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1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

1. Îñíîâíûå ïîíÿòèÿ. Ôóíêöèîíàëüíîå óðàâíåíèå

F (x, y, y′) = 0 (1)

èëè

y′ = f(x, y) (2)

ñâÿçûâàþùåå ìåæäó ñîáîé íåçàâèñèìóþ ïåðåìåííóþ, èñêîìóþ
ôóíêöèþ è åå ïðîèçâîäíóþ, íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâ-
íåíèåì I-ãî ïîðÿäêà.

Ðåøåíèåì (÷àñòíûì ðåøåíèåì) óðàâíåíèÿ (1) èëè (2) íà îò-
ðåçêå [a, b] íàçûâàåòñÿ ëþáàÿ ôóíêöèÿ y = ϕ(x), êîòîðàÿ ïðè
ïîäñòàíîâêè â óðàâíåíèå îáðàùàåò åãî â òîæäåñòâî îòíîñèòåëüíî
x ∈ [a, b].

Óðàâíåíèå Φ(x, y) = 0, îïðåäåëÿþùåå ýòî ðåøåíèå êàê íåÿâíóþ
ôóíêöèþ, íàçûâàþò èíòåãðàëîì (÷àñòíûì èíòåãðàëîì) äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ. Óðàâíåíèå Φ(x, y) = 0 îïðåäåëÿåò â ïëîñ-
êîñòè (x, y) íåêîòîðóþ êðèâóþ, íàçûâàåìóþ èíòåãðàëüíîé êðèâîé

äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
Ìíîæåñòâî âñåõ ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1)

èëè (2) íàçûâàþò åãî îáùèì ðåøåíèåì. Îáùåå ðåøåíèå ìîæåò
áûòü çàïèñàíî â âèäå ôóíêöèè y = ϕ(x,C), òàêîé, ÷òî âñÿêîå ðå-
øåíèå ïîëó÷àåòñÿ ïðè íåêîòîðîì çíà÷åíèè ïîñòîÿííîé C. Óðàâíå-
íèå, îïðåäåëÿþùåå îáùåå ðåøåíèå êàê íåÿâíóþ ôóíêöèþ, íàçûâà-
åòñÿ îáùèì èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Íàðÿäó ñ
îòûñêàíèåì îáùåãî ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ìîæ-
íî ñòàâèòü çàäà÷ó íàõîæäåíèÿ ÷àñòíîãî ðåøåíèÿ y = ϕ(x), óäîâëå-
òâîðÿþùåãî íà÷àëüíîìó óñëîâèþ y0 = ϕ(x0), x0 ∈ [a, b]. Ýòà çàäà÷à
íàçûâàåòñÿ çàäà÷åé Êîøè äëÿ óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Ïåðåéäåì ê ðàññìîòðåíèþ íåêîòîðûõ ñëó÷àåâ, â êîòîðûõ óäà-
åòñÿ ïðîèíòåãðèðîâàòü óðàâíåíèå I-ãî ïîðÿäêà.

2. Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïóñòü â
óðàâíåíèè

y′ = f(x, y)

ôóíêöèÿ f(x, y) ìîæåò áûòü ïðåäñòàâëåíà â âèäå ïðîèçâåäåíèÿ
ôóíêöèé f1(x) è f2(y), çàâèñÿùèõ òîëüêî îò îäíîé ïåðåìåííîé, èëè
â óðàâíåíèè

M(x, y)dx+N(x, y)dy = 0

êîýôôèöèåíòû ïðè dx è dy ïðåäñòàâëÿþòñÿ â òàêîì æå âèäå:
M(x, y) = M1(x)M2(y) è N(x, y) = N1(x)N2(y). Òîãäà ýòè óðàâíåíèÿ
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ïðèâîäÿòñÿ ê âèäó

f1(x) dx =
1

f2(y)
dy,

M1(x)

N1(x)
dx = −N2(y)

M2(y)
dy.

Èíòåãðèðóÿ ëåâûå ÷àñòè ýòèõ óðàâíåíèé ïî x, à ïðàâûå ïî y ïðè-
õîäèì ê îáùåìó èíòåãðàëó èñõîäíîãî óðàâíåíèÿ.

Ïðèìåð 1.

y′ =
3x+ 1

4y4 + 5
.

Ðåøàåì:

dy

dx
= (3x+ 1)

1

4y4 + 5
,

(4y4 + 5) dy = (3x+ 1) dx,∫
(4y4 + 5) dy =

∫
(3x+ 1) dx+ C,

4

5
y5 + 5y − 3

2
x2 − x = C.

Çäåñü è äàëåå ïîä
∫
f(x) dx áóäåì ïîíèìàòü îäíó èç ïåðâîîáðàçíûõ

äëÿ ôóíêöèè f(x), èçáåãàÿ áîëåå ãðîìîçäêîé çàïèñè
∫ x

x0

f(x) dx.

Åñëè â óðàâíåíèè ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè y′ =
f1(x)f2(y) ôóíêöèÿ f2(y) èìååò äåéñòâèòåëüíûé êîðåíü y0, òî ëåãêî
óáåäèòüñÿ, ÷òî ôóíêöèÿ y(x) = y0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ.
Ïðè äåëåíèè íà f2(y) ýòî ðåøåíèå ìîæåò áûòü ïîòåðÿíî. Ïîýòî-
ìó, ïîëó÷èâ óêàçàííûì âûøå ìåòîäîì îáùåå ðåøåíèå óðàâíåíèÿ,
íóæíî ïðîâåðèòü âõîäÿò ëè â åãî ñîñòàâ (ïðè íåêîòîðûõ çíà÷åíèÿõ
ïàðàìåòðà C) óïîìÿíóòûå ÷àñòíûå ðåøåíèÿ. Åñëè íåò, òî èõ íóæíî
âêëþ÷èòü â ñîñòàâ îáùåãî ðåøåíèÿ.

Ïðèìåð 2.

y′ = y tg x.

Ðàçäåëÿåì ïåðåìåííûå:

dy

y
= tg x dx.

Èíòåãðèðóåì:

ln |y| = − ln | cosx|+ C1.

Äëÿ óäîáñòâà ïîòåíöèðîâàíèÿ ïðåäñòàâëÿåì ïàðàìåòð C1 â âèäå
C1 = lnC, C 6= 0 (ïðè ýòîì C1 ïðèíèìàåò âñå çíà÷åíèÿ îò −∞ äî
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+∞). Òîãäà

ln |y cosx| = lnC,

y =
C

cosx
. (3)

Íåòðóäíî âèäåòü, ÷òî èñõîäíîå óðàâíåíèå èìååò åùå ðåøåíèå
y = 0, êîòîðîå íå âõîäèò â îáùåå ðåøåíèå (3), ò.ê. C 6= 0. Åñëè
òåïåðü ïîòðåáîâàòü, ÷òîáû C ïðèíèìàëî è çíà÷åíèå 0, òî y = 0
âîéäåò â îáùåå ðåøåíèå

y =
C

cosx
.

Ñ ïîìîùüþ ïîäñòàíîâêè u(x) = ax + by(x) + d ê óðàâíåíèÿì
ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ïðèâîäÿòñÿ äèôôåðåíöèàëüíûå
óðàâíåíèÿ âèäà

y′ = f(ax+ by + d), b 6= 0. (4)

3. Îäíîðîäíûå óðàâíåíèÿ. Äèôôåðåíöèàëüíûå óðàâíåíèÿ
I-ãî ïîðÿäêà íàçûâàþòñÿ îäíîðîäíûìè, åñëè îíè ïðèâîäÿòñÿ ê âèäó

y′ = f
(y
x

)
. (5)

Ñ ïîìîùüþ ïîäñòàíîâêè
y

x
= u(x) óðàâíåíèå (5) ïðèâîäèòñÿ ê

âèäó

u+ xu′ = f(u).

Òàêèì îáðàçîì, ïðèõîäèì ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðå-
ìåííûìè

du

f(u)− u
=
dx

x
.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

y′ = f

(
a1x+ b1y + c1
a2x+ b2y + c2

)
, (6)

â ñëó÷àå
a2
a1
6= b2

b1
ïðèâîäÿòñÿ ê îäíîðîäíûì ñ ïîìîùüþ çàìåíû

ïåðåìåííûõ

x = u+ x0, y = v + y0,

ãäå x0 è y0 íàõîäÿòñÿ èç ñèñòåìû óðàâíåíèé

a1x0 + b1y0 + c1 = 0,

a2x0 + b2y0 + c2 = 0.
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Ïîñêîëüêó ïðè òàêîé çàìåíå dx = du, dy = dv, òî óðàâíåíèå (6)
ïðåîáðàçóåòñÿ ê âèäó (5) îòíîñèòåëüíî ôóíêöèè v(u):

dv

du
= f

(
a1u+ b1v + a1x0 + b1y0 + c1
a2u+ b2v + a2x0 + b2y0 + c2

)
= f

(
a1u+ b1v

a2u+ b2v

)

= f

a1 + b1
v

u

a2 + b2
v

u

 = ϕ
(v
u

)
.

Åñëè â óðàâíåíèè (6)
a2
a1

=
b2
b1

= λ è, ñëåäîâàòåëüíî, a2x + b2y =

λ(a1x+ b1y), òî îíî ïðèíèìàåò âèä

y′ = f

(
a1x+ b1y + c1

λ(a1x+ b1y) + c2

)
= ϕ(a1x+ b1y). (7)

Ñâåäåíèå óðàâíåíèÿ (7) ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåí-
íûìè ðàññìàòðèâàëàñü âûøå (ñì. (4)).

Ïðèìåð 3.

y′ =
2y − x− 4

2x− y + 5
.

Ñäåëàåì çàìåíó

x = u+ x0, y = v + y0,

ãäå

−x0 + 2y0 − 4 = 0,

2x0 − y0 + 5 = 0.

Íàõîäèì x0 = −2, y0 = 1 è x = u− 2, y = v + 1. Òîãäà

dv

du
=

2v − u
2u− v

=
2
v

u
− 1

2− v

u

.

Ïîëàãàÿ w(u) =
v

u
èëè v = wu, ïîëó÷àåì

dw

du
u+ w =

2w − 1

2− w
,

dw

du
u =

w2 − 1

2− w
.

Ïîñëå èíòåãðèðîâàíèÿ
∫

2− w
w2 − 1

=

∫
du

u
+ ln |C|, C 6= 0, ïîëó÷àåì:

ln

∣∣∣∣w − 1

w + 1

∣∣∣∣− 1

2
ln |w2 − 1| = ln |u|+ ln |C|,

ln

∣∣∣∣ w − 1

(w + 1)3

∣∣∣∣ = ln |Cu2|,

w − 1 = Cu2(w + 1)3. (8)
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Ïðè äåëåíèè áûëè ïîòåðÿíû ðåøåíèÿ w = 1 è w = −1. Ïîýòîìó
íóæíî òðåáîâàòü, ÷òîáû ïàðàìåòð C ïðèíèìàë çíà÷åíèÿ 0 è ∞
(ïîñëåäíåå äëÿ âûïîëíåíèÿ ðàâåíñòâà (7) ïðè w = −1).

Âîçâðàùàÿñü ê v, èìååì: v−u = C(v+u)3, è, ê x è y (u = x+ 2,
v = y − 1), îêîí÷àòåëüíî ïîëó÷èì

y − x− 3 = C(y + x+ 1)3.

4. Ëèíåéíûå óðàâíåíèÿ. Äèôôåðåíöèàëüíûå óðàâíåíèÿ I-
ãî ïîðÿäêà íàçûâàþòñÿ ëèíåéíûìè, åñëè îíè èìåþò âèä

a(x)y′ + P (x) +Q(x) = 0

èëè

y′ + p(x)y = q(x). (9)

Åñëè q(x) ≡ 0, òî ëèíåéíîå óðàâíåíèå íàçûâàåòñÿ îäíîðîäíûì. Îíî
ÿâëÿåòñÿ óðàâíåíèåì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè è èìååò îá-
ùåå ðåøåíèå

y = Ce−
∫
p(x) dx, (10)

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ïðîèíòåãðèðîâàòü íåîäíîðîäíîå ëèíåéíîå óðàâíåíèå (9) ìîæíî

îäíèì èç ñëåäóþùèõ ñïîñîáîâ:
à) Ìåòîä âàðèàöèè ïîñòîÿííîé

Ðåøåíèå èìååòñÿ â âèäå

y = C(x)e−
∫
p(x) dx, (11)

êîòîðûé ïîëó÷àåòñÿ, åñëè â (10) ïîñòîÿííóþ C çàìåíèòü íà ôóíê-
öèþ C(x). Ïîäñòàâëÿÿ ýòî âûðàæåíèå, â óðàâíåíèå (9), ïîëó÷èì
óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè C(x):

C ′(x)e−
∫
p(x) dx = q(x).

Îòêóäà

C(x) =

∫
q(x)e−

∫
p(x) dx dx+ C,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîäñòàâëÿÿ ïîëó÷åííîå âûðà-
æåíèå äëÿ C(x) â (11), îêîí÷àòåëüíî ïîëó÷èì:

y =

(∫
q(x)e−

∫
p(x) dx dx+ C

)
e−
∫
p(x) dx. (12)

Ïðèìåð 4.

y′ − y ctg x = 2x sinx.
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Ïðîèíòåãðèðóåì ñíà÷àëà ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíå-
íèå:

dy

dx
y ctg x = 0,

dy

y
=

cosx

sinx
dx,

ln |y| = ln | sinx|+ ln |C|, y = C sinx,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Âàðüèðóåì ïîñòîÿííóþ

y = C(x) sinx, y′ = C ′(x) sinx+ C(x) cosx,

è ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå:

C ′(x) sinx = 2x sinx,

C(x) = x2 + C,

y = (x2 + C) sinx.

á) Ìåòîä ïîäñòàíîâêè

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (9) â âèäå y = u(x)v(x).
Òîãäà îíî ïðèíèìàåò âèä:

u′v + u(v′ + p(x)v) = q(x). (13)

Íàéäåì ôóíêöèþ v(x) èç óñëîâèÿ, ÷òî âûðàæåíèå â ñêîáêàõ îáðà-
ùàåòñÿ â 0:

dv

dx
+ p(x)v = 0,

v = e−
∫
p(x) dx � îäíî èç ðåøåíèé óðàâíåíèÿ. Òåïåðü ïîäñòàâ-

ëÿåì íàéäåííóþ ôóíêöèþ v(x) â (13) è ïîëó÷àåì óðàâíåíèå äëÿ
íàõîæäåíèÿ u(x):

du

dx
e−
∫
p(x) dx = q(x),

u =

∫
q(x)e

∫
p(x) dx dx+ C,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, à èíòåãðàë îáîçíà÷àåò îäíó èç
ïåðâîîáðàçíûõ.

Òåì ñàìûì îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ íàéäåíî

y =

(∫
q(x)e−

∫
p(x) dx dx+ C

)
e−
∫
p(x) dx.

Ïðèìåð 5.

dy

dx
− y

x
= x2.
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Ïîëàãàåì y(x) = u(x)v(x) è ïðèâîäèì èñõîäíîå óðàâíåíèå ê âè-
äó:

du

dx
v = u

(
dv

dx
− v

x

)
= x2.

Ðåøàÿ óðàâíåíèå
dv

dx
− v

x
= 0, íàõîäèì ÷àñòíîå ðåøåíèå v = x.

Òîãäà ïðè ýòîì v

du

dx
x = x2,

u =
1

2
x2 + C,

y =

(
1

2
x2 + C

)
x =

1

2
x3 + Cx,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.

5. Óðàâíåíèå Áåðíóëëè. Óðàâíåíèåì Áåðíóëëè íàçûâàåòñÿ
äèôôåðåíöèàëüíîå óðàâíåíèå I-ãî ïîðÿäêà âèäà

y′ + p(x) = q(x)ym,

ãäå m 6= 0 è m 6= 1 (ïðè m = 0 � ýòî ëèíåéíîå óðàâíåíèå, ïðè
m = 1 � óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè).

Äàííûé òèï óðàâíåíèé ðåøàåòñÿ ïóòåì ñâåäåíèÿ èõ ê ëèíåéíûì
óðàâíåíèÿì çàìåíîé

z(x) = y1−m(x).

Ïðèìåð 6.

(x− y)ydx− x2dy = 0,

xy − y2 − x2 dy
dx

= 0,

dy

dx
− 1

x
y = − 1

x2
y2.

Ïîëàãàåì z = y−1. Òîãäà z′ = − y
′

y2
èëè

y′ = −y2z′ = − 1

z2
z′

è óðàâíåíèå ïðèíèìàåò âèä:

− 1

z2
dz

dx
− 1

x
· 1

z
= − 1

x2
· 1

z2
,

dz

dx
+

1

x
z =

1

x2
.

Èùåì ðåøåíèå â âèäå z = u(x)v(x)

du

dx
v + u

(
dv

dx
+

1

x
v

)
=

1

x2
.
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Åñëè v =
1

x
, òî

dv

dx
+

1

x
v = 0 è

du

dx
· 1

x
=

1

x2
, du =

dx

x
.

Îòêóäà u = ln |x|+ C.
Òåì ñàìûì îáùåå ðåøåíèå èìååò âèä

y =
1

z
=

1

uv
=

x

ln |x|+ C
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîòîðàÿ ìîæåò ïðèíèìàòü çíà-
÷åíèå ∞ ò.ê. ïðè ïåðåõîäå ê ôóíêöèè z áûëî ïîòåðÿíî ðåøåíèå
y = 0. Ïîëó÷åííîå îáùåå ðåøåíèå ìîæíî ïåðåïèñàòü â äðóãîì âè-
äå:

ln |x| = x

y
− C, |x| = e

−C+
x
y ,

x = C1e
x
y .

2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñøèõ ïîðÿäêîâ

1. Îñíîâíûå ïîíÿòèÿ. Äèôôåðåíöèàëüíîå óðàâíåíèå n-ãî
ïîðÿäêà � ýòî óðàâíåíèå âèäà

F (x, y, y′, . . . , y(n)) = 0 (1)

èëè
y(n) = f(x, y, y′, . . . , y(n−1)). (2)

Ìíîæåñòâî âñåõ ðåøåíèé óðàâíåíèÿ � ýòî îáùåå ðåøåíèå. Â äàí-
íîì ñëó÷àå îíî ìîæåò áûòü çàïèñàíî â âèäå y = ϕ(x,C1, . . . , Cn),
ãäå ëþáîå ðåøåíèå ïîëó÷àåòñÿ ïðè íåêîòîðîì çíà÷åíèè ïàðàìåòðîâ
C1, . . . , Cn. Îáùåå ðåøåíèå, çàäàâàåìîå â âèäå íåÿâíîé ôóíêöèè

Φ(x, y, C1, . . . , Cn) = 0,

íàçûâàåòñÿ îáùèì èíòåãðàëîì äèôôåðåíöèàëüíîãî óðàâíåíèÿ.
Êðîìå çàäà÷è îòûñêàíèÿ îáùåãî ðåøåíèÿ äèôôåðåíöèàëüíîãî

óðàâíåíèÿ (1) èëè (2), ðàññìàòðèâàþò çàäà÷ó Êîøè: äëÿ óðàâíåíèÿ
(2) íàéòè ÷àñòíîå ðåøåíèå óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

y(x0) = y0, y
′(x0) = y′0, . . . , y

(n−1)(x0) = y
(n−1)
0 . (3)

Åñëè èçâåñòíî îáùåå ðåøåíèå óðàâíåíèÿ y = ϕ(x,C1, . . . , Cn),
òî äëÿ ðåøåíèÿ çàäà÷è Êîøè íóæíî èç ñèñòåìû óðàâíåíèé

ϕ(x0, C1, . . . , Cn)=y0,
ϕ′(x0, C1, . . . , Cn)=y′0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕ(n−1)(x0, C1, . . . , Cn)=y
(n−1)
0 ,

îïðåäåëèòü çíà÷åíèÿ êîíñòàíò C1, . . . , Cn (â ýòîì ñëó÷àå áóäóò óäî-
âëåòâîðÿòüñÿ íà÷àëüíûå óñëîâèÿ (3)).
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2. Äèôôåðåíöèàëüíûå óðàâíåíèÿ, äîïóñêàþùèå ïîíè-

æåíèå ïîðÿäêà.

a) Óðàâíåíèå âèäà y(n) = f(x).
Óðàâíåíèÿ äàííîãî âèäà ðåøàþòñÿ ïóòåì êðàòíîãî èíòåãðèðî-

âàíèÿ.
Ïðèìåð 1.

Íàéòè îáùåå è ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì
óñëîâèÿì y(1) = 0, y′(1) = 1, óðàâíåíèÿ

y′′ = − 1

x2
.

Èíòåãðèðóåì:

y′ = −
∫
dx

x2
+ C1 =

1

x
+ C1,

y =

∫ (
1

x
+ C1

)
dx+ C2 = ln |x|+ C1x+ C2.

Íàõîäèì ÷àñòíîå ðåøåíèå:{
y(1) = C1 + C2 = 0,

y′(1) = 1 + C1 = 1.

Ïîëó÷àåì C1 = 0, C1 = 0 è ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå
äàííûì íà÷àëüíûì óñëîâèÿì, èìååò âèä y = ln |x|.
á) Óðàâíåíèå, íå ñîäåðæàùåå èñêîìîé ôóíêöèè è åå ïðîèçâîäíûõ

äî (k − 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî. Óðàâíåíèå èìååò âèä:

F (x, y(k), . . . , y(n)) = 0. (4)

Â ýòîì ñëó÷àå ïîðÿäîê óðàâíåíèÿ ìîæåò áûòü ïîíèæåí äî n−k
ïóòåì çàìåíû p(x) = y(k)(x). Äåéñòâèòåëüíî, òîãäà óðàâíåíèå (4)
ïðèíèìàåò âèä

F (x, p, p′, . . . , p(n−k)) = 0.

Îïðåäåëÿÿ èç íåãî p = p(x,C1, . . . , Cn−k), äàëåå ïîëó÷èì y èç óðàâ-
íåíèÿ y(k) = p(x,C1, . . . , Cn−k) ïóòåì k-êðàòíîãî èíòåãðèðîâàíèÿ.

Ïðèìåð 2.

d5y

dx5
− 1

x

d4y

dx4
= 0.

Ïîëàãàÿ
d4y

dx4
= p, ïîëó÷àåì

dp

dx
− 1

x
p = 0. Ðàçäåëÿÿ â íåì ïåðåìåí-

íûå è èíòåãðèðóÿ, íàõîäèì:

ln |p| = ln |x|+ ln |C1|, p = C1x,

îòêóäà

d4y

dx4
= C1x è y = C1x

5 + C2x
3 + C3x

2 + C4x+ C5.
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â) Óðàâíåíèå, íå ñîäåðæàùåå íåçàâèñèìîãî ïåðåìåííîãî :

F (y, y′, . . . , y(n)) = 0.

Â ýòîì ñëó÷àå ïîðÿäîê óðàâíåíèÿ ïîíèæàåòñÿ íà åäèíèöó ïîäñòà-
íîâêîé y′ = p(y). Ñëåäóåò îáðàòèòü âíèìàíèå, ÷òî p � ôóíêöèÿ
ïåðåìåííîé y, ïîýòîìó:

dy

dx
= p,

d2y

dx2
=
dp

dx
=
dp

dy

dy

dx
=
dp

dy
p,

d3y

dx3
=

d

dx

(
dp

dy
p

)
=

d

dy

(
dp

dy
p

)
dy

dx
=
d2p

dy2
p2 +

(
dp

dy

)2

p

è ò.ä. Òàêèì îáðàçîì, y(k)(x) âûðàæàåòñÿ ÷åðåç ôóíêöèþ p è åå ïðî-
èçâîäíûå ïî y äî (k− 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî, ÷òî è ïðèâîäèò
ê ïîíèæåíèþ ïîðÿäêà íà åäèíèöó.

Ïðèìåð 3.

y′′y − 2(y′)2 = 0.

Äåëàåì ïîäñòàíîâêó y′ = p(y). Òîãäà óðàâíåíèå ïðèíèìàåò âèä:

dp

dy
py − 2p2 = 0.

Òîãäà p = 0 è y = C, ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà, åñòü ðåøåíèå
óðàâíåíèÿ, èëè

y
dp

dy
− 2p = 0.

Ðàçäåëÿÿ ïåðåìåííûå, èìååì

dp

p
=

2dy

y
,

ln |p| = 2 ln |y|+ ln |C1|,
p = C1y

2.

Òàêèì îáðàçîì, ïîëó÷àåì

dy

dx
= C1y

2,
dy

y2
= C1dx.

Èíòåãðèðóÿ íàõîäèì:

−1

y
= C1x+ C2,

y = − 1

C1x+ C2

.
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3. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ n-ãî ïî-

ðÿäêà. Óðàâíåíèå íàçûâàåòñÿ ëèíåéíûì, åñëè îíî èìååò âèä

an(x)y(n) + an−1(x)y(n−1) + . . .+ a1(x)y′ + a0(x)y = ϕ(x).

Åñëè an(x) 6= 0 íà íåêîòîðîì îòðåçêå [a, b], òî ðàçäåëèâ íà an(x),
ïîëó÷èì óðàâíåíèå

y(n) + pn−1(x)y(n−1) + . . .+ p1(x)y′ + p0(x)y = f(x). (5)

Áóäåì ñ÷èòàòü ôóíêöèè f(x), p0(x), p1(x)), . . . , pn−1(x) íåïðåðûâíû-
ìè íà [a, b].

Åñëè f(x) ≡ 0, òî ëèíåéíîå óðàâíåíèå (5) íàçûâàåòñÿ îäíîðîä-

íûì. Îáùåå ðåøåíèå ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ïðåäñòàâ-
ëÿåò ëèíåéíóþ êîìáèíàöèþ ñ ïðîèçâîëüíûìè ïîñòîÿííûìè êîýô-
ôèöèåíòàìè n ëèíåéíî íåçàâèñèìûõ ðåøåíèé ýòîãî óðàâíåíèÿ:

y(x) = C1y1 + . . .+ Cnyn.

Îáùåå ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (5) ïðåä-
ñòàâëÿåò ñîáîé ñóììó îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíî-
ðîäíîãî óðàâíåíèÿ è íåêîòîðîãî ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî
óðàâíåíèÿ y:

y = C1y1 + . . .+ Cnyn + y.

Òåì ñàìûì äëÿ îòûñêàíèÿ îáùåãî ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ
íóæíî çíàòü åãî n ëèíåéíî íåçàâèñèìûõ ðåøåíèé, à íåîäíîðîäíîãî
� åùå íåêîòîðîå ÷àñòíîå ðåøåíèå ïîñëåäíåãî. Åñëè ïîäáîð ÷àñòíî-
ãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ çàòðóäíåí, à îáùåå ðåøåíèå
n∑
i=1

Ciyi îäíîðîäíîãî óðàâíåíèÿ èçâåñòíî, òî íåîäíîðîäíîå óðàâíå-

íèå ìîæíî ïðîèíòåãðèðîâàòü ìåòîäîì âàðèàöèè ïîñòîÿííûõ. Îí
çàêëþ÷àåòñÿ â òîì, ÷òî ïîñòîÿííûå C1, . . . , Cn âàðüèðóþòñÿ è ðå-
øåíèå èùåòñÿ â âèäå

y = C1(x)y1 + . . .+ Cn(x)yn,

ãäå íåèçâåñòíûå ôóíêöèè C1(x), . . . , Cn(x) äîëæíû óäîâëåòâîðÿòü
ñèñòåìå óðàâíåíèé

C ′1(x)y1 + . . .+ C ′n(x)yn=0,
C ′1(x)y′1 + . . .+ C ′n(x)y′n=0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C ′1(x)y
(n−1)
1 + . . .+ C ′n(x)y′n=0,

C ′1(x)y
(n−1)
1 + . . .+ C ′n(x)y′n=f(x).

(6)

Ïðèìåð 4. Íàéäåì îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − 2

x2
y = lnx.
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Ðàññìîòðèì îäíîðîäíîå óðàâíåíèå

y′′ − 2

x2
y = 0.

Íåòðóäíî óâèäåòü, ÷òî ýòî ëèíåéíîå óðàâíåíèå 2-ãî ïîðÿäêà èìååò

äâà ðåøåíèÿ y1 = x2 è y2 =
1

x
, êîòîðûå ÿâëÿþòñÿ ëèíåéíî íåçàâèñè-

ìûìè ôóíêöèÿìè â îáëàñòè x > 0. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå
îäíîðîäíîãî óðàâíåíèÿ èìååò âèä:

y = C1x
2 + C2

1

x
,

è ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ ìû èùåì â âèäå:

y = C1(x)x2 + C2(x)
1

x
,

ãäå ôóíêöèè C1(x) è C2(x) óäîâëåòâîðÿþò ñèñòåìå:
C ′1x

2 + C ′2(x)
1

x
=0,

C ′12x+ C ′2(x)

(
− 1

x2

)
=lnx.

Èç ýòîé ñèñòåìû íàõîäèì

C ′1 =
lnx

3x
,

C ′2 = −x
2

3
lnx,

è

C1 =
1

6
ln2 x+ C1,

C2 = −x
3

9
lnx+

x3

27
+ C2,

ãäå C1 è C2 � ïðîèçâîëüíûå êîíñòàíòû. Òàêèì îáðàçîì, îáùåå
ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ èìååò âèä:

y =

(
1

6
ln2 x+ C1

)
x2 +

(
−x

3

9
lnx+

x3

27
+ C2

)
1

x

= C1x
2 + C2

1

x
+
x2

3

(
1

2
ln2 x− 1

3
lnx+

1

9

)
.

4. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿí-

íûìè êîýôôèöèåíòàìè. Åñëè â ëèíåéíîì îäíîðîäíîì óðàâíå-
íèè

y(n) + an−1y
(n−1) + . . .+ a1y

′ + a0y = 0 (7)

âñå êîýôôèöèåíòû ai ïîñòîÿííû, òî ìû ìîæåì âûïèñàòü âñå n
åãî ÷àñòíûõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé. Äëÿ ýòîãî ñîñòàâëÿåì
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õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí è âûïèñûâàåì õàðàêòåðèñòè÷åñêîå
óðàâíåíèå äëÿ óðàâíåíèÿ (7):

λn + an−1λ
n−1 + . . .+ a1λ+ a0 = 0. (8)

Êàê èçâåñòíî èç àëãåáðû, ýòî óðàâíåíèå èìååò ðîâíî n êîìïëåêñ-
íûõ êîðíåé, ïðè÷åì, åñëè êîìïëåêñíîå ÷èñëî α+ iβ � êîðåíü ýòîãî
óðàâíåíèÿ, òî êîìïëåêñíî ñîïðÿæåííîå ÷èñëî α + iβ � òàêæå êî-
ðåíü, ò.ê. êîýôôèöèåíòû ìíîãî÷ëåíà äåéñòâèòåëüíû.

Åñëè âñå êîðíè λ1, . . . , λn äåéñòâèòåëüíû è ðàçëè÷íû, òî íåòðóä-
íî óáåäèòüñÿ, ÷òî èì ñîîòâåòñòâóþò n ëèíåéíî íåçàâèñèìûõ ðåøå-
íèé

eλ1x, . . . , eλnx.

Åñëè êîðíè äåéñòâèòåëüíû, íî ñðåäè íèõ åñòü êðàòíûå, ò.å.
óðàâíåíèå (8) èìååò âèä:

(λ− λ1)s1 . . . (λ− λk)sk = 0,

ãäå λ1, . . . , λk � âñå ðàçëè÷íûå êîðíè è s1 + . . . + sk = n, òî èì
ñîîòâåòñòâóåò ñëåäóþùèé íàáîð n ëèíåéíî íåçàâèñèìûõ ðåøåíèé:

eλ1x, xeλ1x, . . . , xs1−1eλ1x, . . . , eλkx, xeλkx, . . . , xsk−1eλkx.

Òàêèì îáðàçîì, êîðíþ λi êðàòíîñòè si ñîîòâåòñòâóåò ðîâíî si ëè-
íåéíî íåçàâèñèìûõ ðåøåíèé.

Åñëè ñðåäè êîðíåé λi èìåþòñÿ êîìïëåêñíûå, òî ïàðå êîìïëåêñíî
ñîïðÿæåííûõ êîðíåé α±iβ ñîîòâåòñòâóåò äâà ëèíåéíî íåçàâèñèìûõ
ðåøåíèÿ

eαx cos βx, eαx sin βx.

Òàê êàê êîìïëåêñíî ñîïðÿæåííûå êîðíè èìåþò îäèíàêîâóþ êðàò-
íîñòü, òî â îáùåì ñëó÷àå, êîãäà ýòà êðàòíîñòü ðàâíà s èì ñîîòâåò-
ñòâóåò 2s ëèíåéíî íåçàâèñèìûõ ðåøåíèé:

eαx cos βx, eαx sin βx, xeαx cos βx, xeαx sin βx, . . . , xs−1eαx cos βx,

xs−1eαx sin βx.

Îáùåå æå ðåøåíèå óðàâíåíèÿ (7) áóäåò ïðîèçâîëüíîé ëèíåéíîé
êîìáèíàöèåé, íàéäåííûõ n ëèíåéíî íåçàâèñèìûõ ðåøåíèé.

Ïðèìåð 5.

y(7) − 3y(6) + 5y(5) − 7y(4) + 7y(3) − 5y′′ + 3y′ − y = 0.

Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ7 − 3λ6 + 5λ5 − 7λ4 + 7λ3 − 5λ2 + 3λ− 1 = 0.

Ïðåîáðàçóåì õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

(λ7 − 3λ6 + 3λ5 − λ4) + (2λ5 − 6λ4 + 6λ3 − 2λ2)

+ (λ3 − 3λ2 + 3λ− 1) = λ4(λ− 1)3 + 2λ2(λ− 1)3 + (λ− 1)3

= (λ−1)3(λ4+2λ2+1) = (λ−1)3(λ2+1)2 = (λ−1)3(λ− i)2(λ+ i)2.
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïðèíèìàåò âèä

(λ− 1)3(λ− i)2(λ+ i)2 = 0.

Êîðåíü λ1 = 1 èìååò êðàòíîñòü 3, à êîìïëåêñíî ñîïðÿæåííûå êîðíè
λ2,3 = ±i èìåþò êðàòíîñòü 2. Ïîëó÷àåì ñåìü ëèíåéíî íåçàâèñèìûõ
ðåøåíèé:

ex, xex, x2ex, cosx, sinx, x cosx, x sinx.

Îáùåå ðåøåíèå èìååò âèä:

y = C1e
x+C2xe

x+C3x
2ex+C4 cosx+C5 sinx+C6x cosx+C7x sinx.

Ðàññìàòðèâàÿ ëèíåéíûå íåîäíîðîäíûå óðàâíåíèÿ ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè

y(n) + an−1y
(n−1) + . . .+ a1y

′ + a0y = f(x) (9)

äëÿ íåêîòîðûõ ôóíêöèé ìîæíî óêàçàòü âèä ÷àñòíîãî ðåøåíèÿ. Âû-
ïèñûâàÿ îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ïî ïðåäûäóùèì ðå-
êîìåíäàöèÿì, ìû òåì ñàìûì íàéäåì îáùåå ðåøåíèå íåîäíîðîäíîãî
óðàâíåíèÿ (9).

Åñëè
f(x) = eαxPm(x),

ãäå Pm(x) ìíîãî÷ëåí ñòåïåíè m, òî ÷àñòíîå ðåøåíèå ìîæåò áûòü
íàéäåíî â âèäå

y = eαxQm(x),

êîãäà α íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà (8),
è â âèäå

y = xseαxQm(x),

êîãäà α � êîðåíü êðàòíîñòè s óðàâíåíèÿ (8), ñ ïîìîùüþ ìåòîäà
íåîïðåäåëåííûõ êîýôôèöèåíòîâ. (Qm(x) � íåêîòîðûé äðóãîé ìíî-
ãî÷ëåí òîé æå ñòåïåíè m).

Ïðèìåð 6.

y′′ − 4y′ + 4y = e2x.

Ðåøàåì îäíîðîäíîå óðàâíåíèå

y′′ − 4y′ + 4y = 0.

Èç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

λ2 − 4λ+ 4 = (λ− 2)2 = 0

ïîëó÷àåì λ = 2 êîðåíü êðàòíîñòè 2, è îáùåå ðåøåíèå èìååò âèä:

y = C1e
2x + C2xe

2x.

Äàëåå, f(x) = e2x, ãäå Pm(x) = 1, ò.å. m = 0, a α = 2 êîðåíü êðàò-
íîñòè 2 õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òàêèì îáðàçîì, ÷àñòíîå
ðåøåíèå èùåì â âèäå y = x2e2xA. Òàê êàê ýòà ôóíêöèÿ äîëæíà
áûòü ðåøåíèåì èñõîäíîãî óðàâíåíèÿ, òî ïðè åå ïîäñòàíîâêå â íåãî
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îíî äîëæíî óäîâëåòâîðÿòüñÿ (òîæäåñòâåííî ïðè ëþáîì x èç îáëà-
ñòè îïðåäåëåíèÿ):

(x2e2xA)′′ − 4(x2e2xA)′ + 4(x2e2xA) = e2x,

2Ae2x = e2x.

Îòñþäà 2A = 1 è A =
1

2
; y =

x2

2
e2x. Îáùåå, ðåøåíèå èñõîäíîãî

óðàâíåíèÿ èìååò âèä:

y = C1e
2x + C2xe

2x +
x2

2
e2x.

Åñëè
f(x) = eαx(Pm(x) cos βx+Qn(x) sin βx),

òî ÷àñòíîå ðåøåíèå ìîæåò áûòü íàéäåíî â âèäå

y = eαx(Uk(x) cos βx+ Vk(x) sin βx),

êîãäà êîìïëåêñíîå ÷èñëî α+ iβ íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ (8), è â âèäå

y = xseαx(Uk(x) cos βx+ Vk(x) sin βx),

êîãäà α+ iβ � êîðåíü êðàòíîñòè s, ãäå Uk(x) è Vk(x) � íåêîòîðûå
ìíîãî÷ëåíû ñòåïåíè k = max(m,n). Â ÷àñòíîñòè, åñëè â f(x) ôóíê-
öèÿ Qn(x) = 0, òî â ðåøåíèè y â îáùåì ñëó÷àå Vk(x) 6≡ 0; òî æå
âåðíî è äëÿ Pm(x).

Ïðèìåð 7.

y′′ + 2y′ + 5y = ex sinx. (10)

Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñîîòâåòñòâóþùåãî
îäíîðîäíîãî óðàâíåíèÿ:

λ2 + 2λ+ 5 = 0.

Íàõîäèì äâà êîðíÿ λ1 = −2 + i, λ2 = −2− i. Ñëåäîâàòåëüíî, îáùåå
ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ èìååò âèä:

y = C1e
−2x cosx+ C2e

−2x sinx.

Òîãäà êàê f(x) = ex sinx, ãäå α + iβ = 1 + i íå ÿâëÿåòñÿ êîðíåì,
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, Pm(x) ≡ 0, m = 0, è Qn(x) ≡ 1,
n = 0, òî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ èùåì â âèäå:

y = ex(A cosx+B sinx).

Òîãäà

y′ = ex(A cosx+B sinx) + ex(−A sinx+B cosx),

y′′ = 2ex(−A sinx+B cosx).

Ïîñëå ïîäñòàíîâêè à óðàâíåíèå (10) ïîëó÷àåì ðàâåíñòâî:

(7A+ 4B)ex cosx+ (−4A+ 7B)ex sinx = ex sinx.
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Ïîëüçóÿñü ëèíåéíîé íåçàâèñèìîñòüþ ôóíêöèé ex cosx è ex sinx, ïî-
ëó÷àåì ñèñòåìó äëÿ íàõîæäåíèÿ íåîïðåäåëåííûõ êîýôôèöèåíòîâ
A è B:

7A+ 4B = 0,

−4A+ 7B = 1.

Îòêóäà A = − 4

65
, B =

7

65
è

y = ex(− 4

65
cosx+

7

65
sinx).

Òàêèì îáðàçîì, îáùåå ðåøåíèå èñõîäíîãî íåîäíîðîäíîãî óðàâíåíèÿ
(10) âûïèñûâàåòñÿ â âèäå:

y = C1e
−2x cosx+ C2e

−2x sinx− 4

65
ex cosx+

7

65
ex sinx.

Åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ (9) ìîæåò áûòü ïðåäñòàâëåíà â
âèäå f(x) = f1(x) + f2(x), è ìîæíî óêàçàòü ÷àñòíûå ðåøåíèÿ
y1(x) è y2(x) óðàâíåíèÿ (9) ñ ïðàâîé ÷àñòüþ f1(x) è f2(x), ñîîò-
âåòñòâåííî, òî ÷àñòíîå ðåøåíèå äëÿ ïðàâîé ÷àñòè f(x) áóäåò ðàâíî
y(x) = y1(x) + y2(x).

Ïðèìåð 8.

y′′ + y′ = 2 sin2 x.

Äëÿ îäíîðîäíîãî óðàâíåíèÿ

y′′ + y′ = 0

åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

λ2 + λ = 0.

Îòêóäà λ1 = 0, λ2 = −1 è îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ
èìååò âèä:

y = C1 + C2e
−x.

Ïðàâàÿ ÷àñòü ìîæåò áûòü çàïèñàíà òàê:

f(x) = 2 sin2 x = 1− cos 2x = f1(x) + f2(x),

ãäå
f1(x) = 1, f2(x) = − cos 2x.

Òàê êàê f1(x) èìååò âèä Pm(x)eαx, ãäå Pm(x) ≡ 1, m = 0 è
α = 0, òî äëÿ óðàâíåíèÿ y′′ + y′ = 1 ÷àñòíîå ðåøåíèå èìååò âèä:
y1 = xQ0(x) = Ax, èáî λ1 = 0 = α � êîðåíü õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ. Íàõîäèì:

(Ax)′′ + (Ax)′ = 1,

A = 1,

y1(x) = x.
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Òàê êàê f2(x) èìååò âèä eαx(Pm(x) cos βx+Qn(x) sin βx), ãäå Pm(x) =
−1, m = 0, Qn(x) = 0, n = 0 è α = 0, β = 2, òî äëÿ óðàâíåíèÿ
y′′ + y′ = − cos 2x ñ ïðàâîé ÷àñòüþ f2(x) ÷àñòíîå ðåøåíèå èìååò
âèä:

y2(x) = B cos 2x+D sin 2x,

èáî ÷èñëî α + iβ = 2i íå åñòü êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíå-
íèÿ. Íàõîäèì:

(B cos 2x+D sin 2x)′′ + (B cos 2x+D sin 2x)′ = − cos 2x,

îòêóäà −2B − 4D − 0, 2D − 4B = −1 è

B =
1

5
, D = − 1

10
, y2(x) =

1

5
cos 2x− 1

10
sin 2x.

Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå äëÿ íåîäíîðîäíîãî óðàâíåíèÿ ñ
ïðàâîé ÷àñòüþ f(x) = f1(x) + f2(x) èìååò âèä:

y(x) = y1(x) + y2(x) = x+
1

5
cos 2x− 1

10
sin 2x,

à îáùåå ðåøåíèå:

y = C1 + C2e
−x + x+

1

5
cos 2x− 1

10
sin 2x,

Åñëè ïîäáîð ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ çà-
òðóäíåí, òî äëÿ èíòåãðèðîâàíèÿ íåîäíîðîäíîãî óðàâíåíèÿ ìîæ-
íî âîñïîëüçîâàòüñÿ ìåòîäîì âàðèàöèè ïîñòîÿííûõ, ðàçîáðàííûì
â ïðåäûäóùåì ïóíêòå 3.

3. Âàðèàíòû äîìàøíèõ çàäàíèé

Âî âñåõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ, â êîòîðûõ íå óêàçàíû
íà÷àëüíûå óñëîâèÿ, íóæíî íàéòè îáùåå ðåøåíèå. Åñëè äîïîëíè-
òåëüíî óêàçàíû íà÷àëüíûå óñëîâèÿ, òî íóæíî íàéòè ÷àñòíîå ðåøå-
íèå, óäîâëåòâîðÿþùåå ýòèì íà÷àëüíûì óñëîâèÿì.

Âàðèàíò 1.

1. tg ydx− ctg xdy = 0.
2. xy′ − y2 lnx+ y = 0.
3. 6yy′′ − 5(y′)2 = 0.
4. y′′ − 2y = 4x2ex.
5. y′′ + y = ctg x.

Âàðèàíò 2.

1. (y2 − x2)y′ + 2xy = 0.
2. x′ − x ctg t = 4 sin t.
3. y′′ = 2y3, y(1) = y′(1) = 1.
4. y′′ + y = sin 3x cosx.

5. y′′ − 2y′ + y =
ex

x
.
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Âàðèàíò 3.

1.
dy

dx
=

3x− 4y − 2

3x− 4y − 3
.

2. x′ =
x

t
+
x2

t3
, x(2) = 4.

3. 2yy′′ + y2 − (y′)2 = 0, y(0) = y′(0) = 1.
4. 4y′′ + 12y′ + 9y = 2 cos 4x.

5. y′′ + 2y′ + y =
e−x

x
.

Âàðèàíò 4.

1. (x− y)ydx− x2dy = 0.
2. x2 + (y′)2 = 1.
3. yy′′ + (y′)2 = yy′.
4. y′′ + 3y = 4x2 − 8.
5. y′′ + y = tg x.

Âàðèàíò 5.

1.
dx

dt
= e

x
t +

x

t
.

2.
dy

dx
= cos(x− y).

3. y(1− ln y)y′′ + (1 + ln y)(y′)2 = 0.
4. y′′ − 2y′ = 3x+ 2xex.

5. y′′ + y =
1

sinx
.

Âàðèàíò 6.

1. (2x+ 2y − 1)dx+ (x+ y − 2)dy = 0.

2. y′ = 2x+
y

x
, y(1) = 1.

3. y′′ + 2y(y′)3 = 0.
4. y′′ − 2y′ + 5y = ex cos 2x.

5. y′′ + 3y′ + 2y =
1

ex + 1
.

Âàðèàíò 7.

1. (y′)3 − y′e2x = 0.

2. x
dy

dx
= y +

√
x2 + y2.

3. y′′ +
y′

x
= x.

4. y′′ − 3y′ = 2e3x.

5. y′′ + 4y =
1

sin2 x
.
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Âàðèàíò 8.

1. x′ + 5x = 10t+ 2, x(1) = 2.
2. (12x+ 5y − 9)dx+ (5x+ 2y − 3)dy = 0.
3. yy′′ + (y′)2 − (y′)3 ln y = 0.
4. y′′ − y′ = 2x− 1− 3ex.

5. y′′ − 2y′ + y =
ex√

4− x2
.

Âàðèàíò 9.

1.
dx

dt
+ 3x = e2t.

2. ydx− xdy = x2ydy.

3.
1

2
y′′ = e4y, y(0) = 0, y′(0) = 1.

4. y(4) − 16y = x2 − ex.
5. y′′ + 4y′ + 4y = e2x lnx.

Âàðèàíò 10.

1. y sinx+ y′ cosx = 1.
2. (y′)2 + y2 = 4.

3. xy′′ = y′ ln
y′

x
.

4. y′′ + 2y′ + y = ex + e−x.

5. y′′ + 4y =
1

cos2 x
.

Âàðèàíò 11.

1.
dx

dt
= x+ sin t.

2. x(lnx− ln y)dy − ydx = 0.

3. y′′ =
y′

x
+
x2

y′
, y(2) = 0, y′(2) = 4.

4. y′′ − 2y′ = e2x + 5.
5. y′′ + 16y = ctg 4x.

Âàðèàíò 12.

1. y′ = ex−y.

2.
dy

dx
=

y

x+ y3
.

3. (y′′)2 + (y′)2 = 1.
4. y′′ + 5y′ = 3x2 − 8.
5. y′′ + 2 ctg xy′ = sin3 x.
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Âàðèàíò 13.

1. (y′)2 = 9y4.

2.
dy

dx
− y

1 + x
+ y2 = 0.

3. y′′ − ctg xy′ = ctg x.
4. y′′ + 4y = e2x sin 2x.

5. 3y′′ − 6y′ + 3y =
ex

x
.

Âàðèàíò 14.

1. y′ =
x+ y − 3

1− x+ y
.

2. y′ − 3y

x
+ x3y2 = 0.

3. y′′ + (y′)2 = 1, y(0) = 0, y′(0) = 1.
4. y′′ − 4y′ + 4y = xe2x.
5. y′′ + 16y = tg 4x.

Âàðèàíò 15.

1. (4y + 2x+ 3)y′ − 2y − x− 1 = 0.
2. (x2 − 1)y′ + 2xy − cosx = 0.
3. y′′ = 3

√
y, y(0) = 1, y′(0) = 2.

4. y′′ − 4y′ + 8y = e2x(cos 2x+ 2 sin 2x).

5. y′′ + 3y′ + 2y =
1

ex + 1
.

Âàðèàíò 16.

1. xyy′ = 1− x2.
2. 3xdy = y(1 + x sinx− 3y3 sinx)dx.
3. yy′′ − (y′)2 − yy′ = 0.
4. y′′ − 8y′ + y = cosx.
5. y′′ + 9y = ctg 3x.

Âàðèàíò 17.

1. xy′ − y = y3.

2. ydx+

(
x− 1

2
x3y

)
dy = 0.

3. (1 + x2)y′′ + 2xy′ = x3.
4. y′′ − 5y′ − 6y = 2e−x.

5. y′′ + y =
1

2 cos 2x
.
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Âàðèàíò 18.

1. (1 + ex)yy′ = ex, y(0) = 1.

2. 2xy
dy

dx
− y2 + x = 0.

3. xy′′ + y′ = 1 + x.
4. y′′ + 4y′ − 5y = 2x2 + 6.

5. 2y′′ − 4y′ + 2y =
ex

x
.

Âàðèàíò 19.

1. (xy2 + x)dx+ (x2y − y)dy = 0, y(0) = 1.

2.
dy

dx
+
y

x
= −xy2.

3. y2y′′ = y(y′)2 + (y′)3.
4. y′′ − 3y′ + 2y = 3x2 + x.

5. 2y′′ + 4y′ + 2y =
e−x

x
.

Âàðèàíò 20.

1. y′ = (x+ y)2.
2. ydx+ (2

√
xy − x)dy = 0.

3. yy′′ − (y′)2 = y′.
4. y′′ − 2y′ + 2y = xex cosx.

5. y′′ + y =
1

sin 2x
.

Âàðèàíò 21.

1. y′ = (8x+ 2y + 1)2.
2. (x2 − 3y2)dx+ 2xydy = 0, y(2) = 1.
3. (1 + x2)y′′ + (y′)2 + 1 = 0.

4.
d4x

dt4
− 2

d2x

dt2
+ x = t2 − 3.

5. y′′ − 2y′ + y =
ex√

9− x2
.

Âàðèàíò 22.

1. y′ =
1− 3x− 3y

1 + x+ y
.

2.
dy

dx
+

2y

x
= x3.

3. y′′ + (y′)2 = x(y′)2.

4.
d6x

dt6
− d4x

dt4
= 1.

5. y′′ + 4y =
1

cos 4x
.
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Âàðèàíò 23.

1. y′ =
x+ 2y + 1

2x+ 4y + 3
.

2. y′ − y tg x =
1

cosx
.

3. yy′′ + (y′)2 = 0.
4. x′′ + x = sin t− cos 2t.

5. y′′ − 4y′ + 4y =
e2x√

16− x2
.

Âàðèàíò 24.

1. 4(y′)2 − 9x = 0.
2. x3dx− (x4 + y3)dy = 0.

3. xy′′ − y′ ln y
′

x
= 0.

4. y′′ + 2y′ + y = 2 sin x.

5. y′′ + 2y′ + y =
e−x√
1− x2

.

Âàðèàíò 25.

1. y′ =

(
1 +

y − 1

2x

)2

.

2. xy′ + y = xy2 lnx.

3. y′′ +
1

x
y′ =

1

x3
.

4. y′′ − 6y′ + 10y = 100, y(0) = 10, y′(0) = 5.

5. y′′ + y =
1

cos 2x
.

Âàðèàíò 26.

1. y′(x+ sin y) = 1.

2. y′ =
y

x
+ tg

y

x
.

3. 2yy′′ + y2 − (y′)2 = 0, y(0) = y′(0) = 1.
4. y′′′ − y = ex.
5. y′′ + 25y = ctg 5x.
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Âàðèàíò 27.

1. xy′ − y

x+ 1
− x = 0.

2. y′ = 2

(
y + 2

x+ y − 1

)2

.

3. y′′y3 = 1, y

(
1

2

)
= y′

(
1

2

)
= 1.

4. y′′ − 2y = 4x2ex.
5. y′′ + 4y = tg 2x.

Âàðèàíò 28.

1. xdy + ydx = y2dx.
2. eydx+ (xey − 2ydy = 0.
3. yy′′ = (y′)2.
4. x′′ + 9x = t sin 3t.
5. y′′ − 2y′ + y = ex lnx.

Âàðèàíò 29.

1. y
dp

dy
= −p+ p2.

2. xy(xy2 + 1)dy − dx = 0.
3. 2(y′)2 = y′′(y − 1), y(1) = 2, y′(1) = 1.
4. y′′ − 2y′ + y = (3x− 5)ex.

5. y′′ + y =
1

cosx
.

Âàðèàíò 30.

1. xdy − ydx = y2dx.

2. 2yp
dp

dy
= 3p2 + 4y2.

3. xy′′ + y′ = 1 + x.
4. y′′ + 3y′ + 2y = e−x.

5. y′′ + y = 1− 1

sinx
.
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