ON THE LEBESGUE CONSTANTS FOR
INTERPOLATION OF ANALYTIC FUNCTIONS

K. YU. OSIPENKO

Let 7 := (t1,...,t,) be a system of distinct points in the interval
[—1,1] and let k£ € [0,1). We put

L’IL(T7p7 k) - maX ”D( )”P?

te[-1,1]

where D(t) = (D1(t), ..., Dn(1)),

D;(t) = 1 — kWZ(t)) Won(
! wj<tj) ( nl;Ij
t—t;
W (t) = J
(1) 1 — kt;t’
n 1/p
<Z’%|p> , 1<p<oo,
lall, = 4 \i=
gxlal  p=co
For k=0
Ly(7,p,0) = Ap(7,p),
where
An(rp) = ma [1(0)],
St —t,
1) = (LL(2),...,1.(2) H

Thus, A, (7,p) is the Lebesgue constant occurring in the theory of
approximation by Lagrange interpolating polynomials. Lebesgue con-
stants (mainly for p = 1) are studied in a rather great number of papers
(see, for example, [2-5], [10-12] and the references cited there).

The quantity L, (7,p, k) is linked up with the problems of interpo-
lation of analytic functions. We denote by By the class of functions
analytic in the circle

Di={zeC:|z| <1/Vk}, ke)o,1),

and bounded there in absolute value by 1. We call a method Sy the

best method of reconstruction of the function value f € By at a point
1
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t € Dy on the basis of the information I(f) = (f(t1),..., f(tn)) if
Et, 7, k) = inf sup [f(t) =St L) = sup [f(#) = So(t, 1())],

where the infimum is taken with respect to all possible functions
S(t,I1(f)). Tt follows from [8] that for any point ¢ € [—I,1] the best
method is given by

)= D)

where
n

" t—t,
B(t,r.k) = kAWl W) =TT
=1 !

Now let us use, instead of I(f), an information on approximate values
I =(f1,..., fn) such that for every f € By
IL(f) = Illq < 6.
We put
Ry(t,7,k,8) = sup  sup |f(t) — So(t, I,

FEBy I I(f) =148
F,(1,k,0) = sup Ry(t,7,k,0).

te[—1,1]

Theorem 1. For all t € [—1,1] we have
1 1
R,(t.7.k,6) = E(t.7,k) + 8| D(0)]], (13 'R 1) |

Proof. Let N
feB, and |I(f)—1|,<0.
Then

(1) = So(t, D) < |F(t) = Solt, I(f |+Z|D )5 = F(#5)]

Hence
Ry(t,7,k,6) < E(t, 7, k) + || D(#) |,
For 1 < p < oo, we set

) p—1gj )
f]:_(s‘D]<t>| Slgl_lle(t)’ j:1,,7’L7

ID@)]l5
while for p = oo and nax |D;(t)| = |Dm(t)] let
<j<n

f- —dsign Dp,(t), j=m,
U j#m.
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We consider the function
f(2) = k"?W (2) sign W (¢).
By virtue of the facts that f € By, I(f) = 0, and ||I]|, = J, we have

Ry(t, 7k, 0) = [f(t) = So(t, I)| = E(t, 7, k) + 0] D(t)]]-

The theorem is proved. U
Thus,
(1) F,(1,k,0) < n[lalxl]E(t,T, k) + 0L, (7,p, k).
te[-1,

It follows from [7] that
inf max E(t,7,k) = max E(t,Z, k),

r te[—1,1] te[—1,1]

ol

here and in the sequel, K, L and M, denote the complete elliptic in-
tegrals of the first kind for the moduli, &, [ and pu,, respectively, while
K', L' and M/ denote those for the complemented moduli; concern-
ing the notations snz, cnx, dnx, etc. we refer to [13, p. 240]. The
point system Z plays a role which is analogous to that played by the

Chebyshev system
27 —1 1"
T= {COS J 7T}
2n 1

in the case of interpolation by Lagrange polynomials. In addition, for
k = 0 the system Z coincides with the Chebyshev system, due to the
equalities

where

K =m/2 and sn(z,0)=sinx.
By this token,
We consider some estimates of the quantity L,(Z,p, k).

Theorem 2. For alln>1,2<p<o0, and k € [0,1) we have

-1
(3) Lo(Z,p, k) < \/1 + sn (”—K, k) < V2.
n
Proof. Let 0 < k < 1. Substituting
m=...=v,=2, g =1, z = Vkt,

Zj:\/Etj, jzl,...,n,
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in [9, Lemma 2.1|, we have

(@) 1- ZD2 = R,
where
Ly Lt KW3 (1) 20; () W5 (¢)
= T200260) ~ G — B20)

In the case k = 0, equality (4) is of the form

1= B(t);(t) =0,
vi(t) =1— lelgj) (t—1t;) =TI~

J=1

and remains valid, since it is the expansion of the unity by the inter-
polating Hermite polynomial (see [4], [11]). For the system Z of nodes
the function W (t) can be written by means of the first basic transfor-
mation of nth degree of elliptic functions (see, for example [1, p. 284])
in the parametric form

(5) W) = (=1)""a,sn[(nx — 1)M,, p,), t=sn[(z—1)K, k|,

where

[n/2]
gt (
Since W (t) = Wj(t)wj (t), we have
oy W)y )W) — W) W)
w](t]) - le(tj)’ ](t]) 2 [W;(t])]Q :

Computing the values W'(t;) and W”(¢;) from representation (5), we
get

> o, = K"al.

L+ EW2(E)  (1—k)2(1+ k) —t;)(1 — kt;t)t;
0= TR0 T =) = Re) = k)= k)
It is not hard to see that for all t € [—1
(1=K <(1—kt*)(1—kt3), (1+kt3) <1+ klty],
ti(t —t;)(1 = ktjt) < [t;[(1 — [t;])(1 = K[t;])

are satisfied. Hence

,1] and k € [0, 1) the inequalities
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Thus,
n—1 T 9 - 9
[1+sn( — K, )} ij(t) §ZDj(t)h (t)
j=1 j=1
=1-kK"Wt) <1
Consequently,

1D(t)]]2 < \/1+8n (”;U«,k) <V2.

Now inequality (3) follows from the fact that ||-||, < ||| for 2 < p < oc.
The theorem is proved. Il

By virtue of (2) and (3), for 2 < p < co we obtain the inequality

An(Tp) < 41+ cos 2= < V2,
n

which was obtained in [4] for the case p = 2.
Taking (1) and (5) into account, Theorem 2 implies the following

Corollary 1. For all 1 < ¢ <2, k€ (0,1), and § > 0 we have
Fy(Z,k,6) < \/tin + 6V2.
We consider the case p = 1.

Theorem 3. For alln > 1 and k € [0,1) we have

n

L 27 —1
(6) Ln(Z,1,8) = [1+ an(Bl 33 et L,
where
2k K2 Wk cnzdnz
< < - - - -
0 < an(k) < (1 — k)2n?’ ! 14k’ ctnx snx

(here and in the sequel, we do not indicate the dependence of the elliptic
functions upon the modulus if the latter equals 1). In addition, o, (k) =
0 for

(7) n>

Hu) = (1iku—1) (1 - 12fku)_1.

Changing variable t = t(u), we get that

Proof. We put

L,(Z,1,k) = maXZ|D

uEOI]
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~ W (u)(1 — 12u?) —~ U —
Dj U) = — , Wiu) = PRI
() W (u;) (u = u;) (1 = Puju) () 31:[1 1= iFuju

while t(u;) = t;. By the Gauss transformation of elliptic functions [1,

p. 134], one can show that

22— 1,
2n

Applying the first basic transformation of 2n-th degree, we can write

the function W (u) in the form

= . 2nt
W(u) = (—1)"a, sn [(i + 1) Mn,uml . u=sn’t,

u; = sn j=1...,n

L

n

27 —1
a zl_Isn2 J L
- 2n

Hence, finding W (u;) and using identities well-known in the theory of
elliptic functions, we get that

(8) Dj(sn2t) = (—1)*! 275%” o K% + 1) M, um}

X [etn(t; +t) + ctn(t; —t)].

o[z

x> [letn(t; +t) + | ctn(t; — )],

=1

From the inequality

L
Z|D sn t)\<
7=1

which turns into equality for ¢t € [-L/(2n), L/(2n)], furthermore, from
the evenness and periodicity, with period L/n, of the function occurring
on the right-hand side of this inequality it follows that

) > 1501 =, g, Z Do) = i >,
Since for u € [0, u4]
~ wi(u) 1 —1Pu? ~ L Uy —u
Di(u)] = - ) = T
| ](u)| ‘W’(u])’ (1 _ l2uju)2 UJ] (U) n];[I 1— Z-Qumu
m#j

and since each of the factors (u,, —u)/(1 —[*u;u) is monotone decreas-
ing, while the function (1—1%u?)/(1—1[?u;u)? is increasing, we can infer
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that
w; (0 1 — 2u? ~ 1 —?u?
ma Z!D e o N () MLt
u€[0,u1] |W/( )l (]_ —1 ujul) (]_ —1 ujul)
By virtue of the inequalities
1—u? <14 20,1, 7
(1 — Pujug)? (1 = Puyuy)?
L L L 12
Puyu; =Psn? (L — — )sn?— <%?sn*= = k,
2n 2n 2 (1+V1-12)2
as well as
2 <P 5 L Z2L2 kK?
n n P = T 5
tnth > 2n An? n?
we have

n

Z|D )| < max Z|D 1+LK2 > " 1D;(0)
u€[0,u1] (1—k)2n2 1 J

Now equality (6) follows from (8) for t = 0.
Let inequality (7) be satisfied. In order to prove that «, (k) = 0 it is
enough to prove the decrease of the functions
~ 1 — Pu?
pj(u) = WJ(U)W

for u € [0,u;]. From the relations
“ 1 — %2,

2,2 w5 (u) 2 Uj —u 22
(1= )goj(u) =2 1 — Puju -1l )Z (U, — u)(1 = Puyu)

m=1
m#j

< 20%u; — Zﬂ <212 —(n—1)(1-1%
= j

U,
m=1
mAj
it follows that ¢}(u) <0 for u € [0,u;] and
212 8k
> 1= 1.
" E Tt T a et
The theorem is proved. Il

Corollary 2. If (7) is satisfied, then we have
FolZ,k,0) = /lim + 6Ln(Z, 1, k).

Proof. Tt follows from the proof of Theorem 3 that if condition (7) is
satisfied, then

n

(9) W(Z,1,k) = Z|D antn 2‘72;1L.

j=1
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By virtue of representation (5),
 Inax Et,Z,k)=E(1,Zk) = \/ttn.

te[-1,1]

Hence and by Theorem 1,

Foo(Z,k,8) > Ruo(1, Z, k,8) = E(1, Z, k) + 8| D(1)|

= max E(t,Z,k)+ 0L, (Z, 1,k).
te[—1,1]

The lower estimate follows from inequality (1). The corollary is proved.
U

We note that for [ = 0 we have ctnz = cot x. Therefore, taking (2)
into account for k = 0, equalities (9) turn into the following:

- 1 & 2j —1
1) = g 1;(1)] = - g cot pr—
j=1 j=1

which were proved in [3], [10].
Theorem 4. If (7) is satisfied, then we have

m—1
2
Lo(Z1k) = ZInn+ A(k) + 3 2 [By, (2271 — 1) — dsHy, 1 (k)]
N n
s=1

A, on | 8
+ nQ—mpm(n, k) —h [; Inn + B(k‘)} 0. (k),

where

A(k) = % (’y—i—lnﬁ),

v =0.5772... is the Euler constant, Bys are the Bernoulli numbers,
|B | (225 1 1) 7T25—1
as = )
2255(2s)!

e hQr—l . K’
H5<k): W(Zr—l) s hZGXp (— QK),
=1

9 Hap(k) < (=1 pa(n, k) < 20mHap (k) + | Bam| (22771 — 1) ,

2 2
B(k) = 4A(K) + - Ha(k) + 7.
Proof. It was proved in [12]| (see also [5]) that for any function f €
Ciis,,) we have

(10) Zf 2 — 1) = / I

. (1 o 228 1) (f(?s—l)(2n) . f(QS—l)(O)) +’f’m(n),

0 < 0,(k) <1
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where

(2m)!

(@) = By (2+3) = Biu (5.

while B3, (z) are the periodic Bernoulli functions with period 1. In

addition, if f € Ofo’j;;:f and

) = — [ e @) ds
1

f(2m+2)(:z:)f(2m) () >0 forall z€]0,2n],
then

(11)

_ B2m 2m—1 (2m-1) (2m—1)
Tm(n) = 2m) (1—2>""Y[f (2n) — f 0], 0<6<1
Using the representation of the function snu by means of the theta
functions and their expansions into infinite products |6, pp. 214, 205,

209], after simple computations we arrive at the equality
(12)

o0
d T Tu 2T h" Tru
cthu=—Insnu = —cot — — —

i I <L
du 2L 2L L T:11+hrsln 7 | Tm | ,
where
h— ml/ - K’
= exXp 7 = exp K .
We set P
T n
—ctn ——= — 22
f(@) = ctn 2n  zL
Then f(x) = fi(x) + fo(z), where
(13)
T T  2n 1 & | By, | 7% 1
=57 Cot——— — = —— " <4
fiz) 2L 0 4dn  xL L ; 22r=1(27)Ip2r—1 ;|| n,
M= h" . 7rx
f2(x) = _f - 1 n h"’ Sin %
Consequently,
B |7T23 47'('28 (o] hr
(2s—1) 0) = _|25— — (=1 s—1 25—1
f ( ) L2258n25—1 ( ) L228n28_1 =t 1 + hr?”
We set,

m T 2n
= 2n) = ——tan — — ———.
9(x) = filw +2n) or " dn L(z + 2n)
By the known expansion of tan z, we obtain that
| By |m25(2% — 1) (2s —1)!
C [92sgp2s—1 [92s—1p2s—1"

7D (2n) = g(0) =



10 K. YU. OSIPENKO

In this way,

25(92s
FED(2n) = — | Bos|m*(2%° — 1) (2s — 1)!

L2255n23—1 L223—1n2s—1
471_25 e hr
— (=1 s+1_ =% —1) 25—1'
( ) L225n23—1 ( ) 1 + hrr

Now from (10) and the fact that

1/2” . zL  2n p n/L . 1 p nl snul|?
- cth — — — | do = — cthu — — | du = = log —
2 Jo 2n  xL L J, u L% 0

B nl 1
A
it follows that
L & 2j —1 2 1
— Z {ctn J L — " ] =1In
n i~ 2n (2j — 1)L L
m—1 m—1
T Qs N By (2771 — 1)
— By, (22571 — 1) —4sHy,_ (k)] —
+ 2 — n2s |: ( ) Sidy 1( )] ; 22ssn2s
+ 7 (n) +r@(n),
where
) L22m n
(4) _ (2m)
) = = [ I o) = 1.2
Since

@) <0 for xelo,2n]
holds for an arbitrary s (cf. (13)), by (11) we have

T Ay,

_ B m 22m—1 _ 1
0< (_1)m+l,r.(1)(n) < _n2_m‘B2m‘ (22m 1 1) N ‘ 2 |( )

22mmn2m

— m
To estimate the quantity rg) (n), first we note that for any natural
number r

" 2
(14) / Ym () sin T 4z = 0.
0 n

This equality follows from the periodicity of the integrand with period
n and its oddness. Thus,

o0
g2l h o, . TrT
sin ——,

(2m) m+1
2rx) = (=1
5 ( x) ( ) [,92m—1,,2m s 1+ hrr n
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which together with (14) gives

[ (n)]
ol 1EN R¥! " 7r(2r -1z
— or — 1)%m m — 7 d
(2m)In2m+1 ; 1 +h2’"—1( ’ ) /0 Ym () sin v
27.[.2m+1
S T y/“|ynl ) dr

From well-known properties of the Bernoulli polynomials it follows that

" Bop (22771 — 1
) 20 and [y o = P2

A fortiori,

r@(n)| < ﬂgm%Hgm(k).
We apply the equality

n

m—1
2 B, (221 — 1
g , =lnn+2In2+~y+ g 2 )—i—ém(n),
/ s=1

‘= 25 —1 §22sn2s

(see [12]), where

2m—1 __
0 < (_1)m+15m<n) < |B2m| (2 1).

— m22mn2m

We have
(15)

L& 2j — 1 L& j — 1 2n 2

— t = — t

n 2 o= nZ{cn (2j—1)L]+ZQj—1

7j=1 j=1 =
m—1
s s Qs 951
=1Inn + EA(I{) + 5 £ ﬁ [BZS (2 - 1) - 48H25,1(]€)]
T A,
+ §n2mpm(n k)

Denoting by A, (k) the left part in (15), for m = 1 we get that
(16)  An(k)=Inn+ gA(k) g“—; (n,k) <Inn+ gB(k).

Theorem 3 implies that, under (7),
(17) La(Z,1,K) = My Ay (k).

For the complete elliptic integral M, of the first kind the following
equalities are valid |1, pp. 277, 284] :

2M, LA M’
“=1+2) R}, h = ——") =h"
VIR e ()
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Consequently,
oM, o,
1< <1 :
- T + 1-— hl

Hence it follows easily that

2 8
(18) M'==— —p?0,(k), 0<o,(k)<1.

T T
Now (15)—(18) imply the statement of the theorem. The theorem is
proved. Il

For k = 0, from Theorem 4 a representation of A, (7, 1) follows,
which was obtained in [12] (see also [2]):

m—1

2 2 8 a, .
An(T)1) = —Inn+ — (7+1n;) +> 3B (271 —1)

s=1

A " .
-+ ,nz_mpm(n,o), O S (—1) +1pm(n7 O) S ’Ble (22 1 1) .
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O koHcTaHTax Jlebera mpu MHTEPHONAIIUN AHATIUTUIECKNX
byukinii

K. FO. OCUIIEHKO

st cucreMbl pa3ngHbIX TOYeK 7 = (tq,...,t,) u3 orpeska [—1,1]
u k € [0,1) BBOIUTCS BETMINHA

1/p
L = D;(
(T, D, k) té?afg](ZI ) :

rje
w; (1)
wj(t;) iy
t—1tm
Win(t) = ————.
®) 1 —kt,,t
[Ipu k = 0 oma coBnajaer c¢ KoHcTaHntoii Jlebera, cBsA3aHHON €

HHTeproJIdnueil MaoroawaeHoM Jlarpanxka. Ilokazana cBA3b BeTUIWHBI
L,(7,p, k) ¢ 3a1a9aMyu WHTEPHOJISIUA aHATHTHIeCKUX byHKIumit. s

CHUCTeMbI ) n
Zz{sn{(zj_l —1)K,k]} ,
n 1

ABJISIONIEHCS aHAJOrOM YeOBIEeBCKON CUCTEMbI, TOJYYEeHbl OINEHKH
L.(Z,p,k) mpup>2wup=1.

CCCP, MOCKBA 103767

IMETPOBKA 27

MOCKOBCKNIT ABUAIITMOHHBIN TEXHOJIOTUYECKNIT MTHCTUTYT
NMEHHU K. 3. INOJIKOBCKOT'O



