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INTERPOLATION OF ANALYTIC FUNCTIONS
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Let τ := (t1, . . . , tn) be a system of distinct points in the interval
[−1, 1] and let k ∈ [0, 1). We put

Ln(τ, p, k) = max
t∈[−1,1]

‖D(t)‖p,

where D(t) = (D1(t), . . . , Dn(t)),

Dj(t) =
ωj(t)

ωj(tj)

(
1− kW 2

j (t)
)
, ωj(t) =

∏
m6=j

Wm(t),

Wj(t) =
t− tj

1− ktjt
,

‖a‖p =


(

n∑
j=1

|aj|p
)1/p

, 1 ≤ p <∞,

max
1≤j≤n

|aj|, p =∞.

For k = 0

Ln(τ, p, 0) = Λn(τ, p),

where

Λn(τ, p) = max
t∈[−1,1]

‖l(t)‖p,

l(t) = (l1(t), . . . , ln(t)), lj(t) =
n∏

m=1
m 6=j

t− tm
tj − tm

.

Thus, Λn(τ, p) is the Lebesgue constant occurring in the theory of
approximation by Lagrange interpolating polynomials. Lebesgue con-
stants (mainly for p = 1) are studied in a rather great number of papers
(see, for example, [2�5], [10�12] and the references cited there).
The quantity Ln(τ, p, k) is linked up with the problems of interpo-

lation of analytic functions. We denote by Bk the class of functions
analytic in the circle

Dk = { z ∈ C : |z| < 1/
√
k }, k ∈)0, 1),

and bounded there in absolute value by 1. We call a method S0 the
best method of reconstruction of the function value f ∈ Bk at a point

1
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t ∈ Dk on the basis of the information I(f) = (f(t1), . . . , f(tn)) if

E(t, τ, k) ≡ inf
S

sup
f∈Bk

|f(t)− S(t, I(f))| = sup
f∈Bk

|f(t)− S0(t, I(f))|,

where the in�mum is taken with respect to all possible functions
S(t, I(f)). It follows from [8] that for any point t ∈ [−l, 1] the best
method is given by

S0(t, I(f)) =
n∑
j=1

Dj(t)f(tj),

where

E(t, τ, k) = kn/2|W (t)|, W (t) =
n∏
j=1

t− tj
1− ktjt

.

Now let us use, instead of I(f), an information on approximate values

Ĩ = (f1, . . . , fn) such that for every f ∈ Bk

‖I(f)− Ĩ‖q ≤ δ.

We put

Rq(t, τ, k, δ) = sup
f∈Bk

sup
Ĩ:‖I(f)−Ĩ‖q≤δ

|f(t)− S0(t, Ĩ)|,

Fq(τ, k, δ) = sup
t∈[−1,1]

Rq(t, τ, k, δ).

Theorem 1. For all t ∈ [−1, 1] we have

Rq(t, τ, k, δ) = E(t, τ, k) + δ‖D(t)‖p
(

1

p
+

1

q
= 1

)
.

Proof. Let

f ∈ Bk and ‖I(f)− Ĩ‖q ≤ δ.

Then

|f(t)− S0(t, Ĩ)| ≤ |f(t)− S0(t, I(f))|+
n∑
j=1

|Dj(t)|fj − f(tj)|

≤ E(t, τ, k) + δ‖D(t)‖p.
Hence

Rq(t, τ, k, δ) ≤ E(t, τ, k) + δ‖D(t)‖p.
For 1 ≤ p <∞, we set

fj = −δ |Dj(t)|p−1 signDj(t)

‖D(t)‖p−1p

, j = 1, . . . , n;

while for p =∞ and max
1≤j≤n

|Dj(t)| = |Dm(t)| let

fj =

{
−δ signDm(t), j = m,

0, j 6= m.
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We consider the function

f(z) = kn/2W (z) signW (t).

By virtue of the facts that f ∈ Bk, I(f) = 0, and ‖Ĩ‖q = δ, we have

Rq(t, τ, k, δ) ≥ |f(t)− S0(t, Ĩ)| = E(t, τ, k) + δ‖D(t)‖p.

The theorem is proved. �

Thus,

(1) Fq(τ, k, δ) ≤ max
t∈[−1,1]

E(t, τ, k) + δLn(τ, p, k).

It follows from [7] that

inf
τ

max
t∈[−1,1]

E(t, τ, k) = max
t∈[−1,1]

E(t, Z, k),

where

Z =

{
sn

[(
2j − 1

n
− 1

)
K, k

]}n
1

;

here and in the sequel, K, L and M , denote the complete elliptic in-
tegrals of the �rst kind for the moduli, k, l and µn, respectively, while
K ′, L′ and M ′

n denote those for the complemented moduli; concern-
ing the notations snx, cnx, dnx, etc. we refer to [13, p. 240]. The
point system Z plays a role which is analogous to that played by the
Chebyshev system

T =

{
cos

2j − 1

2n
π

}n
1

in the case of interpolation by Lagrange polynomials. In addition, for
k = 0 the system Z coincides with the Chebyshev system, due to the
equalities

K = π/2 and sn(x, 0) = sin x.

By this token,

(2) Ln(Z, p, 0) = Λn(T, p).

We consider some estimates of the quantity Ln(Z, p, k).

Theorem 2. For all n ≥ 1, 2 ≤ p ≤ ∞, and k ∈ [0, 1) we have

(3) Ln(Z, p, k) ≤

√
1 + sn

(
n− 1

n
K, k

)
<
√

2.

Proof. Let 0 < k < 1. Substituting

ν1 = . . . = νn = 2, g(ξ) = 1, x =
√
kt,

zj =
√
ktj, j = 1, . . . , n,
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in [9, Lemma 2.1], we have

(4) 1−
n∑
j=1

D2
j (t)hj(t) = k2nW 4(t),

where

hj(t) =
1 + kW 2

j (t)

1− kW 2
j (t)
−

2ω′j(tj)Wj(t)

ωj(tj)W ′
j(tj)(1− kW 2

j (t))
.

In the case k = 0, equality (4) is of the form

1−
n∑
j=1

l2j (t)vj(t) = 0,

vj(t) = 1− ω′′(tj)

ω′(tj)
(t− tj), ω(t) =

n∏
j=1

(t− tj),

and remains valid, since it is the expansion of the unity by the inter-
polating Hermite polynomial (see [4], [11]). For the system Z of nodes
the function W (t) can be written by means of the �rst basic transfor-
mation of nth degree of elliptic functions (see, for example [1, p. 284])
in the parametric form

(5) W (t) = (−1)n+1an sn [(nx− 1)Mn, µn] , t = sn[(x− 1)K, k],

where

an =

[n/2]∏
j=1

sn2

(
2j − 1

n
K, k

)
, µn = kna2n.

Since W (t) = Wj(t)ωj(t), we have

ωj(tj) =
W ′(tj)

W ′
j(tj)

, ω′j(tj) =
W ′′(tj)W

′
j(tj)−W ′(tj)W

′′
j (tj)

2
[
W ′
j(tj)

]2 .

Computing the values W ′(tj) and W ′′(tj) from representation (5), we
get

hj(t) =
1 + kW 2

j (t)

1− kW 2
j (t)
−

(1− k)2(1 + kt2j)(t− tj)(1− ktjt)tj
(1− tj)2(1− k2t2j)(1− kt2j)(1− kt2)

.

It is not hard to see that for all t ∈ [−1, 1] and k ∈ [0, 1) the inequalities

(1− k)2 ≤ (1− kt2)(1− kt2j), (1 + kt2j) ≤ 1 + k|tj|,
tj(t− tj)(1− ktjt) ≤ |tj|(1− |tj|)(1− k|tj|)

are satis�ed. Hence

hj(t) ≥ 1− |tj|
1 + |tj|

≥
[
1 + sn

(
n− 1

n
K, k

)]−1
.
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Thus,[
1 + sn

(
n− 1

n
K, k

)]−1 n∑
j=1

D2
j (t) ≤

n∑
j=1

D2
j (t)hj(t)

= 1− k2nW 4(t) ≤ 1.

Consequently,

‖D(t)‖2 ≤

√
1 + sn

(
n− 1

n
K, k

)
<
√

2.

Now inequality (3) follows from the fact that ‖·‖p ≤ ‖·‖2 for 2 ≤ p ≤ ∞.
The theorem is proved. �

By virtue of (2) and (3), for 2 ≤ p ≤ ∞ we obtain the inequality

Λn(T, p) ≤
√

1 + cos
π

2n
<
√

2,

which was obtained in [4] for the case p = 2.
Taking (1) and (5) into account, Theorem 2 implies the following

Corollary 1. For all 1 ≤ q ≤ 2, k ∈ (0, 1), and δ ≥ 0 we have

Fq(Z, k, δ) ≤
√
µn + δ

√
2.

We consider the case p = 1.

Theorem 3. For all n ≥ 1 and k ∈ [0, 1) we have

(6) Ln(Z, 1, k) = [1 + αn(k)]
L

nMn

n∑
j=1

ctn
2j − 1

2n
L,

where

0 ≤ αn(k) ≤ 2kK2

(1− k)2n2
, l =

2
√
k

1 + k
, ctnx =

cnx dnx

snx

(here and in the sequel, we do not indicate the dependence of the elliptic

functions upon the modulus if the latter equals l). In addition, αn(k) =
0 for

(7) n ≥ 8k

(1− k)2
+ 1.

Proof. We put

t(u) =

(
2

1 + k
u− 1

)(
1− 2k

1 + k
u

)−1
.

Changing variable t = t(u), we get that

Ln(Z, 1, k) = max
u∈[0,1]

n∑
j=1

|D̃j(u)|,
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where

D̃j(u) =
W̃ (u)(1− l2u2)

W̃ ′(uj)(u− uj)(1− l2uju)
, W̃ (u) =

n∏
j=1

u− uj
1− i2uju

,

while t(uj) = tj. By the Gauss transformation of elliptic functions [1,
p. 134], one can show that

uj = sn2 2j − 1

2n
L, j = 1, . . . , n.

Applying the �rst basic transformation of 2n-th degree, we can write

the function W̃ (u) in the form

W̃ (u) = (−1)nãn sn

[(
2nt

L
+ 1

)
Mn, µm

]
, u = sn2 t,

ãn =
n∏
j=1

sn2 2j − 1

2n
L.

Hence, �nding W̃ ′(uj) and using identities well-known in the theory of
elliptic functions, we get that

(8) D̃j(sn
2 t) = (−1)j+1 L

2nMn

sn

[(
2nt

L
+ 1

)
Mn, µm

]
× [ctn(tj + t) + ctn(tj − t)] .

From the inequality

n∑
j=1

|D̃j(sn
2 t)| ≤ L

2nMn

∣∣∣∣sn [(2nt

L
+ 1

)
Mn, µm

]∣∣∣∣
×

n∑
j=1

[| ctn(tj + t)|+ | ctn(tj − t)|] ,

which turns into equality for t ∈ [−L/(2n), L/(2n)], furthermore, from
the evenness and periodicity, with period L/n, of the function occurring
on the right-hand side of this inequality it follows that

max
u∈[0,1]

n∑
j=1

|D̃j(u)| = max
t∈[0,L/(2n)]

n∑
j=1

|D̃j(sn
2 t)| = max

u∈[0,u1]

n∑
j=1

|D̃j(u)|.

Since for u ∈ [0, u1]

|D̃j(u)| = ω̃j(u)

|W̃ ′(uj)|
1− l2u2

(1− l2uju)2
, ω̃j(u) =

n∏
m=1
m 6=j

um − u
1− i2umu

,

and since each of the factors (um−u)/(1− l2uju) is monotone decreas-
ing, while the function (1− l2u2)/(1− l2uju)2 is increasing, we can infer
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that

max
u∈[0,u1]

n∑
j=1

|D̃j(u)| ≤ ω̃j(0)

|W̃ ′(uj)|
1− l2u21

(1− l2uju1)2
= |D̃j(0)| 1− l2u21

(1− l2uju1)2
.

By virtue of the inequalities

1− l2u21
(1− l2uju1)2

≤ 1 +
2l2unu1

(1− l2unu1)2
,

l2unu1 = l2 sn2

(
L− L

2n

)
sn2 L

2n
≤ l2 sn4 L

2
=

l2

(1 +
√

1− l2)2
= k,

as well as

l2unu1 ≤ l2 sn2 L

2n
≤ l2L2

4n2
=
kK2

n2
,

we have
n∑
j=1

|D̃j(0)| ≤ max
u∈[0,u1]

n∑
j=1

|D̃j(u)| ≤
[
1 +

2kK2

(1− k)2n2

] n∑
j=1

|D̃j(0)|.

Now equality (6) follows from (8) for t = 0.
Let inequality (7) be satis�ed. In order to prove that αn(k) = 0 it is

enough to prove the decrease of the functions

ϕj(u) = ω̃j(u)
1− l2u2

(1− l2uju)2

for u ∈ [0, u1]. From the relations

(1− l2u2)
ϕ′j(u)

ϕj(u)
= 2l2

uj − u
1− l2uju

− (1− l2u2)
n∑

m=1
m6=j

1− l2u2m
(um − u)(1− l2umu)

≤ 2l2uj −
n∑

m=1
m 6=j

1− l2u2m
um

≤ 2l2 − (n− 1)(1− l2)

it follows that ϕ′j(u) ≤ 0 for u ∈ [0, u1] and

n ≥ 2l2

1− l2
+ 1 =

8k

(1− k)2
+ 1.

The theorem is proved. �

Corollary 2. If (7) is satis�ed, then we have

F∞(Z, k, δ) =
√
µn + δLn(Z, 1, k).

Proof. It follows from the proof of Theorem 3 that if condition (7) is
satis�ed, then

(9) Ln(Z, 1, k) =
n∑
j=1

|Dj(1)| = L

nMn

n∑
j=1

ctn
2j − 1

2n
L.
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By virtue of representation (5),

max
t∈[−1,1]

E(t, Z, k) = E(1, Z, k) =
√
µn.

Hence and by Theorem 1,

F∞(Z, k, δ) ≥ R∞(1, Z, k, δ) = E(1, Z, k) + δ‖D(1)‖1
= max

t∈[−1,1]
E(t, Z, k) + δLn(Z, 1, k).

The lower estimate follows from inequality (1). The corollary is proved.
�

We note that for l = 0 we have ctnx = cot x. Therefore, taking (2)
into account for k = 0, equalities (9) turn into the following:

Λn(T, 1) =
n∑
j=1

|lj(1)| = 1

n

n∑
j=1

cot
2j − 1

4n
π,

which were proved in [3], [10].

Theorem 4. If (7) is satis�ed, then we have

Ln(Z, 1, k) =
2

π
lnn+A(k) +

m−1∑
s=1

as
n2s

[
B2s

(
22s−1 − 1

)
− 4sH2s−1(k)

]
+

am
n2m

ρm(n, k)− h2n
[

8

π
lnn+B(k)

]
θn(k),

where

A(k) =
2

π

(
γ + ln

4

(1 + k)K

)
,

γ = 0.5772 . . . is the Euler constant, B2s are the Bernoulli numbers,

as = 4
|B2s| (22s−1 − 1) π2s−1

22ss(2s)!
,

Hs(k) =
∞∑
r=1

h2r−1

1 + h2r−1
(2r − 1)s, h = exp

(
−πK

′

2K

)
,

−2πmH2m(k) ≤ (−1)m+1ρm(n, k) ≤ 2πmH2m(k) + |B2m|
(
22m−1 − 1

)
,

B(k) = 4A(k) +
2π2

3
H2(k) +

π

18
, 0 ≤ θn(k) ≤ 1.

Proof. It was proved in [12] (see also [5]) that for any function f ∈
C2m

[0,2n] we have

(10)
n∑
j=1

f(2j − 1) =
1

2

∫ 2n

0

f(x) dx

+
m−1∑
s=1

B2s

(2s)!

(
1− 22s−1) (f (2s−1)(2n)− f (2s−1)(0)

)
+ rm(n),
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where

rm(n) = − 22m

(2m)!

∫ n

0

f (2m)(2x)ym(x) dx,

ym(x) = B∗2m

(
x+

1

2

)
−B∗2m

(
1

2

)
,

while B∗2m(x) are the periodic Bernoulli functions with period 1. In
addition, if f ∈ C2m+2

[0,2n] and

f (2m+2)(x)f (2m)(x) ≥ 0 for all x ∈ [0, 2n],

then
(11)

rm(n) =
B2m

(2m)!

(
1− 22m−1) [f (2m−1)(2n)− f (2m−1)(0)

]
θ, 0 ≤ θ ≤ 1.

Using the representation of the function snu by means of the theta
functions and their expansions into in�nite products [6, pp. 214, 205,
209], after simple computations we arrive at the equality
(12)

ctnu =
d

du
ln snu =

π

2L
cot

πu

2L
− 2π

L

∞∑
r=1

hr

1 + hr
sin

πru

L
, | Imu| < L′,

where

h = exp

(
−πL

′

L

)
= exp

(
−πK

′

2K

)
.

We set

f(x) = ctn
xL

2n
− 2n

xL
.

Then f(x) = f1(x) + f2(x), where

f1(x) =
π

2L
cot

πx

4n
− 2n

xL
= − 1

L

∞∑
r=1

|B2r|π2r

22r−1(2r)!n2r−1x
2r−1, |x| < 4n,

(13)

f2(x) = −2π

L

∞∑
r=1

hr

1 + hr
sin

πrx

2n
.

Consequently,

f (2s−1)(0) = − |B2s|π2s

L22ssn2s−1 − (−1)s−1
4π2s

L22sn2s−1

∞∑
r=1

hr

1 + hr
r2s−1.

We set

g(x) = f1(x+ 2n) = − π

2L
tan

πx

4n
− 2n

L(x+ 2n)
.

By the known expansion of tan z, we obtain that

f
(2s−1)
1 (2n) = g(2s−1)(0) = −|B2s|π2s(22s − 1)

L22ssn2s−1 +
(2s− 1)!

L22s−1n2s−1 .
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In this way,

f (2s−1)(2n) = −|B2s|π2s(22s − 1)

L22ssn2s−1 +
(2s− 1)!

L22s−1n2s−1

− (−1)s+1 4π2s

L22sn2s−1

∞∑
r=1

(−1)r
hr

1 + hr
r2s−1.

Now from (10) and the fact that

1

2

∫ 2n

0

(
ctn

xL

2n
− 2n

xL

)
dx =

n

L

∫ L

0

(
ctnu− 1

u

)
du =

n

L
log

snu

u

∣∣∣∣L
0

=
n

L
ln

1

L
,

it follows that

L

n

n∑
j=1

[
ctn

2j − 1

2n
L− 2n

(2j − 1)L

]
= ln

1

L

+
π

2

m−1∑
s=1

as
n2s

[
B2s

(
22s−1 − 1

)
− 4sH2s−1(k)

]
−

m−1∑
s=1

B2s (22s−1 − 1)

22ssn2s

+ r(1)m (n) + r(2)m (n),

where

r(j)m (n) = − L22m

n(2m)!

∫ n

0

f
(2m)
j (2x)ym(x) dx, j = 1, 2.

Since

f
(s)
1 (x) ≤ 0 for x ∈ [0, 2n]

holds for an arbitrary s (cf. (13)), by (11) we have

0 ≤ (−1)m+1r(1)m (n) ≤ π

2

am
n2m
|B2m|

(
22m−1 − 1

)
− |B2m| (22m−1 − 1)

22mmn2m
.

To estimate the quantity r
(2)
m (n), �rst we note that for any natural

number r

(14)

∫ n

0

ym(x) sin
2πrx

n
dx = 0.

This equality follows from the periodicity of the integrand with period
n and its oddness. Thus,

f
(2m)
2 (2x) = (−1)m+1 π2m+1

L22m−1n2m

∞∑
r=1

hr

1 + hr
r2m sin

πrx

n
,



ON THE LEBESGUE CONSTANTS 11

which together with (14) gives

|r(2)m (n)|

=
2π2m+1

(2m)!n2m+1

∣∣∣∣ ∞∑
r=1

h2r−1

1 + h2r−1
(2r − 1)2m

∫ n

0

ym(x) sin
π(2r − 1)x

n
dx

∣∣∣∣
≤ 2π2m+1

(2m)!n2m+1
H2m(k)

∫ n

0

|ym(x)| dx.

From well-known properties of the Bernoulli polynomials it follows that

(−1)m+1ym(x) ≥ 0 and

∫ n

0

ym(x) dx = n
B2m (22m−1 − 1)

22m−1 .

A fortiori,

|r(2)m (n)| ≤ π2m
am
n2m

H2m(k).

We apply the equality

n∑
j=1

2

2j − 1
= lnn+ 2 ln 2 + γ +

m−1∑
s=1

B2s (22s−1 − 1)

s22sn2s
+ δm(n),

(see [12]), where

0 ≤ (−1)m+1δm(n) ≤ |B2m| (22m−1 − 1)

m22mn2m
.

We have

(15)

L

n

n∑
j=1

ctn
2j − 1

2n
L =

L

n

n∑
j=1

[
ctn

2j − 1

2n
L− 2n

(2j − 1)L

]
+

n∑
j=1

2

2j − 1

= lnn+
π

2
A(k) +

π

2

m−1∑
s=1

as
n2s

[
B2s

(
22s−1 − 1

)
− 4sH2s−1(k)

]
+
π

2

am
n2m

ρm(n, k).

Denoting by An(k) the left part in (15), for m = 1 we get that

(16) An(k) = lnn+
π

2
A(k) +

π

2

a1
n2
ρ1(n, k) ≤ lnn+

π

8
B(k).

Theorem 3 implies that, under (7),

(17) Ln(Z, 1, k) = M−1
n An(k).

For the complete elliptic integral Mn of the �rst kind the following
equalities are valid [1, pp. 277, 284] :√

2Mn

π
= 1 + 2

m∑
r=1

hr
2

1 , h1 = exp

(
−πM

′
n

Mn

)
= h2n.
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Consequently,

1 ≤
√

2Mn

π
≤ 1 +

2h1
1− h1

.

Hence it follows easily that

(18) M−1
n =

2

π
− 8

π
h2nσn(k), 0 ≤ σn(k) ≤ 1.

Now (15)�(18) imply the statement of the theorem. The theorem is
proved. �

For k = 0, from Theorem 4 a representation of Λn(T, 1) follows,
which was obtained in [12] (see also [2]):

Λn(T, 1) =
2

π
lnn+

2

π

(
γ + ln

8

π

)
+

m−1∑
s=1

as
n2s

B2s

(
22s−1 − 1

)
+

am
n2m

ρm(n, 0), 0 ≤ (−1)m+1ρm(n, 0) ≤ |B2m|
(
22m−1 − 1

)
.
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Î êîíñòàíòàõ Ëåáåãà ïðè èíòåðïîëÿöèè àíàëèòè÷åñêèõ

ôóíêöèé

Ê. Þ. ÎÑÈÏÅÍÊÎ

Äëÿ ñèñòåìû ðàçëè÷íûõ òî÷åê τ = (t1, . . . , tn) èç îòðåçêà [−1, 1]
è k ∈ [0, 1) ââîäèòñÿ âåëè÷èíà

Ln(τ, p, k) = max
t∈[−1,1]

( n∑
j=1

|Dj(t)|p
)1/p

,

ãäå

Dj(t) =
ωj(t)

ωj(tj)

(
1− kW 2

j (t)
)
, ωj(t) =

∏
m6=j

Wm(t),

Wm(t) =
t− tm

1− ktmt
.

Ïðè k = 0 îíà ñîâïàäàåò ñ êîíñòàíòîé Ëåáåãà, ñâÿçàííîé ñ
èíòåðïîëÿöèåé ìíîãî÷ëåíîì Ëàãðàíæà. Ïîêàçàíà ñâÿçü âåëè÷èíû
Ln(τ, p, k) ñ çàäà÷àìè èíòåðïîëÿöèè àíàëèòè÷åñêèõ ôóíêöèé. Äëÿ
ñèñòåìû

Z =

{
sn

[(
2j − 1

n
− 1

)
K, k

]}n
1

,

ÿâëÿþùåéñÿ àíàëîãîì ÷åáûøåâñêîé ñèñòåìû, ïîëó÷åíû îöåíêè
Ln(Z, p, k) ïðè p ≥ 2 è p = 1.
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