Lemma 2.2. Suppose that the closed set E ⊂ (−1, 1) consists of more

than n points. Then the solution of problem (2.2) is unique up to a

factor λ, |λ| = 1. The Blaschke product B∗n normed by B∗n(1) = 1 is

solution of this problem i� there exist n + 1 points z1 < . . . < zn+1 in

E such that

(2.9) B∗n(zj) = (−1)n+j+1‖B∗n‖E, j = 1, . . . , n+ 1.

Proof. Let B∗n be an extremal function for the problem (2.2), normed
by B∗n(1) = 1. It has been proved that the zeros of B∗n are real. Let
α1 ≤ . . . ≤ αn be these zeros. We are going to show that they are all
di�erent and that every interval (αj−1, αj), j = 1, . . . , n+ 1 (α0 = −1,
αn+1 = 1), contains some point of E in which |B∗n| = ‖B∗n‖E. Suppose
this is not the case, and let

max
z∈[αk−1,αk]∩E

|B∗n(z)| = δ < ‖B∗n‖E
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for some k, 1 ≤ k ≤ n+ 1 (putting δ = 0 if [αk−1, αk] ∩ E = ∅). Set

ϕ(z) =
k∏

j=k−1

z − αj
1− αjz

.

Choose ε > 0 subject to δ + ε < ‖B∗n‖E and consider the function

Bn(z) = g(z)
n∏
j=1

j 6=k−1,k

z − αj
1− αjz

where g(z) =
ϕ(z)− ε
1− εϕ(z)

.

It is not di�cult to show that

g(z) =
k∏

j=k−1

z − βj
1− βjz

where [αk−1, αk] ⊂ [βk−1, βk]. From the inequalities

|g(z)| ≤ |ϕ(z)|+ ε, z ∈ [αk−1, αk],

|g(z)| < |ϕ(z)|, z ∈ (−1, 1) \ (βk−1, βk),
|g(z)| < ε < ‖B∗n‖E, z ∈ (βk−1, αk−1) ∪ (αk, βk),

it follows that ‖Bn‖E < ‖B∗n‖E. The contradiction obtained proves the
existence of points zj ∈ (αj−1, αj) ∩ E, j = 1, . . . , n + 1, which satisfy
(2.9). The converse statement and unicity both follow from Lemma 2.1.
This completes the proof of the lemma. �

Theorem 2.1. Let E be a closed subset of (−1, 1). The following

assertions hold:

1) for δn(E) ≤ δ < δn−1(E) (δ0(E) = 1) and for arbitrary z0 ∈
(−1, 1) \ E the inequality

(2.10) n ≤ In(z0, E, δ) ≤ n+ 1

holds. Besides that, if z0 ∈ (−1, 1) \ convE � where convE denotes

the convex hull of E �, then In(z0, E, δ) = n;
2) for every δ ∈ (0, 1) and z0 ∈ (−1, 1) \ E the inequality

In(z0, E, δ) ≥ c(E) ln 1/δ

holds, and

lim
δ→0

In(z0, E, δ)

ln 1/δ
= c(E);

here c(E) is the capacity of the condenser (E,C \K).

Proof. Consider the generalized Heins problem of �nding

(2.11) sup
f∈B

|f(z)|≤δ, z∈E

|f(z0)|

(cf. [3], [4], [8], [9]). From [3] it follows that there exists a Blaschke
product of �nite orderm which solves this problem. In [8] it was proved
that for the extremality of the Blaschke product Bm(z) normed by the
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condition Bm(z0) > 0 it is necessary and su�cient that the inequality
|Bm(z)| ≤ δ, z ∈ E is ful�lled, and that elements z1 < . . . < zm of E
exist such that

(2.12) Bm(zj) =

{
(−1)p+jδ, j = 1, . . . , p,

(−1)p+j+1δ, j = p+ 1, . . . ,m,

where p is de�ned by z0 ∈ (zp, zp+1) and p = 0 if z0 ∈ (−1, z1), p = m
if z0 ∈ (zm, 1). Thus, we have for arbitrary y1, . . . , yn ∈ E

(2.13) sup
f∈B

|f(yj)|≤δ, j=1,...,n

|f(z0)| ≥ sup
f∈B

|f(z)|≤δ, z∈E

|f(z0)|

= sup
f∈B

|f(zj)|≤δ, j=1,...,m

|f(z0)| = Bm(z0),

Hence and from (1.3) follows

(2.14) R(z0, δ, E) = Rm(z0, δ, E).

In [9] the continuity of the left hand side of (2.13) as a function of
y1, . . . , yn was proved. Since E is closed, the existence of optimal knots
of extrapolation for arbitrary n follows.
Let n < m, and let y1, . . . , yn be optimal knots of extrapolation for

n. From the uniqueness of the extremal function f normed by the
condition f(z0) > 0 in the problem of �nding the supremum on the
left side of (2.13), and from the fact that the extremal function is a
Blaschke product of order not exceeding n, we obtain

Rn(z0, δ, E) > Rm(z0, δ, E).

Thus,m is the smallest number which satis�es (2.14), i.e. In(z0, E, δ) =
m.
Suppose δn(E) ≤ δ < δn−1(E). The obvious relationship

(2.15) δm(E) ≤ ‖Bm‖E = δ

yields m ≥ n. By (2.12), for Bm there is an (m− 1)-point alternation
on E. Using Lemma 2.1, we obtain

(2.16) δ < δm−2(E).

If z0 ∈ (−1, 1) \ convE, then the cardinality of the alternation is m
and we have

(2.17) δ < δm−1(E).

From (2.16) it follows that m ≥ n + 1, and from (2.17) m ≥ n. This
proves the �rst assertion.
Now choose an arbitrary ε > 0. From (2.15) and (2.16), taking into

account (2.3) and (2.4), we obtain for su�ciently small δ

exp

[
− m

c(E)

]
≤ δ < exp

[
− m− 2

c(E) + ε

]
.
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These inequalities yield assertion 2), which completes the proof. �

�3. Optimal interpolation

Consider problem (1.2) with E = [α, β] ⊂ (−1, 1). If δ ≥ 1, then
rn(δ, E) = 1; therefore we shall take for granted δ < 1. De�ne the
pseudohyperbolic distance of points of the unit disc K by

ρ(u, v) =

∣∣∣∣ u− v1− vu

∣∣∣∣ .
If W (z) is any conform transformation of the disc K, then we have

rn(δ, E) = rn(δ,W (E)). There is a conform transformation of K which
maps the interval [α, β] onto the symmetric interval [−k, k]. As conform
transformations of the disc do not change pseudohyperbolic distances,
we have

ρ(α, β) = ρ(−k, k) = 2k

1 + k2
.

Thus,

(3.1) rn(δ, [α, β]) = rn(δ, [−k, k]),
where

k =
ρ(α, β)

1 +
√

1− ρ2(α, β)
.

Thereby we have proved that, for �xed n and δ, rn(δ, [α, β]) depends
only on the psendohyperbolic distance ρ(α, β).
From [9] the continuity of the function

ϕ(z1, . . . , zn) = sup
z0∈[α,β]

r(z0, z1, . . . , zn, δ)

follows for z1, . . . , zn ∈ [α, β]. This implies the existence of optimal
knots of interpolation.
Denote the quantity (1.2) for n ≥ 2 by r∗n(δ, [α, β]) provided z1 = α,

zn = β.

Lemma 3.1. Let 0 ≤ δ < 1 and ρ(α1, β1) > ρ(α, β). Then

rn(δ, [α1, β1]) > rn(δ, [α, β]),(3.2)

r∗n(δ, [α1, β1]) > r∗n(δ, [α, β]).(3.3)

Proof. First we prove (3.2). In virtue of (3.1) it su�ces to prove

rn(δ, [−k1, k1]) > rn(δ, [−k, k])
for k1 > k. Let u1, . . . , un be optimal knots of interpolation for the
problem (1.2) with E = [−k1, k1], and let u0 ∈ E be such that

(3.4) r(u0, u1, . . . , un, δ) = rn(δ, [−k1, k1]).
Consider the points zj = kuj/k1, j = 0, . . . , n. Obviously, zj ∈ [−k, k].
Let f ∗(z) be an extremal function for the problem (1.3). Then |f ∗(z)| ≤
δ, j = 1, . . . , n, and |f ∗(z0)| ≥ rn(δ, [−k, k]). Now consider the function
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g(z) = f ∗(kz/k1). Note that g(uj) = f(zj), j = 0, . . . , n, furthermore,
since f ∗(z) is a Blaschke product, g(z) is not. Hence

(3.5) sup
f∈B

|f(uj)|≤δ, j=1,...,n

|f(z0)| > |g(u0)| ≥ rn(δ, [−k, k]).

Here the left hand side coincides with rn(δ, [−k1, k1]) in virtue of (1.3)
and (3.4). The inequality (3.3) can be proved analogously. The lemma
is proved �

Theorem 3.1. Let [α, β] ⊂ (−1, 1). Set a = arthα, b = arth β,
d = b− a. For

(3.6)
th d th

n− 2

n− 1
d

1 +

√
1− th2 d th2 n− 2

n− 1
d

≤ δ < 1

the identity

(3.7) r∗n(δ, [α, β]) =

th2 d

2(n− 1)
+ δ

1 + δ th2 d

2(n− 1)

holds, and the only system of optimal knots is

(3.8) z0j = th

[
a+ b

2
− (n+ 1− 2j)

d

2(n− 1)

]
, j = 1, . . . , n.

Proof. The knots (3.8) are uniformly distributed on the segment [α, β]
with respect to the pseudohyperbolic distance, i.e.

ρ(z0j , z
0
j+1) = th

d

n− 1
, j = 1, . . . , n− 1.

Consequently, in every system of knots α = z1 ≤ . . . ≤ zn = β one can
�nd a pair zk, zk+1 such that

(3.9) ρ(zk, zk+1) ≥ th
d

n− 1
.

Consider the function

ϕ(z) =
δ −W (z)

1− δW (z)
, where W (z) =

k+1∏
j=k

z − zj
1− zjz

.

We want to prove that r(z, z1, . . . , zn, δ) = ϕ(z) for z ∈ [zk, zk+1]. As
ϕ(z) is a Blaschke product of order 2, it is su�cient to prove that
|ϕ(zj)| ≤ δ, j = 1, . . . , n (cf. (2.12)). By the monotonicity of ϕ(z)
on the segments [α, zk], [zk+1, β] we have to check only ϕ(α) ≥ −δ,
ϕ(β) ≥ −δ. We have

ϕ(α) =
δ −W (α)

1− δW (α)
=

δ − ρ(α, zk)ρ(α, zk+1)

1− δρ(α, zk)ρ(α, zk+1)
.



ON OPTIMAL EXTRAPOLATION AND INTERPOLATION 9

As ρ(α, zk+1) ≤ th d, and

ρ(α, zk) =
ρ(α, zk+1)− ρ(zk, zk+1)

1− ρ(zk, zk+1)ρ(α, zk+1)
≤ th d− th d/(n− 1)

1− th d/(n− 1) th d

= th
n− 2

n− 1
d,

it follows

ϕ(α) ≥
(
δ − th d th

n− 2

n− 1
d

)/(
1− δ th d th n− 2

n− 1
d

)
.

Taking into account (3.6), we obtain ϕ(α) ≥ −δ. Analogously, ϕ(β) ≥
−δ. It is not di�cult to see that

max
z∈[zk,zk+1]

ϕ(z) =
p2 + δ

1 + δp2
,

where

p =
ρ(zk, zk+1)

1 +
√

1− ρ2(zk, zk+1)
= th

arth ρ(zk, zk+1)

2
.

In virtue of (3.9), the inequalities

(3.10) sup
z∈[α,β]

r(z, z1, . . . , zn, δ) ≥ max
z∈[zk,zk+1]

ϕ(z) ≥
th2 d

2(n− 1)
+ δ

1 + δ th2 d

2(n− 1)

hold. They turn into equalities (for every k) if zj = z0j , j = 1, . . . , n.
Thus, we have proved (3.7) and the optimality of the knots (3.8). Their
uniqueness follows from the observation that for any other system one
can �nd a pair zk, zk+1 for which inequality (3.9) and, consequently,
(3.10) are strict. This completes the proof. �

Theorem 3.2. With the notations of Theorem 3.1, let θn satisfy the

equation

(3.11) θn + 2arth th2 θn
2(n− 1)

= d.

Then

(3.12) rn(δ, [α, β]) =

(
th2 θn

2(n− 1)
+ δ

)/(
1 + δ th2 θn

2(n− 1)

)
holds for th θn/2 ≤ δ < 1, and the only system of optimal knots is

(3.13) z0j = th

[
a+ b

2
− (n+ 1− 2j)

θn
2(n− 1)

]
, j = 1, . . . , n.

Proof. First of all note that for θn ∈ [0,+∞) the left side of (3.11)
increases monotonically from 0 to +∞. Therefore (3.11) has a single
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solution. Let α ≤ z1 ≤ . . . ≤ zn ≤ β be an arbitrary system of knots.
Let us prove that for

(3.14) ρ(z1, zn) ≤ 2δ/(1 + δ2)

the identity

(3.15) sup
z∈[α,z1]

r(z, z1, . . . , zn, δ) =
ρ(α, z1) + δ

1 + δρ(α, z1)

holds. Put

ϕ(z) =
δ −W (z)

1− δW (z)
, where W (z) =

z − z1
1− z1z

.

By the monotonicity of ϕ(z) we have for z ∈ [z1, zn]

δ ≥ ϕ(z) ≥ ϕ(zn) =
δ − ρ(z1, zn)
1− δρ(z1, zn)

≥ −δ.

Hence it follows that for z ∈ [α, z1]

r(z, z1, . . . , zn, δ) = ϕ(z).

This obviously implies (3.15). Analogously, taking for granted (3.14),
one can prove

(3.16) sup
z∈[zn,β]

r(z, z1, . . . , zn, δ) =
ρ(zn, β) + δ

1 + δρ(zn, β)
.

From Theorem 3.1 we obtain

(3.17) r∗n(δ, [z
0
1 , z

0
n]) = sup

z∈[z01 ,z0n]
r(z, z01 , . . . , z

0
n, δ) = en(δ),

where en(δ) denotes the right side of (3.12). In virtue of (3.13) and
(3.11) we have

(3.18) ρ(α, z01) = ρ(z0n, β) = th
d− θn

2
= th2 θn

2(n− 1)
.

As ρ(z01 , z
0
n) = th θn, the inequality (3.14) holds by the condition

th θn/2 ≤ δ. Therefore (3.15)�(3.17) imply

(3.19) sup
z∈[α,β]

r(z, z01 , . . . , z
0
n, δ) = en(δ).

Let α ≤ z1 ≤ . . . ≤ zn ≤ β be an arbitrary system of knots di�erent
from z01 , . . . , z

0
n. If ρ(z1, zn) > ρ(z01 , z

0
n) = th θn, then Lemma 3.1 yields

r∗n(δ, [z1, zn]) > r∗n(δ, [z
0
1 , z

0
n]).

Hence and from (3.17),

(3.20) sup
z∈[α,β]

r(z, z1, . . . , zn, δ) > en(δ).

If

(3.21) zj = z0j , j = 1, n
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then, in consequence of the uniqueness of the system of optimal knots
for r∗n(δ, [z

0
1 , z

0
n]) proved in Theorem 3.1, the inequality (3.20) still holds.

Suppose ρ(z1, zn) ≤ th θn and at least one of the relations (3.21) does
not hold. Then either ρ(α, z1) > ρ(α, z01) or ρ(zn, β) > ρ(z0n, β). Let
e.g. ρ(α, z1) > ρ(α, z01). The condition ρ(z1, zn) ≤ th θn guarantees
(3.14). Therefore (3.15) and (3.18) imply

sup
z∈[α,z1]

r(z, z1, . . . , zn, δ) > en(δ).

Hence (3.20) follows. The case ρ(zn, β) > ρ(z0n, β) is analogous. Thus,
(3.20) holds for any system of knots other than z01 , . . . , z

0
n whence taking

into consideration (3.19), the identity (3.12) follows, as well as the
uniqueness of the system (3.13). The theorem is proved. �

If
ρ(α, β)

1 +
√

1− ρ2(α, β)
≤ δ < 1,

the conditions of Theorems 3.1 and 3.2 are ful�lled for every n. From
(3.7) and (3.12) it follows that in this case the asymptotic equations

r∗n+1(δ, [α, β]) = δ +
(1− δ2)d2

4n2
− (1− δ2)(2 + 3δ)d4

48n4
+O

(
1

n6

)
,

r∗n+1(δ, [α, β])− rn+1(δ, [α, β]) =
(1− δ2)d3

4n2
+O

(
1

n6

)
,

hold, where d = arth ρ(α, β).

References

[1] Ï. Ã. Áîÿäæèåâ, Îäíà ýêñòðåìàëüíàÿ çàäà÷à äëÿ ðàöèîíàëüíûõ ôóíê-
öèé, Áúëã. ìàò. ñòóä., 1 (1977), 60�71.

[2] S. D. Fisher, C. A. Micchelli, The n-widths of sets of analytic functions,
Duke Math. J., 47 (1980), 789–801.

[3] Ñ. ß. Õàâèíñîí Òåîðèÿ ýêñòðåìàëüíûõ çàäà÷ äëÿ îãðàíè÷åííûõ àíàëè-
òè÷åñêèõ ôóíêöèé, óäîâëåòâîðÿþùèõ äîïîëíèòåëüíûì óñëîâèÿì âíóòðè
îáëàñòè, Óñïåõè ìàò. íàóê, 18 (2), (1963), 25�98.

[4] M. Heins, The problem of Milloux for functions analytic throughout the in-
terior of the unit circle, Amer. J. Math., 67 (1945), 212–234.

[5] C. A. Micchelli, T. J. Rivlin A survey of optimal recovery, Optimal estimation
in approximation theory, 1–54; Plenum Press (New York, 1977).

[6] K. Þ. Îñèïåíêî, Îïòèìàëüíàÿ èíòåðïîëÿöèÿ àíàëèòè÷åñêèõ ôóíêöèé,
Ìàòåì. çàìåòêè, 12 (1972), 465�476.

[7] K. Þ. Îñèïåíêî, Íàèëó÷øåå ïðèáëèæåíèå àíàëèòè÷åñêèõ ôóíêöèé ïî
èíôîðìàöèè îá èõ çíà÷åíèÿõ â êîíå÷íîì ÷èñëå òî÷åê, Ìàòåì. çàìåòêè,
19 (1976), 29�40.

[8] K. Þ. Îñèïåíêî, Íàèëó÷øèå ìåòîäû ïðèáëèæåíèÿ àíàëèòè÷åñêèõ
ôóíêöèé, çàäàííûõ ñ ïîãðåøíîñòüþ, Ìàòåì. ñá., 118 (1982), 350�370.

[9] K. Þ. Îñèïåíêî, Çàäà÷à Õåéíñà è îïòèìàëüíàÿ ýêñòðàïîëÿöèÿ àíàëè-
òè÷åñêèõ ôóíêöèé, çàäàííûõ ñ îøèáêîé, Ìàòåì. ñá., 126 (1985), 566�575.



12 K. YU. OSIPENKO

[10] T. J. Rivlin, A survey of recent results on optimal recovery, Polynomial
and Spline Approx., Proc. NATO Adv. Study Inst., Calgary, 1978, 225–245
(Dordrecht e.a., 1979).

[11] T. J. Rivlin, The optimal recovery of fuuctions, Contemp. Math., 9 (1982),
121–151.
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Èíòåðïîëÿöèÿ è àïïðîêñèìàöèÿ ðàöèîíàëüíûìè ôóíêöèÿìè â êîìïëåêñ-

íîé îáëàñòè, Èíîñòðàííàÿ ëèòåðàòóðà (Ìîñêâà, 1961).

Îá îïòèìàëüíîé ýêñòðàïîëÿöèè è èíòåðïîëÿöèè íåòî÷íî

çàäàííûõ àíàëèòè÷åñêèõ ôóíêöèé

Ê. Þ. ÎÑÈÏÅÍÊÎ

Äëÿ êëàññà B àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé, îãðàíè-

÷åííûõ ïî ìîäóëþ åäèíèöåé, ïîãðåøíîñòüþ íàèëó÷øåãî ïðèáëèæåíèÿ â

òî÷êå z0 ïî çíà÷åíèÿì â òî÷êàõ zl, . . . , zn, çàäàííûì ñ ïîãðåøíîñòüþ δ,
íàçûâàåòñÿ âåëè÷èíà

r(z0, zl, . . . , zn, δ) = inf
S

sup
f∈B

sup
f1,...,fn

|f(zj)−fj |≤δ
j=1,...,n

|f(z0)− S(f1, . . . , fn)|,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì ôóíêöèÿì S : Cn → C. Äëÿ
E ⊂ (−1, 1) è z0(−1, 1) \ E ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïî-

ðÿäêà èíôîðìàòèâíîñòè ìíîæåñòâà E, ò.å. ìèíèìàëüíîãî n, íà êîòîðîì
äîñòèãàåòñÿ íèæíÿÿ ãðàíü â ðàâåíñòâå

R(z0, δ, E) = inf
n

inf
zl,...,zn∈E

r(z0, zl, . . . , zn, δ).

Êðîìå òîãî, ïðè δ, áëèçêèõ ê 1, ðåøåíà çàäà÷à î íàõîæäåíèè âåëè÷èíû

rn(δ, E) = inf
zl,...,zn∈E

sup
z0∈E

r(z0, zl, . . . , zn, δ)

è íàéäåíû óçëû, íà êîòîðûõ äîñòèãàåòñÿ íèæíÿÿ ãðàíü.
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