ON OPTIMAL EXTRAPOLATION AND
INTERPOLATION OF FUZZY ANALYTIC FUNCTIONS

K. YU. OSIPENKO

§1. INTRODUCTION

Let B denote the class of analytic functions on the unit disc K = {z :
|z| < 1} with modulus at most 1. We consider the problem of finding
the best approximation of a function f € B at some point zy € K,

knowing its values at the points z;, ..., 2, € K with an error < 4, i.e.
under the condition of knowing some values fi, ..., f, which satisfy the
inequalities

1f(z) = fil <6, j=1,...,n.
We call
(1.1)

T(ZO,Zl,...,Zn,(S):inSUp sSup ‘f(z(])_s(flaafn”
s feB firondn

the error of the best approximation, where the infimum is taken on the
set of all functions (called methods) S: C" — C. A method for which
the infimum indicated in (1.1) is attained, is called optimal.

Let E be a subset of K. We call

(1.2) ro(0, E) = inf  sup r(zo, 21, 2n,0)

21, 2n€E zo€E
the error of the optimal interpolation on E for n points. Those knots
for which the infimum in (1.2) is attained are called optimal knots of
interpolation.

Problems (1.1), (1.2) and similar ones were investigated for § = 0
in [1], [2], [6-T7], [L0-12]. The case 6 > 0 of (1.1) was dealt with in [10]
(for n = 1) and in [8] (for zo, z,...,2, € (—1,1)). In these papers it
was shown that

(1.3) (205 21y« + 3 20y 0) = sup |f(20)]

(cf. also [9]).
Set

(1.4) R, (20,0, FE) = inf Er(zo,zl,...,zn,é),
(1.5) R(z0,9, E) = inf R, (20,6, E).
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It is worth while considering the problems (1.4) and (1.5) only for
20 ¢ E and 0 < ¢ < 1, since else their solution is obvious. We call
R, (20,0, E) the error of the optimal extrapolation at zy for n points
from E, and the points where the infimum (1.4) is attained will be
called optimal knots of extrapolation for the given n.

If there exist numbers n for which the infimum (1.5) is attained, then
the smallest of them is called the informativity order of E, and will be
denoted by In(z,d, F). In the opposite case we say that E has infinite
informativity order. The optimal knots for n = In(z,d, F) will be
called optimal knots of extrapolation on E (for given z, and 6). Thus,
the informativity order of F is the minimal number of points from F
giving the best possible extrapolation of a function in a point outside
E provided the function is known on E with error 6.

Problems (1.4) and (1.5) for £ = [-[,0] C (-1,1), E = (—1,0)
and zo € (0,1) were investigated in [9]. In the present paper we deal
with the same problems for arbitrary closed sets £ C (—1,1) and
2o € (—1,1) \ E, as well as with (1.2) for £ = [a, 5] C (—1,1) and for
0 near to 1.

§2. OPTIMAL EXTRAPOLATION
Let E be a closed subset of K. Put
£z = max | £(2)].

First we discuss the problem of Blaschke products

L — s
2.1 Ba(2) = A Lo el <1, |\ =1,
(21) @=AIl 5 sl <1 A
of order n with minimal norm
(2.2) n(E) = igf | Bl 2,

on L.
The quantity 0,,(E) was dealt with in [4], [6] for E = [a,b] C (—1,1).
In [7] it was proved that for every closed set £ C K the inequalities

(2.3) 5,(E) > exp {—%} . o>,

(2.4) On(E) < exp [—C(E)%}

hold for arbitrary e > 0 and for sufficiently large n, where ¢(F) is
the capacity of the condenser (F,C \ K). Let us also mention that
problem (2.2) is closely connected with the problem of widths of classes
of analytic functions (cf. [2]).

We assume thatE C (—1,1). Let

p = max |z], o =min{p,|Real}signRea.
ze
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It is easy to see that

zZ—Q z—of

2.5
( ) 1—az| = |1 —a*z

for all z € [—p,p] D E and all « € K. Hence, in determining the
number (2.2), we can confine ourselves to Blaschke products (2.1) with

a;j € [=p, p].
From the inequality

Z— z—p
l—az 1-pz
which holds for every «, 3, z € [—p, p], we obtain

1
= 1___p2‘a'_'ﬁh

\B}L—Bﬂ:‘B}Ll(Z_&n B z—ﬁn>+<Bl _ g )Z—ﬁn

n—1 n—1

1 n
g—1_p2!an—5n\+|35_1—35_1|g...g1_[)22,%._5],‘_
j=1
here
i z Qs k z 6
Bl — % p2_ — P T
' Hl_%‘z? g Hl—ﬁjz’ AR
Jj=1 j=1

Hence it follows that the function

is continuous for (o, ..., a,) € [—p, p|™ and, consequently, there exists
a Blaschke product having real zeros, for which the infimum (2.2) is
attained. As the inequality (2.5) is strict for o* # «, every Blaschke
product of order n for which this infimum is attained has its real zeros
in the interval [—p, pl.

Lemma 2.1. Suppose that the closed set E C (—1,1) consists of more
than n elements and let B (z) be a Blaschke product, normed by the
condition B (1) =1, such that

on(E) = [|B"|| -

If f € B is a function real on the interval (—1,1), such that there exist
n+1 points 21 < 29 < ... < zpa1 n E with the property

[(z)f(zj41) <0, j=1,...,n,
then

(2.6) min |f(z)] < 6,(E).

1<j<n+t1

Besides that, (2.6) turns into equality only if f(z) = AB where A = £1.
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Proof. The results of [13, §10.2| concerning the interpolation of func-
tions from the class B imply the existence of a Blaschke product B,,(z)
of order m < n + 1 which is real on the real axis and satisfies

B (z) = f(z), j=1,...,n+1;
moreover, f(z) = By,(z) if m < n, and for m = n + 1 one can choose

B,,(z) normed either by B,(1) = 1 or by B,,(1) = —1. Suppose
|f(z)] = 6n(E), j=1,...,n+ 1. Consider the function

2(2) = Bu(2) = ABL(2) sign B(L),

where A = 1 if m < n, and A = —1, B,,(1) = —sign f(zp41) if m =
n 4+ 1. In virtue of its normalization, B} (z) is real in (—1,1) whence

(2.7) (1) () sign f(zn41) 20, j=1,....n+1.

Thus, ¢(z) has at least n zeros (with multiplicity) in the interval
(—1,1). On the other hand, by [8], Lemma 1.1, we have for the number
k of roots of the function ¢(z) # 0 in the disc K

(2.8) kE<(m+n-1)/2,

where [ is the number of roots of ¢(z) in the unit disc. If m < n or
m = n (in this latter case p(—1) = (1) = 0 whence [ > 2), then
(2.8) contradicts the fact that k¥ > n. Hence in these cases the only
possibility is ¢(z) = 0 which means that f(z) coincides with B} (z) up
to signs. If m = n + 1, then the normalization of B,,(z) implies

p(1) = —2sign f(2n41)-

Taking into account (2.7), we obtain that the number of zeros of ¢(z)
in the interval (—1,1) is at least n + 1. This contradicts (2.8), which
proves the lemma. Il

Lemma 2.2. Suppose that the closed set E C (—1,1) consists of more
than n points. Then the solution of problem (2.2) is unique up to a
factor X\, |\| = 1. The Blaschke product B}, normed by B(1) =1 is

solution of this problem iff there exist n + 1 points zy < ... < Zpy1 0
E such that
(2.9) By(z) = ()" Bi|ls, j=1,...,n+1.

Proof. Let B! be an extremal function for the problem (2.2), normed
by Bf(1) = 1. It has been proved that the zeros of B} are real. Let

a1 < ... < «, be these zeros. We are going to show that they are all
different and that every interval (a;_1,¢;), 7=1,...,n+1 (ap = —1,
Q41 = 1), contains some point of £ in which |B}| = || B}||g. Suppose

this is not the case, and let

max 1By (2)| =6 < ||B|le

z€[lak—_1,0|NE
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for some k, 1 <k <n+1 (putting § = 0 if [o—1, ] N E = 0). Set

k
B 2 — Oy

j=k—1

Choose € > 0 subject to 0 + ¢ < || B}||r and consider the function

B, (z) = g(2) H 7Y where g(z2) M

P 1 — oz 1 —ep(2)
jEk—1k
It is not difficult to show that
LI 3,
gz) = 1] -
k-1 1— 6]'2

where [ag_1, ag] C [Br_1, fr]. From the inequalities
19(2)] < o)+, 2 € o1, apl,
9(2)| < le(2)], 2 € (=1L, 1)\ (Br-1,B%),
l9(2)] <e <|Bllg;, 2 € (Be—1,a%-1) U (o, Bk),
it follows that || B, ||z < || B}||g. The contradiction obtained proves the
existence of points z; € (aj_1, ) N E, j = 1,...,n+ 1, which satisfy
(2.9). The converse statement and unicity both follow from Lemma 2.1.
This completes the proof of the lemma. Il

Theorem 2.1. Let E be a closed subset of (—1,1). The following
assertions hold:
1) for 6,(F) < § < 6,_1(E) (0o(E) = 1) and for arbitrary zy €
(—=1,1) \ E the inequality
(2.10) n <In(zp, £,0) <n+1
holds. Besides that, if zo € (—1,1) \ conv E — where conv E denotes
the convex hull of E —, then In(zo, E,d) = n;
2) for every 0 € (0,1) and zy € (—1,1) \ E the inequality
In(z, F,0) > ¢(E)In1/§
holds, and
In(zg, E, 6)
im ——————=
6—0 In 1/5
here c(E) is the capacity of the condenser (E,C\ K).

= c(E);

Proof. Consider the generalized Heins problem of finding

(2.11) sup | f(z0)]
feB
|(=)[<5, =€

(cf. [3], [4], [8], [9]). From [3] it follows that there exists a Blaschke
product of finite order m which solves this problem. In [8] it was proved
that for the extremality of the Blaschke product B,,(z) normed by the
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condition B,,(z9) > 0 it is necessary and sufficient that the inequality
|Bn(2)] < 0, z € E is fulfilled, and that elements z; < ... < z,, of £
exist such that

(_1)p+]57 ] = 17"'7p7
2.12 B, (z;) = .
212 ) {<—1>p+ﬂ+16, j=ptl..m,
where p is defined by 29 € (2, 2p41) and p=01if zp € (—=1,2), p=m
if zo € (2, 1). Thus, we have for arbitrary y1,...,y, € E

(2.13) sup |f(20)] > sup | f(20)]
feB feB
|f(y])|§61 ]:1 7777 n |f(z)‘§67 zeE
= sup |/ (20)| = Bm(20),
feB

|f(2)|<6, j=L1,...m
Hence and from (1.3) follows
(2.14) R(20,6, FE) = Ry (20,6, F).

In [9] the continuity of the left hand side of (2.13) as a function of
Y1, - - -, Yn Was proved. Since F is closed, the existence of optimal knots
of extrapolation for arbitrary n follows.

Let n < m, and let yq,...,y, be optimal knots of extrapolation for
n. From the uniqueness of the extremal function f normed by the
condition f(zp) > 0 in the problem of finding the supremum on the
left side of (2.13), and from the fact that the extremal function is a
Blaschke product of order not exceeding n, we obtain

Rn(Zo, 5, E) > Rm(ZO, 5, E)

Thus, m is the smallest number which satisfies (2.14), i.e. In(zo, E,d) =
m.
Suppose 0,(F) < < §,_1(F). The obvious relationship

(2.15) 5(E) < | Bulls =

yields m > n. By (2.12), for B,, there is an (m — 1)-point alternation
on E. Using Lemma 2.1, we obtain

(2.16) § < Gm_s(E).

If zp € (—1,1) \ conv E, then the cardinality of the alternation is m
and we have

(2.17) § < Om-1(E).

From (2.16) it follows that m > n 4 1, and from (2.17) m > n. This
proves the first assertion.

Now choose an arbitrary ¢ > 0. From (2.15) and (2.16), taking into
account (2.3) and (2.4), we obtain for sufficiently small 0
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These inequalities yield assertion 2), which completes the proof. Il

§3. OPTIMAL INTERPOLATION

Consider problem (1.2) with £ = [a, 5] C (—1,1). If § > 1, then
rn(0, E) = 1; therefore we shall take for granted 6 < 1. Define the
pseudohyperbolic distance of points of the unit disc K by

uU—"v

plu,v) =

1 —wu

If W(z) is any conform transformation of the disc K, then we have
rn(6, E) = 1,(0, W(FE)). There is a conform transformation of K which
maps the interval [a, §] onto the symmetric interval [—k, k]. As conform
transformations of the disc do not change pseudohyperbolic distances,
we have

o, B) = plh ) = 1o
Thus,
(3'1) TN((Sa [a, 6]) = rn(57 [_ka k])v
where

_ pla, B)
I+ - p2<Oé, 6)
Thereby we have proved that, for fixed n and 9§, r,(9, [«, 5]) depends

only on the psendohyperbolic distance p(a, 3).
From [9] the continuity of the function

o(z1,. .., 2p) = sup (20,21, 2n,0)
ZOE[O‘7B]
follows for z1,...,2, € [a,]. This implies the existence of optimal

knots of interpolation.

Denote the quantity (1.2) for n > 2 by r (4, [a, 5]) provided z; = «,
Zn = f.
Lemma 3.1. Let 0 < § < 1 and p(ay, 51) > p(a, B). Then
(32) 7071(57 [alv 61]) > Tn((S, [Oé, 5])7
(33) T'Z<57 [ah 61]) > T:L((S’ [OZ, 6])
Proof. First we prove (3.2). In virtue of (3.1) it suffices to prove

(0, [—k1, k1)) > rn(0, [k, K])

for k; > k. Let uq,...,u, be optimal knots of interpolation for the
problem (1.2) with E' = [—ky, k], and let uy € E be such that
(3.4) (U, Uy« vy Up, 0) = T (0, [—k1, k1]).

Consider the points z; = ku;/ky, j =0,...,n. Obviously, z; € [—k, k|.
Let f*(z) be an extremal function for the problem (1.3). Then |f*(z)| <
d,7=1,...,n,and |f*(20)| > r,(d, [—k, k]). Now consider the function
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g(z) = f*(kz/k1). Note that g(u;) = f(z;), j = 0,...,n, furthermore,
since f*(z) is a Blaschke product, ¢g(z) is not. Hence
(3:5) sup |/ (z0)[ > |g(uo)l = (0, [k, K]).
S
[ f(uz)|<8, j=1,....n
Here the left hand side coincides with 7, (0, [—k1, k1]) in virtue of (1.3)

and (3.4). The inequality (3.3) can be proved analogously. The lemma
is proved O

Theorem 3.1. Let [o, 5] C (—1,1). Set a = artha, b = arthp,
d=0b—a. For

n— 2

thdth ——d
(3.6) L <d<1

9
1+\/1—th2dth2n—d
n—1

the identity
d

th> ——— 40
. 2(n—1
1) ri(6.la pl) = — 2=
14+ 0th® —
* 2(n—1)
holds, and the only system of optimal knots is
+b
. 0 —th |2 — 1—-2j)—/— =1,...,n.
(38) Z] (TL+ ])2(n_1) v J ) y 1

Proof. The knots (3.8) are uniformly distributed on the segment [, ]
with respect to the pseudohyperbolic distance, i.e.

d

n—1’

p(zgvz?—i-l):th j:l,...,n—l.

Consequently, in every system of knots a = 2y < ... < 2z, = [ one can
find a pair zx, 2;41 such that

d
(3.9) p(zk, zp41) > th —
Consider the function
b —Wi(z) AR
= - h == J .
o(2) oW (2)’ where W (z2) ]11 =2
We want to prove that r(z,21,...,2,,0) = @(2) for z € [z, 2zk41]. As

©(z) is a Blaschke product of order 2, it is sufficient to prove that
lo(z)] < 6,7 =1,...,n (cf. (2.12)). By the monotonicity of ¢(z)
on the segments [«, zx], [zk11, 8] we have to check only p(a) > =0,
©(B) > —6. We have

_6-W(a) _ - pla,z)p(a, 2rs1)
1—=W(a) 1—=90p(a,zp)p(e, z5s1)

p(a)
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As p(a, zp41) < thd, and

pla, ziy1) — p(2ks Zka1) < thd —thd/(n —1)
1 — p(z, zka1)p(e, zge1) — 1 —thd/(n —1)thd
— th n_—2d’

n—1

p(Oé, Zk) =

it follows

9 9
ola) > (5—thdthn d)/(l—éthdthn d).
n—1 n—1

Taking into account (3.6), we obtain () > —J. Analogously, ¢(3) >
—J. It is not difficult to see that

max  o(z) = P+
2€[2k 2k +1] Y 1+ 5]?2,
where
_ Pp(21; 2k41) o, arth p(ze, 2541)
p= =th .
1+ \/1 — p%(2k, 2ka1) 2
In virtue of (3.9), the inequalities
d
(3.10)  sup 7(z,21,...,20,0) > [max ]go(z) > n
z€[a, O] ZE|ZkyZk+1 1 (5th2
MR

hold. They turn into equalities (for every k) if z; = z?, j=1,...,n.
Thus, we have proved (3.7) and the optimality of the knots (3.8). Their
uniqueness follows from the observation that for any other system one
can find a pair zy, 2,1 for which inequality (3.9) and, consequently,
(3.10) are strict. This completes the proof. O

Theorem 3.2. With the notations of Theorem 3.1, let 0, satisfy the
equation

0
11 0, + 2arthth? ———— = d.
(3.11) +2ar 5 —1)

Then

(3.12) (6, [a, B]) = (th2 % + 5) / <1 + §th? %)

holds for th,/2 < 6 < 1, and the only system of optimal knots is

Proof. First of all note that for 6, € [0,+00) the left side of (3.11)
increases monotonically from 0 to +oo. Therefore (3.11) has a single

(3.13) z?:th{ } j=1,...,n.
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solution. Let o < z1 < ... < z, < 8 be an arbitrary system of knots.
Let us prove that for

(3.14) p(z1,2,) < 20/(1+6%)
the identity

)0(05, Zl) + 0
3.15 sup 7(z,21,...,2p,0) = ————
( ) zE[a,I;] ( ' ) I+ 5p(a7 Zl)
holds. Put
d—W(z) Z— 2z
©(2) T oW () where W (z) T

By the monotonicity of ¢(z) we have for z € [z1, 2]

5_10(217’2”) > _4

020 20l =15 5 2

Hence it follows that for z € [«, 2]

(2,21, oy 20, 0) = p(2).

This obviously implies (3.15). Analogously, taking for granted (3.14),
one can prove

p(%n, B) + 0
(3.16) sup (2,21, .., 2p,0) = —————.
2€[2zn,f] 1+ 610(2717 5)
From Theorem 3.1 we obtain
(317) T:L<57 [Z?v 22]) = Sup T(Z7 Z?, ce 7227 5) = 671(5)7
ze[z?,zg]

where e,(d) denotes the right side of (3.12). In virtue of (3.13) and
(3.11) we have
h? O

(3.18) pla, 2)) = p(z,, B) = th > - W Ty

As p(29,2%) = th#,, the inequality (3.14) holds by the condition
th6,/2 <. Therefore (3.15)—(3.17) imply

(3.19) sup 7(2,27,...,20,0) = en(9).

Y n
z€|a,f]

Let a <z < ... < 2z, < [ be an arbitrary system of knots different
VI p(21, 2n) > p(29,2%) = th 6, then Lemma 3.1 yields

(0, [21, 20]) > 16, 21, 23))-
Hence and from (3.17),
(3.20) sup 7(2, 21, ..., 2n,0) > e,(9).

z€[a,f]

If
(3.21) zj = 29
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then, in consequence of the uniqueness of the system of optimal knots
for r (8, 29, 2°]) proved in Theorem 3.1, the inequality (3.20) still holds.

Suppose p(z1, z,) < thé, and at least one of the relations (3.21) does
not hold. Then either p(a, z1) > p(a, 2?) or p(z,, B) > p(22,8). Let
e.g. pla,z1) > pla,z}). The condition p(z1,2,) < thé, guarantees
(3.14). Therefore (3.15) and (3.18) imply

sup (2,21, ., 2n,0) > €,(0).

z€|a,z1]

Hence (3.20) follows. The case p(z,, 3) > p(z2, 8) is analogous. Thus,
(3.20) holds for any system of knots other than 27, ..., 20 whence taking
into consideration (3.19), the identity (3.12) follows, as well as the
uniqueness of the system (3.13). The theorem is proved. O

If
pla, B)

<
1+ \/1—,02(Oé,ﬂ) B

the conditions of Theorems 3.1 and 3.2 are fulfilled for every n. From
(3.7) and (3.12) it follows that in this case the asymptotic equations

A=) (1-)2+30)d (i)

o<1,

(0 [a, B]) = 6 +

4n? 48n4 nb

4n? nb

Pt (6, [0 B]) = s (6, [a,ﬂnzﬂw(i),

hold, where d = arth p(«, /3).
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06 onTuUMaJIbHON IKCTPAIIOJISIIUY U UHTEPIIOJISIIUU HETOYHO
33/ITAaHHBIX aHAJINTUYECKNX (DYHKITUA

K. FO. OCUIIEHKO

st kracca B aHaJUTHYECKUX B €IUHUYIHOM Kpyre (byHKIHi, orpaHu-
YEHHBIX [0 MOJLYJIIO €MHUIEH, TOMPEITHOCTHIO HAMJIY IIIEro MPUOIHKEHNUS B
TOYKE Z( 110 3HAYEHUSIM B TOUKAX Z[, ..., Zp, 33JAHHBIM C TOTPEIIHOCTHIO 0,
HA3bIBAETCS BEJIMINHA
r(207zlv“'72n75):1nfsup sup |f(20)_S(f17--'7fn)|7
S fEB flv“"fn
|f(z5)—fj1<6
7j=1,..,n
I7le HUXKHSIS TPaHb Oepercd o BceBO3MOKHBIM dyukiuam S: C* — C. Haa
E c (—1,1) u 29(—1,1) \ E paccmarpuBaeTcs 3ajada O HAXOXKIEHUH T10-
psAnka mHGOPMATUBHOCTA MHOXKECTBA I, T.e. MUAMMANBHOTO 1, HA KOTOPOM
JIOCTUTAETCA HUYKHASA TPAHb B PABEHCTRE

R(zp,0,E) =inf inf  7(20,2,...,2n,0).

n 2p,...,2n€

Kpowme Toro, mpu §, 6umskux K 1, pemiera 3a1a4a 0 HAXOXKACHUN BEJIMYUHBI

(0, E) = inf  sup r(zo,21,...,2n,0)
2lye2n€FE 20€EE

n Haﬁ,[[eHbI y3JIbI, Ha KOTOPBIX JOCTUTACTCA HUZKHAA I'DAHD.

K. 0. OCUIIEHKO

CCCP, MOCKBA 103767
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