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Preface

The present book is devoted to the problems of optimal recovery on
classes of analytic functions. We consider the problems of optimal interpo-
lation, differentiation, and quadrature formulas. Many problems of Approx-
imation Theory may be considered as optimal recovery problems. Those
problems are Kolmogorov’s inequality and n-widths which we study for the
Hardy classes.

The selection of results which discussed in the book is mainly based on
author’s interests. We did not try to give a complete survey. Nevertheless,
we tried to give complete proofs almost to all presented theorems.

I am grateful to Prof. N. S. Bakhvalov who posed me a series of optimal
recovery problems. I am also deeply indebted to Prof. V. M. Tikhomirov
for many fruitful discussions.

Moscow, 1999 K. Yu. Osipenko
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Introduction

What does it mean to solve a problem by an optimal way? Assume that
we have a set of methods (or algorithms)M for the solution of a problem p.
Each method uses some information Ip about the problem p. To compare
different methods of the solution with each method we associate a number
which indicate the error of the solution. We denote this number by e(p, I,m).

Usually we need to solve not one problem but several problems of the
same type. Denote the set of such problems by P. If we wish to find a
method for which the error of the solution will be as small as possible for all
our problems, we obtain the following extremal problem: to find the value

e(P, I,M) := inf
m∈M

sup
p∈P

e(p, I,m)

and the method for which the infimum is attained. Every such method we
call an optimal method.

If e(P, I,M) is not sufficiently small we may tray to find another type
of information which gives a better error. In other words, we can consider
the problem:

inf
I∈I

e(P, I,M)

where I is some set of information operators. Every information for which
this infimum is attained we call an optimal information .

Let us consider some examples.

Example 1 (optimal interpolation). Let W be some class of functions
defined on a domain D. Denote by pf the problem of finding f(t), t ∈ D,
for a function f ∈W . Put

Ipf = (f(t1), . . . , f(tn)), tj ∈ D.

Let M be the set of all functions m : Cn → C (or m : Rn → R in the real
case). Then we have the following problem

e(t,W, I) := inf
m : Cn→C

sup
f∈W
|f(t)−m(Ipf )|.

This problem is called the problem of optimal recovery of f ∈W at a point
t from the information about the values f(t1), . . . , f(tn).

7



8 INTRODUCTION

Example 2 (optimal integration). Let pf be the problem of finding the
integral ∫ b

a
f(t) dt

for the function f ∈ W . With the same Ipf and M we obtain the problem
of optimal integration of function f on the class W from the values at a
fixed system of nodes

e(W, I) := inf
m : Cn→C

sup
f∈W

∣∣∣∣∫ b

a
f(t) dt−m(Ipf )

∣∣∣∣ .
If we consider the setM0 containing only linear functions m, then we obtain
the problem of optimal quadrature formula. We can also minimize this value
over all nodes from [a, b]. Thus we obtain the problem of optimal nodes for
optimal method of integration.

In general, a similar problem of optimal recovery may be considered for
an arbitrary linear functional Lf . In particular, for Lf = f ′(t) we obtain
the problem of optimal numerical differentiation.

Example 3 (n-widths). Let X be a normed linear space, px be the
problem of finding x ∈W ⊂ X by means of finite-dimensional subspaces of
X. Here Ipx = x, M is the set of all mappings m : X → Yn, dimYn ≤ n.
Putting e(px, I,m) = ‖x − m(x)‖X we obtain the problem of finding the
value

dn(W,X) := inf
Yn

inf
y∈Yn

sup
x∈W
‖x− y‖X

which is known as the Kolmogorov n-width. WhenM is the set of all linear
mappings the appropriate value is called the linear n-width.

In the present book we deal with the considered problems and some oth-
ers for classes of analytic functions, mainly the Hardy classes. In Chapter 1
we give general settings and general results on optimal recovery problems.
Chapter 2 deals with optimal recovery of functions from the Hardy classes
at a fixed point. We also consider the problem of optimal nodes and the
case of several variables. In Chapter 3 we study the problems of optimal
numerical differentiation for functions from the same classes. We also con-
sider the case when the information about functions is given with an error.
In particular, we obtain the Kolmogorov inequalities for analytic functions.

Chapter 4 is devoted to n-widths of various classes of analytic functions.
We give a preference to exact results but there are some asymptotic esti-
mates, too. In Chapter 5 we consider best and optimal quadrature formulas
for the Hardy classes Hp. Most of the considered extremal problems for
analytic functions are closely connected with elliptic functions. For the con-
venience we collected some of the needed notions and results in Appendix.



CHAPTER 1

Optimal Recovery Settings and General Results

In this chapter we give general settings and prove general results on
optimal recovery problems. In Section 1.1 we pose the general problem of
optimal recovery of operators from inaccurate information. In Section 1.2 we
generalize this problem for optimal recovery of multi-valued mappings and
obtain necessary and sufficient conditions for the existence of linear optimal
methods of recovery. Section 1.3 is devoted to optimal recovery of linear
functionals. In this section we prove the main theorems (Theorems 1.9 and
1.10) which we almost always apply to find optimal methods. In Section 1.4
the obtained results are used for the problem of optimal recovery of func-
tions and their derivatives on the basis of information about the Fourier
coefficients.

1.1. A General Setting

By a multi-valued mapping F : W → V we shall mean a map which
associates with every x ∈W a nonempty set F (x) ⊂ V . The set

grF := { (x, y) : x ∈W, y ∈ F (x) }

is called the graph of F .
A general problem of optimal recovery of operators from inaccurate in-

formation may be posed in the following way. Let X be a linear space, Z a
normed linear space and L : X → Z a linear operator. We wish to recover
the values of L on a set W ⊂ X on the basis of the values of multi-valued
mapping F : W → V .

The multivalence of F is simulating inaccurate information about ele-
ments from W . If F is a single-valued mapping, then we say about opti-
mal recovery problem from exact data. We shall often consider the case
when F (x) = Ix + U , where I : X → Y is a linear operator, Y is a linear
space, and U is a fixed set from Y . The operator I is called an informa-
tion operator. For example, if Y is a normed linear space, then we can set
U := {y ∈ Y : ‖y‖ ≤ δ}. In this case we say that the information operator
is given with an error δ.

9



10 1. OPTIMAL RECOVERY SETTINGS AND GENERAL RESULTS

By a method (or algoritm) of recovery of operator L we mean any map
ϕ : F (W )→ Z. Thus we have the diagram

X ⊃W - Z
L

@
@R F (W ) �

��F ϕ

The error of a method ϕ is defined as follows

e(L,F, ϕ) := sup
(x,y)∈grF

‖Lx− ϕ(y)‖.

Suppose we have a set of methods S. Put

(1.1) e(L,F,S) := inf
ϕ∈S

e(L,F, ϕ).

Assume that we wish to recover a family of operators L and we can choose
mappings F from a set F . Put

(1.2) e(L,F ,S) := inf
F∈F

sup
L∈L

e(L,F,S).

Let us consider some examples of problems (1.1) and (1.2). Denote by
E the set of all possible methods ϕ : F (W ) → Z. Suppose that S = E and
W is a class of real-valued or complex-valued functions defined on a set G.
Set τ := (t1, . . . , tn), tj ∈ G,

Iτx := {x(t1), . . . , x(tn) },
and F = Fτ := Iτ + δBn, where Bn is the unit ball of Rn or Cn in which
some norm is introduced. Then for Lx = Ltx := x(t), t ∈ G, the problem
(1.1) is the one of optimal recovery of function x ∈W at the point t by the
values of this function given with the error δ at the system of points τ .

If E ⊂ G and

L = {Lt : t ∈ E }, F = {Fτ : τ ∈ En },
then (1.2) is the problem of optimal recovery of functions from W on the
set E by the values given with the error δ.

If

Lx =

∫
E
x(t) dt,

then (1.1) is the problem of best method of integration using approximate
values of x at a fixed system of nodes and (1.2) with L = {L} is the problem
of optimal method of integration (or the problem of optimal choice of nodes).

The proposed scheme includes also a number of other well-known prob-
lems of approximation theory such as optimal recovery of derivatives, op-
timal recovery from the Fourier coefficients, approximation of unbounded
operators by bounded operators, n-widths, and so on.

Let us consider more explicitly the settings of problems with n-widths.
Denote by En the set of all operators of F (W ) into Z of rank at most n.
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Denote By Eλn the set of all linear operators of rank at most n which map
any spaces containing F (W ) into Z. Put

dn(L,F ) := e(L,F, En), λn(L,F ) := e(L,F, Eλn ).

If F−1(0) 6= ∅ (the mapping F−1 is the multi-valued mapping defined by
F−1(y) := {x ∈W : (x, y) ∈ grF}), then we have

λn(L,F ) ≥ inf
ϕ∈Eλn

sup
(x,y)∈grF
ϕ(y)=0

‖Lx‖ =: dn(L,F ).

Set Iδ := Ix+ δBY , where I : W → Y is a linear operator, δ ≥ 0, and

BY := { y ∈ Y : ‖y‖ ≤ 1 }.
Then for F = Iδ and L = Id (Id is an identical mapping) we can define the
values

dn(W,X, I, δ) := dn(Id, Iδ), λn(W,X, I, δ) := λn(Id, Iδ),

dn(W,X, I, δ) := dn(Id, Iδ).

For δ = 0 and L = Id the values

(1.3)
dn(W,X) := dn(W,X, Id, 0), λn(W,X) := λn(W,X, Id, 0),

dn(W,X) := dn(W,X, Id, 0)

are well known in approximation theory. They are called the Kolmogorov,
linear, and Gel’fand n-widths, respectively.

1.2. Optimal Recovery of Multi-Valued Mappings

The problem (1.1) may be reduced to a more general problem relating
to optimal recovery of multi-valued mappings. Taking Φ(y) := L(F−1(y))
it can be easily shown that

e(L,F, ϕ) = sup
(y,z)∈gr Φ

‖z − ϕ(y)‖.

Let us formulate now a general problem of optimal recovery of multi-
valued mapping by single-valued mappings. Let Φ: A→ Z be a multi-valued
mapping, Z a normed linear space, and ϕ : A→ Z a single-valued mapping
(a method of recovery of Φ). Set

E(Φ, ϕ) := sup
(y,z)∈gr Φ

‖z − ϕ(y)‖.

Suppose that S is a set of single-valued mappings ϕ : A→ Z. The value

(1.4) E(Φ,S) := inf
ϕ∈S

E(Φ, ϕ).

is called the intrinsic error of the problem. A method for which the infimum
in (1.4) is attained is said to be an optimal method of recovery for a given
S.

Set
E(Φ) := E(Φ, E),
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where E is the set of all possible mappings of A into Z.
The value

R(Φ) := sup
y∈A

inf
c∈Z

sup
z∈Φ(y)

‖z − c‖

which is called the radius of multivalence of Φ is closely connected to the
problem (1.4) for S = E . The radius of multivalence is the maximal Cheby-
shev radius of the sets Φ(y) when y ∈ A.

Lemma 1.1.

E(Φ) = R(Φ).

Proof. Let ε > 0. For every y ∈ A we denote by ϕε(y) any element of
the set

{ d ∈ Z : sup
z∈Φ(y)

‖z − d‖ ≤ inf
c∈Z

sup
z∈Φ(y)

‖z − c‖+ ε }.

Then

E(Φ) ≤ E(Φ, ϕε) = sup
y∈A

sup
z∈Φ(y)

‖z − ϕε(y)‖ ≤ R(Φ) + ε.

Since ε > 0 is arbitrary, we have

E(Φ) ≤ R(Φ).

The inequality

E(Φ) ≥ R(Φ)

evidently follows from the definition. �

In what follows we shall consider nonempty sets A ⊂ X, where X are
linear spaces over the field K = R or C. If a field is not explicitly indicated
in some statement, then it is related to both cases.

Denote by X ′ the space algebraically dual to X, that is the space of all
linear functionals on X. The annihilator of a linear subspace X0 ⊂ X is
defined as

X⊥0 := {x′ ∈ X ′ : 〈x′, x〉 = 0 ∀x ∈ X0 }.
Denote by coA and bcoA the convex and convex balanced hulls of A:

coA :=

{
x : x =

n∑
j=1

λjxj , xj ∈ A,
n∑
j=1

λj = 1

}
;

bcoA :=

{
x : x =

n∑
j=1

λjxj , xj ∈ A,
n∑
j=1

|λj | ≤ 1

}
.

Lemma 1.2. Let X be a linear space, X0 ⊂ X a linear subspace, A ⊂ X,
and x′0 ∈ X ′. Then

inf
x′∈X⊥0

sup
x∈A
|〈x′0 − x′, x〉| = sup

x∈bcoA∩X0

|〈x′0, x〉|

and the infimum is attained.
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Proof. 1. The lower bound. Let x ∈ bcoA and x′ ∈ X ′. Then x =∑n
j=1 λjxj , xj ∈ A,

∑n
j=1 |λj | ≤ 1, and

|〈x′, x〉| = |
n∑
j=1

λj〈x′, xj〉| ≤ max
1≤j≤n

|〈x′, xj〉| ≤ sup
x∈A
|〈x′, x〉|.

Hence

sup
x∈A
|〈x′, x〉| ≥ sup

x∈bcoA
|〈x′, x〉|.

Since the reverse inequality is evident we have for all x′ ∈ X ′

sup
x∈A
|〈x′, x〉| = sup

x∈bcoA
|〈x′, x〉|.

Let x′ ∈ X⊥0 . Then

sup
x∈A
|〈x′0 − x′, x〉| = sup

x∈bcoA
|〈x′0 − x′, x〉| ≥ sup

x∈bcoA∩X0

|〈x′0 − x′, x〉|

= sup
x∈bcoA∩X0

|〈x′0, x〉| =: ρ.

2. The upper bound. For ρ = ∞ the assertion of lemma follows from
1. Let ρ < ∞. Denote by µ(x) := inf{t > 0 : x ∈ t bcoA} the Minkowski
functional of bcoA. Set

p(x) :=

{
∞, µ(x) =∞,
ρµ(x), µ(x) <∞.

Let us show that for all x ∈ X0

(1.5) |〈x′0, x〉| ≤ p(x).

For µ(x) = ∞ (1.5) is evident. If x ∈ X0 and µ(x) < ∞, then since
µ(x0) < 1, for all ε > 0

x0 :=
x

µ(x) + ε
∈ bcoA ∩X0.

Consequently,

|〈x′0, x〉| = |〈x′0, x0〉|(µ(x) + ε) ≤ ρ(µ(x) + ε).

Since ε > 0 is arbitrary, (1.5) is proved. From the Hahn-Banach theorem
there exists an extension of x′0 to x′ ∈ X ′ such that for all x ∈ X

|〈x′, x〉| ≤ p(x).

Put x̂′ := x′0 − x′ ∈ X⊥0 . Then for all x ∈ bcoA

|〈x′0 − x̂′, x〉| = |〈x′, x〉| ≤ p(x) = ρµ(x) ≤ ρ.

Hence

sup
x∈A
|〈x′0 − x̂′, x〉| ≤ ρ.

�
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The functional a(x) is called affine if a(x) = 〈x′, x〉 + c, where x′ ∈ X
and c ∈ K. Denote by Xa the set of all affine functionals. We shall be
interested in conditions when there exist linear or affine methods among all
optimal methods of recovery.

Define the multi-valued mappings co Φ and bco Φ as follows

gr co Φ := co gr Φ, gr bco Φ := bco gr Φ.

Theorem 1.3. 1. For the existence of x′ ∈ X ′ such that

E(Φ, x′) = E(Φ),

it is necessary and sufficient that

(1.6) R(Φ) = R(bco Φ).

Moreover,
E(Φ) = sup

c∈bco Φ(0)
|c|.

2. If K = R then for the existence of a ∈ Xa such that

(1.7) E(Φ, a) = E(Φ),

it is necessary and sufficient that

(1.8) R(Φ) = R(co Φ).

Proof. 1. Set X̃ := X ×K, X̃0 := {0} ×K. Define x̃′0 ∈ X̃ ′ by the
equality

〈x̃′0, (x, c)〉 := c, x ∈ X, c ∈ K.
For any x̃′ ∈ X̃ ′ we have

〈x̃′, (x, c)〉 = 〈x′, x〉+ λc,

where x′ ∈ X ′ and λ ∈ K. Therefore x̃ ∈ X̃⊥0 if and only if 〈x̃′, (x, c)〉 =
〈x′, x〉. From Lemma 1.2 we have

inf
x′∈X′

E(Φ, x′) = inf
x̃′∈X̃⊥0

sup
(x,c)∈gr Φ

|〈x̃′0 − x̃′, (x, c)〉|

= sup
(x,c)∈bco gr Φ∩X̃0

|〈x̃′0, (x, c)〉| = sup
c∈bco Φ(0)

|c|.

Moreover, the infimum is attained. In view of Lemma 1.1 and since bco Φ(0)
is balanced we have

R(bco Φ) = E(bco Φ) ≤ inf
x′∈X′

E(Φ, x′) = sup
c∈bco Φ(0)

|c| ≤ R(bco Φ).

Hence
sup

c∈bco Φ(0)
|c| = R(bco Φ) = inf

x′∈X′
E(Φ, x′).

Taking into account Lemma 1.1 we obtain that (1.6) is equivalent to the
equality

E(Φ) = inf
x′∈X′

E(Φ, x′)
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in which the infimum is obtained.
2. Let K = R. Define the multi-valued mapping Φ0 by the equality

gr Φ0 := gr co Φ−gr co Φ := {(x1, c1)− (x2, c2) : (xj , cj) ∈ gr co Φ, j = 1, 2 }.
Since bco Φ0 = Φ0, we have proved that there exists x′ ∈ X ′ for which

E(Φ, x′) = sup
c∈Φ0(0)

c = sup
(xj ,cj)∈gr co Φ, j=1,2

(c1 − c2) = 2R(co Φ).

Thus for all (xj , cj) ∈ gr co Φ, j = 1, 2,

|c1 − c2 − 〈x′, x1 − x2〉| ≤ 2R(co Φ).

Consequently,

c1 − 〈x′, x1〉 −R(co Φ) ≤ c2 − 〈x′, x2〉+R(co Φ).

It is easy to see that there exists c0 ∈ R such that

c1 − 〈x′, x1〉 −R(co Φ) ≤ c0 ≤ c2 − 〈x′, x2〉+R(co Φ).

It means that

sup
(x,c)∈gr co Φ

|c− 〈x′, x〉 − c0| ≤ R(co Φ).

Using Lemma 1.1 we have for a(x) := 〈x′, x〉+ c0

R(co Φ) = E(co Φ) ≤ E(co Φ, a) ≤ R(co Φ).

Hence

E(co Φ, a) = R(co Φ).

It is easily seen that

E(Φ, a) = E(co Φ, a).

Thus there exists a ∈ Xa for which

E(Φ, a) = R(co Φ).

By virtue of Lemma 1.1 this proves the equivalence of conditions (1.7) and
(1.8). �

We return to the problem (1.1) for the case when L = x′ ∈ X ′ (i.e.,
Z = K) and S coincides with the set E of all functionals on Y . Set

(1.9) e(x′, F ) := e(x′, F, E).

As it was mentioned above, this problem reduces to the problem of
optimal recovery of the multi-valued mapping Φ = x′ ◦ F−1. Moreover,

e(x′, F ) = E(x′ ◦ F−1).

Let us introduce the value

r(x′, F ) := sup
y∈F (W )

inf
c∈K

sup
x∈F−1(y)

|〈x′, x〉 − c|,

which is called the information radius. It is easily seen that

r(x′, F ) = R(x′ ◦ F−1).
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Since

co(x′ ◦ F−1) = x′ ◦ (coF )−1, bco(x′ ◦ F−1) = x′ ◦ (bcoF )−1,

from Theorem 1.3 it follows

Theorem 1.4. 1. For the existence of y′ ∈ Y ′ such that

e(x′, F, y′) = e(x′, F ),

it is necessary and sufficient that

r(x′, F ) = r(x′, bcoF ).

Moreover,

e(x′, F ) = sup
x∈bcoF−1(0)

|〈x′, x〉|.

2. If K = R then for the existence of a ∈ Y a such that

e(x′, F, a) = e(x′, F ),

it is necessary and sufficient that

r(x′, F ) = r(x′, coF ).

We call a multi-valued mapping F convex (convex balanced), if

coF = F, (bcoF = F ).

Corollary 1.5. If F is a convex (convex balanced) multi-valued map-
ping, then among optimal methods there exists an affine (linear) method.

1.3. Optimal Recovery of Linear Functionals

Let us consider the problem (1.9) for the multi-valued mapping

(1.10) F (x) = Ix+ U,

where I : W → Y is a linear operator and U ⊂ Y is some set. In this case
we set

e(x′, I,W,U) := e(x′, F ).

Theorem 1.6. Let x′ ∈ X ′ and W , U be convex balanced sets. Then
among optimal methods there exists a linear method and

(1.11) e(x′, I,W,U) = sup
x∈W
Ix∈U

|〈x′, x〉|

= inf
y′∈Y ′

(
sup
x∈W
|〈x′, x〉 − 〈y′, Ix〉|+ sup

y∈U
|〈y′, y〉|

)
.

Moreover, y′ ∈ Y ′ is an optimal method of recovery if and only if it brings
the lower bound in (1.11).
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Proof. The multi-valued mapping F defined by (1.10) is convex and
balanced. From Corollary 1.5 it follows the existence of linear optimal
method of recovery. We have

e(x′, I,W,U) = sup
x∈F−1(0)

|〈x′, x〉| = sup
x∈W
Ix∈U

|〈x′, x〉|.

Since W and U are convex balanced sets, for every y′ ∈ Y ′

sup
x∈W
y∈U

|〈x′, x〉 − 〈y′, Ix+ y〉| = sup
x∈W
|〈x′, x〉 − 〈y′, Ix〉|+ sup

y∈U
|〈y′, y〉|.

Therefore

e(x′, I,W,U) = inf
y′∈Y

sup
x∈W
y∈U

|〈x′, x〉 − 〈y′, Ix+ y〉|

= inf
y′∈Y ′

(
sup
x∈W
|〈x′, x〉 − 〈y′, Ix〉|+ sup

y∈U
|〈y′, y〉|

)
.

�

An element x0 ∈W is said to be extremal , if Ix0 ∈ U and

sup
x∈W
Ix∈U

|〈x′, x〉| = |〈x′, x0〉|.

If W and U are balanced sets, then an extremal element is defined up to
factor λ, |λ| = 1. In this case let us normalize an extremal element by the
condition

sup
x∈W
Ix∈U

|〈x′, x〉| = 〈x′, x0〉.

Theorem 1.7. Let W and U be convex balanced sets. Then x0 ∈ W is
an extremal element and y′0 ∈ Y ′ is an optimal method if and only if

(i) sup
x∈W
|〈x′, x〉 − 〈y′0, Ix〉| = 〈x′, x0〉 − 〈y′0, Ix0〉,

(ii) sup
y∈U
|〈y′0, y〉| = 〈y′0, Ix0〉,

(iii) Ix0 ∈ U .

Proof. Let x0 be an extremal element and y′0 ∈ Y ′ be an optimal
method of recovery. Taking into account (1.11), we have

(1.12) 〈x′, x0〉 ≤ |〈x′, x0〉 − 〈y′0, Ix0〉|+ |〈y′0, Ix0〉|
≤ sup

x∈W
|〈x′, x〉 − 〈y′0, Ix〉|+ sup

y∈U
|〈y′0, y〉| = sup

x∈W
Ix∈U

|〈x′, x〉|.

Since x0 is an extremal element, there are equalities in (1.12). Consequently
conditions (i)–(iii) are fulfilled.
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In the case when (i)–(iii) are satisfied we have

sup
x∈W
Ix∈U

|〈x′, x〉| ≤ sup
x∈W
|〈x′, x〉 − 〈y′0, Ix〉|+ sup

y∈U
|〈y′0, y〉|

= 〈x′, x〉 − 〈y′0, Ix〉+ 〈y′0, Ix0〉 = 〈x′, x0〉.

From here it follows that x0 is an extremal element and that the lower bound
in (1.11) is attained for y′0. From Theorem 1.6 it follows that y′0 is an optimal
method of recovery. �

The most usual case for optimal recovery problems with inaccurate in-
formation is the case when Y is a normed linear space and U = Uδ := {y ∈
Y : ‖y‖ ≤ δ}, δ ≥ 0. Set

e(x′, I,W, δ) := e(x′, I,W,Uδ).

Denote by Y ∗ the set of all continuous linear functionals on Y . From The-
orem 1.7 we have

Corollary 1.8. Let W be a convex balanced set and U = Uδ. Then
x0 ∈W is an extremal element and y∗0 ∈ Y ∗ is an optimal method of recovery
if and only if

(i) sup
x∈W
|〈x′, x〉 − 〈y∗0, Ix〉| = 〈x′, x0〉 − 〈y∗0, Ix0〉,

(ii) 〈y∗0, Ix0〉 = δ‖y∗0‖,
(iii) ‖Ix0‖ ≤ δ.

Let S be a nonempty set, Σ a σ-algebra of subsets of S, and µ a non-
negative σ-additive measure on Σ. Denote by Lp(S,Σ, µ) (or briefly Lp(S))
the set of all σ-measurable functions with values in K = R or C for which

‖x‖p :=

(∫
S
|x(s)|p dµ

)1/p

<∞, 1 ≤ p <∞,

‖x‖∞ := ess sup
s∈S

|x(s)| <∞, p =∞.

In particular, when S = {1, 2, . . .} and µ({j}) = µj > 0 the space Lp(S)
coincides with the space lp(µ) which is the set of vectors x = (x1, x2, . . .)
such that

‖x‖p :=

( ∞∑
j=1

µj |xj |p
)1/p

<∞, 1 ≤ p <∞,

‖x‖∞ := sup
j
|xj | <∞, p =∞.

For µj ≡ 1 the corresponding space we denote by lp.
Set

(x, y)S :=

∫
S
x(s)y(s) dµ
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and for a ∈ K, 1 ≤ p <∞

a(p) :=

{
a|a|p−2, a 6= 0,

0, a = 0.

If X is a normed linear space denote by BX the unit ball

BX := {x ∈ X : ‖x‖ ≤ 1 }.

Let f ∈ Lp′(S), 1/p + 1/p′ = 1 (for p = 1,∞, p′ = ∞, 1, respectively).
Consider the problem of optimal recovery of linear functional (x, f)S on the
set BXp by values of multi-valued mapping F (x) := Ix+δBY , δ ≥ 0, where
Xp is a linear subspace of Lp(S), I : Xp → Y is a linear operator, and Y is
a normed linear space. Thus we consider the problem of finding the value

(1.13) e(f, I, BXp(S), δ) = inf
ϕ : Y→K

sup
x∈BXp(S)

sup
y∈Y

‖Ix−y‖≤δ

|(x, f)S − ϕ(y)|

and optimal method of recovery (that is, a method for which the lower bound
in (1.13) is attained). The situation when the problem of optimal recovery is
considering not on the unit ball BLp but on the unit ball of some subspace
of Lp(S) is typical for classes of analytic or harmonic functions.

In view of duality obtained in Theorem 1.6 this problem is closely con-
nected with the extremal problem

(1.14) sup
x∈BXp
‖Ix‖≤δ

|(x, f)S |.

A function x0 for which the upper bound in (1.14) is attained is called
extremal. In many cases extremal functions (or their form) in (1.14) are well
known. However, we shall be interested not only in the intrinsic error of
optimal recovery but in an optimal method, too. The majority of methods
which we shall construct can be obtained with the help of the following
theorem.

Theorem 1.9. Let g ∈ Xp, g 6= 0, g0 := g/‖g‖p, ‖Ig0‖ ≤ δ, y∗0 ∈ Y ∗,
〈y0, Ig0〉 = δ‖y∗0‖, and for all x ∈ Xp

(1.15) (x, f)S − 〈y∗0, Ix〉 =

{
α(x, g(p))S , 1 ≤ p <∞,
(x, ϕg)S , p =∞,

where α > 0, ϕ ∈ L1(S), ϕ(s) ≥ 0 almost everywhere, and if p = ∞, then
|g(s)| = 1 almost everywhere. Then y∗0 is an optimal method of recovery, g0

is an extremal function, and

e(f, I, BXp, δ) = (g0, f)S =

{
α‖g‖p−1

p + δ‖y∗0‖, 1 ≤ p <∞,
‖ϕ‖1 + δ‖y∗0‖, p =∞.
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Proof. Let 1 ≤ p < ∞. Then from (1.15) and the Hölder inequality
we have

sup
x∈BXp

|(x, f)S − 〈y∗0, Ix〉| = α sup
x∈BXp

|(x, g(p))S | ≤ α‖g(p)‖p′ = α‖g‖p−1
p .

On the other hand, we obtain

sup
x∈BXp

|(x, f)S − 〈y∗0, Ix〉| ≥ α|(g0, g(p))S | = α‖g‖p−1
p .

Taking into account (1.15), we have

(g0, f)S = 〈y∗0, Ig0〉+ α(g0, g(p))S = δ‖y∗0‖+ α‖g‖p−1
p .

Consequently,

(1.16) sup
x∈BXp

|(x, f)S − 〈y∗0, Ix〉| = (g0, f)S − 〈y∗0, Ig0〉.

For p = ∞ the equality (1.16) is proved similarly. From Corollary 1.8 it
follows that y0 is an optimal method and g0 is an extremal function. By
Theorem 1.6

e(f, I, BXp, δ) = (g0, f)S .

�

In the case when δ = 0 it is more convenient to use the following theorem
which proves analogously to the previous proof.

Theorem 1.10. Let g ∈ Xp, g 6= 0, Ig = 0, y∗0 ∈ Y ∗ and for all x ∈ Xp

(1.17) (x, f)S − 〈y∗0, Ix〉 =

{
α(x, g(p))S , 1 ≤ p <∞,
α(x, ϕg)S , p =∞,

where α ∈ C, ϕ ∈ L1(S), ϕ(s) ≥ 0 almost everywhere, and if p = ∞, then
|g(s)| = 1 almost everywhere. Then y∗0 is an optimal method of recovery,
g0 := g/‖g‖p is an extremal function, and

e(f, I, BXp, 0) = |(g0, f)S | =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
|α|‖ϕ‖1, p =∞.

1.4. Optimal Algorithms Using Fourier Coefficients

Let X be a Hilbert space and e1, e2, . . . is a complete orthonormal system
in X. Denote by xj := (x, ej) the Fourier coefficients of x ∈ X. Consider the
problem of optimal recovery of linear functional < x′, x >= (x, f), f ∈ X,
on the unit ball BX using inaccurate values of the information operator
Ix = (x1, . . . , xn).

Assume that we know approximate values of Fourier coefficients
(x̃1, . . . , x̃n) such that

|xj − x̃j | ≤ δj , j = 1, . . . , n.
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Thus we consider the problem of finding the value

(1.18) e(f, I, BX, δ) := inf
ϕ : Cn→C

sup
x∈BX

sup
y∈Cn

Ix−y∈U

|(x, f)− ϕ(y)|,

where

U = { (y1, . . . , yn) ∈ Cn : |yj | ≤ δj , j = 1, . . . , n }.
Furthermore, we are interested in optimal method of recovery, that is, such
method ϕ for which the lower bound in (1.18) is attained. In what follows
we assume for convenience that |fj | = |(f, ej)| > 0 for all j ≥ 1.

For a ∈ R put

a+ :=

{
a, a > 0,

0, a ≤ 0.

Theorem 1.11. Let λ ∈ (0, ‖f‖] be a solution of the equation

(1.19) ‖f‖2 −
n∑
j=1

(
|fj |2 − λ2δ2

j

)
+
− λ2 = 0.

Then

(1.20) (x, f) ≈
n∑
j=1

(
1− λδj |fj |−1

)
+
f j x̃j

is an optimal method of recovery and

e(f, I, BX, δ) = λ+

n∑
j=1

δj (|fj | − λδj)+ .

Proof. First we show that the equation (1.19) has a solution λ ∈
(0, ‖f‖]. Denote by F (λ) the function on the left-hand side of (1.19). This
function is continuous for all λ ≥ 0. Moreover,

F (0) = ‖f‖2 −
n∑
j=1

|fj |2 > 0.

Since F (‖f‖) < 0, there exists a λ ∈ (0, ‖f‖] which is a solution of (1.19).
For such λ consider the method (1.20). In view of (1.11) we have

e(f, I, BX, δ) ≤ sup
x∈BX

∣∣∣∣(x, f)−
n∑
j=1

(
1− λδj |fj |−1

)
+
f jxj

∣∣∣∣
+

n∑
j=1

δj |fj |
(
1− λδj |fj |−1

)
+

= sup
x∈BX

(x, fλ) +

n∑
j=1

δj (|fj | − λδj)+

where

(fλ)j =

{
fj , j ≥ n+ 1,

fj − fj
(
1− λδj |fj |−1

)
+
, 1 ≤ j ≤ n.
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It can be easily shown that

‖fλ‖2 = ‖f‖2 −
n∑
j=1

(
|fj |2 − λ2δ2

j

)
+

= λ2.

Consequently,

e(f, I, BX, δ) ≤ λ+

n∑
j=1

δj (|fj | − λδj)+ .

Put

x0 :=
fλ
‖fλ‖

= λ−1fλ.

Let 1 ≤ j ≤ n. If 1− λδj |fj |−1 > 0, then

|(x0)j | = λ−1|(fλ)j | = δj .

If 1− λδj |fj |−1 ≤ 0, then

|(x0)j | = λ−1|fj | ≤ δj .

Thus Ix0 ∈ U . From (1.11) we obtain

e(f, I, BX, δ) ≥ |(x0, f)| = λ−1

(
‖f‖2 −

n∑
j=1

|fj |2
(
1− λδj |fj |−1

)
+

)

= λ−1

(
‖f‖2 −

n∑
j=1

(|fj |+ λδj) (|fj | − λδj)+ + λ
n∑
j=1

δj (|fj | − λδj)+

)

= λ+

n∑
j=1

δj (|fj | − λδj)+ .

�

Assume that δj = δλj , λj > 0, j = 1, . . . , n, and δ ≥ 0.

Theorem 1.12. Suppose that

|f1|λ−1
1 ≥ . . . ≥ |fn|λ−1

n .

Set

µk :=

( k∑
j=1

λ2
j + |fk|−2λ2

k

∞∑
j=k+1

|fj |2
)−1/2

, k = 1, . . . , n,

µ0 := +∞, µn+1 := 0, and ∆k := [µk+1, µk), k = 0, . . . , n. Then for δ ∈ ∆k,
0 ≤ k ≤ n, the method

(x, f) ≈
k∑
j=1

1− δ λj
|fj |

√√√√ ∑∞
j=k+1 |fj |2

1− δ2
∑k

j=1 λ
2
j

 f j x̃j
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is optimal and

e(f, I, BX, δ) =

√√√√ ∞∑
j=k+1

|fj |2

√√√√1− δ2

k∑
j=1

λ2
j + δ

k∑
j=1

λj |fj |.

Proof. In the considered case the equation (1.19) has the following
form:

(1.21) ‖f‖2 −
n∑
j=1

(
|fj |2 − λ2δ2λ2

j

)
+
− λ2 = 0.

If δ = 0, then the solution of (1.21) is evident and the theorem follows from
Theorem 1.11 immediately. Suppose that δ > 0. Then (1.21) is equivalent
to the equation

(1.22)
c2

‖f‖2 −
∑n

j=1

(
|fj |2 − c2λ2

j

)
+

= δ2,

where c = λδ. Denote by F (c) the left-hand side of (1.22). It is easy to
show that F (c) is monotonically increasing for c ≥ 0. Furthermore,

F
(
|fk|λ−1

k

)
= µ2

k, k = 1, . . . , n.

Hence for δ ∈ ∆k, 0 ≤ k ≤ n,

c = δ

√√√√ ∑∞
j=k+1 |fj |2

1− δ2
∑k

j=1 λ
2
j

is a solution of (1.21). Now the theorem follows from Theorem 1.11. �

Denote by L the linear space of vectors x = (x1, x2, . . .), xj ∈ C, which
satisfy the condition

∞∑
j=1

γj |xj |2 <∞,

where γ1 ≥ 0 and γj > 0, j ≥ 2. Let x′ be the linear functional defined by
the equality

〈x′, x〉 :=
∞∑
j=1

xjf j ,

where |fj | > 0, j ≥ 2, and

∞∑
j=2

γ−1
j |fj |

2 <∞.

Consider the problem of optimal recovery of the functional x′ on the set

BL :=

{
x ∈ L :

∞∑
j=1

γj |xj |2 ≤ 1

}
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from approximate values (x̃1, . . . , x̃n) such that

|xj − x̃j | ≤ δλj , λj > 0, j = 1, . . . , n.

Put

m :=

{
1, γ1f1 6= 0,

2, γ1f1 = 0.

Theorem 1.13. Suppose that

(1.23)
|fm|
λmγm

≥ . . . ≥ |fn|
λnγn

.

Set

µkm :=

( k∑
j=m

γjλ
2
j + γ2

k |fk|−2λ2
k

∞∑
j=k+1

γ−1
j |fj |

2

)−1/2

, k = m, . . . , n,

µm−1,m := +∞, µn+1,m := 0, and ∆km := [µk+1,m, µkm), k = m− 1, . . . , n.
Then for all δ ∈ ∆km, m− 1 ≤ k ≤ n, the method

(1.24) 〈x′, x〉 ≈ (m− 1)f1x̃1 +

k∑
j=m

νjmf j x̃j ,

where

νjm := 1− δ γjλj
|fj |

√√√√ ∑∞
j=k+1 γ

−1
j |fj |2

1− δ2
∑k

j=m γjλ
2
j

,

is optimal and

e(x′, I, BL, δ) =

√√√√ ∞∑
j=k+1

γ−1
j |fj |2

√√√√1− δ2

k∑
j=m

γjλ2
j + δ

k∑
j=m

λj |fj |.

Proof. Consider the case m = 1. Then L is a Hilbert space with the
inner product

(x, y)L :=

∞∑
j=1

γjxjyj .

The vectors e1, e2, . . . ,

(ej)s :=

{
0, s 6= j,

γ
−1/2
j , s = j,

form a complete orthonormal basis in L. The Fourier coefficients of x in this
basis are equal to (x, ej) =

√
γjxj . Using Theorem 1.12 for λj and fj equal

γ
1/2
j λj and γ

−1/2
j fj , respectively, we obtain the required statements in the

considered case.
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Suppose that γ1 = 0. Denote by L0 the space of all vectors x ∈ L for
which x1 = 0. The space L0 is a Hilbert space with the inner product

(x, y)L0 :=
∞∑
j=2

γjxjyj .

From Theorem 1.12 it follows that the method

〈x′, x〉 ≈
k∑
j=2

νjmf j x̃j

is optimal for the set BL0 (which is the unit ball of L0), and

e(x′, I, BL0, δ) =

√√√√ ∞∑
j=k+1

γ−1
j |fj |2

√√√√1− δ2

k∑
j=2

γjλ2
j + δ

k∑
j=2

λj |fj |.

From (1.11) we have

(1.25) e(x′, I, BL, δ) = δλ1|f1|+ e(x′, I, BL0, δ).

On the other hand, from (1.11) it follows that for the method (1.24)

e(x′, I, BL, δ) ≤ sup
x∈BL0

∣∣∣∣〈x′, x〉 − k∑
j=2

νjmf jxj

∣∣∣∣+ δλ1|f1|

+ sup
|zj |≤δλj

∣∣∣∣ k∑
j=2

νjmf jzj

∣∣∣∣ = δλ1|f1|+ e(x′, I, BL0, δ).

In view of (1.25) the method (1.24) is optimal for the set BL.
Now assume that f1 = 0. Then from (1.11)

e(x′, I, BL, δ) = e(x′, I, BL0, δ).

Thus in this case it suffices to construct an optimal method for the set BL0.
It can be immediately obtained from Theorem 1.12. �

Let us use Theorem 1.13 to obtain optimal methods of recovery for
several concrete classes of functions. Let W be a shift invariant class of suf-
ficiently smooth and 2π-periodic functions. Consider the problem of optimal
recovery of f (s)(t), t ∈ [0, 2π), s ≥ 0, f ∈ W , using information about the
Fourier coefficients

ck =
1

2π

∫ 2π

0
f(t)e−ikt dt, |k| ≤ n,

given with an error δ in the uniform norm, i.e., by c̃k such that

|ck − c̃k| ≤ δ, |k| ≤ n.
Denote by ens(W, δ) the intrinsic error for this problem (since W is a shift
invariant class, from (1.11) it follows that the intrinsic error does not depend
on t).
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We shall consider the following classes of periodic analytic functions.

The Hardy space Hβ2 (T) is the set of all 2π-periodic functions analytic in
the strip Sβ := { z ∈ C : | Im z| < β } which satisfy the condition

‖f‖Hβ2 (T)
:= sup

0≤η<β

(
1

4π

∫ 2π

0

(
|f(t+ iη)|2 + |f(t− iη)|2

)
dt

)1/2

<∞.

The Hardy–Sobolev space Hr,β2 (T) is the set of all 2π-periodic functions an-

alytic in the strip Sβ for which f (r) ∈ Hβ2 (T).

The Bergman space Aβ2 (T) is the set of all 2π-periodic functions analytic
in the strip Sβ which satisfy the condition

‖f‖Aβ2 (T)
:=

(
1

4πβ

∫ 2π

0

∫ β

−β
|f(t+ iη)|2 dtdη

)1/2

<∞,

and the Bergman–Sobolev space Ar,β2 (T) is the set of all 2π-periodic functions

analytic in the strip Sβ for which f (r) ∈ Aβ2 (T).

Functions from Hβ2 (T) have finite boundary values almost everywhere

and the space Hβ2 (T) is a Hilbert space with the inner product

(f, g)Hβ2 (T)
:=

1

4π

∫ 2π

0

(
f(t+ iβ)g(t+ iβ) + f(t− iβ)g(t− iβ)

)
dt.

The Bergman space Aβ2 (T) is also a Hilbert space with the inner product

(f, g)Aβ2 (T)
:=

1

4πβ

∫ 2π

0

∫ β

−β
f(t+ iη)g(t+ iη) dtdη.

Put

Hr,β
2 (T) := { f ∈ Hr,β2 (T) : ‖f (r)‖Hβ2 (T)

≤ 1 },

Ar,β2 (T) := { f ∈ Ar,β2 (T) : ‖f (r)‖Aβ2 (T)
≤ 1 }.

It is easy to verify that the functions ej(z) := eijz, j = 0,±1, . . . , form a

complete orthogonal basis in the spaces Hβ2 (T) and Aβ2 (T). Moreover,

‖ej‖2Hβ2 (T)
= cosh 2jβ, j = ±1,±2, . . . ,

‖e0‖2Aβ2 (T)
= 1, ‖ej‖2Aβ2 (T)

=
sinh 2jβ

2jβ
, j = ±1,±2, . . . .

Thus f ∈W = Hr,β
2 (T) or Ar,β2 (T) if and only if

f(z) =

+∞∑
j=−∞

cje
ijz

and
+∞∑
j=−∞

|cj |2j2rpj(W ) ≤ 1
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where pj(W ) = ‖ej‖2W .
We introduce the notation

µkr(W, s) :=

(∑
|j|≤k

j2rpj(W ) + k4r−2sp2
k(W )

∑
|j|>k

j2(s−r)p−1
j (W )

)−1/2

,

1 ≤ k ≤ n,

µn+1,r(W, s) := 0, µ00(W, s) :=

(∑
|j|≥0

p−1
j (W )

)−1/2

,

µ0r(W, s) := +∞, r ≥ 1, ∆−1,0(W, s) :=
[
µ00(W, s),+∞

)
,

∆kr(W, s) :=
[
µk+1,r(W, s), µkr(W, s)

)
, 0 ≤ k ≤ n, r ≥ 0.

Using Theorem 1.13 with f j = (ij)seijt, λj = 1, and γj = j2rpj(W ), we
obtain the following result

Theorem 1.14. Let r and s be nonnegative integers such that 0 ≤ s ≤
2r. Then for all δ ∈ ∆kr(W, s) the method

f (s)(t) ≈
∑
|j|≤k

1− δ|j|2r−spj(W )

√√√√ ∑
|j|>k j

2(s−r)p−1
j (W )

1− δ2
∑
|j|≤k j

2rpj(W )

 c̃j(ij)
seijt

is optimal for W = Hr,β
2 (T) and Ar,β2 (T). Moreover,

ens(W, δ) =

√∑
|j|>k

j2(s−r)p−1
j (W )

√
1− δ2

∑
|j|≤k

j2rpj(W ) + δ
∑
|j|≤k

|j|s.

In this theorem we need the condition 0 ≤ s ≤ 2r to satisfy (1.23).
Nevertheless, optimal methods of recovery can be obtained for the case
s > 2r, too. It is sufficient to put the values js−2rpj(W ) in non-increasing
order and use Theorem 1.13.

An optimal method of recovery of f (s)(t), 0 ≤ s ≤ r − 1, from ap-
proximate Fourier coefficients can be also constructed for the Sobolev class
W r

2 (T). The class W r
2 (T) may be defined as the set of all functions

f(t) =
+∞∑
j=−∞

cje
ijt

for which
+∞∑
j=−∞

j2r|cj |2 ≤ 1

and (since functions from W r
2 (T) are real-valued)

(1.26) c−j = cj , j = 0, 1, . . . .
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The condition (1.26) rather differs this class from the classes Hr,β
2 (T) and

Ar,β2 (T). However, it can be shown that Theorem 1.14 is valid for W =
W r

2 (T) and pj(W
r
2 (T)) ≡ 1.

1.5. Notes and References

1.1. In 1965 Smolyak posed the problem (1.1) for optimal recovery of a
real linear functional by exact values of a finite system of other real linear
functionals. Smolyak [1965] proved that in this case for a convex (convex
balanced) set there exists a linear (affine) optimal method of recovery. This
result was generalized by Osipenko [1976] to the complex case. Marchuk,
Osipenko [1975] proved a similar result for the case when the information
about finite system of linear functionals is given with an error.

Further generalizations of optimal recovery problems were considered by
Micchelli, Rivlin [1977], Arestov [1989], Magaril-Il’yaev, Osipenko [1991] (see
also Traub, Woźniakowski [1983], Micchelli, Rivlin [1985], Korneichuk [1987],
Tikhomirov [1987], Traub, Wasilkowski, Woźniakowski [1988], Plaskota
[1996]). The setting which we consider sometimes is called the worst case
setting. For other settings such as average, probabilistic, and randomized
settings see Traub, Wasilkowski, Woźniakowski [1988], Plaskota [1996].

1.2. Particular cases of Lemma 1.1 were presented in numerous papers.
In a general form it was proved by Arestov [1989]. He also proposed the
reduction of optimal recovery problem to the problem of optimal recovery
of a multi-valued mapping by a single-valued one. Lemma 1.2 is well known
for linear continuous functionals as the duality relation. Since the paper of
Nikolskii [1946] duality relations widely explored in extremal and approx-
imation problems (see Ioffe, Tikhomirov [1968], [1974], Khavinson [1963],
Korneichuk [1976], [1987], Tikhomirov [1976], [1987]). The criteria of the
existence of linear and affine optimal recovery methods (Theorems 1.3 and
1.4) were obtained for the first time by Magaril-Il’yaev, Osipenko [1991].

1.3. The statements which are very close to Theorems 1.6 and 1.7 may
be found in Micchelli, Rivlin [1977]. Nevertheless, the second equality of
(1.11) and the criterion from Theorem 1.7 for the topological case were
appeared previously in Khavinson [1963] in connection with some extremal
problems for analytic functions (although problems of optimal recovery were
not considered there). Theorems 1.9 and 1.10 are the basic tools for the
constructing of optimal recovery methods. With different forms of generality
these theorems were proved by Osipenko [1991], Osipenko, Stessin [1991],
[1992b].

1.4. The results of this section were obtained by Osipenko [1996]. A
similar problem for the estimation of functions in the L2-norm was con-
sidered in Melkman, Micchelli [1979]. The case when the l2-norm is used
to measure the error in the Fourier coefficients was analyzed by Micchelli,
Rivlin [1977]. In Boyanov [1976] the problem of optimal recovery of periodic
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functions from the Sobolev space W̃ r
q , 1 ≤ q ≤ ∞, was solved for the case

when the Fourier coefficients are known exactly.





CHAPTER 2

Optimal Recovery in Hp

This chapter deals with the problem of optimal recovery of functions
from the Hardy spaces at a fixed point on the basis of information about
function values at a given system of points. In Section 2.1 we construct an
optimal method of recovery for the Hardy class Hp. In Section 2.2 we study
periodic analogues of the results of Section 2.1. The problem of optimal
recovery from the information about function values at countable sets of
points is considered in Section 2.3. In particular, we obtain an optimal
method of recovery of functions analytic in a strip from the information
about their values at the equidistant system of nodes.

Section 2.4 is devoted to optimal nodes of recovery. In Section 2.5 we
consider the problem of optimal recovery for the Hardy and Bergman classes
in the case of several variables. In particular, we obtain the generalized
Schwartz Lemma for these classes (Corollary 2.23 and 2.26).

2.1. Optimal Recovery at a Fixed Point

The Hardy space Hp is the set of all functions analytic in the unit disk
D := {z ∈ C : |z| < 1} satisfying the condition

‖f‖Hp := sup
0<r<1

(
1

2π

∫ 2π

0
|f(reiθ)|pdθ

)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞ := sup
z∈D
|f(z)| <∞.

It is well known (see, for example, Goluzin [1966], Duren [1970]) that
functions from Hp have boundary values almost everywhere on |z| = 1 such

that f(eiθ) ∈ Lp(∂D, µ) where dµ(eiθ) =
dθ

2π
. Thus the space Hp can be

considered as a subspace of Lp(∂D, µ). Moreover, for all f ∈ Hp and ξ ∈ D
the Cauchy formula

f(ξ) =
1

2πi

∫
|z|=1

f(z)

z − ξ
dz

holds.
Set

Hp := { f ∈ Hp : ‖f‖Hp ≤ 1 }.
31
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Consider the problem of optimal recovery of f ∈ Hp at a point ξ ∈ D from
exact values of the information operator

If := { f(z1), . . . , f (ν1−1)(z1), . . . , f(zn), . . . , f (νn−1)(zn) },

where z1, . . . , zn are distinct points from D. In other words, we shall be
interested in the value

(2.1) e(ξ, I,Hp) := inf
ϕ : CN→C

sup
f∈Hp

|f(ξ)− ϕ(If)|,

where N =
∑n

j=1 νj . Moreover, we wish to find an optimal method of

recovery, that is, a method for which the lower bound in (2.1) is attained.
A Blaschke product of degree m on D is a function of the form

B(z) := λ
m∏
j=1

z − αj
1− αjz

.

Here |αj | < 1, j = 1, . . . ,m, and |λ| = 1. It can be easily seen that |B(z)| ≡ 1

for |z| = 1 and therefore B(z) = B−1(z) for all |z| = 1. Put

W (z) :=
n∏
j=1

(
z − zj
1− zjz

)νj
, ωj(z) :=

n∏
s=1
s 6=j

(
z − zs
1− zsz

)νs
.

In what follows, all expressions involving p with p = ∞ are understood
as the limit values as p→∞.

Theorem 2.1. For all 1 ≤ p ≤ ∞ the method

(2.2) f(ξ) ≈
n∑
j=1

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj),

where

cjν(ξ, p) =
W (ξ)(1− |ξ|2)

p−2
p

ν!(νj − ν − 1)!

(
(1− zjz)νj

ωj(z)(ξ − z)(1− ξz)
p−2
p

)(νj−ν−1)

∣∣z=zj ,

is optimal for the class Hp. Moreover,

e(ξ, I,Hp) =
|W (ξ)|

(1− |ξ|2)1/p
.

Proof. Put

g(z) :=
W (z)

(1− ξz)2/p
, α := W (ξ)(1− |ξ|2)

p−2
p .
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It is evident that g ∈ Hp for every ξ ∈ D. Let 1 ≤ p < ∞. Then for all
f ∈ Hp by the residue theorem we have

α

∫
|z|=1

g(z)|g(z)|p−2f(z) dµ(z) = α
1

2πi

∫
|z|=1

f(z) dz

W (z)(z − ξ)(1− ξz)
p−2
p

= f(ξ)−
n∑
j=1

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj).

Substituting f(z) = g(z) in these equalities, we get

‖g‖Hp = (1− |ξ|2)−1/p.

Now the statement of the theorem follows from Theorem 1.10.
For p =∞, setting ϕ(z) := (1− ξz)−2 we have

α

∫
|z|=1

g(z)|ϕ(z)|f(z) dµ(z) = α
1

2πi

∫
|z|=1

f(z) dz

W (z)(z − ξ)(1− ξz)

= f(ξ)−
n∑
j=1

νj−1∑
ν=0

cjν(ξ,∞)f (ν)(zj).

It remains to use Theorem 1.10. �

Corollary 2.2. Let ν1 = . . . = νn = 1. Then for all 1 ≤ p ≤ ∞ the
method

f(ξ) ≈
n∑
j=1

ωj(ξ)

ωj(zj)

1− |zj |2

1− zjξ

(
1− |ξ|2

1− zjξ

) p−2
p

f(zj)

is optimal for the class Hp.

Consider one more particular case when n = 1, z1 = 0, and ν1 = ν
(If = (f(0), . . . , f (ν−1)(0))). It is the problem of optimal recovery from
Teylor’s information. In this case the optimal method (2.2) has the following
form:

for p =∞

(2.3) f(ξ) ≈
ν−1∑
j=0

ξj

j!
(1− |ξ|2(ν−j))f (j)(0);

for p = 2

f(ξ) ≈
ν−1∑
j=0

ξj

j!
f (j)(0);

for p = 1

f(ξ) ≈
ν−2∑
j=0

ξj

j!
f (j)(0) +

ξν−1

(ν − 1!)

1

1− |ξ|2
f (ν−1)(0).
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Moreover, for all 1 ≤ p ≤ ∞

e(ξ, I,Hp) =
|ξ|ν

(1− |ξ|2)1/p
.

2.2. The Periodic Case

Denote by Hβp (T) the set of all 2π-periodic functions which are analytic
in the strip Sβ := {z ∈ C : | Im z| < β} and satisfy

‖f‖Hβp (T)
:= sup

0≤η<β

(
1

4π

∫ 2π

0
(|f(t+ iη)|p + |f(t− iη)|p) dt

)1/p

<∞,

‖f‖Hβ∞(T)
:= sup

z∈Sβ
|f(z)| <∞.

Set

Hβ
p (T) := { f ∈ Hβp (T) : ‖f‖Hβp (T)

≤ 1 }.

Consider the problem of optimal recovery of f ∈ Hβ
p (T) at some point

t ∈ T from the information operator

If := { f(t1), . . . , f (ν1−1)(t1), . . . , f(tn), . . . , f (νn−1)(tn) },

where t1, . . . , tn are distinct points from T. Thus we are interested in the
intrinsic error of optimal recovery

(2.4) e(t, I,Hβ
p (T)) := inf

ϕ : CN→C
sup

f∈Hβ
p (T)

|f(t)− ϕ(If)|,

where N =
∑n

j=1 νj , and in an optimal method of recovery, that is, such

method for which the lower bound in (2.4) is attained.
The solution of this problem is given in terms of elliptic functions. We

recall some notions from the elliptic functions theory in Appendix. We de-
note by sn(z, k), cn(z, k), and dn(z, k) the Jacobi functions (see (A.42)).
In what follows we shall indicate the dependence of elliptic functions on
the modulus only when it differs from k. Denote by K and K ′ the com-
plete elliptic integrals of the first kind for the moduli k and k′ :=

√
1− k2,

respectively (see (A.35)). We shall often deal with the function

(2.5) κ(s) := 4e−s

( ∑∞
m=0 e

−2sm(m+1)

1 + 2
∑∞

m=1 e
−2sm2

)2

,

(see (A.38)) which coincides with the modulus k such that

πK ′

2K
= s.

Put

W (z) := k
N
2

n∏
j=1

snνj
(
K

π
(z − tj)

)
.
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Theorem 2.3. For all 1 ≤ p ≤ ∞ the method

f(t) ≈
n∑
j=1

νj−1∑
ν=0

cjν(t, p)f (ν)(tj),

where

cjν(t, p) =
K

π

W (t)

ν!(νj − ν − 1)!

× lim
z→tj

(z − tj)νjd(z) dn
p−2
p

(
K

π
(t− z)

)
W (z) sn

(
K

π
(t− z)

)


(νj−ν−1)

,

d(z) =


cn

(
K

π
(t− z)

)
, N even,

dn

(
K

π
(t− z)

)
, N odd,

and k = κ(β), is an optimal method of recovery for Hβ
p (T). Moreover,

e(t, I,Hβ
p (T)) =


(

2K

π

)1/p

|W (t)|, N even,(
2K

π

)1/p√
k|W (t)|, N odd.

Proof. For k = κ(β) the function

b(z) =
√
k sn

K

π
z

is analytic in the strip Sβ. Moreover, |b(u + iβ)| ≡ 1 for all u ∈ R (see

(A.44)). Thus W (z) = W−1(z) for z ∈ ∂Sβ.

We first consider the case when N is an even number. Since dn
K

π
z is a

2π-periodic function which does not vanish in the strip Sβ and b(z + 2π) =
−b(z), for all even N

g(z) := W (z) dn2/p

(
K

π
(t− z)

)
∈ Hβ∞(T).

Let 1 ≤ p <∞. Put

α :=
2K

π
g(t).

For f ∈ Hβp (T) consider the integral

Jf :=
α

4π

∫
Γ0

g(z)|g(z)|p−2f(z) dz,
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where Γ0 := [−iβ, 2π − iβ] ∪ [iβ, 2π + iβ]. Using the properties of elliptic
functions (see Appendix) we have

(2.6) dn

(
K

π
(u± iβ)

)
= ±i

cn

(
K

π
(u± iβ)

)
sn

(
K

π
(u± iβ)

) .
The element of integration in Jf is 2π-periodic. So we can rewrite Jf in
the following form

Jf = −KW (t)

π

1

2πi

∫
Γε

cn

(
K

π
(t− z)

)
dn

p−2
p

(
K

π
(t− z)

)
W (z) sn

(
K

π
(t− z)

) f(z) dz,

where Γε is the boundary of the rectangle −ε ≤ Re z ≤ 2π − ε, | Im z| ≤ β,
and ε such that t, t1, . . . , tn lie inside this rectangle. By the residue theorem

(2.7) Jf = f(t)−
n∑
j=1

νj−1∑
ν=0

cjν(t, p)f (ν)(tj).

For f(z) = g(z) this equality gives

‖g‖Hβp (T)
=
( π

2K

)1/p
.

Using Theorem 1.10, we obtain the required statement in the considered
case.

If N is odd, then the same arguments should be applied for the function

g(z) =
√
k sn

(
K

π
(z − t+ π)

)
W (z) dn2/p

(
K

π
(t− z)

)
,

using the fact that

sn(u+K) =
cnu

dnu
.

For p =∞ consider the integral

Jf :=
α

4π

∫
Γ0

g(z)|ϕ(z)|f(z) dz,

where

ϕ(z) = dn2

(
K

π
(t− z)

)
,

and g(z) is defined as above depending on evenness of N . Further similarly
to the case 1 ≤ p <∞ we prove (2.7) and use Theorem 1.10. �



2.3. COUNTABLE SETS OF NODES 37

Corollary 2.4. Let k = κ(β) and ν1 = . . . = νn = 1. Then for all
1 ≤ p ≤ ∞ the method

f(t) ≈ K

π
W (t)

n∑
j=1

cnp

(
K

π
(t− tj)

)
W ′(tj)

f(tj),

where

(2.8) cnp(z) =


cn z dn

p−2
p z

sn z
, n even,

dn
2(p−1)
p z

sn z
, n odd,

is an optimal method of recovery for Hβ
p (T).

2.3. Countable Sets of Nodes

Consider the problem of optimal recovery of functions from Hp knowing
their values at countable set of points. Assume that the information operator
has the following form

(2.9) If =
{
f(zj), . . . , f

(νj−1)(zj)
}+∞

j=−∞
,

where zj ∈ (−1, 1). In this case we need an auxiliary lemma to obtain the
integral representation (1.17) which is used for the construction of optimal
method of recovery.

We recall that by an infinite Blaschke product for the unit disk D we
mean a function of the form

(2.10) B(z) =
∞∏
n=1

− zn
|zn|
· z − zn

1− znz
,

where zn ∈ D (for zn = 0 the fraction −zn/|zn| is replaced by unity and,
in accordance with this, we can assume that sign 0 = 1). It is well known
(see, for example, Garnett [1981]) that if the zn ∈ D satisfy the Blaschke
condition

∞∑
n=1

(1− |zn|) <∞,

then the product (2.10) converges in D, B(z) ∈ H∞, and |B(eiθ)| = 1 almost
everywhere.

Lemma 2.5. Suppose that the sequences {zj}∞−∞, {νj}∞−∞ are such that
−1 < zj < zj+1 < 1, νj ∈ N, j = 0,±1, . . . ,

∞∑
j=−∞

νj(1− |zj |) <∞,
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and for

W (z) :=

∞∏
j=−∞

(
− sign zj

z − zj
1− zjz

)νj
there exist αj ∈ (zj , zj+1), j = 0,±1, . . . , such that |W (αj)| ≥ c > 0. Then
for any f ∈ Hp, 1 ≤ p ≤ ∞, we have

1

2πi

∫
|z|=1

f(z)

W (z)
dz =

∞∑
j=−∞

(− sign zj)
νj

(νj − 1)!

(
f(z)(1− zjz)νj

ωj(z)

)(νj−1)∣∣z=zj ,
where

ωj(z) :=
∏
m6=j

(
− sign zm

z − zm
1− zmz

)νm
.

Proof. Since Hp ⊂ H1 for all 1 < p ≤ ∞, it suffices to consider the case
p = 1. We shall assume without loss of generality that zj 6= 0, j = 0,±1, . . .
(otherwise we can achieve this situation by a conformal mapping of the unit
disk). From the Fejér–Riesz (see Duren [1970, . 46])∫ 1

−1
|f(x)| dx ≤ π‖f‖H1

and the fact that for all x ∈ (0, 1)∣∣∣∣ ix− zj1− zjix

∣∣∣∣ ≥ |zj |,
and hence |W (ix)| ≥ |W (0)|, it follows that the integrals

Is :=
1

2πi

∫
∂Ds

f(z)

W (z)
dz, s = 1, 2,

exist; here Ds := {z ∈ D : (−1)s Re z > 0}. Thus,

1

2πi

∫
|z|=1

f(z)

W (z)
dz = I0 + I1.

Assume for definiteness that z0 < 0 < z1. We prove that

(2.11) I0 =
∞∑
j=1

(−1)νj

(νj − 1)!

(
f(z)(1− zjz)νj

ωj(z)

)(νj−1)∣∣z=zj .
Fix an arbitrary ε > 0 and choose ϕ ∈ (0, π/2) so that

1

2π

∫ ϕ

−ϕ
|f(eiθ)| dθ < ε.

Then in view of the well-known equality (see, for example, Goluzin [1966])

lim
r→1

1

2π

∫ 2π

0
|f(reiθ)− f(eiθ)| dθ = 0,
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there exists r1 ∈ (0, 1) such that for all r ∈ (r1, 1)

1

2π

∫ 2π

0
|f(reiθ)− f(eiθ)| dθ < ε.

Thus for all r ∈ (r1, 1) we have

(2.12)
1

2π

∫ ϕ

−ϕ
|f(reiθ)| dθ

≤ 1

2π

∫ ϕ

−ϕ
|f(eiθ)| dθ +

1

2π

∫ 2π

0
|f(reiθ)− f(eiθ)| dθ < 2ε.

From the Fejér–Riesz inequality it follows that there exists r2 ∈ (0, 1) such
that

(2.13)
1

2π

∫ 1

r2

|f(xeiθ)| dx < ε

for θ = ±ϕ. Let

r0 := max{ r1, r2, (1− sinϕ)/(1 + sinϕ) }, N := max{n : αn ≤ r0 }.

Then, upon setting

Sn := { z ∈ D : |z| > αn, | arg z| < ϕ }, Ωn := D0 \ Sn,
Γn := ∂D ∩ ∂Sn, γn := D ∩ ∂Sn,

we find that for all n > N

Rn :=

∣∣∣∣∣∣I0 −
n∑
j=1

(−1)νj

(νj − 1)!

(
f(z)(1− zjz)νj

ωj(z)

)(νj−1)∣∣z=zj
∣∣∣∣∣∣

=

∣∣∣∣I0 −
1

2πi

∫
∂Ωn

f(z)

W (z)
dz

∣∣∣∣ =

∣∣∣∣ 1

2πi

∫
Γn

f(z)

W (z)
dz − 1

2πi

∫
γn

f(z)

W (z)
dz

∣∣∣∣
≤ 1

2π

∫
Γn

|f(z)| |dz|+ 1

2π

∫
γn

∣∣∣∣ f(z)

W (z)

∣∣∣∣ |dz| < ε+
bn
2π

∫
γn

|f(z)| |dz|,

where

bn := sup
z∈γn
|W (z)|−1.

It is not difficult to see that the set of points z for which∣∣∣∣ z − zj1− zjz

∣∣∣∣ < ∣∣∣∣ αn − zj1− zjαn

∣∣∣∣ ,
for all j ≥ n+ 1 is a disk lying inside Sn, while for all 1 ≤ j ≤ n it is a disk
lying outside Sn. Hence it follows that for all z ∈ γn and j ≥ 0∣∣∣∣ z − zj1− zjz

∣∣∣∣ ≥ ∣∣∣∣ αn − zj1− zjαn

∣∣∣∣ .
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Consequently, for any z ∈ γn we have

|W (z)| ≥
−∞∏
j=0

∣∣∣∣ z − zj1− zjz

∣∣∣∣ ∞∏
j=1

∣∣∣∣ αn − zj1− zjαn

∣∣∣∣ ≥ |W (αn)|
−∞∏
j=0

|zj | ≥ c
−∞∏
j=0

|zj | =: c1.

Thus, bn ≤ c−1
1 and in view of (2.12), (2.13)

Rn < ε+
1

2πc1

(∫ ϕ

−ϕ
|f(ane

iθ)| dθ +

∫ 1

r0

|f(xeiϕ)| dx+

∫ 1

r0

|f(xe−iϕ)| dx
)

< ε(1 + 4c−1
1 ).

Thus, (2.11) is proved. The equality

I1 =
−∞∑
j=0

1

(νj − 1)!

(
f(z)(1− zjz)νj

ωj(z)

)(νj−1)∣∣z=zj
is proved in a similar fashion. �

The analogue of Theorem 2.1 for the information operator (2.9) is the
following result.

Theorem 2.6. Suppose that the system {zj}∞−∞ satisfies the hypothesis
of Lemma 2.5. Then for all 1 ≤ p ≤ ∞ the method

f(ξ) ≈
∞∑

j=−∞

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj),

where

cjν(ξ, p) =
W (ξ)(1− |ξ|2)

p−2
p

ν!(νj − ν − 1)!

(
(1− zjz)νj

ωj(z)(ξ − z)(1− ξz)
p−2
p

)(νj−ν−1)

∣∣z=zj ,

is an optimal method of recovery on the class Hp and

e(ξ, I,Hp) =
|W (ξ)|

(1− |ξ|2)1/p
.

Proof. For ξ ∈ D and f ∈ Hp put

(2.14) Jf :=
1

2πi

∫
|z|=1

W (ξ)

W (z)(z − ξ)

(
1− |ξ|2

1− ξz

) p−2
p

f(z) dz.

Consider the function g(z) := W (z)(1− ξz)−2/p. We have

Jf =
α

2π

∫ 2π

0
g(eiθ)|g(eiθ)|p−2f(eiθ) dθ, 1 ≤ p <∞,

where α = W (ξ)(1− |ξ|2)(p−2)/p, and for p =∞

Jf =
α

2π

∫ 2π

0
g(eiθ)ϕ(eiθ)f(eiθ) dθ,
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where ϕ(z) = |1 − ξz|−2. On the other hand, by applying Lemma 2.5 to
(2.14), we obtain

f(ξ)−
∞∑

j=−∞

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj) = Jf.

It remains to use Theorem 1.10. �

Corollary 2.7. Suppose that the system {zj}∞−∞ satisfies the hypothesis
of Lemma 2.5 for νj ≡ 1. Then for all 1 ≤ p ≤ ∞ the method

f(ξ) ≈W (ξ)
∞∑

j=−∞

1

W ′(zj)(ξ − zj)

(
1− |ξ|2

1− ξzj

) p−2
p

f(zj)

is an optimal method of recovery on the class Hp.

We consider some concrete systems of nodes. Let λ ∈ (0, 1),

(2.15) aj := tanh

(
j
πΛ

Λ′

)
, j = 0,±1, . . . ,

and

(2.16) B0(z) := z
∞∏
j=1

a2
j − z2

1− a2
jz

2
,

where Λ and Λ′ are the complete elliptic integrals of the first kind for the
moduli λ and λ′ =

√
1− λ2, respectively. Put h = e−πΛ/Λ′ . Then

aj =
1− h2j

1 + h2j
.

By making the substitution z = −i tanπv, we have

z2 =
cos 2πv − 1

cos 2πv + 1

and

B0(z) = −i tanπz

∞∏
j=1

1− 2h2j cos 2πv + h4j

1 + 2h2j cos 2πv + h4j
.

Using the representation of the elliptic sine and cosine by means of theta
functions and their product expansions (see Appendix), we obtain

B0(z) = −i
√
λ

sn(2Λ′v, λ′)

cn(2Λ′v, λ′)
.

From the second principal transform of the first degree (see Appendix)

sn(iu, λ′)

cn(iu, λ′)
= i sn(u, λ)
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and the fact that v =
i

π
arctanh z we find

(2.17) B0(z) =
√
λ sn

(
2Λ′

π
arctanh z, λ

)
.

Put

(2.18) bj := tanh

(
(2j − 1)

πΛ

2Λ′

)
, j = 0,±1, . . . .

Then

(2.19) B0(bj) = (−1)j+1
√
λ.

Consequently, the system {aj}∞−∞ satisfies the condition of Lemma 2.5, and
Corollary 2.7 is applicable to it.

Denote by Hβ
∞(R) the class of all functions analytic in the strip Sβ for

which |f(z)| ≤ 1, z ∈ Sβ. Under the conformal map of the strip Sβ onto the
unit disk D, defined by the function

z = tanh

(
π

4β
w

)
,

the system of nodes {jτ}∞−∞, τ > 0, is taken to the system {aj}∞−∞ if λ
is chosen from the condition Λ′/Λ = 4β/τ , that is, λ = κ(2πβ/τ). Using
the conformal equivalence of considered recovery problems for the classes

Hβ
∞(R) and H∞, we obtain from Corollary 2.7

Corollary 2.8. For all τ > 0 and t ∈ R the method

f(t) ≈ π

Λ′
sn

(
Λ′

2β
t, λ

) ∞∑
j=−∞

(−1)j
f(jτ)

sinh

(
π

2β
(t− jτ)

) ,
in which λ = κ(2β/τ), is an optimal method of recovery on the class Hβ

∞(R).
Moreover,

e(t, I,Hβ
∞(R)) =

√
λ

∣∣∣∣sn(Λ′

2β
t, λ

)∣∣∣∣ .
It should be noted that for the maximum value of the intrinsic error we

have

max
t∈R

e(t, I,Hβ
∞(R)) =

√
λ = 2e−πβ/τ +O

(
e−5πβ/τ

)
.

It is known that entire functions can be exactly reconstructed from their
values at the equidistant system of points with sufficiently small step (this
reconstruction is given by Kotelnikov’s formula or Cartwright’s formula). In
contrast to this fact functions which are analytic and bounded in a strip can
not be exactly recovered from their values at the equidistant system of points
independently of a step. Nevertheless, Corollary 2.8 gives the possibility to
recover approximately analytic functions (moreover, in the optimal way)
which are given at the equidistant system of points with arbitrary step.
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2.4. Optimal Nodes

In Sections 2.1 and 2.2 we obtained optimal methods of recovery of

functions from the classes Hp and Hβ
p (T) at a fixed point from their values

at some system of nodes. If we wish to recover a function not at one point
but on some set, then it is natural to ask: how to choose a system of nodes
to make the error of optimal recovery less?

Let us formulate this problem more precisely. Let W be a class of func-
tions defined on the set G, X be a normed linear space and W ⊂ X. Put

Iτf := (f(t1), . . . , f(tn)), τ = (t1, . . . , tn) ∈ Gn.
By the problem of optimal recovery on the space X we mean the problem

of finding the value

(2.20) sn(W,X) := inf
τ∈Gn

inf
S : Mn→X

sup
f∈W
‖f − S(Iτf)‖X ,

where M = R or C (depending on the field over which the space X is
considered). If some of s points coincide, we assume that together with
values of function values of consecutive derivatives up to (s − 1)-st order
are given (we assume that functions from W are sufficiently smooth). Any
nodes for which the lower bound in (2.20) is attained we call optimal nodes.
A method S for which the lower bound is attained for optimal nodes we call
an optimal method of recovery on the space X.

Proposition 2.9. If W is a balanced class of functions, then

(2.21) sn(W,X) ≥ inf
τ∈Gn

sup
f∈W
Iτf=0

‖f‖X .

Proof. Let τ = (t1, . . . , tn) ∈ Gn. For any ε > 0 there exists fε ∈ W
such that Iτfε = 0 and

‖fε‖X ≥ sup
f∈W
Iτf=0

‖f‖X − ε.

For any method S we have

‖fε − S(0)‖X + ‖ − fε − S(0)‖X ≥ 2‖fε‖X .
Since W is balanced,

sup
f∈W
‖f − S(Iτf)‖X ≥ ‖fε‖X ≥ sup

f∈W
Iτf=0

‖f‖X − ε.

In view of arbitrariness of ε > 0, S, and τ we get (2.21). �

Denote by e(t, Iτ ,W ) the intrinsic error of optimal recovery of functions
from the class W at a point t ∈ G from the values of the information operator
Iτ . In view of duality (1.11) for the convex and balanced class W

(2.22) e(t, Iτ ,W ) = sup
f∈W
Iτf=0

|f(t)|.
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Recall that any function for which the upper bound in (2.22) is attained we
call an extremal function.

Proposition 2.10. Let W be a convex balanced class of functions. Sup-
pose that ϕ(t, Iτ ) is an optimal method of recovery of functions from this
class at a point t ∈ G using the information operator Iτ . If for all τ ∈ Gn,
ϕ(·, Iτ ) ∈ X and there exists an extremal function in the problem (2.22)
which does not depend on t, then

sn(W,X) = inf
τ∈Gn

‖e(·, Iτ ,W )‖X

and ϕ(t, Iτ ) is an optimal method of recovery on the space X.

Proof. Putting S(t, Iτ ) = ϕ(t, Iτ ), we have

sn(W,X) ≤ inf
τ∈Gn

‖e(f(·),W, Iτ )‖X .

For τ ∈ Gn denote by fτ an extremal function for the problem (2.22) which
does not depend on t. Taking into account (2.21), we obtain

sn(W,X) ≥ inf
τ∈Gn

‖fτ‖X = inf
τ∈Gn

‖e(f(·),W, Iτ )‖X .

�

Let E be a compact from the unit disk D and µ be a positive measure on
it. Denote by Bn the set of all Blaschke products of degree at least n. Since
the conditions of Proposition 2.10 for the class H∞ (Theorem 2.1) hold, for
all 1 ≤ q ≤ ∞ we have

(2.23) sn(H∞, Lq(E,µ)) = inf
B∈Bn

‖B‖Lq(E,µ).

In the analogous problem for the class Hβ
∞(T) (Theorem 2.3) an extremal

function does not depend on the point in which a function is recovered only
for even n. Thus we have

(2.24) s2n(Hβ
∞(T), Lq(T)) = inf

τ∈T2n

∥∥∥∥kn 2n∏
j=1

sn

(
K

π
(· − tj)

)∥∥∥∥
q

,

where ‖ · ‖q is the standard norm in Lq(T), k = κ(β), and K is the complete
elliptic integral of the first kind with the modulus k.

We turn our attention to the case when sn can be expressed in terms of
the intrinsic error at a point in which we recover functions. In view of (2.21)

sn(Hβ
p (T), L∞(T)) ≥ inf

τ∈Tn
sup

f∈Hβ
p (T)

sup
t∈T
|f(t)| = inf

τ∈Tn
sup
t∈T

e(t, Iτ , H
β
p (T)).

On the other hand, if we consider the method of recovery obtained in The-
orem 2.3, we obtain

sn(Hβ
p (T), L∞(T)) ≤ inf

τ∈Tn
sup
t∈T

e(t, Iτ , H
β
p (T)).
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Hence for all n ∈ N and for all 1 ≤ p ≤ ∞
(2.25)

sn(Hβ
p (T), L∞(T)) =

(
2K

π

)1/p

k[n+1
2

] inf
τ∈Tn

sup
t∈T

∣∣∣∣ n∏
j=1

sn

(
K

π
(t− tj)

)∣∣∣∣,
where [x] is the integral part of x.

First we consider the extremal problem (2.23) for the case when E =

Tρ := {z ∈ C : |z| = ρ}, 0 < ρ < 1, and µ = σρ, where dσρ(ρe
iθ) =

1

2π
dθ.

Proposition 2.11. For all 1 ≤ q ≤ ∞ and 0 < ρ < 1

inf
B∈Bn

‖B‖Lq(Tρ,σρ) = ρn.

Proof. Putting B̃(z) = zn, we obtain

inf
B∈Bn

‖B‖Lq(Tρ,σρ) ≤ ‖B̃‖Lq(Tρ,σρ) = ρn.

Since ‖ · ‖L1(Tρ,σρ) ≤ ‖ · ‖Lq(Tρ,σρ) for all 1 < q ≤ ∞, it suffices to prove the
lower bound for q = 1. Let 0 ≤ m ≤ n,

B(z) = zm
n−m∏
j=1

z − zj
1− zjz

,

and |zj | ≤ ρ, j = 1, . . . , s, |zj | > ρ, j = s+ 1, . . . , n−m. In view of Jensen’s
inequality ∫

Tρ

|B(z)| dσρ(z) ≥ exp

(∫
Tρ

log |B(z)| dσρ(z)

)
.

By Jensen’s formula we have∫
Tρ

log |B(z)| dσρ(z) = m log ρ+

n−m∑
j=1

log |zj |+
s∑
j=1

log
ρ

|zj |

= (m+ s) log ρ+
n−m∑
j=s+1

log |zj | ≥ n log ρ.

Thus for all B ∈ Bn
‖B‖L1(Tρ,σρ) ≥ ρn.

�

Theorem 2.12. For all 1 ≤ q ≤ p ≤ ∞
sn(Hp, Lq(Tρ, σρ)) = ρn.

Proof. By Propositions 2.9 and 2.11

sn(Hp, Lq(Tρ, σρ)) ≥ inf
τ∈En

sup
f∈Hp
Iτf=0

‖f‖Lq(Tρ,σρ) ≥ inf
B∈Bn

‖B‖Lq(Tρ,σρ) = ρn.
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Since Hp ⊂ Hq for all 1 ≤ q < p ≤ ∞,

sn(Hp, Lq(Tρ, σρ)) ≤ sn(Hq, Lq(Tρ, σρ)).

Therefore it suffices to prove the upper bound for the case when p = q. Put

pf (ξ) :=

n−1∑
j=0

ξj

j!
(1− |ξ|2(n−j))f (j)(0).

Recall that pf (ξ) is an optimal method of recovery at a point ξ of function
from the class H∞ (see (2.3)). By the residue theorem we have

f(ξ)− pf (ξ) =
1

2πi

∫
|z|=1

ξn(1− |ξ|2)f(z)

zn(z − ξ)(1− ξz)
dz

=
1

2π

∫ 2π

0

ξn(1− |ξ|2)f(eiθ)

einθ|1− e−iθξ|2
dθ.

Thus for ξ = ρeit we get

f(ξ)− pf (ξ) = ρn(Pρ ∗ F )(t),

where

Pρ(θ) =
1

2π
einθ

1− ρ2

|1− ρeiθ|2
, F (θ) = f(eiθ).

Using the well-known inequality

‖f ∗ g‖q ≤ ‖f‖1‖g‖q,
we have

sn(Hq, Lq(Tρ, σρ)) ≤ sup
f∈Hq

‖f − pf‖Lq(Tρ,σρ) ≤ ρn‖Pρ‖1 = ρn.

(Since |Pρ(θ)| =
1

2π
P (eiθ, ρ), where P is the Poisson kernel, ‖Pρ‖1 = 1). �

In order to solve the extremal problem (2.23) in the case when E is
an interval of real axis and extremal problems (2.24), (2.25), we need a
generalization of a result of Pinkus [1979].

We denote by S(f) the number of sign changes of a picewise-continuous
real 2π-periodic function over a period. For a real continuous 2π-periodic
function K we set

(K ∗ f)(x) :=

∫ 2π

0
K(x− t)f(t) dt.

We say that K ∈ NCVD (non-degenerate cyclic variation diminishing), if
S(K ∗ f) ≤ S(f) for all f and

dim span{K(x1 − ·), . . . ,K(xn − ·) } = n

for all 0 ≤ x1 < . . . < xn < 2π and all n. If for all 0 ≤ x1 < . . . < x2l+1 < 2π,
0 ≤ y1 < . . . < y2l+1 < 2π the inequality

εdet (K(xj − ym))2l+1
j,m=1 > 0
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holds, where ε = 1 or −1, then we say that K ∈ SSC2l+1 (strictly sign
consistent).

Put

Θn := { θ : θ = (θ1, . . . , θn), 0 ≤ θ1 ≤ . . . ≤ θn < 2π }.

For η ∈ Θ2n we set

hη(t) := (−1)j , t ∈ [ηj−1, ηj), j = 1, . . . , 2n+ 1,

where η0 := 0, η2n+1 := 2π. We denote by hn(t) the function hη(t), when
ηj = (j − 1)π/n, j = 1, . . . , 2n.

Theorem 2.13. Let K ∈ NCVD, and let ϕ be a nonnegative continu-
ously differentiable function defined on [0, ‖K‖1] such that ϕ′ is positive and
increasing in the interval (0, ‖K‖1). Then for all 1 ≤ q ≤ ∞

inf
η∈Θ2n

‖ϕ(|K ∗ hη|)‖q = ‖ϕ(|K ∗ hn|)‖q.

Moreover, if K ∈ SSC2l+1, l = 0, 1, . . . , n, and the infimum is attained for
η∗ ∈ Θ2n, then η∗j+1 − η∗j = π/n, j = 1, . . . , 2n− 1.

This theorem was proved for ϕ(x) = x by Pinkus [1979] (see also Pinkus
[1985, p. 174]). The proof for the general case is carried out along the same
lines.

Theorem 2.14. Let ϕ be a function defined on [0, 1] and satisfying the
condition of Theorem 2.13. Then for all k ∈ (0, 1) and s ∈ N

inf
θ∈Θs

∥∥∥∥ϕ( 4

π
arctan

∣∣∣∣ks/2 s∏
j=1

sn

(
K

π
(· − θj)

)∣∣∣∣)∥∥∥∥
q

=



2π

Λ

∫ 1

0

ϕq
(

4

π
arctan(

√
λt)

)
dt√

(1− t2)(1− λ2t2)


1/q

, 1 ≤ q <∞,

ϕ

(
4

π
arctan

√
λ

)
, q =∞,

where λ = κ

(
πK ′

2K
s

)
, κ is defined by (2.5), and Λ is the complete elliptic

integral of the first kind for the modulus λ (that is, λ is defined by the
condition Λ′/Λ = sK ′/K). Moreover, if the infimum is attained for θ∗,
then θ∗j+1 − θ∗j = 2π/s, j = 1, . . . , s− 1.

Proof. We denote by hβ∞,R(T) the class of analytic functions in the
strip Sβ that are real on the real axis, 2π-periodic and satisfy the condition

|Re f(z)| ≤ 1, z ∈ Sβ.
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Functions from the class hβ∞,R(T) admit the representation (see Akhiezer

[1965, p. 269])

f(z) =

∫ 2π

0
Kβ(z − t) Re f(t+ iβ) dt,

where

Kβ(z) =
1

2π

(
1 + 2

∞∑
j=1

cos jz

cosh jβ

)
.

It is known (see Pinkus [1985, p. 128]), that Kβ ∈ NCVD. Furthermore, it
was proved by Forst [1977] that Kβ ∈ SSC2l+1 for all l = 0, 1, . . . .

First we consider the case when s is even. Let s = 2n and θ ∈ Θ2n. Put

fθ(z) :=
4

π
arctan

(
kn

2n∏
j=1

sn

(
K

π
(z − θj)

))
.

Since sn(u + 2K) = − snu and |
√
k snu| < 1 for | Imu| < K ′/2, it follows

that fθ ∈ hβ∞,R(T) for β =
πK ′

2K
. It follows from the equality

(2.26)
√
k sn(u+ iK ′/2) =

(1 + k) snu+ i cnudnu

1 + k sn2 u

(see Appendix) that
√
k sn(u+ iK ′/2) = eiω(u)

for 0 ≤ u ≤ 2K, where ω(u) is monotone increasing from 0 to π. Since for
|z| = 1 and z 6= ±i

Re

(
4

π
arctan z

)
= sign Re z,

it follows that for all t ∈ T

Re fθ(t+ iβ) = sign Re exp

(
i

2n∑
j=1

ωj(t)

)
,

where
∑2n

j=1 ωj(t) is monotone increasing from some α to α + 2πn. Hence
there exists η ∈ Θ2n such that

fθ(z) = ε(Kβ ∗ hη)(z)

for ε = 1 or −1. From Theorem 2.13 for K = Kβ we obtain
(2.27)

inf
θ∈Θ2n

‖ϕ(|fθ(·)|)‖q ≥ inf
η∈Θ2n

‖ϕ(|(Kβ ∗ hη)(·)|)‖q = ‖ϕ(|(Kβ ∗ hn)(·)|)‖q.

We denote by fn the function fθ for θj = (j − 1)π/n, j = 1, . . . , 2n.
Using the equalities

sn(u− 2K) = − snu, sn(u+ v) sn(u− v) =
sn2 u− sn2 v

1− k2 sn2 u sn2 v
,
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as well as the first principal transform of elliptic functions of degree 2n (see
Appendix) we find

fn

(
z − π

2n

)
=

4

π
arctan

(
(−1)nkn

n∏
j=1

sn

(
K

π
z − 2j − 1

2n
K

)
sn

(
K

π
z +

2j − 1

2n
K

))

=
4

π
arctan

kn n∏
j=1

sn2 2j − 1

2n
K − sn2 K

π
z

1− k2 sn2
2j − 1

2n
K sn2

K

π
z


=

4

π
arctan

(√
λ sn

(
2nΛ

π
z + Λ, λ

))
,

where Λ′/Λ = 2nK ′/K, that is, λ = κ

(
πK ′

K
n

)
(see (A.38)). Thus,

fn(z) = − 4

π
arctan

(√
λ sn

(
2nΛ

π
z, λ

))
.

Since fn ∈ hβ∞,R(T) and in view of (2.26),

Re fn(t+ iβ) = − sign sn

(
2nΛ

π
z, λ

)
= −hn(t),

it follows that

(2.28) (Kβ ∗ hn)(z) =
4

π
arctan

(√
λ sn

(
2nΛ

π
z, λ

))
,

i.e., fn(z) = −(Kβ ∗ hn)(z). Thus, taking (2.27) into account, we have

inf
θ∈Θ2n

‖ϕ(|fθ(·)|)‖q = ‖ϕ(|fn(·)|)‖q =

∥∥∥∥ϕ( 4

π
arctan

∣∣∣∣√λ sn

(
2nΛ

π
·, λ
)∣∣∣∣)∥∥∥∥

q

.

From this we immediately obtain the assertion in the case under consider-

ation when q = ∞. For 1 ≤ q < ∞ we make the substitutions x =
2nΛ

π
z

and t = sn(x, λ), and use the standard properties of the elliptic functions to
obtain∥∥∥∥ϕ( 4

π
arctan

∣∣∣∣√λ sn

(
2nΛ

π
·, λ
)∣∣∣∣)∥∥∥∥

q

=

(
2π

Λ

∫ 1

0
ϕq
(

4

π
arctan

(√
λ sn(x, λ)

))
dx

)1/q

=

2π

Λ

∫ 1

0

ϕq
(

4

π
arctan(

√
λt)

)
dt√

(1− t2)(1− λ2t2)


1/q

.
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If the infimum on the left-hand side of (2.27) is attained for θ ∈ Θ2n, then
it follows from Theorem 2.13 that fθ is the same as Kβ ∗ hn to within a
translation. Hence the zeros of fθ are uniformly distributed with step size
π/n.

Suppose now that s is odd. Using the Landen transform (see Appendix),
we find that

(2.29)
√
k sn

(
2K

π
u

)
= −l sn

(
L

π
u, l

)
sn

(
L

π
(u− π), l

)
,

where

l =
2
√
k

1 + k
,

L′

L
=
K ′

2K
,

and L and L′ are the complete elliptic integrals of the first kind for the
moduli l and l′ =

√
1− l2, respectively. It follows from (2.29) that

ks/2
s∏
j=1

sn

(
K

π
(t− θj)

)
= (−1)sls

2s∏
j=1

sn

(
L

π

(
t

2
− θj

2

)
, l

)
,

where θn+j = 2π+θj , j = 1, . . . , n. The assertion of the theorem now follows
from the corresponding assertion for the even case. �

Let Lqk := Lq([−
√
k,
√
k], νk), where

dνk(z) :=
π

2K

dz√
(k − z2)(1− kz2)

, k ∈ (0, 1).

Using the theorem proved above, we can find the Blaschke products from
Bn which have the least deviation from zero in the norm of the space Lqk.

Theorem 2.15. Let ϕ be a function defined on [0, 1] and satisfying the
condition of Theorem 2.13. Then for all k ∈ (0, 1)

(2.30) inf
B∈Bn

∥∥∥∥ϕ( 4

π
arctan |B(·)|

)∥∥∥∥
Lqk

=



π

Λ

∫ 1

0

ϕq
(

4

π
arctan(

√
λt)

)
dt√

(1− t2)(1− λ2t2)


1/q

, 1 ≤ q <∞,

ϕ

(
4

π
arctan

√
λ

)
, q =∞,

where λ = κ

(
πK ′

2K
n

)
. The unique function from Bn for which the infimum

is attained is the Blaschke product with the zeros

(2.31) zj :=
√
k sn

((
2j − 1

n
− 1

)
K

)
, j = 1, . . . , n.



2.4. OPTIMAL NODES 51

Proof. If x ∈ (−1, 1), α+ iβ ∈ D, α, β ∈ R, and β 6= 0, then

(2.32)

∣∣∣∣ x− α− iβ
1− (α− iβ)x

∣∣∣∣ > ∣∣∣∣ x− α1− αx

∣∣∣∣ .
Therefore the infimum in (2.30) can be considered over the Blaschke prod-

ucts with real zeros. Moreover, since as
√
k < |α| < 1, for all x ∈ [−

√
k,
√
k]∣∣∣∣ x− α1− αx

∣∣∣∣ >
∣∣∣∣∣ x−

√
k signα

1− x
√
k signα

∣∣∣∣∣ ,
it follows that the infimum in (2.30) can be considered only over the Blaschke

products with zeros from [−
√
k,
√
k]. Let

B(z) =
n∏
j=1

z − αj
1− αjz

, αj ∈ [−
√
k,
√
k].

Put l = 2
√
k/(1 + k). Making the substitutions z = (x −

√
k)/(1 −

√
kx),

x = l sn2(y, l) and using the fact that L = (1+k)K, where L is the complete
elliptic integral of the first kind for the modulus l (see the Gauss transform

in Appendix), we obtain dνk(z) =
π

2L
dy,

B(z) = ln
n∏
j=1

sn2(y, l)− sn2(yj , l)

1− l2 sn2(yj , l) sn2(y, l)
= ln

n∏
j=1

sn(y − yj , l) sn(y + yj , l),

where αj = (xj −
√
k)/(1−

√
kxj) and xj = l sn2(yj , l). Putting t = πy/L,

θj = πyj/L, we have

inf
B∈Bn

∥∥∥∥ϕ( 4

π
arctan |B(·)|

)∥∥∥∥
Lqk

= inf
0≤θj≤π

(∫ π

0
ϕq
(

4

π
arctan |fθ(t)|

)
dt

)1/q

,

where

fθ(t) = ln
n∏
j=1

sn

(
L

π
(t− θj), l

)
sn

(
L

π
(t+ θj), l

)
.

Since fθ(−t) = fθ(t),
(2.33)

inf
B∈Bn

∥∥∥∥ϕ( 4

π
arctan |B(·)|

)∥∥∥∥
Lqk

= 2−1/q inf
0≤θj≤π

∥∥∥∥ϕ( 4

π
arctan |fθ(·)|

)∥∥∥∥
q

.

Taking into account that
L′

L
=
K ′

2K
,

we obtain from Theorem 2.14 the equality (2.30). Moreover, the system of
nodes

θj =
2j − 1

2n
π, j = 1, . . . , n,

are the unique system for which the infimum in the right-hand side of
(2.33) is attained. Consequently, the unique function from Bn for which
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the infimum is attained is the Blaschke product with the zeros zj =

(xj −
√
k)/(1−

√
kxj), where

xj = l sn2

(
2j − 1

2n
L, l

)
.

Using the Gauss transform it is easy to check that the nodes zj coincide
with the nodes defined by (2.31). �

Now we can find the value sn(H∞, Lqk). Putting in Theorem 2.15 ϕ(x) =

tan
π

4
x and taking into account (2.23), we have

Theorem 2.16. For all k ∈ (0, 1)

sn(H∞, Lqk) =


√
λ
(π

Λ
Jq(λ)

)1/q
, 1 ≤ q <∞,

√
λ, q =∞,

where

Jq(λ) :=

∫ 1

0

tq dt√
(1− t2)(1− λ2t2)

,

λ = κ

(
πK ′

2K
n

)
. Moreover, the unique optimal nodes are the nodes defined

by (2.31).

Using the expansion (see (A.36))

Λ =
π

2

(
1 + 2

∞∑
m=1

e−
πΛ′
Λ
m2

)2

,

and the fact that

∫ 1

0
xq(1− x2)−1/2dx =

√
π

2

Γ

(
q + 1

2

)
Γ
(q

2
+ 1
) ,

we obtain the following asymptotic equality

(2.34)
√
λ
(π

Λ
Jq(λ)

)1/q
= 2

√πΓ

(
q + 1

2

)
Γ
(q

2
+ 1
)


1/q

e−
πK′
4K

n +O
(
e−

5πK′
4K

n
)
.

Let Ec be the interior of the ellipse with foci at the points ±1 and sum
c > 1 of its semiaxes. Denote by H∞(Ec) the set of all functions analytic in
Ec and satisfying there the condition |f(z)| ≤ 1. The function

(2.35) z(w) :=
√
k sn

(
2K

π
arcsinw

)
,
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where the modulus k satisfies

K ′

K
=

4

π
log c,

maps Ec conformally on the unit disk D. This map carries the interval [−1, 1]

to the interval [−
√
k,
√
k], and the Chebyshev nodes

wj = cos
2j − 1

2n
π, j = 1, . . . , n,

to the nodes (2.31). In addition,

dνk(z) =
dw√

1− w2
.

Therefore from Theorem 2.16 follows

Corollary 2.17. For all c > 1

sn(H∞(Ec), Lq([−1, 1], µ))

=



√
λ
(π

Λ
Jq(λ)

)1/q
= 2

√πΓ

(
q + 1

2

)
Γ
(q

2
+ 1
)


1/q

c−n

+O
(
c−5n

)
, 1 ≤ q <∞,

√
λ = 2c−n +O

(
c−5n

)
, q =∞,

where

dµ(w) :=
dw√

1− w2
, λ = κ(2n log c).

Moreover, the unique system of optimal nodes is the Chebyshev system of
nodes.

Now let us find the value sn(Hβ
p (T), Lq(T)).

Theorem 2.18. For all β > 0

sn(Hβ
p (T), L∞(T)) =


(

2K

π

)1/p√
λn, n even,(

2K

π

)1/p√
k
√
λn, n odd,

(2.36)

s2n(Hβ
∞(T), Lq(T)) =

√
λ2n

(
2π

Λ2n
Jq(λ2n)

)1/q

, 1 ≤ q <∞,(2.37)

where λn = κ(βn), while K, K ′ and Λn are the complete elliptic integrals

for the moduli k = κ(β), k′ =
√

1− k2, and λn. The equidistant system of
nodes on T is the unique system of optimal nodes for the value (2.36) up to
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within a translation. The corresponding optimal methods of recovery have
the form

f(t) ≈ K

nΛn
sn

(
nΛn
π

t, λn

) n−1∑
j=0

(−1)jcnp

(
K

π
t− j 2K

n

)
f

(
j

2π

n

)
,

f(t) ≈ K

2nΛ2n
sn

(
2nΛ2n

π
t, λ2n

) 2n−1∑
j=0

(−1)jc2n,∞

(
K

π
t− jK

n

)
f
(
j
π

n

)
,

where cnp are defined by (2.8).

Proof. The equalities (2.36) and (2.37) follow from (2.25), (2.24), and

Theorem 2.14 in which ϕ(x) = tan
π

4
x. To find optimal methods of recovery

we use Corollary 2.4 and the fact that in view of the first principal transform
of degree n (see Appendix) for the function

W (t) = kn/2
n−1∏
j=0

sn

(
K

π
t− j 2K

n

)
the equality

W (t) = (−1)n+1
√
λn sn

(
nΛn
π

t, λn

)
holds. �

Using the equality analogous to (2.34), one can obtain the following
asymptotic equality for 1 ≤ q <∞

s2n(Hβ
∞(T), Lq(T)) = 2

2
√
π

Γ

(
q + 1

2

)
Γ
(q

2
+ 1
)


1/q

e−βn +O
(
e−5βn

)
.

2.5. Functions of Several Variables

In this section, we consider the problem of optimal recovery for the
multidimensional case. Let Bn be the unit ball of Cn and Sn its boundary:

Bn := { z = (z1, . . . , zn) ∈ Cn : |z|2 :=
n∑
k=1

|zk|2 < 1 },

Sn := { z ∈ Cn : |z| = 1 }.
The Hardy space Hp(Bn) is the set of holomorphic functions in Bn satisfying
the condition

‖f‖Hp(Bn) := sup
0<r<1

(∫
Sn

|f(rz)|p dσn(z)

)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞(Bn) := sup
z∈Bn

|f(z)| <∞, p =∞,
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where σn is the probability measure which is invariant with respect to the
orthogonal group O(2n). It is known (see Rudin [1980]) that functions
from Hp(Bn) have finite boundary values almost everywhere which belong
to Lp(Sn, σn). Thus Hp(Bn) can be considered as a subspace of Lp(Sn, σn).

Set

Hp(Bn) := { f ∈ Hp(Bn) : ‖f‖Hp(Bn) ≤ 1 }.

For multiindex α = (α1, . . . , αn) set

|α| := α1 + · · ·+ αn, Dα := Dα1
1 . . . Dαn

n , Dj :=
∂

∂zj
.

We consider the problem of optimal recovery of f ∈ Hp(Bn) at a point
a ∈ Bn from exact values of the traces of Dαf , |α| = 0, . . . , r − 1, given on
some set A ⊂ B. Thus the information operator in the considered case has
the form

If = IrAf :=
{
Dαf|A

}r−1

|α|=0
.

We wish to find the intrinsic error which we denote by e(a, IrA, Hp(Bn)) and
an optimal method of recovery.

We need several auxiliary results related to weighted reproducing kernels
in Hp(Bn). Let u ∈ C, |u| < 1, and ρ ≥ 1. Set

(2.38) Φn(ρ, u) :=
∞∑
k=0

Γ(n+ k + ρ/2)

Γ(k + ρ/2 + 1)
uk.

For z = (z1, . . . , zn) ∈ Cn and 1 ≤ k ≤ n put

z′k := (z1, . . . , zn−k, 0, . . . , 0), z′′k := z − z′k,

〈z, w〉 :=
n∑
k=1

zkwk, z, w ∈ Cn, sk(z, w) :=
〈z, w′′k〉

1− 〈z, w′k〉
,

Krk(z, w) :=
〈z, w′′k〉rΦn(rp, sk(z, w))

(n− 1)!(1− 〈z, w′k〉)n+rp/2
.

Note that sk(z, w) = sk(w, z) and Krk(z, w) = Krk(w, z).

Proposition 2.19. For all 1 ≤ p <∞, z ∈ Bn, and f ∈ Hp(Bn)

(2.39) f(z)−
r−1∑
j=0

1

j!

(
Dj
nf
)

(z′1)zjn =

∫
Sn

Kr1(z, w)f(w)|wn|r(p−2) dσn(w).

Proof. As polynomials are dense in Hp(Bn) it is sufficient to prove
(2.39) for the functions of the kind f(z) = g(z′)zmn , m = 0, 1, . . . , where g(z′)
is a polynomial which depends only on z1, . . . , zn−1 (z′ := (z1, . . . , zn−1)).
Let νn be the normalized Lebesgue measure on Bn. The integral in (2.39)
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can be reduced to the integral over Bn−1 (see Rudin [1980])∫
Sn

Kr1(z, w)g(w′)wmn |wn|r(p−2) dσn(w)

=
1

(n− 1)!

∫
Bn−1

(1− |w′|2)r(p−2)/2g(w′) dνn−1(w′)

(1− 〈z′, w′〉)n+rp/2

× 1

2π

∫ π

−π
zrnw

r
nw

m
n e

i(m−r)θ
∞∑
k=0

Γ(n+ k + rp/2)

Γ(k + rp/2 + 1)

zknw
k
ne
−ikθ

(1− 〈z′, w′〉)k
dθ

=


0, m < r,

zmn

∫
Bn−1

Ks(z
′, w′)g(w′) dνn−1(w′), m ≥ r,

where

Ks(z
′, w′) :=

Γ(n+ s)

Γ(n)Γ(s+ 1)

(1− |w′|2)
s

(1− 〈z′, w′〉)n+s
, s := m+ r(p− 2)/2.

It is known that for all s > −1 the kernel Ks(z
′, w′) is the reproducing kernel

in H∞(Bn−1) (see Rudin [1980, p. 121]). Thus∫
Sn

Kr1(z, w)g(w′)wmn |wn|r(p−2) dσn(w) =

{
0, m < r,

g(z′)zmn , m ≥ r,

It is easy to check that these values coincide with the left-hand side of
(2.39). �

For a ∈ C denote by Pa the orthogonal projection of Cn onto subspace
induced by the vector a:

Pa :=


〈z, a〉
〈a, a〉

a, a 6= 0,

0, a = 0.

Proposition 2.20. For all 1 ≤ p <∞, z ∈ Bn, and f ∈ Hp(Bn)

f(z)−
r−1∑
j=0

1

j!
djf∣∣z′k =

∫
Sn

Krk(z, w)f(w)|Pz′′kw|
r(p−2) dσn(w),

where dz = z′′k .

Proof. For z′′k = 0 the statement is evident. Suppose that z′′k 6= 0. By
Proposition 2.19 it follows that for all g ∈ Hp(Bn) and v ∈ Bn

(2.40) g(v)−
r−1∑
j=0

1

j!
djg∣∣v′1 =

∫
Sn

Kr1(v, y)g(y)|yn|r(p−2) dσn(y),
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where dv = v′′1 . Let U be an unitary n × n matrix and f ∈ Hp(Bn). Set
g(v) = f(U−1v). Then g ∈ Hp(Bn). Using (2.40), we obtain

(2.41) f(U−1v)−
r−1∑
j=0

1

j!
djf∣∣U−1v′1

=

∫
Sn

Kr1(v, y)f(U−1y)|yn|r(p−2) dσn(y),

where dz = U−1v′′1 . For a fixed z ∈ Bn such that z′′k 6= 0 consider the matrix
U of the form

(2.42) U =



1
. . .

1

0

0 C


,

where C is the unitary k× k matrix which transforms (zn−k+1, . . . , zn) into
(0, . . . , 0, |z′′k |). Substituting v = Uz, y = Uw in (2.41) and using the fact
that the measure σn is invariant with respect to unitary transformations, we
obtain

f(z)−
r−1∑
j=0

1

j!
djf∣∣z′k =

∫
Sn

Kr1(Uz, Uw)f(w)|(Uw)n|r(p−2) dσn(w),

where dz = z′′k . We have

〈(Uz)′1, (Uw)′1〉 = 〈z′k, (Uw)′1〉 = 〈z′k, Uw〉 = 〈Uz′k, Uw〉 = 〈z′k, w〉 = 〈z′k, w′k〉,

|z′′k |(Uw)n = (Uz)n(Uw)n = 〈Uz, Uw〉 − 〈(Uz)′1, (Uw)′1〉
= 〈z, w〉 − 〈z′k, w′k〉 = 〈z′′k , w′′k〉.

Hence

s1(Uz, Uw) = sk(z, w), Kr1(Uz, Uw) = Krk(z, w),

|(Uw)n| =
|〈z′′k , w′′k〉|
|z′′k |

= |Pz′′kw|.

�

Consider the function Φn(ρ, u) defined by (2.38). It can be easily checked
that

(2.43) Φn(ρ, u) =
Γ(n+ ρ/2)

Γ(ρ/2)
(1− u)−nQn−1(ρ, u),

where

Qn(ρ, u) =

n∑
k=0

(−1)k

k + ρ/2

(
n

k

)
uk.
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Set

λn(ρ) := min{ |u| : Qn−1(ρ, u) = 0 }.

Proposition 2.21.

(i) If n ≤ 4, then for every 1 ≤ ρ <∞, λn(ρ) > 1.
(ii) For every n ≥ 5 there exist ρ, 1 ≤ ρ <∞, such that λn(ρ) < 1.

(iii) For all 1 ≤ ρ <∞

(2.44) λn(ρ) ≥ ρ+ 2

ρ+ 2n
.

Proof. It is easy to check that Qn(ρ, u) has no zeros in the unit disk
for n ≤ 2. Consider the polynomial

Q3(ρ, u) =
1

ρ/2
− 3u

1 + ρ/2
+

3u2

2 + ρ/2
− u3

3 + ρ/2
.

For u ∈ R
dQ3(ρ, u)

du
< 0.

Consequently Q3(ρ, u) has the only real zero. It can be easily proved that
this zero belongs to the interval (1, 1 + 6/ρ), and so the moduli of the other
zeros are greater than 1.

An easy computation shows that

(2.45) Qn(ρ, u) =

∫ 1

0
tρ/2−1(1− ut)n dt.

Set s = 2 + ρ/2. Then

Q4(ρ, u) =
1

s− 2
− 4u

s− 1
+

6u2

s
− 4u3

s+ 1
+

u4

s+ 2
.

It follows from (2.45) that Q4(ρ, u) has no real zeros. Let u1, u1, u2, and u2

be the zeros of Q4(ρ, u). In view of the Viete Theorem

Reu1 + Reu2 = 2
s+ 2

s+ 1
,

|u1|2 + |u2|2 + 4 Reu1 Reu2 = 6
s+ 2

s
,

|u1|2 Reu2 + |u2|2 Reu1 = 2
s+ 2

s− 1
,

|u1|2|u2|2 =
s+ 2

s− 2
.

Suppose |u1| = 1. From the first, third, and fourth equations of this system
we find

Reu1 =
s2 − 4

s2 − 1
,

Reu2 =
s2 + 2s

s2 − 1
.
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Using the second equation, we obtain s2 + 2 = 0. This contradiction proves
that Q4(ρ, u) has no zeros with modulus equals 1.

Let ρ = 2. Then from (2.45)

Q4(2, u) =
1− (1− u)5

5u
.

Hence Q4(2, u) has no zeros in the closed unit disk. Suppose that there
exists a ρ0 such that Q4(ρ0, u) has zeros inside the unit disk. We can easily
check that Q4(ρ, u) has no multiple zeros and hence the zeros of Q4(ρ, u) are
differentiable functions of ρ. Therefore there exists a ρ1 such that Q4(ρ1, u)
has a zero with modulus equal to 1 but we proved previously that this is
impossible.

To prove (ii) note that from (2.45)

Qn(2, u) =
1− (1− u)n+1

(n+ 1)u
.

Thus un = 1− e2πi/(n+1) is the zero of Qn(2, u). Since |un| < 1 for all n ≥ 6,
we need only to prove that Q5(ρ, u) has zeros inside the unit disk for some
ρ ≥ 1. Let u(ρ) be the zero of Q5(ρ, u) such that u(2) = u5. Then it can be
checked that

du(ρ)

dρ

∣∣∣∣
ρ=2

=
119 + i56

√
3

360
.

Thus for ρ > 2 and sufficiently close to 2, |u(ρ)| < 1.
To prove (iii) it suffices to show that the function Φn(ρ, u) does not

vanish in the disk

|u| < ρ+ 2

ρ+ 2n
.

Consider the function

φ(v) := Φn

(
ρ,

ρ+ 2

ρ+ 2n
v

)
=

∞∑
k=0

dkv
k.

It is easy to check that d0 = d1 > d2 > . . . > dk > . . . > 0. Thus

|(1− v)φ(v)| =
∣∣∣∣d0 −

∞∑
k=0

(dk − dk+1)vk+1

∣∣∣∣
≥ d0 −

∣∣∣∣ ∞∑
k=0

(dk − dk+1)vk+1

∣∣∣∣ ≥ d0 − |v|2d1 = (1− |v|2)d0.

Hence φ(v) 6= 0 if |v| < 1. �

Put

∆nk(ρ) :=

{
z ∈ Bn :

|z′′k |2

λ2
n(ρ)

+ |z′k|2 < 1

}
, ∆nk(∞) := Bn.

It is clear that ∆nk(ρ) = Bn if λn(ρ) ≥ 1. In particular, by Proposition 2.21
it follows that for all 1 ≤ p ≤ ∞ and 1 ≤ n ≤ 5, ∆nk(ρ) = Bn.
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Theorem 2.22. Let 1 ≤ p ≤ ∞ and A = Ak := { z ∈ Bn : zn−k+1 =
. . . = zn = 0 }, 1 ≤ k ≤ n. For all a ∈ ∆nk(rp) the method

f(a) ≈


χ(2−p)/p(a)

r−1∑
j=0

1

j!
dj
(
χ(p−2)/p(z)f(z)

)∣∣z=a′k , 1 ≤ p <∞,

(1− |a|2)
r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, a〉

)∣∣z=a′k , p =∞,

where dz = a′′k and

χ(z) :=
Φn(rp, sk(z, a))

(n− 1)!(1− 〈z, a′k〉)n+rp/2
,

is optimal for the class Hp(Bn). Moreover,

e(a, IrAk , Hp(Bn)) =


χ1/p(a)|a′′k|r, 1 ≤ p <∞,(

|a′′k|√
1− |a′k|2

)r
, p =∞.

Proof. For a ∈ Ak the statement is evident. Assume that |a′′k| 6= 0.
Let 1 ≤ p <∞. Since

(2.46) sup
z∈Bn

|sk(z, a)| =
|a′′k|√

1− |a′k|2
,

for a ∈ ∆nk(rp) the polynomial Qn(rp, sk(z, a)) does not vanish for all z ∈
Bn. Thus it follows from (2.43) that χs(z) ∈ H∞(Bn) for any s ∈ R. Set

g(z) := χ2/p(z)〈z, a′′k〉r, γ := χ(2−p)/p(a)|a′′k|r(p−2).

We have

g(z)|g(z)|p−2 = χ(z)χ(p−2)/p(z)〈a′′k, z〉r|〈a′′k, z〉|r(p−2)

= Krk(a, z)χ
(p−2)/p(z)|〈a′′k, z〉|r(p−2).

Taking into account Proposition 2.20 and the fact that χ(p−2)/pf ∈ Hp(Bn),
for all f ∈ Hp(Bn) we have

(2.47) γ

∫
S
g(z)|g(z)|p−2f(z) dσ(z)

= χ(2−p)/p(a)

∫
S
Krk(a, z)χ

(p−2)/p(z)f(z)|Pa′′kz|
r(p−2) dσ(z)

= f(a)− χ(2−p)/p(a)
r−1∑
j=0

1

j!
dj
(
χ(p−2)/p(z)f(z)

)∣∣z=a′k ,
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where dz = a′′k. It is easy to see that for all z ∈ Ak (Dαg)(z) = 0,
|α| = 0, . . . , r − 1. Thus the conditions of Theorem 1.10 are fulfilled. It
remains to find ‖g‖Hp(Bn). Substituting f = g into (2.47), we have

γ‖g‖pHp(Bn) = g(a).

Hence,

‖g‖Hp(Bn) = χ1/p(a)|a′′k|r.

Consider now the case p = ∞. We reduce it to the one-dimensional
problem of recovery. Let f ∈ H∞(Bn) and b ∈ Bn. Put ϕ(u) :=

f(b1, . . . , bn−1,
√

1− |b′1|2u). Obviously, ϕ ∈ H∞(B1). From Theorem 2.1
for all |ξ| < 1 we obtain

|ϕ(ξ)−
r−1∑
j=0

cjϕ
(j)(0)| ≤ |ξ|r,

where

cj =
ξr(1− |ξ|2)

j!(r − j − 1)!

[
1

(1− ξu)(ξ − u)

](r−j−1)∣∣u=0

.

We have

r−1∑
j=0

cjϕ
(j)(0) =

ξr(1− |ξ|2)

(r − 1)!

[
ϕ(u)

(1− ξu)(ξ − u)

](r−1)∣∣u=0

= (1− |ξ|2)
r−1∑
j=0

ξj

j!

(
ϕ(u)

1− ξu

)(j)∣∣u=0

.

Making the substitution v =
√

1− |b′1|2u and putting ξ = bn(1− |b′1|2)−1/2,
we get

r−1∑
j=0

cjϕ
(j)(0) = (1− |b|2)

r−1∑
j=0

bjn
j!
Dj
n

(
f(z)

1− 〈z, b〉

)∣∣z=b′1
= (1− |b|2)

r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, b〉

)∣∣z=b′1 ,
where dz = b′′n. Thus, for all b ∈ Bn

(2.48)

∣∣∣∣f(b)− (1− |b|2)
r−1∑
j=0

1

j!
dj
(

f(z)

1− 〈z, b〉

)∣∣z=b′1
∣∣∣∣ ≤

(
|b′′k|√

1− |b′k|2

)r
.

Let a ∈ B \ Ak. Consider the matrix U of the form (2.42) where C is the
unitary k× k matrix which transforms (an−k+1, . . . , an) into (0, . . . , 0, |a′′k|).
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Set b = Ua. Then substituting f(U−1z) into (2.48), we have∣∣∣∣f(a)− (1− |Ua|2)

r−1∑
j=0

1

j!
dj
(

f(U−1z)

1− 〈z, Ua〉

)∣∣z=(Ua)′1

∣∣∣∣
=

∣∣∣∣f(a)− (1− |a|2)
r−1∑
j=0

1

j!
dj
(

(

f(w)
1− 〈w, a〉

)∣∣w=a′k

∣∣∣∣ ≤
(

|a′′k|√
1− |a′k|2

)r
,

where dz = a′′k. Thus,

e(a, IrAk , H∞(Bn)) =

(
|a′′k|√

1− |a′k|2

)r
.

On the other hand, in view of (2.46) the function

g0(z) =

(√
1− |a′k|2
|a′′k|

〈z, a′′k〉
1− 〈z, a′k〉

)r
lies in H∞(Bn) and for all z ∈ Ak (Dαg0)(z) = 0, |α| = 0, . . . , r − 1.
Consequently, from Theorem 1.6 it follows that

e(a, IrAk , H∞(Bn)) = sup
f∈H∞(Bn)
IrAk

f=0

|f(a)| ≥ |g0(a)| =

(
|a′′k|√

1− |a′k|2

)r
.

�

Since e(a, IrAk , Hp(Bn)) coincides with the solution of the extremal prob-
lem

sup
f∈Hp(Bn)
IrAk

f=0

|f(a)|

(see Theorem 1.6), for k = n and An = {0} we obtain the following gener-
alization of the Schwartz Lemma.

Corollary 2.23. For all 1 ≤ p < ∞ and all a ∈ Bn such that |a| <
λn(rp)

sup
f∈Hp(Bn)

(Dαf)(0)=0, |α|≤r−1

|f(a)|

=
|a|r

(1− |a|2)n/p

[
Γ(n+ rp/2)

Γ(n)Γ(rp/2)

n−1∑
k=0

(−1)k

k + rp/2

(
n− 1

k

)
|a|2k

]1/p

.

Note that if n ≥ 6 we obtain the solution of recovery problem at a point
a ∈ Bn only for a ∈ ∆nk(rp) (as it was mentioned above, for 1 ≤ n ≤ 5,
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∆nk(rp) = Bn for all 1 ≤ p ≤ ∞). Nevertheless, using (2.44), we can find a
simple domain (

rp+ 2n

rp+ 2

)2

|a′′k|2 + |a′k|2 < 1

contained in ∆nk(rp). From the last inequality it is easy to see that our
method can be applied for any a ∈ Bn if r is sufficiently large.

Following Rudin [1980], we say that A is an affine subset of Bn, if it is
the intersection of any affine subset of Cn with Bn. Let A be an arbitrary
affine subset of Bn. In an appropriate coordinate system A has the following
form

(2.49) A = { z ∈ Bn | zn−k+1 = cn−k+1, . . . , zn = cn },

where c = (0, . . . , 0, cn−k+1, . . . , cn) ∈ Bn, 1 ≤ k ≤ n.
Put

ϕc(z) :=
c− Pcz −

√
1− |c|2(z − Pcz)

1− 〈z, c〉
.

The mapping ϕc is an automorphism of Bn (see Rudin [1980]). Set

∆nk(p, c) := ϕc(∆nk(p)).

Theorem 2.24. Let 1 ≤ p ≤ ∞ and A is defined by (2.49). Then for all
a ∈ ∆nk(rp, c) the method

f(a) ≈



(
1− |c|2

1− 〈a, c〉

)2n/p

χ
(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2n/p

]
∣∣z=(ac)′k

, 1 ≤ p <∞,

(1− |ac|2)

r−1∑
j=0

1

j!
dj
[

f(ϕc(z))

(1− 〈z, ac〉)

]∣∣z=(ac)′k

, p =∞,

where ac = ϕc(a), dz = (ac)
′′
k, and

χc(z) :=
Φn(rp, sk(z, ac))

(n− 1)!(1− 〈z, (ac)′k〉)n+rp/2

is optimal for the class Hp(Bn). Moreover,

e(a, IrA, BHp) =


(1− |c|2)n/p

|1− 〈a, c〉|2n/p
χ1/p(ac)|(ac)′′k|r, 1 ≤ p <∞,(

|(ac)′′k|√
1− |(ac)′k|2

)r
, p =∞.
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Proof. First we recall some properties of ϕc (see Rudin [1980]):

ϕc(ϕc(z)) = z, z ∈ Bn,(2.50)

1− 〈ϕc(z), ϕc(w)〉 =
(1− |c|2)(1− 〈z, w〉)

(1− 〈z, c〉)(1− 〈c, w〉)
, z, w ∈ Bn.(2.51)

Moreover, the operator

(Tf)(z) :=
(1− |c|2)n/p

(1− 〈z, c〉)2n/p
f(ϕc(z))

is an isometry of Hp(Bn), that is, for all f ∈ Hp(Bn)

‖Tf‖Hp(Bn) = ‖f‖Hp(Bn).

Let 1 ≤ p <∞. In view of (2.50) we have

ac = ϕc(a) ∈ ϕc(∆nk(rp, c)) = ∆nk(rp).

Consider an arbitrary function f ∈ Hp(Bn). Then g := Tf ∈ Hp(Bn). By
Theorem 2.22 we obtain

(2.52)
∣∣∣g(ac)− χ(2−p)/p

c (ac)
r−1∑
j=0

1

j!
dj
(
χ(p−2)/p
c (z)g(z)

)∣∣z=(ac)′k

∣∣∣
≤ e(ac, IrAk , Hp(Bn))

(here and further dz = (ac)
′′
k). From (2.50) and (2.51)

g(ac) =
(1− |c|2)n/p

(1− 〈ac, c〉)2n/p
f(a) =

(1− |c|2)n/p

(1− 〈ϕc(a), ϕc(0)〉)2n/p
f(a)

=
(1− 〈a, c〉)2n/p

(1− |c|2)n/p
f(a).

Multiplying both sides of (2.52) by

(1− |c|2)n/p

|1− 〈a, c〉|2n/p
,

we have∣∣∣∣f(a)−
(

1− |c|2

1− 〈a, c〉

)2n/p

χ(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2n/p

]
∣∣z=(ac)′k

∣∣∣∣
≤ (1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, Hp(Bn)).
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It is easy to check that ϕc(A) = Ak and consequently ϕc(Ak) = A. In view
of arbitrariness of f we have

e(a, IrA, Hp(Bn)) ≤ (1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, Hp(Bn)).

Consider the function

f0(z) = χ−1/p
c (ac)|(ac)′′k|−rχ2/p

c (z)〈z, (ac)′′k〉r

which is an extremal function in the problem of optimal recovery at the
point ac using the information IrAk , i.e., f0 ∈ Hp(Bn) and f0(ac) =

e(ac, I
r
Ak
, Hp(Bn)). Set g0 := Tf0. Then g0 ∈ Hp(Bn), IrAg0 = 0, and

cosequently

e(a, IrA, Hp(Bn)) ≥ |g0(a)| = (1− |c|2)n/p

|1− 〈a, c〉|2n/p
e(ac, I

r
Ak
, Hp(Bn)).

The case p =∞ is considered by the same scheme. �

Now we consider the analogous problem of optimal recovery for the
Bergman space Ap(Bn) which is defined as the set of all holomorphic func-
tions in Bn satisfying the condition

‖f‖Ap(Bn) :=

(∫
Bn

|f(z)|p dν(z)

)1/p

<∞, 1 ≤ p <∞,

where ν is the normalized Lebesgue measure in Bn. Set

Ap(Bn) := { f ∈ Ap(Bn) : ‖f‖Ap(Bn) ≤ 1 }.
Since A∞ = H∞ we study only the case 1 ≤ p <∞.

We construct an optimal method of recovery of f ∈ Ap(Bn) at a point
a ∈ Bn from the information IrA where A is defined by (2.49). We also find
the intrinsic error of this problem which we denote by e(a, IrA, Ap(Bn)).

Set

∆̃nk(p) :=

{
z ∈ Bn :

|z′′k |2

λ2
n+1(p)

+ |z′k| < 1

}
,

∆̃nk(p, c) := ϕc(∆̃nk(p)).

Theorem 2.25. Let 1 ≤ p <∞. Then for all a ∈ ∆̃nk(rp, c) the method

f(a) ≈
(

1− |c|2

1− 〈a, c〉

)2(n+1)/p

χ̃(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ̃

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2(n+1)/p

]
∣∣z=(ac)′k

,

where ac = ϕc(a), dz = (ac)
′′
k, and

χ̃c(z) :=
Φn+1(rp, sk(z, ac))

n!(1− 〈z, (ac)′k〉)n+1+rp/2
,
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is optimal for the class Ap(Bn). Moreover,

e(a, IrA, Ap(Bn)) =
(1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p(ac)|(ac)′′k|r.

Proof. Define the operator of embedding E by

(Eg)(z0, z) := g(z),

where z ∈ Bn and (z0, z) ∈ Bn+1. It is known (see Rudin [1980]) that E is
a linear isometric embedding of Ap(Bn) into Hp(Bn+1), that is, for all g ∈
Ap(Bn), Eg ∈ Hp(Bn+1) and ‖g‖Ap(Bn) = ‖Eg‖Hp(Bn+1). Let e : Cn → Cn+1

be the embedding ez := (0, z). Consider the problem of optimal recovery of
functions f ∈ Hp(Bn+1) at a point ea from the information IreA. It is easy
to check that

e(ϕc(z)) = ϕec(ez), e(∆̃nk(p)) ⊂ ∆̃n+1,k(p).

Since a ∈ ∆̃nk(rp, c) we have

ea ∈ e(∆̃nk(rp, c)) = e
(
ϕc(∆̃nk(rp))

)
= ϕec

(
e(∆̃nk(rp))

)
⊂ ϕec(∆n+1,k(rp)) = ∆n+1,k(rp, ec).

Let g be an arbitrary function from Ap(Bn). Then Eg ∈ Hp(Bn+1). Using
Theorem 2.24, we obtain

(2.53) |(Eg)(ea)− T0I
r
eAEg| ≤ e(ea, IreA, Hp(Bn+1)),

where T0 is the appropriate optimal method of recovery. For any multiindex
α = (α0, . . . , αn), f ∈ Ap(Bn), and z ∈ Bn

Dα(Ef)∣∣ez = Dαf∣∣z.
Thus (2.53) can be rewritten in the form∣∣∣∣f(a)−

(
1− |c|2

1− 〈a, c〉

)2(n+1)/p

χ̃(2−p)/p
c (ac)

×
r−1∑
j=0

1

j!
dj

[
χ̃

(p−2)/p
c (z)f(ϕc(z))

(1− 〈z, c〉)2(n+1)/p

]
∣∣z=(ac)′k

∣∣∣∣
≤ (1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p
c (ac)|(ac)′′k|r,

where dz = (ac)
′′
k. Consequently,

e(a, IrA, Ap(Bn)) ≤ (1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p(ac)|(ac)′′k|r.

On the other hand, the function Eg0, where

g0(z) =
(1− |c|2)(n+1)/p

(1− 〈z, c〉)2(n+1)/p

χ̃
2/p
c (ϕc(z))〈ϕc(z), (ac)′′k〉r

χ̃
1/p
c (ac)|(ac)′′k|r

,
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coincides with an extremal function for the problem of optimal recovery
at the point ea on the class Hp(Bn+1) using the information IreA. Since
‖g0‖Ap(Bn) = ‖Eg0‖Hp(Bn+1) = 1 and IrAg0 = 0 we have

e(a, IrA, Ap(Bn)) ≥ |g0(a)| = (1− |c|2)(n+1)/p

|1− 〈a, c〉|2(n+1)/p
χ̃1/p(ac)|(ac)′′k|r.

�

Analogously to Corollary 2.23 we obtain the generalization of the
Schwartz Lemma for the class Ap(Bn).

Corollary 2.26. For all 1 ≤ p < ∞ and a ∈ Bn such that |a| <
λn+1(rp)

sup
f∈Ap(Bn)

(Dαf)(0)=0, |α|≤r−1

|f(a)|

=
|a|r

(1− |a|2)(n+1)/p

[
Γ(n+ 1 + rp/2)

Γ(n+ 1)Γ(rp/2)

n∑
k=0

(−1)k

k + rp/2

(
n

k

)
|a|2k

]1/p

.

Let us now consider the problem of optimal recovery for the Bergman
class in the case n = 1. Using the easily checking equalities

r−1∑
j=0

1

j!
g(j)(0)uj =

ur

(r − 1)!

(
g(z)

u− z

)(r−1)∣∣z=0

,

F (r−1)(0) = (−1)r−1(1− |c|2)

[
(1− ct)r−2F

(
c− t
1− ct

)](r−1)∣∣t=c ,

we have from Theorem 2.25

Corollary 2.27. Let 1 ≤ p <∞, Irc f := {f(c), . . . , f (r−1)(c)}, c ∈ B1.
For all a ∈ B1 the method

f(a) ≈ (a− c)r(1− |a|2)2−4/p

(1− ca)r+1ω(p−2)/p(a)

1

(r − 1)!

[
(1− ct)r+1ω(p−2)/p(t)f(t)

(t− a)(1− at)2−4/p

](r−1)

∣∣t=c ,

where

ω(t) := 1 +
rp

2

(
1− c− a

1− ca
c− t
1− ct

)
,

is optimal for the class Ap(B1). Moreover,

e(a, Irc , Ap(B1)) =
∣∣∣ c− a
1− ca

∣∣∣r ω1/p(a)

(1− |a|2)2/p
.
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2.6. Notes and References

2.1. Optimal method of recovery for H∞ was obtained by Osipenko
[1972], [1976]. The general case 1 ≤ p ≤ ∞ was considered by Fisher,
Micchelli [1980]. Various results connected with the problem of optimal
recovery of functions from H∞ by inaccurate data may be found in Osipenko
[1982], [1985].

2.2. Optimal methods of recovery for functions which are analytic and
bounded in an annulus were found by Ovchintsev [1989a] and Wilderotter
[1992b]. Using the map w = i−1 log z this problem may be reduced to the

equivalent one of optimal recovery on the class Hβ
∞(T). Theorem 2.3 was

proved by Osipenko, Wilderotter [1997]. Similar results for the Smirnov
classes Ep of functions defined in an annulus were obtained by Ovchintsev
[1989b].

2.3. The material of this section is taken from Osipenko [1994c].
Lemma 2.5 in a less general form was proved in Osipenko, Stessin [1993].

2.4. For q =∞ and E = [a, b] ⊂ (−1, 1) the extremal problem (2.23) was
solved by Osipenko [1972]. This problem is very close to the third problem of
Zolotarev. Using the results of Gonchar [1969] on the generalized Zolotarev
problem, Osipenko [1976] proved that

lim
n→∞

n
√
sn(H∞, C(E)) = e

− 1
c(E,C\D) ,

where E ⊂ D is a compact with a connected complement and c(E,F ) is the
capacity of the condenser (E,F ). For the Kolmogorov n-widths analogous
results were obtained by Erokhin [1968] and Widom [1972] (see also Fisher,
Micchelli [1980]). Some results connected with the minimization of Blaschke
products in integral metrics were studied in Osipenko [1990].

Proposition 2.11 is due to Parfenov [1985]. The proof of Theorem 2.12
is based on ideas which were proposed by Babenko [1958] and Taikov [1967]
(see comments to Corollary 4.7 in Section 4.7). Theorem 2.14 was proved
in Osipenko [1994c]. In the same paper the problem (2.24) was solved for
q = ∞. Theorem 2.15 was obtained by Osipenko [1995a]. The equality
(2.36) was proved in Osipenko, Wilderotter [1997].

2.5. For r = 1 (that is, the information operator has the form If = f|A)
the results of this section were obtained by Osipenko, Stessin [1992a]. The
problem of optimal recovery for the Bergman classes in the one-dimensional
case (Corollary 2.27) was considered in Osipenko, Stessin [1991]. Note that
the appropriate extremal problem plays an essential role in finding canon-
ical divisors in Bergman spaces (see Duren, Khavinson, Shapiro, Sundberg
[1993]).



CHAPTER 3

Optimal Recovery of Derivatives

We consider here almost the same problems as in Chapter 2 for deriva-
tives. In Section 3.1 we construct an optimal method of recovery of the first
derivative while the general case is studying in Section 3.2. Section 3.3 is
devoted to the periodic case. In Section 3.4 we find optimal methods of re-
covery of the first and second derivatives when their values are known with
an error in the uniform norm. The problem of optimal recovery of derivatives
from incorrect information are closely connected with the extremal problems
which are known for the smooth functions as the Kolmogorov inequalities.
In Section 3.5 we obtain the solution of these problems for analytic functions.

3.1. Optimal Recovery of the First Derivative

Consider now the problem of optimal recovery of the derivative of f ∈ Hp

at some point ξ from the unit disk D using the information operator

If := { f(z1), . . . , f (ν1−1)(z1), . . . , f(zn), . . . , f (νn−1)(zn) },

where z1, . . . , zn are distinct points from D. Put

e1(ξ, I,Hp) := inf
ϕ : CN→C

sup
f∈Hp

|f ′(ξ)− ϕ(If)|.

Set

W (z) :=

n∏
j=1

(
z − zj
1− zjz

)νj
, ωj(z) :=

n∏
s=1
s 6=j

(
z − zs
1− zsz

)νs
.

We introduce the notation

β(ξ) :=
1− |ξ|2

2
W ′(ξ) +

ξ

p
W (ξ),

D1 :=

{
ξ ∈ D : |β(ξ)| < p− 1

p
|W (ξ)|

}
, D0 := D \D1,

b :=



p

p− 1

β(ξ)

W (ξ)
, ξ ∈ D1,

W (ξ)ei arg β(ξ)

|β(ξ)|+
√
|β(ξ)|2 − p− 2

p
|W (ξ)|2

, ξ ∈ D0,

69
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a :=
ξ − b
1− ξb

, uξ(z) :=

1, ξ ∈ D1,
z − a
1− az

, ξ ∈ D0.

Theorem 3.1. For all 1 ≤ p ≤ ∞ the method

f ′(ξ) ≈
n∑
j=1

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj),

where for ξ 6= zj

cjν(ξ, p) = − α(ξ)

ν!(νj − ν − 1)!

(
uξ(z)(1− zjz)νj (1− az)2(p−1)/p

ωj(z)(z − ξ)2(1− ξz)2(p−2)/p

)(νj−ν−1)

∣∣z=zj ,

cj0(zj , p) =
ω′j(zj)

ωj(zj)
+

2

p

zj
1− |zj |2

,

and

α(ξ) :=


W (ξ)(1− |ξ|2)2(p−2)/p

uξ(ξ)(1− aξ)2(p−1)/p
, ξ /∈ {z1, . . . , zn},

ωj(ξ)

(1− |ξ|2)2/p
, ξ = zj , j = 1, . . . , n,

is optimal for the class Hp. Moreover,

e1(ξ, I,Hp) =


|W (ξ)|(1 + |b|2)

p−1
p

|uξ(ξ)|(1− |ξ|2)
p+1
p

, ξ /∈ {z1, . . . , zn},

|ωj(ξ)|

(1− |ξ|2)
p+1
p

, ξ = zj , j = 1, . . . , n.

Proof. Put

g(z) :=
z − a
1− az

W (z)(1− az)2/p

uξ(ξ)(1− ξz)4/p
.

Let ξ /∈ {z1, . . . , zn} and 1 ≤ p <∞. Then by the residue theorem for every
f ∈ Hp we have

(3.1) α(ξ)

∫ 2π

0
g(z)|g(z)|p−2f(z) dµ(z)

=
α(ξ)

2πi

∫
|z|=1

uξ(z)(1− az)2(p−1)/pf(z) dz

W (z)(z − ξ)2(1− ξz)2(p−2)/p

= f ′(ξ) + λ(a)f(ξ)−
n∑
j=1

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj),

where

λ(a) = α(ξ)

(
uξ(z)(1− az)2(p−1)/p

W (z)(1− ξz)2(p−2)/p

)′
∣∣z=ξ .
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It is easy to check that a is chosen so that λ(a) = 0. Substituting f(z) = g(z)
in (3.1), we get

‖g‖pHp =
1

2πi

∫
|z|=1

(1− az)(z − a) dz

(z − ξ)2(1− ξz)2
=

1 + |b|2

(1− |ξ|2)|1− ξb|2
.

Now the required statement for the considered case follows from Theo-
rem 1.10. For ξ = zk, a = ξ, and analogously to the previous case we
have

α(ξ)

∫ 2π

0
g(z)|g(z)|p−2f(z) dµ(z) =

α(ξ)

2πi

∫
|z|=1

(1− ξz)2/pf(z) dz

ωk(z)(z − ξ)2

= f ′(ξ)−
n∑
j=1

νj−1∑
ν=0

cjν(ξ, p)f (ν)(zj)

(it is necessary to take into account that νk = 1 in this case). Then we use
Theorem 1.10.

For p =∞ we use the same scheme and the equality

α(ξ)

∫ 2π

0
g(z)|ϕ(z)|f(z) dµ(z) =

α(ξ)

2πi

∫
|z|=1

uξ(z)(1− az)2f(z) dz

W (z)(z − ξ)2(1− ξz)2
,

where

ϕ(z) =
(1− az)2

(1− ξz)4
.

�

From Theorem 3.1 it follows that in a general situation the unit disk D
is divided into two parts D0 and D1 such that for ξ ∈ D0 the extremal func-
tion g/‖g‖Hp has zeros with corresponding multiplicities only at the points
z1, . . . , zn and for ξ ∈ D1 there is the additional zero at the point a. The
appearance of such two sets was apparently first discovered by Dieudonné
[1931]. He solved the extremal problem

sup
f∈H∞
f(0)=0

|f ′(ξ)|

and found that for |ξ| ≤
√

2 − 1, f(z) = z is an extremal function and for√
2−1 < |ξ| < 1 an extremal function has the additional zero at some point

a(ξ).
Consider the generalized Dieudonné problem

sup
f∈Hp

f(0)=...=f (n−1)(0)=0

|f ′(ξ)|.

In this case the set D0 has the form

D0 =

{
ξ ∈ D :

(
n− 2

p

)
|ξ|2 + 2

p− 1

p
|ξ| − n ≤ 0

}
.
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It is easy to check that for 1 ≤ p ≤ 2, D0 = D and for 2 < p ≤ ∞,
D0 = {ξ ∈ C : |ξ| ≤ rnp}, where

rnp =

√(
p− 1

p

)2

+ n

(
n− 2

p

)
− p− 1

p

n− 2

p

.

From Theorem 3.1 it also follows the solution of the problem of optimal
recovery of f ′(0), f ∈ Hp, from the information If = {f(−r), f(−r)}, r ∈
(0, 1). For all 1 ≤ p ≤ ∞ an optimal method of recovery has the form

f ′(0) ≈ (1− r2)
f(r)− f(−r)

2r
.

3.2. A General Case

Let us consider now a rather general case. Namely we shall study the
problem of optimal recovery of the linear functional

(3.2) Lλξ f :=
ν+m∑
j=ν

λj
j!
f (j)(ξ),

where λj ∈ C, λν+m 6= 0, ν ≥ 0, on the class Hp on the basis of the
information operator

If := { f(ξ), . . . , f (ν−1)(ξ), f(z1), . . . , f (ν1−1)(z1), . . . ,

f(zn), . . . , f (νn−1)(zn) }

(ξ, z1, . . . , zn are distinct points from the unit disk D). The appropriate
intrinsic error we denote by

e(ξ, λ, I,Hp) := inf
ϕ : CN→C

sup
f∈Hp

|Lλξ f − ϕ(If)|.

In view of duality (see Theorem 1.6) we have

(3.3) e(ξ, λ, I,Hp) = sup
f∈Hp
If=0

|Lλξ f |.

In the previous section we deal with the case m = 1, ν = 0, and λ0 = 1.
To solve this general recovery problem, we need first to consider the

Carathéodory–Fejér problem about finding the value

inf ‖f‖Hp ,

where the infimum is taking over all functions from Hp satisfying the con-
dition

(3.4) f (j)(ξ) = j!cj , j = 0, . . . ,m

(ξ ∈ D and c0, . . . , cm are fixed complex numbers).
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It is known (Khavinson [1981], see also Macintyer, Rogosinski [1950]
and Rogosinski, Shapiro [1953]) that for all 1 ≤ p ≤ ∞ among all functions
satisfying (3.4) there exists a unique function of the kind

(3.5) f0(z) = C(1− ξz)−2(m+1)/p
k∏
j=1

z − αj
1− αjz

m∏
j=1

(1− αjz)2/p,

where C is some constant, 0 ≤ k ≤ m, |αj | < 1, j = 1, . . . , k, and |αj | ≤ 1,
j = k + 1, . . . ,m. Moreover, this function is the unique solution of the
Carathéodory–Fejér problem with the condition (3.4). (As usually all ex-
pressions involving p with p = ∞ are understood as their limit values as
p→∞).

Without loss of generality assume that c0 6= 0 otherwise the problem
reduces to the one with the number of parameters less than m+ 1. Set

dj :=
cj
c0
, j = 0, . . . ,m,

A :=


1 0 . . . 0
d1

2

1

2
. . . 0

. . . . . . . . . . . . . . . . . . . . . .
dm−1

m

dm−2

m
. . .

1

m

 ,


ρ1

ρ2
...
ρm

 := A−1


d1

d2
...
dm

 ,(3.6)

γs := (−1)s+1

[
2

p
ξ
s

+
s∑
j=1

(−1)j
(
s

j

)
ξ
s−j

(1− |ξ|2)jρj

]
, s = 1, . . . ,m.

Theorem 3.2. Let 1 ≤ p ≤ ∞. The function (3.5) is the solution of the
Carathéodory–Fejér problem with the condition (3.4) and c0 6= 0 if and only
if the numbers

(3.7) bj =
αj − ξ
1− ξαj

are the solution of the system

(3.8)
k∑
j=1

(b
−s
j − bsj) +

2

p

m∑
j=1

bsj = γs, s = 1, . . . ,m,

such that

(3.9)
|bj | < 1, j = 1, . . . , k,

|bj | ≤ 1, j = k + 1, . . . ,m,
0 ≤ k ≤ m,

and

(3.10) C = c0(1− |ξ|2)2(m+1)/p
k∏
j=1

1− αjξ
ξ − αj

m∏
j=1

(1− αjξ)−2/p.
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Proof. Let the function (3.5) be the solution of the Carathéodory–
Fejér problem. The equality (3.10) immediately follows from the fact that
f0(ξ) = c0. Let us prove (3.8) for bj defined by (3.7). Set

(3.11) x(z) :=
f ′0(z)

f0(z)

=
k∑
j=1

(
1

z − αj
+

αj
1− αjz

)
− 2

p

m∑
j=1

αj
1− αjz

+ (m+ 1)
2

p

ξ

1− ξz
.

From the definition of x(z) it follows that

(3.12) f
(r+1)
0 (ξ) =

r∑
j=0

(
r

j

)
f

(r−j)
0 (ξ)x(j)(ξ).

Taking into account (3.4), we obtain

1

r + 1

r∑
j=0

dr−j
x(j)(ξ)

j!
= dr+1, r = 0, . . . ,m− 1.

Thus

x(j)(ξ)

j!
= ρj+1, j = 0, . . . ,m− 1.

On the other hand, from (3.11) we have

x(r−1)(ξ)

(r − 1)!
=

k∑
j=1

(
(−1)(r−1)

(ξ − αj)r
+

αrj
(1− αjξ)r

)

− 2

p

m∑
j=1

αrj
(1− αjξ)r

+ (m+ 1)
2

p

ξ
r

(1− |ξ|2)r
.

In view of (3.7)

1

ξ − αj
= −

b
−1
j + ξ

1− |ξ|2
,

αj
1− αjξ

=
bj + ξ

1− |ξ|2
.

Consequently,

ωr :=

k∑
j=1

[
(b
−1
j + ξ)r − (bj + ξ)r

]
+

2

p

m∑
j=1

(bj + ξ)r

= (m+ 1)
2

p
ξ
r − (1− |ξ|2)rρr, r = 1, . . . ,m.
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Hence

(3.13)

k∑
j=1

(b
−s
j − bsj) +

2

p

m∑
j=1

bsj

=

k∑
j=1

[
(b
−1
j + ξ − ξ)s − (bj + ξ − ξ)s

]
+

2

p

m∑
j=1

(bj + ξ − ξ)s

=

s∑
r=1

(
s

r

)
(−ξ)s−rωr +m

2

p
(−ξ)s = γs.

Since |αj | < 1, j = 1, . . . , k, and |αj | ≤ 1, j = k + 1, . . . ,m, the same
inequalities hold for b1, . . . , bm.

Assume now that b1, . . . , bm are solutions of (3.8) satisfying (3.9). Define
αj from (3.7) and consider the function (3.5). Using the same arguments in
the reverse order, we get from (3.12)

f
(j)
0 (ξ)

f0(ξ)
= dj =

cj
c0
, j = 0, . . . ,m.

Choosing C from the condition f0(ξ) = c0 (it means that C is defined by
(3.10)), we obtain that the equalities (3.4) are fulfilled. �

Corollary 3.3. For all 1 ≤ p ≤ ∞ and any γ1, . . . , γm ∈ C there exists
a k, 0 ≤ k ≤ m, for which the system (3.8) has a solution satisfying (3.9).
Moreover, the function

k∏
j=1

z − bj
1− bjz

m∏
j=1

(1− bjz)2/p

is a solution of the Carathéodory–Fejér problem with the conditions

f (j)(0) = j!djf(0), j = 0, . . . ,m,

where d0 = 1 and

dr = −1

r

r∑
j=1

dr−jγj , r = 1, . . . ,m.

We use Corollary 3.3 to construct an optimal method of recovery of the
functional (3.2). Set

W (z) :=
n∏
j=1

(
z − zj
1− zjz

)νj
, W1(z) :=

(
z − ξ
1− ξz

)ν
W (z), y(z) :=

W ′(z)

W (z)
,
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(3.14) γs := (−1)s
[(
m+ ν − 1 +

2

p

)
ξ
s −

s∑
r=1

(−1)r
(
s

r

)
ξ
s−r

× (1− |ξ|2)r

(
y(r−1)(ξ)

(r − 1)!
+ ρr

)]
, s = 1, . . . ,m,

where ρ1, . . . , ρm are defined by (3.6) for

dj =
λν+m−j
λν+m

, j = 1, . . . ,m.

Substituting p for 1 − p−1 in Corollary 3.3, we obtain the existence of
b1, . . . , bm for which

(3.15)

k∑
j=1

(b
−s
j − bsj) +

2(p− 1)

p

m∑
j=1

bsj = γs, s = 1, . . . ,m.

If p = 1 and k < m, we define bk+1, . . . , bm as arbitrary numbers such that
|bj | = 1, j = k + 1, . . . ,m.

Since for |bj | = 1, b
−s
j − bj = 0, we can always assume that

(3.16)
|bj | ≤ 1, j = 1, . . . , k,

|bj | < 1, j = k + 1, . . . ,m.

Thus if p = 1, then k = m.
For such b1, . . . , bm set

αj :=
bj + ξ

1 + ξbj
, j = 1, . . . ,m, σ := (m+ 1)

p− 2

p
− ν,

Ψ(z) :=
k∏
j=1

z − αj
1− αjz

m∏
j=1

(1− αjz)2(p−1)/p,

C(ξ) :=
λν+mW (ξ)(1− |ξ|2)σ

Ψ(ξ)

Theorem 3.4. For all 1 ≤ p ≤ ∞ the method

Lλξ f ≈
ν−1∑
r=0

cr(ξ)f
(r)(ξ) +

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj),
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where

cr(ξ) = − C(ξ)

r!(ν +m− r)!

[
Ψ(z)

W (z)(1− ξz)σ

](ν+m−r)∣∣z=ξ ,(3.17)

cjr(ξ) = − C(ξ)

r!(νj − r − 1)!

[
Ψ(z)(1− zjz)νj

ωj(z)(1− ξz)σ(z − ξ)ν+m+1

](νj−r−1)∣∣z=zj ,

ωj(z) =

n∏
r=1
r 6=j

(
z − zr
1− zrz

)νr
,

is optimal for the class Hp. Moreover,

e(ξ, λ, I,Hp) = |C(ξ)|

 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)

∣∣z=ξ
(p−1)/p

.

Proof. Set

g(z) := ei argC(ξ)W1(z)(1− ξz)−2(m+1)/p
m∏

j=k+1

z − αj
1− αjz

m∏
j=1

(1− αjz)2/p.

Let 1 ≤ p <∞ and f is an arbitrary function from Hp. Put

Jf := |C(ξ)| 1

2π

∫ 2π

0
g(eiθ)g(eiθ)|p−2f(eiθ) dθ.

Using the residue theorem, we have

Jf = C(ξ)
1

2πi

∫
|z|=1

Ψ(z)f(z) dz

W (z)(1− ξz)σ(z − ξ)ν+m+1

= −
ν+m∑
r=0

cr(ξ)f
(r)(ξ)−

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj),

where cr(ξ) are defined by (3.17) for all r = 0, . . . , ν +m. We prove that

cr(ξ) = −λr
r!
, r = ν, . . . , ν +m.

Set h(z) := Ψ(z)W−1(z)(1− ξz)−σ and

x(z) :=
h′(z)

h(z)
=

k∑
j=1

(
1

z − αj
+

αj
1− αjz

)

− 2(p− 1)

p

m∑
j=1

αj
1− αjz

− y(z) + σ
ξ

1− ξz
.
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We have

x(r−1)(ξ)

(r − 1)!
=

k∑
j=1

(
(−1)(r−1)

(ξ − αj)r
+

αrj
(1− αjξ)r

)

− 2(p− 1)

p

m∑
j=1

αrj
(1− αjξ)r

− y(r−1)(ξ)

(r − 1)!
+ σ

ξ
r

(1− |ξ|2)r
.

Substituting αj for (bj + ξ)(1 + ξbj)
−1 in the last equality, we obtain

(1− |ξ|2)r
x(r−1)(ξ)

(r − 1)!
= −ωr −

y(r−1)(ξ)

(r − 1)!
(1− |ξ|2)r + σξ

r
,

where

ωr :=
k∑
j=1

[
(b
−1
j + ξ)r − (bj + ξ)r

]
+

2(p− 1)

p

m∑
j=1

(bj + ξ)r.

Analogously to (3.13) we have

k∑
j=1

(b
−s
j − bsj) +

2(p− 1)

p

m∑
j=1

bsj =
s∑
r=1

(
s

r

)
(−ξ)s−rωr +m

2(p− 1)

p
(−ξ)s.

Taking into account (3.15), we obtain the following system

(3.18)
s∑
r=1

(
s

r

)
(−ξ)s−rωr = γs −m

2(p− 1)

p
(−ξ)s, s = 1, . . . ,m.

It is easily checked that this system has the unique solution

ωr = σξ
r − (1− |ξ|2)r

(
y(r−1)(ξ)

(r − 1)!
+ ρr

)
(it is sufficient to substitute these values into (3.18)). Thus

x(r−1)(ξ)

(r − 1)!
= ρr, r = 1, . . . ,m.

Consequently,

h(r+1)(ξ) = (x(z)h(z))
(r)∣∣z=ξ =

r∑
j=0

(
r

j

)
x(j)(ξ)h(r−j)(ξ)

=

r∑
j=0

r!

(r − j)!
ρj+1h

(r−j)(ξ), r = 0, . . . ,m− 1.

Since

A


ρ1

ρ2
...
ρm

 =


d1

d2
...
dm

 ,
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we have
h(r)(ξ)

r!
= drh(ξ) =

λν+m−r
λν+m

h(ξ).

Thus

cr(ξ) = − C(ξ)

r!(ν +m− r)!
hν+m−r)(ξ) = −C(ξ)

r!

λr
λν+m

h(ξ) = −λr
r!
.

So we proved that

Lλξ f −
ν−1∑
r=0

cr(ξ)f
(r)(ξ) +

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj)

= |C(ξ)| 1

2π

∫ 2π

0
g(eiθ)g(eiθ)|p−2f(eiθ) dθ.

To use Theorem 1.10 it remains to find ‖g‖Hp . We have

‖g‖pHp =
1

2π

∫ 2π

0

∏m
j=1 |1− αjeiθ|2

|1− ξeiθ|2(m+1)
dθ

=
1

2πi

∫
|z|=1

∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1(z − ξ)m+1
dz

=
1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)

∣∣z=ξ .
For p =∞ we set

ϕ(z) := |C(ξ)|
z
∏m
j=1(z − αj)(1− αjz)

(z − ξ)m+1(1− ξz)m+1
.

In view of the fact that for all |α| ≤ 1 and all |z| = 1

(z − α)(1− αz)
z

≥ 0

we obtain that ϕ(eiθ) ≥ 0. Similarly to the case 1 ≤ p < ∞ we can verify
that

1

2π

∫ 2π

0
g(eiθ)ϕ(eiθ)f(eiθ) dθ

= Lλξ f −
ν−1∑
r=0

cr(ξ)f
(r)(ξ) +

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj)

‖g‖H1 = |C(ξ)| 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)

∣∣z=ξ .
Now the assertion of the theorem follows from Theorem 1.10. �
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Note that for p = 1 the considered problem of optimal recovery has an
effective solution since such solution has the classical Carathéodory–Fejér
problem (see, for example, Goluzin [1966]).

In a general case to construct an optimal method of recovery, we first
solve the system (3.15) for k = 0, 1, . . . ,m and then find the solution which
satisfies the condition (3.16). In this connection the extremal function
g/‖g‖Hp has m−k zeros in D in addition to the zeros of W1 which prescribe
by the information operator. For the fixed information operator the number
of additional zeros depends on the location of ξ.

As it was mentioned, for p = 1, k = m. It means that in this case the
extremal function has no additional zeros. For 1 < p ≤ ∞ the unit disk
is divided into m + 1 sets D0, D1, . . . , Dm (some of them can be empty)
such that if ξ ∈ Dj , then k = m − j. In other words, if ξ ∈ Dj , then the
extremal function has exactly j additional zeros counting multiplicities. In
the previous section we found D0 and D1 for the problem of optimal recovery
of f ′(ξ) using the information operator

If = { f(0), f ′(0), . . . , f (n−1)(0) }.

Solving the extremal problem

(3.19) sup
f∈H∞

f(0)=...=f (m−1)(0)=0

|f (m)(ξ)|,

Goluzin [1966] found that the function g0(z) = zm is an extremal function

in this problem if and only if |ξ| < 2
1

m+1 − 1. In our notation he proved that

D0 = { z ∈ D : |z| ≤ 2
1

m+1 − 1 }.

Now we give a description of Dm in a general case. For this set the
system (3.15) has the form

m∑
j=1

bsj =
p

2(p− 1)
γs, s = 1, . . . ,m.

Taking into account Corollary 3.3, we have

Theorem 3.5. Let 1 < p ≤ ∞. An extremal function of problem (3.3)
has m additional zeros in D if and only if all zeros of

Pm(z) =
m∑
r=0

arz
m−r,

where a0 = 1,

ar = −1

r

p

2(p− 1)

r∑
s=1

ar−sγs, r = 1, . . . ,m,
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and γs are defined by (3.14), lie in D. Moreover, if b1, . . . , bm are the zeros
of Pm(z), then

αj =
bj + ξ

1 + ξbj
, j = 1, . . . ,m,

are the additional zeros.

In particular, we can find the other sets in the problem (3.19) for m = 2

D1 = { z ∈ D : r0 < |z| ≤ r1 } and D2 = { z ∈ D : |z| > r1 },
where r0 = 3

√
2− 1 = 0.2599 . . . and

r1 =
3
√

4

3

(
3

√
√

109 +
281

27
− 3

√
√

109− 281

27

)
− 4

9
= 0.8423 . . .

is the unique real zero of the polynomial 3t3 + 4t2 + 4t− 8 = 0.

3.3. The Periodic Case for the First Derivative

In this section we prove the analogue of the result of Section 3.1 for

the class Hβ
p (T). We consider the problem of optimal recovery of f ′(ξ),

f ∈ Hβ
p (T), at some point ξ ∈ D from the information operator

If = (f(x1), . . . , f(xn)),

where xj are distinct points from T (for simplicity we deal with the case
when all multiplicities of nodes equal 1). Denote the intrinsic error of this
problem by

e′(ξ,Hβ
p (T), I) := inf

ϕ : Cn→C
sup

f∈Hβ
p (T)

|f ′(ξ)− ϕ(If)|.

Let K be the complete elliptic integrals of the first kind with moduli k
where k = κ(β) and the function κ is defined by (2.5). Set

W (z) := kn/2
n∏
j=1

sn

(
K

π
(z − xj)

)
, ωj(z) :=

n∏
s=1
s 6=j

sn

(
K

π
(z − xs)

)
.

Assume that ξ /∈ {x1, . . . , xn} and consider the equation

(3.20) sn γ

(
1

sn(γ +K)
+ k2 p− 2

p
sn(γ +K)

)
=

π

K

W ′(ξ)

W (ξ)
.

Denote the function in the left hand side of (3.20) by s(γ). Since s(γ) is a
continuous function in (−K,K) and s(γ)→ ±∞ as γ → ±K there exists a
solution of (3.20) γ0 ∈ (−K,K). For ξ ∈ {x1, . . . , xn} put γ0 = K.

Set x0 := ξ − πγ0/K,

w(z) := k sn

(
K

π
(z − ξ)

)
sn

(
K

π
(z − ξ + π)

)
,

T1 :=

{
ζ ∈ T :

π

2kK
|W ′(ζ)| < p− 1

p
|W (ζ)|

}
, T0 := T \ T1,
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b :=



p

p− 1

π

2kK

W ′(ξ)

W (ξ)
, ξ ∈ T1, n = 2m,

W (ξ) signW ′(ξ)

π

2kK
|W ′(ξ)|+

√( π

2kK
W ′(ξ)

)2
− p− 2

p
W 2(ξ)

, ξ ∈ T0, n = 2m,

−w(x0), n = 2m− 1,

uξ(z) :=



1, ξ ∈ T1, n = 2m,

w(z) + b

1 + bw(z)
, ξ ∈ T0, n = 2m,

w(z) + b

1 + bw(z)

(√
k sn

(
K

π
(z − x0)

))−1

, n = 2m− 1.

Theorem 3.6. For all 1 ≤ p ≤ ∞ the method

f ′(ξ) ≈
n∑
j=1

cj(ξ)f(xj),

where for ξ 6= xj

cj(ξ) = − πα(ξ)

2kn/2+1K

uξ(xj)(1 + bw(xj))
2(p−1)
p dn

2(p−1)
p

(
K

π
(ξ − xj)

)
ωj(xj) sn2

(
K

π
(ξ − xj)

) ,

cj(xj) =
ω′j(xj)

ωj(xj)
,

and

α(ξ) =


2kK2

π2

W (ξ)

uξ(ξ)
, ξ /∈ {x1, . . . , xn},

2k[n+1
2 ]K2

π2
ωj(xj), ξ = xj , j = 1, . . . , n,

is an optimal method of recovery on the class Hβ
p (T). Moreover, the following

equality

e′(ξ,Hβ
p (T), I) =


k

2

(
2K

π

) p+1
p |W (ξ)|
|uξ(ξ)|

(1 + b2)
p−1
p , ξ /∈ {x1, . . . , xn},

k[n+1
2 ]

2

(
2K

π

) p+1
p

|ωj(xj)|, ξ = xj

holds (here we denote by [x] the integral part of x).

Proof. The function

v(z) :=
√
k sn

(
K

π
z

)
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is analytic in Sβ. Moreover, v(z + 2π) = −v(z) and |v(x + iβ)| ≡ 1 for

all x ∈ R (see Appendix). Thus W (z) = W−1(z) for z ∈ ∂Sβ. Using the
definition of b, it can be shown that b ∈ [−1, 1]. Consider the function

g(z) :=
w(z) + b

1 + bw(z)

W (z)

uξ(z)
(1 + bw(z))2/p dn2/p

(
K

π
(z − ξ)

)
.

Since dn(Kz/π) and w(z) are 2π-periodic, |w(z)| < 1, z ∈ Sβ, and dn(Kz/π)

does not vanish in Sβ, g ∈ Hβp (T).

For f ∈ Hβ
p (T) and 1 ≤ p <∞ set

Jf :=
α(ξ)

4π

∫
Γ0

g(z)|g(z)|p−2f(z) dz,

where Γ0 := [−iβ, 2π − iβ] ∪ [iβ, 2π + iβ]. The element of integration in Jf
is a 2π-periodic function. Using (2.6), we can rewrite Jf in the form

(3.21) Jf :=
α(ξ)

4πi

∫
Γε

uξ(z)(1 + bw(z))
2(p−1)
p

W (z)w(z)

× dn
p−2
p

(
K

π
(z − ξ)

) cn

(
K

π
(z − ξ)

)
sn

(
K

π
(z − ξ)

)f(z) dz

=
α(ξ)

4πi

∫
Γε

uξ(z)(1 + bw(z))
2(p−1)
p dn

2(p−1)
p

(
K

π
(z − ξ)

)
kW (z) sn2

(
K

π
(z − ξ)

) f(z) dz,

where Γε is the boundary of the rectangle −ε < Re z < 2π − ε, | Im z| < β,
and ε is such that ξ, x1, . . . , x2n lie inside this rectangle. Assume that ξ /∈
{x1, . . . , x2n}. By the residue theorem

Jf = f ′(ξ) + Cf(ξ)−
2n∑
j=1

cj(ξ)f(xj),

where

C =
α(ξ)

2k
lim
z→ξ

(z − ξ)2uξ(z)(1 + bw(z))
2(p−1)
p dn

2(p−1)
p

(
K

π
(z − ξ)

)
W (z) sn2

(
K

π
(z − ξ)

)

′

=
W (ξ)

uξ(ξ)

uξ(z)(1 + bw(z))
2(p−1)
p

W (z)

′∣∣∣z=ξ .
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It is not hard to check that b is defined from the condition C = 0. Thus we
have

(3.22) Jf = f ′(ξ)−
n∑
j=1

cj(ξ)f(xj).

To calculate ‖g‖Hβp (T)
, substitute f(z) = g(z) in (3.21)

(3.23) α(ξ)‖g‖p
Hβp (T)

=
α(ξ)

4πi

∫
Γε

(w(z) + b)(1 + bw(z)) dn2

(
K

π
(z − ξ)

)
k sn2

(
K

π
(z − ξ)

) dz

= α(ξ)
π

2K
(1 + b2)

(we omit here some technical details concerned with the application of the
residue theorem). Consequently,

‖g‖Hβp (T)
=
( π

2K
(1 + b2)

)1/p
.

It remains to use Theorem 1.10.
If ξ = xj , then b = 0 and

g(z) =
w(z)W (z)

uξ(z)
dn2/p

(
K

π
(z − ξ)

)
.

In this case the assertion of the theorem can be obtained by the same scheme.
For p =∞ consider the integral

Jf :=
α(ξ)

4π

∫
Γ0

g(z)|ϕ(z)|f(z) dz,

where

ϕ(z) = (1 + bw(z))2 dn2

(
K

π
(z − ξ)

)
.

The representation (3.22) follows from (2.6) and the residue theorem. Sim-
ilarly to (3.23) we obtain

‖ϕ‖Hβ1 (T)
=

π

2K
(1 + b2).

The assertion of the theorem now follows from Theorem 1.10. �

Let us consider our problem in the case when ξ = 0 and

If = Ihf := (f(−h), f(h)), h ∈ (0, π).

In other words, we wish to construct an optimal formula of numerical dif-
ferentiation at the point ξ = 0, using the information about function values
at the points ±h.
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In this particular case we have

W (z) = k sn

(
K

π
(z + h)

)
sn

(
K

π
(z − h)

)
,

W (0) = −k sn2 K

π
h, W ′(0) = 0.

Moreover, 0 ∈ T1 and b = 0. Thus we obtain that an optimal method has
the form

f ′(0) ≈ K

π

f(h)− f(−h)

sn
2K

π
h

dn
2(p−1)
p

K

π
h

and

e′(0, Hβ
p (T), Ih) =

k2

2

(
2K

π

) p+1
p

sn2 K

π
h = k221/p

(
K

π

) 3p+1
p

h2 +O(h4).

For optimal recovery of periodic functions the most natural system of
points is an equidistant system. We will estimate the error of optimal re-
covery of the derivative from the information

If = I(2n)f := (f(t01), . . . , f(t02n)),

where

t0j = (j − 1)
π

n
, j = 1, . . . , 2n.

Set

e′2n(Hβ
p (T)) := sup

ξ∈T
e′(ξ,Hβ

p (T), I(2n)).

Theorem 3.7. For all β > 0

e′2n(Hβ
∞(T)) =

√
λ

2nΛ

π
= 2ne−βn +O(ne−5βn),

e′2n(Hβ
2 (T)) =

√
2Kλ

π

2nΛ

π
=

√
2K

π
2ne−βn +O(ne−5βn),

where Λ is the complete elliptic integral of the first kind for modulus

λ = κ(2βn) = 4e−2βn

( ∑∞
m=0 e

−4βnm(m+1)

1 + 2
∑∞

m=1 e
−4βnm2

)2

.
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Proof. Using the first principal transform of elliptic functions of degree
2n (see Appendix), we find

W
(
z − π

2n

)
= kn

2n∏
j=1

sn

(
K

π
z − 2j − 1

2n
K

)

= (−1)nkn
n∏
j=1

sn

(
K

π
z − 2j − 1

2n
K

)
sn

(
K

π
z +

2j − 1

2n
K

)

= kn
n∏
j=1

sn2 2j − 1

2n
K − sn2 K

π
z

1− k2 sn2
2j − 1

2n
K sn2

K

π
z

=
√
λ sn

(
2nΛ

π
z + Λ, λ

)
.

Hence

W (z) = −
√
λ sn

(
2nΛ

π
z, λ

)
.

In view of the equalities

d

dt
sn(t, λ) = cn(t, λ) dn(t, λ) =

√
(1− sn2(t, λ))(1− λ2 sn2(t, λ)),

from Theorem 3.6 we obtain

e′2n(Hβ
p (T)) = sup

s∈[0,1]

k

2

(
2K

π

) 1+p
p √

λΦp(s),

where

Φp(s) =


s

(
1 +

(
pa

p− 1

)2 (1− s2)(1− λ2s2)

s2

) p−1
p

, s ∈ Sp,

γ(s)

(
1 +

s2

γ2(s)

) p−1
p

, s ∈ [0, 1] \ Sp,

a =
nΛ

kK
, Sp =

{
s ∈ [0, 1] : a2(1− s2)(1− λ2s2) <

(
p− 1

p

)2

s2

}
,

γ(s) = a
√

(1− s2)(1− λ2s2) +

√
a2(1− s2)(1− λ2s2)− p− 2

p
s2.

Let us begin with the case p = 2. It is easy to check that

Φ2(s) =
√
s2 + 4a2(1− s2)(1− λ2s2).

From properties of the first principal transform of elliptic functions of degree
2n it follows that

2nΛ

K
=

n∏
j=1

sn2 j

n
K

sn2
2j − 1

2n
K

> 1.
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Hence 2a > 1 and

Φ2
2(s) ≤ s2 + 4a2(1− s2) ≤ 4a2.

This estimate is attained for s = 0. Thus

e′2n(Hβ
2 (T)) =

√
2Kλ

π

2nΛ

π
.

The asymptotic equality follows from the fact that
√
λ = 2e−βn +O

(
e−5βn

)
,

Λ =
π

2
+O

(
e−4βn

)
.

Let p = ∞. It can be easily shown that S∞ = (s∗, 1] where s∗ is the
unique solution of the equation

a2(1− s2)(1− λ2s2) = s2.

We have

Φ∞(s) =

2a
√

(1− s2)(1− λ2s2), s ∈ [0, s∗],

s+ a2 (1− s2)(1− λ2s2)

s
, s ∈ (s∗, 1].

Since the function

F (s) := s+ a2 (1− s2)(1− λ2s2)

s

is convex for s ∈ (0, 1), we obtain

max
s∈[s∗,1]

F (s) = max{F (s∗), F (1)} = max{Φ∞(s∗), 1}.

The function Φ∞(s) decreases while s ∈ [0, s∗]. Consequently,

max
s∈[0,1]

Φ∞(s) = max{Φ∞(0), 1} = 2a.

�

3.4. Noisy Information

Consider now the problem of optimal recovery of derivatives of functions
by their values given with an error in the uniform norm. Let W be a convex
balanced set of sufficiently smooth functions defined on the domain Ω ∈ C
containing some set E. For ξ ∈ Ω set

(3.24) e(k)(ξ, E,W, δ) := inf
ϕ : C(E)→C

sup
f∈W

sup
f̃∈C(E)

‖f−f̃‖C(E)≤δ

|f (k)(ξ)− ϕ(f̃)|.

Thus we consider the problem of optimal recovery of the kth order derivative
of the function f ∈W knowing the function f̃ ∈ C(E) such that

sup
ξ∈E
|f(ξ)− f̃(ξ)| ≤ δ.
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Let W = H∞ and E = (−1, 1). Then in view of duality (see Theo-
rem 1.6) we have

e(k)(ξ, (−1, 1), H∞, δ) = sup
f∈H∞

‖f‖C(−1,1)≤δ

|f (k)(ξ)|.

Consequently, for δ ≥ 1

e(k)(ξ, (−1, 1), H∞, δ) = sup
f∈H∞

|f (k)(ξ)|,

and the method ϕ(f̃) ≡ 0 is an optimal method. The solution of this
extremal problem can be obtained from Theorem 3.4.

In what follows we shall consider the case when 0 < δ < 1. In this case
it turns out that an optimal method of recovery does not use all values of
f̃ . It uses only the values at a discrete system of points from (−1, 1). The
density of these points increases while δ ↓ 0.

Theorem 3.8. For all 0 < δ < 1 and ξ ∈ (−1, 1) the method

f ′(ξ) ≈ 2π

Λ′(1− δ4)(1− ξ2)

∞∑
j=−∞

(−1)j+1

sinh2

(
(2j − 1)

πΛ

Λ′

) f̃ ( bj + ξ

1 + ξbj

)
,

where bj are defined by (2.18) and Λ, Λ′ are the complete elliptic integrals of

the first kind for the moduli λ = δ2, λ′ =
√

1− δ4, respectively, is an optimal
method of recovery on the class H∞ from values on the interval (−1, 1) given
with an error δ. Moreover,

e(1)(ξ, (−1, 1), H∞, δ) =
2δΛ′

π(1− ξ2)
=

4

π(1− ξ2)
δ log

2

δ
+O

(
δ5 log

1

δ

)
.

Proof. Put

B1(z) :=
∞∏
j=1

b2j − z2

1− b2jz2
, h(z) :=

∞∏
j=1

(
1− a2

jz
2

1− b2jz2

)2

,(3.25)

ψ(z) :=
B0(z)h(z)

zB1(z)
,(3.26)

where aj and bj are defined by (2.15) and (2.18) while B0 is defined by
(2.16). In the same way as the representation (2.17) was obtained it can be
shown that

(3.27) B1(z) =
√
λ sn

(
2Λ′

π
arctanh z + Λ, λ

)
,

and

(3.28) h(z) =
1− z2

dn2

(
2Λ′

π
arctanh z, λ

) .
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Thus,

ψ(z) =
1− z2

z

sn

(
2Λ′

π
arctanh z, λ

)
cn

(
2Λ′

π
arctanh z, λ

)
dn

(
2Λ′

π
arctanh z, λ

) .
In view of the Gauss transform of elliptic functions (see Appendix) we get

ψ(z) =
1− z2

z

1

1 + λ

sn

(
4L′

π
arctanh z, l

)
cn

(
4L′

π
arctanh z, l

)
= −1− z2

z

i

(1 + λ) dn

(
4L′

π
arctanh z + iL′, l

) ,
where l = 2

√
λ/(1 + λ) and L, L′ are the complete elliptic integrals of

the first kind for the moduli l, l′ =
√

1− l2, respectively. If z = eiθ, θ ∈
(0, π) ∪ (π, 2π), then arctanh z = x + i

π

4
sign sin θ, where x =

1

2
log
∣∣∣cot

θ

2

∣∣∣.
Consequently,

ψ(eiθ) = − 2 sin θ

(1 + λ) dn

(
4L′

π
x+ iL′(1 + sign sin θ), l

)
=

2| sin θ|

(1 + λ) dn

(
4L′

π
x, l

) .
Since for all u ∈ R

1 ≥ dn(u, l) ≥ l′ = 1− λ
1 + λ

,

for almost all θ ∈ T, ψ(eiθ) > 0. Moreover, ψ(eiθ) ∈ L1(T).
For f ∈ H∞ put

Jf :=
δ

2π

∫ 2π

0
B0(eiθ)ψ(eiθ)f(eiθ) dθ.

It is easy to check that this integral can be written in the form

(3.29) Jf =
δ

2πi

∫
|z|=1

h(z)

B1(z)z2
f(z) dz.

In view of (3.27)

B1(aj) = (−1)j
√
λ.
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After applying Lemma 2.5 to the integral (3.29), we find

Jf = f ′(0) + δ
∞∑

j=−∞

h(bj)

B′1(bj)b2j
f(bj).

From (3.27) and (3.28) we have

(3.30) B′1(bj) = (−1)j
√
λ

2Λ′

π(1− b2j )
, h(bj) =

1− b2j
1− λ2

.

Thus

Jf = f ′(0)− ϕ0(If),

where

ϕ0(y) =
2π

Λ′(1− δ4)

∞∑
j=−∞

(−1)j+1

sinh2

(
(2j − 1)

πΛ

Λ′

)y(bj), y ∈ C(−1, 1).

Moreover,

ϕ0(B0) = δ‖ϕ0‖.
Using Theorem 1.9, we obtain that the method ϕ0 is optimal for ξ = 0 and
that B0(z) is an extremal function. Hence

e(1)(0, (−1, 1), H∞, δ) = B′0(0) = δ
2Λ′

π
.

The asymptotic equality for the intrinsic error follows from the equalities
(see (A.41))

Λ′ = log
4

λ
+O

(
λ2 log

4

λ

)
= log

4

δ2
+O

(
δ4 log

1

δ

)
.

In the case of arbitrary ξ ∈ (−1, 1) the statement of theorem can be
obtained by considering the function g(z) = f(w(z)) where

w(z) :=
z + ξ

1 + ξz

is a conformal transformation of the unit disk D. For this function we have
g′(0) = (1− ξ2)f ′(ξ). �

Using the conformal map of the strip Sβ onto the unit disk, from Theo-
rem 3.8 we obtain

Corollary 3.9. For all 0 < δ < 1 and t ∈ R the method

f ′(t) ≈ π2

2βΛ′(1− δ4)

∞∑
j=−∞

(−1)j+1

sinh2

(
(2j − 1)

πΛ

Λ′

) f̃ (t+ (2j − 1)
2βΛ

Λ′

)
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is an optimal method of recovery on the class Hβ
∞(R) from values on R given

with an error δ. Moreover,

e(1)(t,R, Hβ
∞(R), δ) =

δΛ′

2β
=

1

β
δ log

2

δ
+O

(
δ5 log

1

δ

)
.

Now we consider the case k = 2. It turns out that, by contrast with
the previous case k = 1, when k = 2 there arises the “switching” effect,
which consists in the existence of δ0 ∈ (0, 1) such that for 0 < δ ≤ δ0

and δ0 < δ < 1 the extremal functions and the methods of recovery are
qualitatively different.

We set

C(δ) :=
8

3

[
1− 5δ4

2

(
Λ′

π

)2

− 1

]
.

As above we denote by Λ and Λ′ the complete elliptic integrals of the first
kind for the moduli λ = δ2 and λ′ =

√
1− δ4, respectively. Since Λ′ is

monotone decreasing for δ ∈ (0, 1), it follows that the equation

(3.31)
1− 5δ4

2

(
Λ′

π

)2

= 1

has a unique solution δ0 ∈ (0, 1) (computations show that δ0 = 0,2145 . . .).
Thus C(δ0) = 0. Moreover, C(δ) > 0 for δ ∈ (0, δ0) and C(δ) < 0 for
δ ∈ (δ0, 1).

Consider the function

F (x) :=
4

sinh2 π

Λ′
x

[
1− Λ′

2π
sinh

2π

λ′
x

cn(x, δ2)(1 + δ4 sn2(x, δ2))

sn(x, δ2) dn(x, δ2)

]
.

Using the expansions (see (A.45))

sinhx = x+
x3

6
+O(x5), sn(x, δ2) = x− 1 + δ4

6
x3 +O(x5),

cn(x, δ2) = 1− x2

2
+O(x4), dn(x, δ2) = 1− δ4x

2

2
+O(x4),

we find that

F (x) = C(δ) +O(x2).

Thus, for δ ∈ (0, δ0) we have F (0) < 0. Since

F (Λ) = 4 sinh−2 πΛ

Λ′
> 0,

it follows that for any δ ∈ (δ0, 1) there exists γ ∈ (0,Λ) for which F (γ) > 0.

Theorem 3.10. For all t ∈ R the methods

f ′′(t) ≈ − π2

16β2
C(δ)f̃(t) +

π2

2β2

∑
j∈Z\{0}

(−1)j+1

sinh2 2j
πΛ

Λ′

f̃

(
t+ j

4βΛ

Λ′

)
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for 0 < δ ≤ δ0 and

f ′′(t) ≈ π3

4β2Λ′

cosh3 γ
π

Λ′
sn(γ, δ2)

tanh γ
π

2Λ′
dn2(γ, δ2)

×
∑

j∈Z\{0}

(−1)j+1 sinh2 2j
πΛ

Λ′

sinh2
(

(2jΛ− γ)
π

Λ′

)
sinh2

(
(2jΛ + γ)

π

Λ′

) f̃(t+ tj)

for δ0 < δ < 1, where

tj =
4β

π
arctanh

[
tanh

(
(2jΛ− γ)

π

Λ′

)
tanh

(
(2jΛ + γ)

π

Λ′

)]1/2
sign j,

are optimal methods of recovery on the class Hβ
∞(R) from values on R given

with an error δ. Moreover,

e(2)(t,R, Hβ
∞(R), δ) =


Λ′2

4β2
δ(1− δ4), 0 < δ ≤ δ0,

πΛ′

4β2

δ(1− δ4) sn(γ, δ2)

tanh γ
π

Λ′
dn(γ, δ2)

, δ0 ≤ δ < 1.

Proof. In view of translation invariance it suffices to prove the assertion
of the theorem for t = 0. Using the conformal map

z = tanh

(
π

4β
t

)
,

our problem of recovery can be reduced to the problem of recovering the
value of

π2

16β2
f ′′(0)

on the class H∞ from values on the interval (−1, 1), given with an error δ.
For f ∈ H∞ we set

(3.32) Jf :=
α

2π

∫
|z|=1

Ψ(z)f(z)

z3
dz,
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where

α =


δ

4Λ′

π
, 0 < δ ≤ δ0,

δ
4 sn(γ, δ2)

sinh γ
π

Λ′
dn2(γ, δ2)

, δ0 < δ < 1,

Ψ(z) = (1− z2)2h0

(
− z2 + a2

1 + a2z2

)
B−1

2

(
− z2 + a2

1 + a2z2

)
,

h0(z) =
∞∏
j=1

(
1 + b2jz

1 + a2
jz

)2

, B2(z) =
∞∏
j=1

z + a2
j

1 + a2
jz
,

a =

{
0, 0 < δ ≤ δ0,

tanh γ
π

2Λ′
, δ0 < δ < 1

(aj and bj are defined by (2.15) and (2.18)). Set

B3(z) :=

∞∏
j=1

z + b2j
1 + b2jz

,

Using the product expansion of elliptic functions (see Appendix), we can
show that the following representations hold:

(3.33)

B2(z) = δ coth v sn

(
2Λ′

π
v, δ2

)
, B3(z) = δ sn

(
2Λ′

π
v + Λ, δ2

)
,

h0(z) = cosh2 v dn2

(
2Λ′

π
v

)
, z = − tanh2 v.

Applying Lemma 2.5 to the integral (3.32), we have

Jf =
α

2
(Ψ(0)f ′′(0) + 2Ψ′(0)f ′(0))− S(δ)f,

where

S(δ)f = −α
2

Ψ′′(0)f(0) +
α

2

∑
j∈Z\{0}

(1− x2
j )

2(1 + a2x2
j )

2h0(−a2
j )

x4
j (1− a4)B′2(−a2

j )
f(xj),

xj =

(
a2
j − a2

1− a2a2
j

)1/2

sign j.

It is easy to see that for δ0 < δ < 1 we have

xj = tanh

(
π

4β
tj

)
,

while for 0 < δ ≤ δ0 we have xj = aj .
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It follows from the representation (3.33) that

h0(−a2
j ) =

1

1− a2
j

, B′2(−a2
j ) = (−1)j+1δ

Λ′

π

1

a2
j (1− a2

j )
,

Ψ(z) =

(1− z2)(1 + a2z2) dn2

(
2Λ′

π
v, δ2

)
tanh v

δ(1− a2) sn

(
2Λ′

π
v, δ2

) ,
z2 + a2

1 + a2z2
= tanh2 v.

Hence Ψ(0) = 2α−1, Ψ′(0) = 0,
α

2
Ψ′′(0) = C(δ) for 0 < δ ≤ δ0, and

α

2
Ψ′′(0) = F (γ) = 0 for δ0 < δ < 1. Thus

Jf = f ′′(0)− S(δ)f.

After applying transformations for S(δ)f , we obtain the following equalities:

S(δ) = −C(δ)f(0) + 8
∑

j∈Z\{0}

(−1)j+1

sinh2 2j
πΛ

Λ′

f(aj)

if 0 < δ ≤ δ0, and

S(δ) =
4π

Λ′

cosh3 γ
π

Λ′
sn(γ, δ2)

tanh γ
π

2Λ′
dn2(γ, δ2)

×
∑

j∈Z\{0}

(−1)j+1 sinh2 2j
πΛ

Λ′

sinh2
(

(2jΛ− γ)
π

Λ′

)
sinh2

(
(2jΛ + γ)

π

Λ′

)f(xj)

if δ0 < δ < 1.
The integral (3.32) can be written in the form

Jf =
α

2π

∫ 2π

0
g(eiθ)Φ(eiθ)f(eiθ) dθ,

where

g(z) = −B3

(
− z2 + a2

1 + a2z2

)
, Φ(z) =

Ψ(z)g(z)

z2
.

We claim that Φ(eiθ) ∈ L1[0, 2π] and Φ(eiθ) > 0 almost everywhere. In view
of the easily verified equality

Φ(z) =
(z2 + a2)(1 + a2z2)

(1− a2)2z2
Φ0

(
− z2 + a2

1 + a2z2

)
,

in which

Φ0(z) =
(1 + z)2

z

B3(z)h0(z)

B2(z)
,



3.4. NOISY INFORMATION 95

it suffices to prove that Φ0 enjoys this property. Using the Gauss transform
(see Appendix), it follows from (3.33) that

Φ0(z) = − 2

sinh 2v

cn

(
2Λ′

π
v, δ2

)
dn

(
2Λ′

π
v, δ2

)
sn

(
2Λ′

π
v, δ2

)

= −2(1 + δ2)

sinh 2v

cn

(
4L′

π
v, l

)
sn

(
4L′

π
v, l

) = −i2(1 + δ2)

sinh 2v
dn

(
4L′

π
v + iL′, l

)
,

where l = 2δ/(1+δ2) and L, L′ are the complete elliptic integrals of the first

kind for the moduli l, l′ =
√

1− l2, respectively. Let z = eiθ, θ ∈ (−π, π).

Then v can be chosen from the condition tanh v = ei(θ+π)/2. Hence v =
x+ iπ/4, where

x =
1

2
log

∣∣∣∣cot
θ + π

4

∣∣∣∣ .
Consequently,

Φ0(eiθ) =
2(1 + δ2)

cosh 2x
dn

(
4L′

π
x, l

)
.

It is clear from the last equality that for θ ∈ (−π, π)

0 < Φ0(eiθ) ≤ 2(1 + δ2).

In order to make use of Theorem 1.9 it remains to verify the equality S(δ)g =
δ‖S(δ)‖, which follows from the fact that

B3(−a2
j ) = (−1)jδ.

The same theorem also yields

e(2)(0, (−1, 1), H∞, δ) = g′′(0).

The expression for g′′(0) is easily found by using the representation (3.33).

Passing from the class H∞ to the class Hβ
∞(R), we see that the method

f ′′(0) ≈ π2

16β2
S(δ)ỹ,

where

ỹ(z) = f̃

(
4β

π
arctanh z

)
,

is optimal, and

e(2)(0,R, Hβ
∞(R), δ) =

π2

16β2
e(2)(0, (−1, 1), H∞, δ).

�
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3.5. Kolmogorov Inequalities

Kolmogorov [1939] posed and solved the following problem: to find

sup ‖f (k)‖∞, 1 ≤ k ≤ r − 1,

over all functions that have absolutely continuous derivatives up to (r−1)th
order and satisfy the condition

‖f‖∞ ≤ A0, ‖f (r)‖∞ ≤ Ar,
where ‖ · ‖∞ is the norm in L∞(R).

Denote by Hr,β
∞ (R) the class of functions analytic in the strip Sβ and

satisfying the condition

|f (r)(z)| ≤ 1, z ∈ Sβ.
We shall be interested in the extremal problem

sup
f∈Hr,β

∞ (R)
‖f‖∞≤δ

‖f (k)‖∞.

This problem closely connected with the problem of optimal recovery of
derivatives from incorrect information about a function. The intrinsic error
of optimal recovery of f (k)(t) from the trace f∣∣R known with an error δ in

the uniform norm is defined by

e(k)(t, R,Hr,β
∞ (R), δ) := inf

ϕ : C(R)→C
sup

f∈Hr,β
∞ (R)

sup
f̃∈C(R)

‖f−f̃‖∞≤δ

|f (k)(t)− ϕ(f̃)|

(see (3.24)). For r = 0 and k = 1, 2 the solution of this problem was obtained
in Section 3.4. For t ∈ R from duality (see Theorem 1.6) and translation
invariance we have

e(k)(t,R, Hr,β
∞ (R), δ) = sup

f∈Hr,β
∞ (R)

‖f‖∞≤δ

|f (k)(t)| = sup
f∈Hr,β

∞ (R)
‖f‖∞≤δ

‖f (k)‖∞.

Let Λ and Λ′ be the complete elliptic integrals of the first kind for the
moduli λ ∈ (0, 1) and λ′ =

√
1− λ2, respectively. Consider the function

φλ(z) :=
√
λ sn

(
Λ′

2β
z, λ

)
.

From the properties of elliptic functions it follows that for all x ∈ R, |φλ(x+

iβ)| = 1. Thus for any λ ∈ (0, 1), φλ ∈ Hβ
∞(R).

Put Φλ,0,β(z) := φλ(z),

Φλ,2j−1,β(z) :=

∫ z

2Λβ/Λ′
Φλ,2j−2,β(u) du,

Φλ,2j,β(z) :=

∫ z

0
Φλ,2j−1,β(u) du,

j = 1, 2, . . . .
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The properties of Φλ,r,β are analogous to the properties of the perfect Euler
splines (see Korneichuk [1987]). Using the expansion of the elliptic sine in
a Fourier series (see (A.47))

sn

(
Λ′

2β
z, λ

)
=

π

λΛ

∞∑
n=0

sin

(
(2n+ 1)

πΛ′

4Λβ
z

)
sinh

(
(2n+ 1)

πΛ′

2Λ

) ,
we obtain

(3.34)

Φλ,r,β(z) =
π√
λΛ

(
4Λβ

πΛ′

)r ∞∑
n=0

sin

(
(2n+ 1)

πΛ′

4Λβ
z − πr

2

)
(2n+ 1)r sinh

(
(2n+ 1)

πΛ′

2Λ

) ,
‖Φλ,r,β‖∞ =

π√
λΛ

(
4Λβ

πΛ′

)r ∞∑
n=0

(−1)n(r+1)

(2n+ 1)r sinh

(
(2n+ 1)

πΛ′

2Λ

) .
Theorem 3.11. Let δ ∈ (0,∞) for r ≥ 1, and let δ ∈ (0, 1) for r = 0.

Then for any 1 ≤ k ≤ r + 1

(3.35) sup
f∈Hr,β

∞ (R)
‖f‖∞≤δ

‖f (k)‖∞ = ‖Φ(k)
λ,r,β‖∞

=
π√
λΛ

(
4Λβ

πΛ′

)r−k ∞∑
n=0

(−1)n(r−k+1)

(2n+ 1)r−k sinh

(
(2n+ 1)

πΛ′

2Λ

) ,
where λ satisfies the equality

(3.36) ‖Φλ,r,β‖∞ = δ.

In the proof of Theorem 3.11 we use the inductive scheme applied in
the Kolmogorov comparison theorem (see, for example, Korneichuk [1976]).
However, unlike the smooth case, in the considered case the first step of the
induction is the most difficult one. First we prove a number of preliminary
results.

Denote by H∞,R the set of functions from H∞ that are real on the real
axis.

Proposition 3.12. Let f ∈ H∞,R, and let

(3.37) ‖f‖C(−1,1) ≤ ‖B0‖C(−1,1),

for some λ ∈ (0, 1), where

‖x‖C(−1,1) := sup
t∈(−1,1)

|x(t)|
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and B0 is defined by (2.16). If ξ ∈ (−1, 1) and f(ξ) = B0(ξ), then

|f ′(ξ)| ≤ |B′0(ξ)|.

Proof. In view of (2.17) and (2.19) we have

(3.38) ‖B0‖C(−1,1) =
√
λ, B0(±bj) = ±(−1)j+1

√
λ.

Thus the proposition is obvious for ξ = ±bj , j = 1, 2, . . . . For f ∈ H∞,R
and ξ 6= ±bj , j = 1, 2, . . . , put

Jf :=
1

2πi

∫
|z|=1

h(z)f(z) dz

B1(z)(z − ξ)2(1− ξz)2
,

where h(z) and B1(z) are defined by (3.25). By Lemma 2.5, we get

Jf =

(
h(z)f(z)

B1(z)(1− ξz)2

)′∣∣z=ξ
+
∞∑
j=1

h(bj)

B′1(bj)

(
f(bj)

(bj − ξ)2(1− ξbj)2
− f(−bj)

(bj + ξ)2(1 + ξbj)2

)
.

Using (3.30), we have

(3.39) f ′(ξ) = −C(ξ)

(
h(z)

B1(z)(1− ξz)2

)′∣∣z=ξ f(ξ) +
πC(ξ)

2
√
λΛ′(1− λ2)

×
∞∑
j=1

(−1)j+1(1− b2j )2

(
f(bj)

(bj − ξ)2(1− ξbj)2
− f(−bj)

(bj + ξ)2(1 + ξbj)2

)
+ C(ξ)Jf,

where

C(ξ) :=
B1(ξ)(1− ξ2)2

h(ξ)
.

Putting

ψ1(z) :=
z2

(z − ξ)2(1− ξz)2
,

and taking into account that |B0(eiθ)| = 1 almost everywhere, we have

Jf =
1

2π

2π∫
0

B0(eiθ)ψ(eiθ)ψ1(eiθ)f(eiθ) dθ,

where ψ is defined by (3.26). In Theorem 3.8 we proved that the function
ψ(eiθ) is bounded and positive almost everywhere. Obviously, ψ1(eiθ) has
the same property. Thus, for all f ∈ H∞,R

(3.40) |Jf | ≤ 1

2π

2π∫
0

ψ(eiθ)ψ1(eiθ) dθ = JB0.
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Suppose that C(ξ) > 0. Then by (3.38), (3.39), and (3.40) we have

(3.41) f ′(ξ) ≤ −C(ξ)

(
h(z)

B1(z)(1− ξz)2

)′∣∣z=ξ f(ξ)

+
πC(ξ)

2Λ′(1− λ2)

∞∑
j=1

(1− b2j )2

(
1

(bj − ξ)2(1− ξbj)2
+

1

(bj + ξ)2(1 + ξbj)2

)
+ C(ξ)JB0.

If f(ξ) = B0(ξ), then the right-hand side in the last inequality coincides
with B′0(ξ) (see (3.39)). Thus

(3.42) f ′(ξ) ≤ B′0(ξ).

Put

g(z) := f

(
α− z
1− αz

)
, α :=

2ξ

1 + ξ2
.

Obviously, g ∈ H∞,R and satisfies the condition (3.37). Moreover, g(ξ) =
f(ξ) and g′(ξ) = −f ′(ξ). Therefore, applying the inequality (3.42) to g, we
obtain

−f ′(ξ) ≤ B′0(ξ).

The case C(ξ) < 0 can be considered analogously by changing the inequality
(3.41) to the opposite one. �

Denote by Hr,β
∞,R(R) the class of functions from Hr,β

∞ (R) that are real on

the real axis (for r = 0 the corresponding class is denoted by Hβ
∞,R(R)).

Proposition 3.13. Let f ∈ Hβ
∞,R(R) and let

‖f‖∞ ≤ ‖φλ‖∞
for some λ ∈ (0, 1). If a, b ∈ R and f(a) = φλ(b), then

|f ′(a)| ≤ |φ′λ(b)|.

Proof. Without loss of generality we can assume that a = b. Put

w(z) :=
4β

π
arctanh z.

This function maps conformally the unit disk D onto the strip Sβ. Thus,
f(w(z)) ∈ H∞,R. Since φλ(w(z)) = B0(z) (see (2.16)), by putting ξ =

tanh
πa

4β
in Proposition 3.12, we obtain

|f ′(w(ξ))w′(ξ)| ≤ |φ′λ(w(ξ))w′(ξ)|.

Hence, |f ′(a)| ≤ |φ′λ(a)|. �

From Proposition 3.13, applying the inductive scheme of the proof of
the Kolmogorov comparison theorem, we obtain the following theorem.
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Theorem 3.14. Let f ∈ Hr,β
∞,R(R), r ≥ 0, and let

(3.43) ‖f‖∞ ≤ ‖Φλ,r,β‖∞
for some λ ∈ (0, 1). If a, b ∈ R and f(a) = Φλ,r,β(b), then

|f ′(a)| ≤ |Φ′λ,r,β(b)|.

From Theorem 3.14 follows

Corollary 3.15. Let f ∈ Hr,β
∞,R(R), r ≥ 0, and let the inequality (3.43)

holds for some λ ∈ (0, 1). Then for all 1 ≤ k ≤ r + 1

‖f (k)‖∞ ≤ ‖Φ(k)
λ,r,β‖∞.

Remark 1. The statement of Corollary 3.15 remains valid for the class

Hr,β
∞ (R). Indeed, assume the converse. Then there exists f0 ∈ Hr,β

∞ (R)
satisfying the inequality (3.43) for some λ ∈ (0, 1) and such that

‖f (k)
0 ‖∞ > ‖Φ(k)

λ,r,β‖∞.
Consequently there exists t0 ∈ R for which

|f (k)
0 (t0)| > ‖Φ(k)

λ,r,β‖∞.

Without loss of generality we can assume that f
(k)
0 (t0) > 0. Consider the

function

f1(z) :=
f0(z) + f0(z)

2
.

It is obvious that f1 ∈ Hr,β
∞,R(R), satisfies the inequality (3.43), and

f
(k)
1 (t0) = f

(k)
0 (t0) > ‖Φ(k)

λ,r,β‖∞.
This contradicts Corollary 3.15.

Proof of Theorem 3.11. Put Φλ,−1,β(z) := Φ′λ,0,β(z). Then

Φ
(k)
λ,r,β(z) = Φλ,r−k,β(z), k = 1, . . . , r + 1.

It is easy to verify that the equalities (3.34) also hold for r = −1. Thus,
using Remark 1, we see that it is sufficient to prove the existence of λ ∈ (0, 1)
satisfying (3.36). Since

‖Φλ,0,β‖∞ =
√
λ,

we have for r = 0, λ = δ2.
Let r ≥ 1. Then from (3.34) it follows that ‖Φλ,r,β‖∞ depends continu-

ously on λ. Since Λ′ →∞ and Λ→ π/2 as λ→ 0, and (see (A.40))

lim
λ→0

√
λ exp

(
πΛ′

4Λ

)
=

1

2
,

we get for all j ≥ 0

√
λ sinh

(
(2j + 1)

πΛ′

2Λ

)
→∞.
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Thus ‖Φλ,r,β‖∞ → 0 as λ → 0. If λ → 1, then Λ′ → π/2 and Λ → ∞. In
this case it follows from (3.34) that ‖Φλ,r,β‖∞ →∞. �

As it was yet mentioned, for r = 0 the equation (3.36) has the solution
λ = δ2. Thus

(3.44) sup
f∈Hβ

∞(R)
‖f‖∞≤δ

‖f ′‖∞ =
δΛ′

2β
,

where Λ′ is the complete elliptic integral of the first kind for the modulus
λ′ =

√
1− δ4 (the equality (3.44) is also follows from Corolarry 3.9). Denote

by Hβ∞(R) the space of functions which are analytic in the strip Sβ and
satisfy the condition

‖f‖Hβ∞(R)
:= sup

z∈Sβ
|f(z)| <∞.

Then from (3.44) it follows that for all f ∈ Hβ∞(R) the inequality

‖f ′‖∞ ≤
1

2β
‖f‖∞‖f‖2Hβ∞(R)

∫ π/2

0

dx√
‖f‖4

Hβ∞(R)
cos2 x+ ‖f‖4∞ sin2 x

holds.
In contrast to the smooth case for the considered extremal problem on

the class Hr,β
∞ (R) we can pose the problem of norm estimation not only for

intermediate derivatives but for derivatives of arbitrary orders. It turns out
that for k = r + 2 the equality (3.35) holds only for small δ. It was shown
in Section 3.4 that for λ = δ2 the equation

(3.45)
1− 5λ2

2

(
Λ′

π

)2

= 1

has the unique solution δ0 = 0,2145 . . . (see (3.31). Put λ0 := δ2
0 = 0,0460 . . .

and

δr := ‖Φλ0,r,1‖∞, r ≥ 1

(since ‖Φλ,r,β‖∞ =
√
λ the last equality is also valid for r = 0).

Theorem 3.16. Let r ≥ 0 and δ ∈ (0, δrβ
r]. Then

sup
f∈Hr,β

∞ (R)
‖f‖∞≤δ

‖f (r+2)‖∞ = ‖Φ′′λ,0,β‖∞ =

(
Λ′

2β

)2√
λ(1− λ2),

where λ satisfies (3.36).

Proof. In Theorem 3.10 we proved that for 0 < λ ≤ λ0

(3.46) sup
f∈Hβ

∞(R)

‖f‖∞≤
√
λ

‖f ′′‖∞ = ‖Φ′′λ,0,β‖∞ =

(
Λ′

2β

)2√
λ(1− λ2).
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It follows from (3.34) that

‖Φλ0,r,β‖∞ = δrβ
r.

By analogy with the proof of Theorem 3.11, one can show that for δ ∈
(0, δrβ

r] there exists λ ∈ (0, λ0] satisfying (3.36). Now the assertion of the
theorem follows from Theorem 3.11 and (3.46). �

Let us calculate the value δ1. We have (see (A.46))

‖Φλ,1,1‖∞ =

∫ 2Λ/Λ′

0

√
λ sn

(
Λ′

2
z, λ

)
dz

=
2
√
λ

Λ′

∫ Λ

0
sn(t, λ) dt =

1√
λΛ′

log
1 + λ

1− λ
.

Taking into account (3.45), we obtain

δ1 =
1

π

(
1− 5λ2

0

2λ0

)1/2

log
1 + λ0

1− λ0
= 0,0961 . . . .

3.6. Notes and References

3.1. The problem of optimal recovery of the derivative of f ∈ H∞
was solved by Micchelli, Rivlin [1977]. The general case 1 ≤ p ≤ ∞ was
obtained by Osipenko, Stessin [1991]. An interesting minimization problem
for optimal recovery of the derivative was considered by Rivlin, Ruscheweyh,
Shaffer, Wirths [1983]. In this paper for a given ξ ∈ (−1, 0) an optimal
recovery method of f ′(ξ), f ∈ H∞, from the knowledge of function values
at points z1, . . . , zn ∈ [0, 1), which are chosen to produce the least possible
intrinsic error, is constructed. Previously Rivlin, Shaffer [1983] noted the
unexpected fact that for ξ = 0 and n = 1 the intrinsic error is minimal if
z1 = 1/

√
3.

3.2. The material of this section is taken from Osipenko [1994a].
3.3. The material of this section is taken from Osipenko [1999].
3.4. Theorem 3.8 was proved by Osipenko, Stessin [1993]. The problem

of optimal recovery of the second derivative which differs from the first
derivative by a “switching” effect was studied in Osipenko [1994c].

3.5. There are many papers devoted to Kolmogorov-type inequalities for
classes of smooth functions (see Tikhomirov, Magaril-Il’yaev [1985], Magaril-
Il’yaev, Tikhomirov [1997]). The analogue of the classical Kolmogorov in-

equality for the Hardy–Sobolev class Hr,β
∞ (R) considered in this section was

obtained by Osipenko [1994b].



CHAPTER 4

Exact n-Widths of Analytic Functions

In Section 2.4 we looked for n optimal nodes to make the intrinsic error
of optimal recovery minimal. Nevertheless, it is natural to ask: are there any
n linear functionals which can be used instead of function values for which
the error less? In other words, we would like to know what information
is better to know about functions in order to recover them more precisely.
This question leads to the notions of n-widths.

In Section 4.1 we find the exact values of the Kolmogorov, linear,
Gel’fand, and information n-widths for the class Hp in Lq(E,µ), 1 ≤ q ≤
p ≤ ∞, where E is a subset of the unit disk. In Section 4.2 we obtain the
exact order of dn(Hp, Lq(−1, 1)) for all 1 ≤ q < p ≤ ∞. Section 4.3 is
devoted to the periodic case. We calculate the exact values of n-widths for
the Hardy–Sobolev classes in the case p =∞.

In Section 4.4 we proved the Ismagylov type theorems for the linear,
Gel’fand, and Bernstein n-widths in a Hilbert spaces. In Section 4.5 we apply
these results to n widths of ellipsoids. Section 4.6 is devoted to the exact
values of n-widths for the Hardy–Sobolev and Bergman–Sobolev classes for
p = 2.

4.1. Exact n-Widths in Hp

Let X be a normed linear space. The information n-width of a set
W ∈ X is defined as follows

(4.1) in(W,X) := inf
Y⊃W

l1,...,ln∈Y ∗

inf
S : Mn→X

sup
f∈W
‖f − S(l1f, . . . , lnf)‖X ,

where the infimum is taken over all normed linear spaces Y containing W ;
here M = R or C. If the infimum in (4.1) is attained for some linear
functionals, then these functionals are said to be optimal for corresponding
information n-width.

If X is a normed linear space of functions defined on a set G and there
exists Y ⊃ W such that for all t ∈ G, lf := f(t) ∈ Y ∗, then it is evident
that

(4.2) in(W,X) ≤ sn(W,X).

For some classes of analytic functions we study whether the equality in (4.2)
holds (that is, function values are optimal functionals) or not. If not, we
shall be interested in optimal functionals which make possible to recover
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functions better than for function values. We shall also be interested in
the connection between these quantities and the Kolmogorov, linear, and
Gel’fand n-widths.

We start by recalling the definition of the various n-widths (see (1.3)).
The Kolmogorov n-widths are defined by

dn(W,X) := inf
Xn

sup
x∈W

inf
y∈Xn

‖x− y‖X ,

where Xn runs over all subspaces of X of dimension n or less.
The linear n-width is the quantity

λn(W,X) := inf
Y

inf
Pn

sup
x∈W
‖x− Pnx‖X ,

where Y are any normed linear spaces containing W and Pn are bounded
linear operators mapping Y into X, whose range is n or less.

The Gel’fand n-width is defined as follows

dn(W,X) := inf
Y

inf
Y n

sup
x∈W∩Y n

‖x‖X ,

where Y is as in the definition of the linear n-width and Y n are any subsets
of W of codimension n (here we assume that 0 ∈W ).

Much information on n-widths can be found in Pinkus [1985]. In par-
ticular, the following fundamental inequality holds:

(4.3) dn(W,X) , dn(W,X) ≤ λn(W,X).

Proposition 4.1. Let W be a centrally symmetric set and 0 ∈W . Then

(4.4) dn(W,X) ≤ in(W,X) ≤ λn(W,X).

Proof. The inequality

in(W,X) ≤ λn(W,X)

evidently follows from the definition of information and linear n-widths.
The lower bound we prove similarly to Proposition 2.9. Let Y ⊃ W and
l1, . . . , ln ∈ Y ∗. For each ε > 0 there exists fε ∈ W such that l1fε = . . . =
lnfε = 0 and

sup
f∈W

l1f=...=lnf=0

‖f‖X ≤ ‖fε‖X + ε.

For all algorithms S we have

‖fε − S(0, . . . , 0)‖X + ‖ − fε − S(0, . . . , 0)‖X ≥ 2‖fε‖X .
Therefore,

sup
f∈W
‖f−S(l1f, . . . , lnf)‖X ≥ ‖fε‖X ≥ sup

f∈W
l1f=...=lnf=0

‖f‖X−ε ≥ dn(W,X)−ε.

Taking the infimum over S and l1 . . . , ln, we obtain

in(W,X) ≥ dn(W,X).

�
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To calculate exact values of n-widths we shall frequently use the Borsuk
Antipodality Theorem (Borsuk [1933]). For easy reference we state here a
version of it.

Theorem 4.2. Let Ω be a bounded, open, symmetric neighborhood of 0
in Rn+1, and T a continuous map of ∂Ω (the boundary of Ω) into Rn, with
T odd on ∂Ω, i.e., T (−x) = −T (x) for all x ∈ ∂Ω. Then there exists an
x∗ ∈ ∂Ω for which T (x∗) = 0.

For the Hardy classes Hp there is a general result concerning exact values
of n-widths which is formulated as follows.

Theorem 4.3. Let E be a subset of the unit disk and µ be a positive
measure on E such that the restriction operator,which maps Hp into Lq :=
Lq(E,µ), is compact. Then for all 1 ≤ q ≤ p ≤ ∞

dn(Hp, Lq) = λn(Hp, Lq) = dn(Hp, Lq)

= sn(Hp, Lq) = in(Hp, Lq) = inf
B∈Bn

sup
g∈Hp

‖Bg‖Lq ,

where Bn is the set of all Blaschke products of degree at least n.

To prove this theorem we need some preliminary results relative to the
extremal problem

(4.5) δ(p, q) := sup
g∈Hp

‖g‖Lq
‖g‖Hp

.

A compactness argument shows the existence of solutions of (4.5). Moreover,
we claim that any solution of this problem is free of zeros in the unit disk
D. In fact, if g ∈ Hp has zero at a point α ∈ D, then

g∗(z) := g(z)

/
z − α
1− αz

∈ Hp,

‖g∗‖Hp = ‖g‖Hp but ‖g∗‖Lq > ‖g‖Lq . We shall call a solution of (4.5)
normalized if it has a Hp norm one and is positive at the point z = 0.

Proposition 4.4. Let g be a normalized solution of (4.5). Then for all
1 ≤ q, p <∞ and all θ ∈ T

(4.6) δq(p, q)|g(eiθ)|p =

∫
E
|g(z)|qP (eiθ, z) dµ(z),

where

P (eiθ, z) =
1− |z|2

|1− e−iθz|2

is the Poisson kernel.
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Proof. Let u be a real harmonic function on D which is continuous on
D. Let v denote the harmonic conjugate function of u. Set gε := exp(ε(u+
iv)), ε ∈ R. Since δ(p, q) ≥ ‖ggε‖Lq

/
‖ggε‖Hp , we have

δ(p, q)

(
1

2π

∫ 2π

0
|g(eiθ)|peεpu(eiθ) dθ

)1/p

≥
(∫

E
|g(z)|qeεqu(z) dµ(z)

)1/q

.

Expanding the exponentional terms and using the binomial theorem together
with the fact that the solution g is normalized we obtain that

δq(p, q)
1

2π

∫ 2π

0
|g(eiθ)|pu(eiθ) dθ =

∫
E
|g(z)|qu(z) dµ(z)

=

∫
E
|g(z)|q 1

2π

∫ 2π

0
u(eiθ)P (eiθ, z) dθ dµ(z)

=
1

2π

∫ 2π

0
u(eiθ)

∫
E
|g(z)|qP (eiθ, z) dµ(z) dθ.

Since u(eiθ) is an arbitrary continuous function on T, we have (4.6). �

Proposition 4.5. For all 1 ≤ q ≤ p ≤ ∞ a normalized solution of (4.5)
is uniquely determined.

Proof. For p =∞ it is evident that g(z) ≡ 1 is the unique normalized
solution of (4.5). Assume that p < ∞. Let g1 and g2 be two normalized
solutions of (4.5). It follows from (4.6) that

|g1(eiθ)/g2(eiθ)|p =

∫
E
|g1(z)/g2(z)|q dν(z),

where

dν(z) =
|g2(z)|qP (eiθ, z) dµ(z)∫
E |g2(z)|qP (eiθ, z) dµ(z)

.

Since ν is a probability measure we have

(4.7) |g1(eiθ)/g2(eiθ)|p ≤ sup
z∈E
|g1(z)/g2(z)|q.

Put u := log |g1/g2|. Both extremal functions g1 and g2 have no zeros in
the unit disk. Consequently u is a harmonic function on D. It follows from
(4.7) that

sup
θ∈T

u(eiθ) ≤ q

p
sup
z∈E

u(z) ≤ sup
z∈E

u(z).

The maximum principle implies that u is constant. Hence g1 is a constant
multiple of g2 and the constant must be 1 since g1 and g2 are both normal-
ized. �

Proof of Theorem 4.3. Let z0, . . . , zn be distinct points from the
unit disk D, w = (w0, . . . , wn) ∈ Cn+1, and

∑n
j=0 |wj |2 = 1. Put

ρ(w) := inf
f∈H∞

f(zj)=wj , j=0,...,n

‖f‖H∞ .
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According to the classical Pick–Nevanlinna Theorem (see, for example,
Walsh [1960], Fisher [1983]) there is a unique Blashke product B ∈ Bn
such that

(4.8) ρ(w)B(zj) = wj , j = 0, . . . , n.

This implies that the mapping

α(w0, . . . , wn) = B,

where w ∈ S2n+1 and B satisfies (4.8) is odd. Moreover, α is continuous
in the topology of uniform convergence on compact subsets of D. Denote
by gB the unique normalized solution of (4.5) with respect to the measure
|B|q dµ when q <∞. For q =∞ put gB(z) ≡ 1. Define β : S2n+1 → Lq by

β(w) := α(w)gα(w).

It is clear that β is a continuous odd mapping.
Let Xn be a complex n-dimensional subspace of Lq, 1 < q < ∞, with

basis f1, . . . , fn. For each f ∈ Lq there exists the unique best approximation
to f from Xn

f0 =
n∑
j=1

cj(f)fj .

Put γ(f) := (c1(f), . . . , cn(f)). Then the mapping γ ◦ β : S2n+1 → R2n is
continuous and odd. By the Borsuk Theorem (see Theorem 4.2) there exists
a w∗ ∈ S2n+1 for which cj(β(w∗)) = 0, j = 1, . . . , n. It means that there
exists the Blashke product B∗ ∈ Bn such that cj(B

∗gB∗) = 0, j = 1, . . . , n.
Thus

sup
f∈Hp

inf
h∈Xn

‖f − h‖Lq ≥ inf
h∈Xn

‖B∗gB∗ − h‖Lq = ‖B∗gB∗‖Lq

≥ inf
B∈Bn

‖BgB‖Lq = inf
B∈Bn

sup
g∈Hp

‖Bg‖Lq .

This completes the proof of the lower bound for the Kolmogorov n-width
(the cases q = 1,∞ are established by passing to the limit as either q ↘ 1
or q ↗∞).

To obtain the lower bound for the Gel’fand n-width consider an arbi-
trary normed linear space Y containing Hp and arbitrary linear continuous
functionals l1, . . . , ln ∈ Y ∗. Denote by γ1 : S2n+1 → Cn the mapping

γ1(w) = (l1(β(w)), . . . , ln(β(w))).

γ1 is an odd and continuous map. By the Borsuk Theorem there exists the
Blashke product B0 ∈ Bn such that lj(B0gB0) = 0, j = 1, . . . , n. Thus

sup
f∈Hp

lj(f)=0, j=1,...,n

‖f‖Lq ≥ ‖B0gB0‖Lq ≥ inf
B∈Bn

sup
g∈Hp

‖Bg‖Lq .
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Now we prove the upper bound. In view of (4.2), (4.4), and ((4.3)) it
suffices to prove it for sn(Hp, Lq) and λn(Hp, Lq). For p =∞ it follows from
Theorem 2.1 that

sn(H∞, Lq), λn(H∞, Lq) ≤ inf
B∈Bn

‖B‖Lq = inf
B∈Bn

sup
g∈H∞

‖Bg‖Lq .

Let p <∞. For f ∈ Hp, ξ ∈ D, and

B(z) =
k∏
j=1

(
z − zj
1− zjz

)νj
set

Jf(ξ) := B(ξ)gB(ξ)
1

2πi

∫
|z|=1

(1− |ξ|2)f(z)

B(z)gB(z)(z − ξ)(1− ξz)
dz.

By the residue theorem we have

Jf(ξ) = f(ξ)−
k∑
j=1

νj−1∑
ν=0

cjν(ξ)f (νj)(zj)

(cjν(ξ) may be determined exactly as it was done in Theorem 2.1). It is
easy to check that

Jf(ξ) = B(ξ)gB(ξ)

∫ 2π

0

f(eiθ)

B(eiθ)gB(eiθ)
dν(θ),

where

dν(θ) =
1

2π
P (eiθ, ξ) dθ.

Since ν is a probability measure, by the Hölder inequality we obtain

|Jf(ξ)|q ≤ |B(ξ)gB(ξ)|q
∫ 2π

0

∣∣∣∣ f(eiθ)

gB(eiθ)

∣∣∣∣q dν(θ).

Thus in view of (4.6)

‖Jf‖qLq ≤
1

2π

∫ 2π

0

∣∣∣∣ f(eiθ)

gB(eiθ)

∣∣∣∣q ∫
E
|B(ξ)gB(ξ)|qP (eiθ, ξ) dµ(ξ) dθ

= δq(p, q)
1

2π

∫ 2π

0

∣∣∣∣ f(eiθ)

gB(eiθ)

∣∣∣∣q |gB(eiθ)|p dθ

= δq(p, q)
1

2π

∫ 2π

0
|f(eiθ)|q|gB(eiθ)|p−q dθ.

Applying the Hölder inequality to the latter integral with powers p/q ≥ 1

and (p/q)′ =
p

p− q
, we have

‖Jf‖qLq ≤ δ
q(p, q)

(
1

2π

∫ 2π

0
|f(eiθ)|p dθ

) q
p
(

1

2π

∫ 2π

0
|gB(eiθ)|p dθ

) p−q
p

≤ δq(p, q).



4.2. ESTIMATES OF n-WIDTHS FOR Hp IN Lq(−1, 1) 109

Consequently,

‖Jf‖Lq ≤ δ(p, q) = sup
g∈Hp

‖Bg‖Lq .

As B is arbitrary we obtain the required estimates for sn(Hp, Lq) and
λn(Hp, Lq). �

Corollary 4.6. For all 1 ≤ q ≤ ∞

(4.9) dn(H∞, Lq) = λn(H∞, Lq) = dn(H∞, Lq)

= sn(H∞, Lq) = in(H∞, Lq) = inf
B∈Bn

‖B‖Lq .

In Theorems 2.12, 2.16, and Corollary 2.17 we obtain a number of exact
values of sn which in view of Theorem 4.3 coincide with the Kolmogorov,
linear, Gel’fand, and information n-widths. For example, we formulate the
corresponding result for the n-widths of Hp in Lq(Tρ, σρ).

Corollary 4.7. For all 1 ≤ q ≤ p ≤ ∞ and 0 < ρ < 1

dn(Hp, Lq(Tρ, σρ)) = λn(Hp, Lq(Tρ, σρ)) = dn(Hp, Lq(Tρ, σρ))

sn(Hp, Lq(Tρ, σρ)) = in(Hp, Lq(Tρ, σρ)) = ρn.

4.2. Estimates of n-Widths for Hp in Lq(−1, 1)

We apply the result of Theorem 4.3 in the case when E = (−1, 1) and µ
is the Lebesgue measure. For m ∈ N set

(4.10) En(p, q,m) := inf
B∈Bn

sup
g∈Hp

‖Bmg‖Lq(−1,1),

where Bn is the set of all Blaschke products of degree at least n. To ob-
tain estimates for n-widths of the pair (Hp, Lq(−1, 1)), we have to estimate
En(p, q, 1).

First we prove some preliminary results.

Proposition 4.8. For all 0 < ρ ≤ 1 and all B ∈ Bn∫ ρ

−ρ

log |B(x)|
1− x2

dx ≥ −nπ
2

4
.

Proof. It suffices to prove that for all z from the unit disk D∫ ρ

−ρ
log

∣∣∣∣ x− z1− zx

∣∣∣∣ dx

1− x2
≥ −π

2

4
.
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We have∫ ρ

−ρ
log

∣∣∣∣ x− z1− zx

∣∣∣∣ dx

1− x2
≥
∫ 1

−1
log

∣∣∣∣ x− z1− zx

∣∣∣∣ dx

1− x2

≥
∫ 1

−1
log

∣∣∣∣ x− Re z

1− Re z x

∣∣∣∣ dx

1− x2
=

∫ 1

−1
log |u| du

1− u2

= 2

∫ 1

0
log |u| du

1− u2
=

∫ 1

0
log

1− t
1 + t

dt

t
= −π

2

4
.

The last integral can be calculated by using the Taylor series for the loga-
rithmic function and the fact that

∞∑
k=1

1

(2k − 1)2
=
π2

8
.

�

Proposition 4.9. For all R > 0 there exists a constant CR such that
for every 0 ≤ r ≤ R there are a1, . . . , an > 0 for which

(4.11) max
x∈[0,1]

xr
n∏
k=1

∣∣∣∣x− akx+ ak

∣∣∣∣ ≤ CR e−π√nr.
Proof. We begin with the case R ≤ 1. For r = 0 the inequality (4.11)

is evident. Assume that 0 < r ≤ 1. Set

ϕ(u) := eπ
√
u/r, yk :=

ϕ(k)

ϕ(m)
, k = 1, . . . ,m,

u(x) :=
m∑
k=1

log

∣∣∣∣x− ykx+ yk

∣∣∣∣ .
Let us estimate the function u(x) for yk < x < yk+1, k = 1, . . . ,m− 1. Put
ξ := xϕ(m) and

g(u) := log

∣∣∣∣ξ − ϕ(u)

ξ + ϕ(u)

∣∣∣∣ .
Then

u(x) = v(ξ) :=

m∑
k=1

g(k).

Since the function g(u) is convex and negative for u ∈ [1, k] and u ∈ [k+1,m],
we have∫ k

1
g(u) du ≥

k∑
j=1

g(j)− g(1) + g(k)

2
≥

k∑
j=1

g(j)− g(k)

2
,

∫ m

k+1
g(u) du ≥

m∑
j=k+1

g(j)− g(k + 1) + g(m)

2
≥

m∑
j=k+1

g(j)− g(k + 1)

2
.
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Thus
m∑
j=1

g(j) ≤
∫ m

1
g(u) du−

∫ k+1

k
g(u) du+

g(k) + g(k + 1)

2
.

We show that there is a constant C such that∫ k+1

k
g(u) du− g(k) + g(k + 1)

2
≥ C.

Making the substitution y = ϕ(u) and then putting y = ξt, we obtain∫ k+1

k
g(u) du =

2r

π2

∫ ϕ(k+1)

ϕ(k)
log

∣∣∣∣ξ − yξ + y

∣∣∣∣ log y
dy

y

=
2r

π2

∫ ϕ(k+1)/ξ

ϕ(k)/ξ
log

∣∣∣∣1− t1 + t

∣∣∣∣ log ξt
dt

t
.

Since ϕ(k) < ξ < ϕ(k + 1), there is a θ ∈ (0, 1) such that ξ =

exp(π
√

(k + θ)/r). Put

(4.12)

δ : =
ϕ(k + 1)

ξ
− 1 = π

1− θ
2
√
kr

+O

(
1

k

)
,

ε : = 1− ϕ(k)

ξ
= π

θ

2
√
kr

+O

(
1

k

)
.

We have to prove that

2

π

√
(k + θ)r

∫ 1+δ

1−ε
log

∣∣∣∣1− t1 + t

∣∣∣∣ dtt +
2r

π2

∫ 1+δ

1−ε
log

∣∣∣∣1− t1 + t

∣∣∣∣ log t

t
dt

− 1

2
log

δ

2 + δ
− 1

2
log

ε

2− ε
≥ C.

Since
2

π

√
(k + θ)r − 1

δ + ε
= O(1),

it suffices to prove that

1

δ + ε

∫ 1+δ

1−ε
log

∣∣∣∣1− t1 + t

∣∣∣∣ dtt − 1

2
log

δ

2 + δ
− 1

2
log

ε

2− ε
≥ C.

In view of the fact that the function

1− t
t

log

∣∣∣∣1− t1 + t

∣∣∣∣
is bounded it remains to show that

I :=
1

δ + ε

∫ 1+δ

1−ε
log

∣∣∣∣1− t1 + t

∣∣∣∣ dt− 1

2
log

δ

2 + δ
− 1

2
log

ε

2− ε
≥ C.

Taking into account (4.12), we find

I =
1− 2θ

θ
log

1− θ
θ

+O

(
1√
k

)
.
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Thus we proved that there is a constant C such that for all x ∈ [y1, ym]

(4.13)

m∑
j=1

g(j) ≤
∫ m

1
g(u) du− C.

Denote the latter integral by J . We have

J =
2r

π2

∫ x−1

ξ−1ϕ(1)
log

∣∣∣∣1− t1 + t

∣∣∣∣ log ξt
dt

t
≤ C +

2r

π2
log ξ

∫ ∞
0

log

∣∣∣∣1− t1 + t

∣∣∣∣ dtt
+

2r

π2
log ξ

(∫ ∞
x−1

log

∣∣∣∣1 + t

1− t

∣∣∣∣ dtt +

∫ ξ−1ϕ(1)

0
log

∣∣∣∣1 + t

1− t

∣∣∣∣ dtt
)
.

Using that ∫ ∞
0

log

∣∣∣∣1− t1 + t

∣∣∣∣ dtt = −π
2

2

and for all x ∈ [0, 1] ∫ x

0
log

∣∣∣∣1− t1 + t

∣∣∣∣ dtt ≤ 4x,

we get

J ≤ C − r log ξ +
2r

π2
log ξ

(
4x+ 4ξ−1ϕ(1)

)
≤ C − r log ξ +

8

π
x
√
mr.

Since

x ≤ 1

2
log

∣∣∣∣x+ 1

x− 1

∣∣∣∣ ,
we have

J ≤ C − r log x− π
√
mr + 2[

√
m ] log

∣∣∣∣x+ 1

x− 1

∣∣∣∣ .
From here and (4.13)

m∑
k=1

log

∣∣∣∣x− ykx+ yk

∣∣∣∣+ 2[
√
m ] log

∣∣∣∣x− 1

x+ 1

∣∣∣∣ ≤ C − r log x− π
√
mr.

Putting nm := m + 2[
√
m ] and observing that

√
mr ≥ √nmr − 1, we find

that the rational function

f(x) :=
m∏
k=1

x− yk
x+ yk

(
x− 1

x+ 1

)2[
√
m ]

for all [y1, 1] satisfies the inequality

xr|f(x)| ≤ C e−π
√
nmr.

For x ∈ [0, y1], taking into account that |f(x)| ≤ 1, we have

xr|f(x)| ≤ yr1 ≤ C e−π
√
nmr.

Since nm+1−nm ≤ 3 we proved the assertion of the proposition for all n ∈ N
and R ≤ 1.
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Assume now that R > 1 and s ≤ R. Put r = s/([R] + 1). Since r < 1
there exists a rational function

f(x) =
m∏
j=1

x− aj
x+ aj

such that
xr|f(x)| ≤ C e−π

√
mr.

Consequently,

xr([R]+1)|f(x)|[R]+1 ≤ C [R]+1 e−π
√
mr([R]+1).

Thus we have found a rational function f1(x) = f [R]+1(x) of degree nm =
m([R] + 1) such that

xs|f1(x)| ≤ C [R]+1 e−π
√
nms.

Since nm+1 − nm ≤ [R] + 1 the assertion of the proposition is proved for all
n ∈ N. �

By the mappings

t = ±x− 1

x+ 1
we obtain

Corollary 4.10. For all R > 0 there exists a constant CR such that
for every 0 ≤ r ≤ R there is a B ∈ Bn for which

max
x∈[−1,1]

(1− x2)r|B(x)| ≤ CR e−π
√
nr/2.

Now we can prove the main result of this section.

Theorem 4.11. For all 1 ≤ q ≤ p ≤ ∞ and m ∈ N there exist constants
C1 and C2 such that

C1n
(1/q−1/p)/2 exp

(
−π

√
nm

2

(
1

q
− 1

p

))
≤ En(p, q,m)

≤ C2n
(1/q−1/p)/2 exp

(
−π

√
nm

2

(
1

q
− 1

p

))
.

Proof. We start with the lower estimate. Set

ϕ(z) :=
1

(1− z2)1/p−ε

where 0 < ε ≤ 1. We have

‖ϕ‖pHp =
2εp

π

∫ π/2

0
sinεp−1 θ dθ ≤ πεp

2εp
.

Consequently, for C0 := π−1(2p)1/p

ψ(z) := C0 ε
1/pϕ(z) ∈ Hp.
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For 0 < ρ < 1 set

Cρ := log−1 1 + ρ

1− ρ
, w(x) :=

Cρ
1− x2

.

Since ∫ ρ

−ρ
w(x) dx = 1,

Jensen’s inequality implies that for every B ∈ Bn

IB := ‖Bϕ‖qLq(−1,1) ≥
∫ ρ

−ρ

|B(x)|q

(1− x2)q/p−εq
w−1(x)w(x) dx

≥
∫ ρ

−ρ
|B(x)|qw−1+q/p−εq(x)C−q/p+εqρ w(x) dx

≥ exp

∫ ρ

−ρ

(
q log |B(x)| −

(
1− q

p
+ εq

)
logw(x)

−
(
q

p
− εq

)
logCρ

)
w(x) dx.

It follows from Proposition 4.8 that∫ ρ

−ρ
q log |B(x)|w(x) dx ≥ −Cρqn

π2

4
.

Furthermore, we have∫ ρ

−ρ
logw(x)w(x) dx = logCρ − 2Cρ

∫ ρ

0

log(1− x2)

1− x2
dx

≤ logCρ − Cρ
∫ ρ

0
log(1− x)

(
1

1 + x
+

1

1− x

)
dx

≤ logCρ + Cρ

(
1 +

1

2
log2(1− ρ)

)
.

Observing that

Cρ ≤
1

− log(1− ρ)
,

we obtain

IB ≥ exp

[
−Cρqn

π2

4
− logCρ − Cρ

(
1− q

p
+ εq

)(
1 +

1

2
log2(1− ρ)

)]
≥ exp

[
1

log(1− ρ)
qn
π2

4
+ log (− log(1− ρ))

+

(
1− q

p
+ εq

)(
1

log(1− ρ)
+

1

2
log(1− ρ)

)]
.

Choosing the parameter ρ such that

log(1− ρ) = −
√
n
π√
2

1√
1/q − 1/p+ ε

,
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we have

IB ≥ exp

(
−πq

√
n

2

(
1

q
− 1

p
+ ε

)
+ log

√
n+ C

)
.

Thus

En(p, q, 1) ≥ inf
B∈Bn

‖Bψ‖Lq(−1,1) = C0ε
1/p inf

B∈Bn
I

1/q
B

≥ Cε1/pn1/(2q) exp

(
−π

√
n

2

(
1

q
− 1

p
+ ε

))

≥ Cε1/pn1/(2q) exp

(
−π

√
n

2

(
1

q
− 1

p

)
+ C
√
nε

)
.

Putting ε = 1/
√
n, we get the lower estimate for m = 1. The case m > 1

follows from the fact that

En(p, q,m) ≥ Enm(p, q, 1).

Now we obtain the upper estimate. If p = q, then

En(p, p,m) ≤ sup
g∈Hp

‖g‖Lp(−1,1).

The Fejér–Riesz inequality (see Duren [1970, . 46]) yields

‖g‖Lp(−1,1) ≤ π1/p‖g‖Hp ≤ π1/p.

Thus
En(p, p,m) ≤ π1/p.

For p > q we set s := p/q > 1 and apply the Hölder inequality

En(p, q,m) ≤ sup
g∈Hp

inf
B∈Bn

(∫ 1

−1
|g(x)|qs dx

)1/(qs)(∫ 1

−1
|B(x)|mqs′ dx

)1/(qs′)

.

Putting

(4.14) t := mqs′ = m

(
1

q
− 1

p

)−1

,

we obtain

En(p, q,m) ≤ sup
g∈Hp

inf
B∈Bn

‖g‖Lp(−1,1)‖B‖mLt(−1,1) ≤ π
1/p inf

B∈Bn
‖B‖mLt(−1,1).

Let r := (1− n−1/2)/t. From Proposition 4.9 we have

‖B‖Lt(−1,1) ≤
(∫ 1

−1
(1− x2)−rt dx

)1/t

max
t∈[−1,1]

(1− x2)r|B(x)|

≤ Cn1/(2t) exp

(
−π
√
n

2t

)
.

Taking into account (4.14), we get the upper estimate. �
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From Theorems 4.3 and 4.11 immediately follows

Theorem 4.12. For all 1 ≤ q < p ≤ ∞ and the pair (Hp, Lq(−1, 1))
there exist constants C1 and C2 such that

C1n
(1/q−1/p)/2 exp

(
−π

√
n

2

(
1

q
− 1

p

))
≤ dn = λn = dn = sn = in

≤ C2n
(1/q−1/p)/2 exp

(
−π

√
n

2

(
1

q
− 1

p

))
.

4.3. Exact n-Widths of Periodic Functions

Denote by Hr,β
∞,R(T) the set of all 2π-periodic real-valued functions that

can be analytically continued in the strip Sβ so that |f (r)(z)| ≤ 1 (for r = 0

the corresponding class we denote by Hβ
∞,R(T)). To find exact values of

n-widths on the class Hr,β
∞,R(T) we need several preliminary propositions.

Let ϕ be a real-valued continuous function defined on [−1, 1]. For a
real-valued continuous 2π-periodic function K we set

Θ2n(ϕ,K) := { η = (η1, . . . , η2n) : 0 ≤ η1 ≤ . . . ≤ η2n < 2π, ϕ(K ∗ hη) ⊥ 1 },
where

hη(t) := (−1)j , t ∈ [ηj−1, ηj), j = 1, . . . , 2n+ 1.

Denote by Dr the Bernouilli Monospline:

Dr(t) :=
1

π

∞∑
k=1

cos(kt− πr/2)

kr
, r = 1, 2, . . . .

Lemma 4.13. Let ϕ be a continuous, odd, and strictly increasing function
defined on [−1, 1]. Assume that K ∈ NCVD. Then

inf
a∈R

η∈Θ2n(ϕ,K)

‖a+Dr ∗ ϕ(K ∗ hη)‖∞ = ‖Dr ∗ ϕ(K ∗ hn)‖∞.

Proof. Let η ∈ Θ2n(ϕ,K). Set

fη := Dr ∗ ϕ(K ∗ hη), fn := Dr ∗ ϕ(K ∗ hn).

Suppose that there exists an a ∈ R and a η ∈ Θ2n(ϕ,K) for which

‖a+ fη‖∞ < ‖fn‖∞.
As fn(t+π/n) = −fn(t), there exists at least 2n points 0 ≤ t1 < . . . < t2n <
2π such that

fn(tj) = ε(−1)j‖fn‖∞, j = 1, . . . , 2n,

where ε = 1 or −1. Denote by Z(f) the number of distinct zeros of a
function f on T. Then for any α ∈ T we have

Z
(
fn(·+ α)− a− fη(·)

)
≥ 2n.
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By Rolle’s theorem

S
(
f (r)
n (·+ α)− f (r)

η (·)
)

= S
(
ϕ((K ∗ hn)(·+ α))− ϕ((K ∗ hη)(·))

)
≥ 2n.

Since ϕ is an odd and strictly increasing function,

S
(

(K ∗ hn)(·+ α)− (K ∗ hη)(·)
)
≥ 2n.

Taking into account that K ∈ NCVD, we have

S(hn(·+ α)− hη(·)) ≥ 2n.

Choosing α = −η1, it is easy to verify that

S(hn(· − η1)− hη(·)) ≤ 2(n− 1).

This contradiction proves the lemma. �

Set ϕ0(z) := tan
π

4
z,

Φβ
n,0 := ϕ0(Kβ ∗ hn), Φβ

n,r := Dr ∗ ϕ0(Kβ ∗ hn), r = 1, 2, . . . ,

where

Kβ(z) =
1

2π

(
1 + 2

∞∑
j=1

cos jz

cosh jβ

)
.

It follows from (2.28) that

Φβ
n,0(z) =

√
λ sn

(
2nΛ

π
z, λ

)
,

where λ such that
πΛ′

2Λ
= 2nβ

(in other words, λ = κ(2βn) where κ is defined by (2.5)).

Thus for λ = κ(2βn) the functions Φβ
n,r coincide with the functions Φλ,r,β

introduced in Section 3.5. In view of (3.34) we have

Φβ
n,r(t) =

π√
λΛnr

∞∑
s=0

sin((2s+ 1)nt− πr/2)

(2s+ 1)r sinh((2s+ 1)2nβ)
,

‖Φβ
n,r‖∞ =

π√
λΛnr

∞∑
s=0

(−1)s(r+1)

(2s+ 1)r sinh((2s+ 1)2nβ)
,

r = 0, 1, . . . .

Lemma 4.14. For all r ≥ 0

sup
f∈Hr,β

∞,R(T)

cj(f)=0, |j|<n

|f(0)| = ‖Φβ
n,r‖∞,

where

cj(f) =
1

2π

∫ 2π

0
f(t)e−ijt dt.
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Proof. Put

ψ(t) :=

Φβ
n,r(t), r = 2k − 1,

Φβ
n,r

(
t+

π

2n

)
, r = 2k.

Note that ψ is an even function and |ψ(0)| = ‖Φβ
n,r‖∞. Suppose there exists a

function f0 ∈ Hr,β
∞,R(T) such that cj(f0) = 0, |j| < n, and |f0(0)| > ‖Φβ

n,r‖∞.
Set

ρ :=
ψ(0)

f0(0)
, g0(t) :=

f0(t) + f0(−t)
2

, F := ψ − ρg0.

Since the trigonometric polynomials of degree at most n−1 are a Chebyshev
system of dimension 2n−1, it follows from the equalities cj(F ) = 0, |j| < n,
that F has at least 2n cyclic sign changes (see Pinkus [1985, p. 41]). In
addition F has a zero at z = 0. As F is an even function the number of
distinct zeros of F at least 2n+ 1. By Rolle’s theorem the same conclusion
remains valid for F (r).

By means the mapping w =
1

i
log z, we see that F (r)

(1

i
log z

)
has at

least 2n+ 1 zeros in the annulus ∆β := {z ∈ C : e−β < |z| < eβ}. It follows
from the equality

ψ(r)
(1

i
log z

)
=


√
λ sn

(
2nΛ

πi
log z, λ

)
, r = 2k − 1,

√
λ sn

(
2nΛ

πi
log z + Λ, λ

)
, r = 2k,

that ψ(r)
(1

i
log z

)
has exactly 2n zeros in the annulus ∆β. Since for z ∈ ∂∆β

∣∣∣ψ(r)
(1

i
log z

)
− F (r)

(1

i
log z

)∣∣∣ =
∣∣∣ρg(r)

0

(1

i
log z

)∣∣∣
≤ |ρ| < 1 ≡

∣∣∣ψ(r)
(1

i
log z

)∣∣∣,
Rouche’s theorem implies that F (r)

(1

i
log z

)
has at least 2n zeros. This

contradiction proves that

(4.15) |f(0)| ≤ ‖Φβ
n,r‖∞

for any function f ∈ Hr,β
∞,R(T) such that cj(f) = 0, |j| < n. As ψ ∈ Hr,β

∞,R(T)

the inequality (4.15) is sharp. �

Theorem 4.15. For all r ≥ 0 and the pair (Hr,β
∞,R(T), L∞(T))

d2n = λ2n = d2n = i2n = d2n−1 = λ2n−1 = d2n−1 = i2n−1 = ‖Φβ
n,r‖∞.
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Moreover, for r = 0 and 1 ≤ q ≤ ∞ for the pair (Hβ
∞,R(T), Lq(T))

d2n = λ2n = d2n = i2n = s2n = ‖Φβ
n,0‖q

=


√
λ

(
2π

Λ
Jq(λ)

)1/q

, 1 ≤ q <∞,
√
λ, q =∞,

where λ = κ(2βn) and

Jq(λ) :=

∫ 1

0

tq dt√
(1− t2)(1− λ2t2)

.

For i2n−1(Hr,β
∞,R(T), L∞(T)) and i2n(Hr,β

∞,R(T), L∞(T)) the Fourier coeffi-
cients

aj(f) :=
1

2π

∫ 2π

0
f(t) cos jt dt, j = 0, . . . , n− 1,

bj(f) :=
1

2π

∫ 2π

0
f(t) sin jt dt, j = 1, . . . , n− 1.

are optimal functionals. Samling at 2n equidistant points on T is optimal

for i2n(Hβ
∞,R(T), Lq(T)).

Proof. We will first prove the lower bound for the Kolmogorov and
Gel’fand 2n-widths. Set

S2n :=

{
x = (x1, . . . , x2n+1) ∈ R2n+1

∣∣∣ 2n+1∑
s=1

|xs| = 2π

}
,

τ0(x) := 0, τj(x) :=

j∑
s=1

|xs|, j = 1, . . . , 2n+ 1.

For each x ∈ S2n put

gx(t) := signxj , τj−1(x) ≤ t < τj(x), j = 1, . . . , 2n+ 1,

fx :=

{
ϕ0(Kβ ∗ gx), r = 0,

Dr ∗ ϕ0(Kβ ∗ gx), r ≥ 1.

Let X2n be any 2n-dimensional subspace of Lq, 1 < q < ∞. Suppose that
X2n = span{f1, . . . , f2n} and

f∗x :=
2n∑
j=1

αj(x)fj

is the best approximation to fx from X2n. Consider the mapping

α(x) :=

{
(α1(x), α2(x), . . . , α2n(x)), r = 0,

(b(x), α2(x), . . . , α2n(x)), r ≥ 1,
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where

b(x) :=

∫ 2π

0
ϕ0

(
(Kβ ∗ gx)(t)

)
dt.

The mapping α : S2n → R2n is continuous and odd. Therefore by Borsuk’s
theorem there exists an x∗ ∈ S2n for which α(x∗) = 0. As the function ϕ0(z)

maps the strip |Re z| < 1 conformally onto the unit disk D, fx∗ ∈ Hr,β
∞,R(T).

If r = 0, then by Theorem 2.13 we have

sup
f∈Hβ

∞,R(T)

inf
g∈X2n

‖f − g‖q ≥ inf
g∈X2n

‖fx∗ − g‖q = ‖fx∗‖q

≥ inf
η∈Θ2n

‖ϕ0(Kβ ∗ hη)‖q = ‖ϕ0(Kβ ∗ hn)‖q = ‖Φβ
n,0‖q.

Consequently,

d2n(Hβ
∞,R(T), Lq(T)) ≥ ‖Φβ

n,0‖q.
The cases q = 1,∞ are established by passing to the limit as either q ↘ 1
or q ↗∞.

Let r ≥ 1 and 1 ∈ X2n (assume that f1(t) ≡ 1). Then

(4.16) sup
f∈Hr,β

∞,R(T)

inf
g∈X2n

‖f − g‖q ≥ inf
g∈X2n

‖fx∗ − g‖q = ‖fx∗ − α1(x∗)‖q

≥ inf
a∈R

η∈Θ2n(ϕ0,Kβ)

‖a+Dr ∗ ϕ0(Kβ ∗ hη)‖q.

If 1 /∈ X2n, then the left-hand side of (4.16) is equal to +∞. Thus,

d2n(Hr,β
∞,R(T), Lq(T)) ≥ inf

a∈R
η∈Θ2n(ϕ0,Kβ)

‖a+Dr ∗ ϕ0(Kβ ∗ hη)‖q.

By passing to the limit q →∞ using Lemma 4.13, we obtain

d2n(Hr,β
∞,R(T), L∞(T)) ≥ ‖Dr ∗ ϕ0(Kβ ∗ hn)‖∞ = ‖Φβ

n,r‖∞.

Let us now prove the lower bound for the Gel’fand 2n-widths. Let Y be

any normed linear space containing Hr,β
∞,R(T) and

X2n = { f ∈ Y : 〈lj , f〉 = 0, j = 1, . . . , 2n, lj ∈ Y ∗ }.
Consider the case r = 0. The mapping

α(x) := (〈l1, fx〉, . . . , 〈l2n, fx〉)
is continuous and odd. By Borsuk’s theorem there exists an x∗ ∈ S2n for
which α(x∗) = 0. Consequently,

sup
f∈Hβ

∞,R(T)∩X2n

‖f‖q ≥ ‖fx∗‖q ≥ inf
η∈Θ2n

‖ϕ0(Kβ ∗ hη)‖q = ‖Φβ
n,0‖q.

Hence,

d2n(Hβ
∞,R(T), Lq(T)) ≥ ‖Φβ

n,0‖q
for all 1 ≤ q ≤ ∞.
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Let r ≥ 1. If 〈lj , 1〉 = 0, j = 1, . . . , 2n, then

sup
f∈Hr,β

∞,R(T)∩X2n

‖f‖∞ =∞.

Assume that 〈l1, 1〉 6= 0. Set

Lj := lj −
〈lj , 1〉
〈l1, 1〉

l1, j = 2, . . . , 2n.

Denote by α the mapping

α(x) := (b(x), 〈L2, fx〉, . . . , 〈L2n, fx〉).

Since α : S2n → R2n is an odd and continuous map, by Borsuk’s theorem
there exists an x∗ ∈ S2n for which α(x∗) = 0. Then

f∗ := fx∗ −
〈l1, fx∗〉
〈l1, 1〉

∈ X2n.

Consequently,

sup
f∈Hβ

∞,R(T)∩X2n

‖f‖∞ ≥ ‖fx∗‖∞

≥ inf
a∈R

η∈Θ2n(ϕ0,Kβ)

‖a+Dr ∗ ϕ0(Kβ ∗ hη)‖∞ = ‖Φβ
n,r‖∞.

Thus,

d2n(Hr,β
∞,R(T), L∞(T)) ≥ ‖Φβ

n,r‖∞.

The upper bound for λ2n(Hβ
∞,R(T), Lq(T)) and s2n(Hβ

∞,R(T), Lq(T))

follows from Theorem 2.18. From (4.2), (4.4), (4.3), and monotonic-
ity of widths it follows that it remains to prove the upper bound for

λ2n−1(Hr,β
∞,R(T), L∞(T)). By Theorem 1.6 there exists a linear optimal

method of recovery of f(0) on the class Hr,β
∞,R(T) which uses the information

a0(f), . . . , an−1(f), b1(f), . . . , bn−1(f). Using Lemma 4.14, for such method
we obtain

(4.17) sup
f∈Hr,β

∞,R(T)

|f(0)− c0a0(f)−
n−1∑
j=1

(cjaj(f) + djbj(f))|

= sup
f∈Hr,β

∞,R(T)

cj(f)=0, |j|<n

|f(0)| = ‖Φβ
n,r‖∞.

Since Hr,β
∞,R(T) is a shift invariant class it follows from (4.17) that for all

t ∈ T and all f ∈ Hr,β
∞,R(T)

|f(t)− c0a0(f)−
n−1∑
j=1

(µj(t)aj(f) + νj(t)bj(f))| ≤ ‖Φβ
n,r‖∞,
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where

µj(t) = cj cos jt− dj sin jt, νj(t) = cj sin jt+ dj cos jt.

Hence
λ2n−1(Hr,β

∞,R(T), L∞(T)) ≤ ‖Φβ
n,r‖∞.

�

It follows from this theorem and Theorem 2.18 that

i2n−1(Hβ
∞,R(T), L∞(T)) < s2n−1(Hβ

∞,R(T), L∞(T)).

In other words, if we have to choose 2n − 1 functionals, then sampling is
worse than the Fourier coefficients. For the even case both of these types of
information are optimal.

4.4. Estimations of n-Widths in Hilbert Spaces

In Theorem 4.3 the exact values of n-widths of Hp in the space Lp(E,µ),
1 ≤ q ≤ p ≤ ∞, were found. For 1 ≤ p < q ≤ ∞ even in the simple case
when E = Tρ and µ = σρ the exact result is known only for p = 2, q = ∞
for the linear and Gel’fand n-widths (Osipenko, Stessin [1990]).

In the case p = 2, q = ∞ there exists a general method of obtaining
estimates for the linear and Gel’fand n-widths which is based on extremal
properties of s-numbers of bounded linear operators. This method often
gives exact results. In fact, the same method makes possible to obtain the
Bernstein n-widths for p =∞, q = 2.

Let H and H1 be Hilbert spaces and T : H → H1 a bounded linear
operator. Suppose that

(4.18) T ′Tϕk = s2
kϕk, k = 1, 2, . . . ,

where s1 ≥ s2 ≥ . . . > 0 and {ϕk} form a complete orthonormal basis for the
range of T ′T (H) (a sufficient condition is that T be a compact operator).
The values sk(T ) := sk are called the s-numbers of T .

Set ψk := s−1
k (T )Tϕk. It is easy to verify that {ψk} is an orthonormal

system in H1. Then there exists the decomposition of T (see, for example,
Gohberg, Krein [1965]) which is given by

T =
∞∑
k=1

sk(T )(·, ϕk)ψk.

Lemma 4.16. Let H and H1 be Hilbert spaces, T : H → H1 a bounded
linear operator and {ϕk}∞1 form a complete orthonormal basis for the range
of T ′T (H). If {Tϕk}∞1 is an orthogonal system in H1 and ‖Tϕ1‖H1 ≥
‖Tϕ2‖H1 ≥ . . . > 0, then the condition (4.18) holds with sk = ‖Tϕk‖H1.

Proof. Since {ϕk}∞1 is an orthonormal basis in T ′T (H), for each x ∈ H
we have

x =
∞∑
j=1

(x, ϕj)ϕj + y,
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where y ∈ KerT ′T = KerT . Thus

(T ′Tϕk, x) =

(
Tϕk,

∞∑
j=1

(x, ϕj)Tϕj

)
= ‖Tϕk‖2H1

(ϕk, x).

Hence

T ′Tϕk = ‖Tϕk‖2H1
ϕk.

�

Theorem 4.17. Assume that a bounded linear operator T satisfies the
conditions (4.18). Then

(4.19)

n∑
k=1

s2
k(T ) = max

{ek}n1

n∑
k=1

‖Tek‖2H1
,

where the maximum is taken over all orthonormal systems {ek}n1 in H. Fur-
thermore,

(4.20)
∞∑

k=n+1

s2
k(T ) = min

{ek}∞1

∞∑
k=1

‖Tek‖2H1
,

where the minimum is taken over all orthonormal systems {ek}∞1 in H such
that codim span{ek}∞1 = n.

Proof. Let {ek}n1 be any orthonormal system in H. Set Ln :=
span{ek}n1 and Tn := T∣∣Ln . Suppose that the Schmidt decomposition of

Tn has the form

Tn =
n∑
k=1

sk(Tn)(·, ϕ′k)ψ′k.

The value ( n∑
k=1

‖Tnek‖2H1

)1/2

is the Hilbert-Schmidt norm of Tn and does not depend on the choice of the
orthonormal basis in Ln. Therefore,

n∑
k=1

‖Tek‖2H1
=

n∑
k=1

‖Tnek‖2H1
=

n∑
k=1

‖Tnϕ′k‖2H1
=

n∑
k=1

s2
k(Tn).

Denote by Pn an orthoprojector in H onto Ln. Using the properties of s-
numbers of bounded linear operators (see Gohberg, Krein [1965, p. 82]) we
have

(4.21) sk(Tn) = sk(T ◦ Pn) ≤ ‖Pn‖sk(T ) = sk(T ).

Thus
n∑
k=1

‖Tek‖2H1
≤

n∑
k=1

s2
k(T ).
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If ek = ϕk, k = 1, . . . , n, then
n∑
k=1

‖Tϕk‖2H1
=

n∑
k=1

s2
k(T ).

The equality (4.19) is proved.
Let codim span{ek}∞1 = n and {ek}∞1 be an orthonormal system in H.

Then there exists an orthonormal system {e′k}n1 in H such that {e′k}n1∪{ek}∞1
is an orthonormal basis. The value( n∑

k=1

‖Te′k‖2H1
+
∞∑
k=1

‖Tek‖2H1

)1/2

,

is the Hilbert-Schmidt norm of T and does not depend on the choice of the
orthonormal basis in H. It is equal to( ∞∑

k=1

s2
k(T )

)1/2

.

Consequently, using (4.19), we obtain

min
{ek}∞1

∞∑
k=1

‖Tek‖2H1
=

∞∑
k=1

s2
k(T )− max

{e′k}
n
1

n∑
k=1

‖Te′k‖2H1
=

∞∑
k=n+1

s2
k(T ).

�

Let H and X be normed linear spaces and T : H → X be a bounded
linear operator. Set

λn(T ) := λn(T (BH), X), dn(T ) := dn(T (BH), X),

in(T ) := in(T (BH), X),

where
BH := {h ∈ H : ‖h‖H ≤ 1}.

Proposition 4.18. If H is a Hilbert space and Xr is an r-dimensional
subspace of X, then

λn(T (BH) +Xr, X) = dn(T (BH) +Xr, X) = in(T (BH) +Xr, X).

In particular, for r = 0

λn(T ) = dn(T ) = in(T ).

Proof. In view of Proposition 4.4 it remains to prove the inequality

(4.22) λn(T (BH) +Xr, X) ≤ dn(T (BH) +Xr, X).

Let Y be a normed linear space, T (BH) +Xr ∈ Y , z′1, . . . , z
′
n+r ∈ Y ∗, and

Y n+r := { y ∈ Y | 〈z′j , y〉 = 0, j = 1, . . . , n+ r }.
Assume that

sup
x∈(T (BH)+Xr)∩Y n+r

‖x‖X <∞.
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Then Xr ∩ Y n+r = 0. Consequently, there exists a basis y′1, . . . , y
′
n+r in

span{z′j}
n+r
1 such that y′1, . . . , y

′
r are linearly independent on Xr and for all

x ∈ Xr

〈y′r+1, x〉 = . . . = 〈y′n+r, x〉 = 0.

Denote by x1, . . . , xr ∈ Xr a biorthogonal system to y′1, . . . , y
′
r. For all

k = 1, . . . , r and j = 1, . . . , n+ r we have

(4.23) 〈y′j , xk〉 =

{
1, j = k,

0, j 6= k.

Denote by {ej}m1 , m ≤ n, an orthonormal basis in span{T ′y′r+1, . . . , T
′y′n+r}

(here by T ′ we denote the adjoint operator of T , where T is considered as
an operator from H into Y ). Suppose that

ej =
n+r∑
k=r+1

αjkT
′y′k, j = 1, . . . ,m.

Set

u′j :=

n+r∑
k=r+1

αjky
′
k, P0y :=

m∑
j=1

〈u′j , y〉Tej , Py := P0y+

r∑
j=1

〈y′j , y−P0y〉xj .

In view of (4.23) for all u ∈ Xr, P0u = 0 and Pu = u. Moreover,

P0(Th) =

m∑
j=1

〈u′j , Th〉Tej =

m∑
j=1

(h, T ′u′j)Tej =

m∑
j=1

(h, ej)Tej .

Putting z := h−
∑m

j=1(h, ej)ej , we obtain

Th− P0(Th) = Tz.

If h ∈ BH, then ‖z‖H ≤ ‖h‖H ≤ 1. Thus for all h ∈ BH and u ∈ Xr

Th+ u− P (Th+ u) = Th− P (Th)

= Th− Po(Th)−
r∑
j=1

〈y′j , Th− P0(Th)〉xj = Tz −
r∑
j=1

〈y′j , T z〉xj ,

where z ∈ BH. Since for k = r + 1, . . . , n+ r

〈y′k, T z〉 = (z, T ′y′k) = 0,

we have

Tz −
r∑
j=1

〈y′j , T z〉xj ∈ (T (BH) +Xr) ∩ Y n+r.
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Therefore,

λn+r(T (BH) +Xr, X) ≤ sup
h∈BH
u∈Xr

‖Th+ u− P (Th+ u)‖X

≤ sup
x∈(T (BH)+Xr)∩Y n+r

‖x‖X .

Hence we obtain (4.22). �

To obtain estimates of n-widths we need the following simple result.

Proposition 4.19. Let H be a Hilbert space, ω := dimH, and T : H →
C(E) a bounded linear operator. Then

‖T‖H→C(E) = sup
z∈E

( ω∑
k=1

|(Tek)(z)|2
)1/2

for any orthonormal basis {ek}ω1 in H.

Proof. We have

‖T‖H→C(E) = sup
h∈BH

sup
z∈E
|(Th)(z)| = sup

z∈E
sup
h∈BH

|(Th)(z)|

= sup
z∈E

sup
{ck}ω1 ∈Blω2

∣∣∣∣ ω∑
k=1

ck(Tek)(z)

∣∣∣∣ = sup
z∈E

( ω∑
k=1

|(Tek)(z)|2
)1/2

,

where

Blω2 =

{
(c1, c2, . . . )

∣∣∣∣ ω∑
k=1

|ck|2 ≤ 1

}
.

�

Theorem 4.20. Let H be a Hilbert space, E a topological space with
probability measure ν such that supp ν = E, and T : H → C(E) a bounded
linear operator. Define T0 : H → L2(E, ν) by the equation T0h := Th.
Assume that T0 satisfies the conditions (4.18). Then( ∞∑

k=n+1

s2
k

)1/2

≤ λn(T ) = dn(T ) = in(T ) ≤ sup
z∈E

( ∞∑
k=n+1

|(Tϕk)(z)|2
)1/2

.

Proof. Since supp ν = E, KerT ′0T0 = KerT0 = KerT and we can
assume, without loss of generality, that {ϕk} is an orthonormal basis in H.
Let Hn be an arbitrary n-codimensional subspace of H. Assume that {ϕ′k}
is an orthonormal basis of Hn. We obtain from Proposition 4.19 and (4.20)

(4.24) ‖T‖2Hn→C(E) = sup
z∈E

∞∑
k=1

|(Tϕ′k)(z)|2 ≥
∫
E

∞∑
k=1

|(Tϕ′k)(z)|2 dν(z)

=

∞∑
k=1

‖T0ϕ
′
k‖2L2(E,ν) ≥

∞∑
k=n+1

s2
k.
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Let Y be an arbitrary normed linear space containing T (BH), Y n an
n-codimensional subspace of Y , and y′1, . . . , y

′
n ∈ Y ∗ such that

Y n = { y ∈ Y : 〈y′k, y〉 = 0, k = 1, . . . , n }.

Set ek := T ′y′k (here by T ′ we mean the adjoint operator of T where the last
is considered as an operator from H into Y ). In view of (4.24) we have

sup
h∈BH

〈y′k,Th〉=0, k=1,...,n

‖Th‖C(E) = sup
h∈BH

(h,ek)=0, k=1,...,n

‖Th‖C(E) ≥
∞∑

k=n+1

s2
k.

Since Y and Y n are arbitrary, we obtain

dn(T ) ≥
∞∑

k=n+1

s2
k.

To prove the upper bound we set ψk := Tϕk and consider the linear
operator P : C(E)→ C(E) defined by

Py :=

n∑
k=1

(y, ψk)L2(E,ν)s
−2
k ψk.

For y = Th we have

P (Th) =
n∑
k=1

(Th, ψk)L2(E,ν)s
−2
k ψk =

n∑
k=1

(h, ϕk)Tϕk.

Thus,

λn(T ) ≤ sup
h∈BH

‖Th− P (Th)‖C(E) = sup
h∈BH

∥∥∥∥T(h− n∑
k=1

(h, ϕk)ϕk

)∥∥∥∥
C(E)

= sup
h∈BH

∥∥∥∥ ∞∑
k=n+1

(h, ϕk)ψk

∥∥∥∥
C(E)

≤ sup
z∈E

( ∞∑
k=n+1

|ψk(z)|2
)−1/2

�

Theorem 4.21. Let H, E, ν, and T0 be as above. Assume that Xr is
an r-dimensional subspace of C(E) such that Xr ⊥ T0H in L2(E, ν). Then( ∞∑

k=n+1

s2
k

)1/2

≤ λn+r(T (BH) +Xr, C(E)) = dn+r(T (BH) +Xr, C(E))

= in+r(T (BH) +Xr, C(E)) ≤ sup
z∈E

( ∞∑
k=n+1

|(Tϕk)(z)|2
)1/2

.

Proof. Let e1, . . . , er be an orthonormal basis of Xr in L2(E, ν). De-
note by Hr,ε, ε > 0, the Hilbert space of elements {f, g}, f ∈ H, g ∈ Xr,
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with the inner product

({f1, g1}, {f2, g2}) := (f1, g1) + ε
r∑
j=1

cjdj ,

where

g1 =
r∑
j=1

cjej , g2 =
r∑
j=1

djej .

Put L{f, g} := Tf + g. Denote by L0 the operator L as an operator from
Hr,ε into L2(E, ν). Then

L′0L0{f, g} = {T ′0T0f, ε
−1g}.

Set

φj := {0, ε−1/2ej}, j = 1, . . . , r, φj := {ϕj−r, 0}, j = r + 1, . . . .

The elements φ1, φ2, . . . form a complete orthonormal basis for the range of
L′0L0 and

L′0L0φj = ε−1φj , j = 1, . . . , r, L′0L0φj = s2
j−rφj , j = r + 1, . . . .

From Theorem 4.20 for ε ≤ s−2
1 we have

dn+r(L(BHr,ε), C(E)) ≥
( ∞∑
k=n+1

s2
k

)1/2

.

Since T (BH) +Xr ⊃ L(BHr,ε),

dn+r(T (BH) +Xr, C(E)) ≥ dn+r(L(BHr,ε), C(E)) ≥
( ∞∑
k=n+1

s2
k

)1/2

.

It follows from Proposition 4.18 that

λn+r(T (BH) +Xr, C(E)) = dn+r(T (BH) +Xr, C(E))

= in+r(T (BH) +Xr, C(E)).

The upper bound follows from the obvious inequality

λn+r(T (BH) +Xr, C(E)) ≤ λn(T (BH), C(E))

and Theorem 4.20. �

Now we will obtain similar estimates for the Bernstein n-widths. Let W
be a closed, convex, centrally symmetric subset of a normed linear space Y .
The Bernstein n-width of W is defined by

bn(W,Y ) := sup
Yn+1

sup
r>0

rBYn+1⊂W

r,

where Yn+1 is any (n + 1)-dimensional subspace of Y . Let X and Y be
normed linear spaces. For a bounded linear operator T : X → Y set

bn(T ) := bn(T (BX), Y ).



4.4. ESTIMATIONS OF n-WIDTHS IN HILBERT SPACES 129

If KerT = 0 and Yn+1 ⊂ T (X), then it is easily shown that

sup
r>0

rBYn+1⊂T (BX)

r = inf
Tx∈Yn+1
x 6=0

‖Tx‖Y
‖x‖X

.

Thus for KerT = 0

bn(T ) = sup
Yn+1⊂T (X)

inf
Tx∈Yn+1
x 6=0

‖Tx‖Y
‖x‖X

.

Theorem 4.22. Let H be a Hilbert space, E a topological space with
probability measure ν such that supp ν = E, H1 a subspace of L2(E, ν),
and XE ⊂ H1 a subspace of C(E). Suppose that a bounded linear operator
T0 : H1 → H satisfies the conditions (4.18) and ϕk ∈ XE, k = 1, 2, . . . . Set
T := T0

∣∣XE . Then

(
sup
z∈E

n+1∑
k=1

s−2
k |ϕk(z)|

2

)−1/2

≤ bn(T ) ≤
(n+1∑
k=1

s−2
k

)−1/2

.

Proof. Without loss of generality we can assume that ϕk form an
orthonormal basis in H1. Then KerT = 0. Let Yn+1 ⊂ T (X) and
Xn+1 = T−1(Yn+1). Set Tn+1 := T∣∣Xn+1

. Assume that the Schmidt de-

composition of Tn+1 has the form

Tn+1 =

n∑
k=1

sk(Tn+1)(·, ϕ′k)ψ′k.

Then from Proposition 4.19 we have

inf
Tf∈Yn+1
f 6=0

‖Tf‖H
‖f‖C(E)

= inf
g∈Yn+1
g 6=0

‖g‖H
‖T−1

n+1g‖C(E)

= ‖T−1
n+1‖

−1
Yn+1→C(E)

=

(
sup
z∈E

n+1∑
k=1

|(T−1
n+1ψ

′
k)(z)|2

)−1/2

≤
(n+1∑
k=1

∫
E
|(T−1

n+1ψ
′
k)(z)|2 dν(z)

)−1/2

=

(n+1∑
k=1

‖T−1
n+1ψ

′
k‖2H1

)−1/2

=

(n+1∑
k=1

s−2
k (Tn+1)

)−1/2

.

Since sk(Tn+1) ≤ sk(T0) = sk, k = 1, . . . , n+ 1, we obtain

bn(T ) ≤
(n+1∑
k=1

s−2
k

)−1/2

.
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Let Yn+1 = span{Tϕk}n+1
1 . Then ψk := s−1

k Tϕk, k = 1, . . . , n + 1, form an
orthonormal basis in Yn+1. Thus,

bn(T ) ≥ inf
Tf∈Yn+1
f 6=0

‖Tf‖H
‖f‖C(E)

=

(
sup
z∈E

n+1∑
k=1

|(T−1
n+1ψk)(z)|

2

)−1/2

=

(
sup
z∈E

n+1∑
k=1

s−2
k |ϕk(z)|

2

)−1/2

.

�

4.5. Diagonal Operators

Consider the operator T : l2 → l∞ defined by the equation

(4.25) T ({xk}∞1 ) := {akxk}∞1 ,

where a1 ≥ a2 ≥ . . . > 0 and limk→∞ ak = 0. We shall be interested
in estimates of n-widths of T . In other words, we would like to calculate
n-widths of ellipsoid

∞∑
k=1

x2
k

a2
k

≤ 1

in l∞.

Theorem 4.23.

λn(T ) = dn(T ) = in(T ) = sup
m>n

(
m− n∑m
k=1 a

−2
k

)1/2

.

To prove this theorem we need some preliminary results.

Lemma 4.24. Let 0 ≤ Aj ≤ 1, j = 1, . . . , r, and
∑r

j=1Aj = n. Then
there exist n orthonormal vectors fk ∈ Rr, k = 1, . . . , n, for which

n∑
k=1

(fk)
2
j = Aj , j = 1, . . . , r.

Proof. The proof is by induction on r. For r = n the statement is
evident since it suffices to take the standard basis

(fk)j =

{
1, j = k,

0, j 6= k.

Suppose that r > n and the statement is valid for r − 1. Without loss of
generality we can assume that Ar = min1≤j≤r Aj . Since

r−1∑
j=1

(1−Aj) = r − 1 +Ar − n ≥ Ar,



4.5. DIAGONAL OPERATORS 131

there exist Bj , j = 1, . . . , r − 1, which satisfy the conditions

Aj ≤ Bj ≤ 1,

r−1∑
j=1

Bj =

r∑
j=1

Aj = n.

Put Br := 0. By the induction hypothesis there exist orthonormal vectors
gk ∈ Rr, k = 1, . . . , n, such that

n∑
k=1

(gk)
2
j = Bj , j = 1, . . . , r − 1.

For 1 ≤ s ≤ r − 1 consider the transformation of Rr defined by

(Us(t)x)j :=


xj , j 6= s, r,

xs cos t+ xr sin t, j = s,

−xs sin t+ xr cos t, j = r.

It is easy to see that for all t ∈ T the transformation Us(t) is unitary. Put

Bjs(t) :=

n∑
k=1

(Us(t)gk)
2
j .

Then for all t ∈ T, 0 ≤ Bjs(t) ≤ 1, j = 1, . . . , r,
∑r

j=1Bjs(t) = n, and

Bjs(t) = Bj , j 6= s, r. Furthermore, Bss(0) = Bs and Bss(π/2) = Br.
Consequently, there exists a ts ∈ [0, π/2] for which Bss(ts) = As. Using
sequentially the transformation Us(ts) for s = 1, . . . , j, we obtain the sys-

tem of numbers (A1, . . . , Aj , Bj+1, . . . , Br−1, B
(j)
r ) (and the corresponding

orthonormal system of vectors). The inequalities B
(j)
r ≤ Ar ≤ Aj+1 ≤ Bj+1

give the possibility to make every next step, that is, to find tj+1. For j = r−1
we obtain the required orthonormal system. �

Lemma 4.25. Let a1 ≥ a2 ≥ . . . > 0, limk→∞ ak = 0, and r > n such
that

(4.26)
r − n∑r
k=1 a

−2
k

= sup
m>n

m− n∑m
k=1 a

−2
k

.

Then

(4.27) a2
r+1 ≤

r − n∑r
k=1 a

−2
k

≤ a2
r .

Proof. Put s := [m/2]. For m > n

m− n∑m
k=1 a

−2
k

≤ m− n
sa−2

1 + sa−2
s
→ 0 as m→∞.

From here it follows the existence of r for which the upper bound in (4.26)
is attained.

By virtue of definition of r we have

r + 1− n∑r+1
k=1 a

−2
k

≤ r − n∑r
k=1 a

−2
k

.
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Thus,

(r + 1− n)

r∑
k=1

a−2
k ≤ (r − n)

( r∑
k=1

a−2
k + a−2

r+1

)
.

Consequently,

a2
r+1 ≤

r − n∑r
k=1 a

−2
k

.

We prove now that

(4.28)
r − n∑r
k=1 a

−2
k

≤ a2
r .

For r = n+ 1 this inequality is obvious. Assume that r > n+ 1. Then

r − 1− n∑r−1
k=1 a

−2
k

≤ r − n∑r
k=1 a

−2
k

.

Thus,

(r − 1− n)
r∑

k=1

a−2
k ≤ (r − n)

( r∑
k=1

a−2
k − a

−2
r

)
.

From here it is easily follows (4.28). �

Proof of Theorem 4.23. Let 0 < ε < 1 and r satisfies the condition
of Lemma 4.25. Define the probability measure on N by

ν({j}) :=


(1− ε)

a−2
j∑r

k=1 a
−2
k

, 1 ≤ j ≤ r,

ε

2j−r
, j > r.

Denote by T0 the operator T which is considered as an operator from l2 into
l2(ν). Then for the standard basis ej we have

(4.29) T ′0T0ej = s2
jej , j = 1, 2, . . . ,

where

s2
j =


1− ε∑r
k=1 a

−2
k

, 1 ≤ j ≤ r,

εa2
j

2j−r
, j > r.

Put

Aj := (r − n)
a−2
j∑r

k=1 a
−2
k

, 1 ≤ j ≤ r.

By Lemma 4.25 it follows that A1 ≤ . . . ≤ Ar ≤ 1. Furthermore,

r∑
j=1

Aj = r − n.
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Thus using Lemma 4.24 we can obtain an orthonormal system fn+1, . . . , fr ∈
Rr for which

r∑
k=n+1

(fk)
2
j = Aj , 1 ≤ j ≤ r.

Let vectors f1, . . . , fn complete this system to an orthonormal basis in Rr.
Consider the orthonormal basis in l2

gj :=

{
fj , 1 ≤ j ≤ r,
ej , j > r.

Since vectors fj , 1 ≤ j ≤ r, can be represented as linear combinations of
e1, . . . , er, the equalities (4.29) remain valid for the basis {gj}. By Theo-
rem 4.20 for sufficiently small ε we have( ∞∑

k=n+1

s2
k

)1/2

≤ λn(T ) = dn(T ) = in(T ) ≤ sup
j∈N

( ∞∑
k=n+1

(Tgk)
2
j

)1/2

=

(
max

{
r − n∑r
k=1 a

−2
k

, a2
r+1, a

2
r+2, . . .

})1/2

=

(
r − n∑r
k=1 a

−2
k

)1/2

(the last equality follows in view of (4.27)). Since

∞∑
k=n+1

s2
k = (1− ε) r − n∑r

k=1 a
−2
k

+ ε

∞∑
j=r+1

a2
j

2j−r
→ r − n∑r

k=1 a
−2
k

as ε→ 0,

passing ε to zero, we obtain the statement of theorem. �

By the analogy with Lemma 4.25 the following result can be proved.

Lemma 4.26. Let a1 ≥ . . . ≥ aN > 0, N > n, and 0 ≤ r ≤ n such that

n− r + 1∑N
k=r+1 a

2
k

= max
0≤m≤n

n−m+ 1∑N
k=m+1 a

2
k

.

Then

(4.30) a−2
r ≤

n− r + 1∑N
k=r+1 a

2
k

≤ a−2
r+1 (a−2

0 := 0).

A result similar to Theorem 4.23 can be obtained for the Bernstein n-
widths.

Theorem 4.27. Let {ak}∞1 ∈ l2. Assume that the operator T : l∞ → l2
is defined by (4.25). Then

bn(T ) = min
0≤m≤n

(∑∞
k=m+1 a

2
k

n−m+ 1

)1/2

.
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Proof. 1. The upper bound. Let 0 < ε < 1 and 0 ≤ m ≤ n. Define
the probability measure on N by

νm({j}) :=


(1− ε)

a2
j∑∞

k=m+1 a
2
k

, j > m,

ε

m
, j ≤ m.

Put T0 := T∣∣l2(νm)
. It is easily seen that

T ′0T0ej = s2
jej , j = 1, 2, . . . ,

where

s2
j =


(1− ε)−1

∞∑
k=m+1

a2
k, j > m,

ε−1a2
jm, j ≤ m.

By Theorem 4.22 for sufficiently small ε we have

bn(T ) ≤

(1− ε) n−m+ 1∑∞
k=m+1 a

2
k

+
ε

m

m∑
j=1

a−2
j

−1/2

.

Passing to the limit as ε→ 0, we obtain

bn(T ) ≤ min
0≤m≤n

(∑∞
k=m+1 a

2
k

n−m+ 1

)1/2

.

2. The lower bound. Let N > n and TN := T∣∣lN2 . Define the probability

measure on the set {1, . . . , N} by

µ({j}) :=
a2
j∑N

k=1 a
2
k

.

Then for the operator TN0 := T∣∣lN2 (µ)
we have

T ′N0TN0ej = s2ej , j = 1, . . . , N,

where {ej} is the standard basis in RN and

s2 =
N∑
k=1

a2
k.

Assume that r satisfies the conditions of Lemma 4.26. Put

Aj := (n− r + 1)
a2
j∑N

k=r+1 a
2
k

, j = r + 1, . . . , N.

It follows from Lemma 4.26 that AN ≤ . . . ≤ Ar+1 ≤ 1. Moreover,

N∑
j=r+1

Aj = n− r + 1.
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In view of Lemma 4.24 there exists an orthonormal system of vectors
fr+1, . . . , fn+1 ∈ lN−r2 for which

n+1∑
k=r+1

(fk)
2
j = Aj , j = r + 1, . . . , N.

Define vectors g1, . . . , gn+1 ∈ lN2 by

gk :=
s

ak
ek, k = 1, . . . , r,

(gk)j :=

0, 1 ≤ j ≤ r,
s

aj
(fk)j , r < j ≤ N, k = r + 1, . . . , n+ 1.

It is easy to check that {gk}N1 is an orthonormal basis in lN2 (µ). Thus from
Theorem 4.22 we have

bn(T ) ≥ bn(TN ) ≥

(
max

1≤j≤N

n+1∑
k=1

s−2(gk)
2
j

)−1/2

=

(
max

{
a−2

1 , . . . , a−2
r ,

n− r + 1∑N
k=r+1 a

2
k

})−1/2

=

(
n− r + 1∑N
k=r+1 a

2
k

)−1/2

(the last equality follows from (4.30)). Consequently, for all N > n

bn(T ) ≥ max
0≤m≤n

(
n−m+ 1∑N
k=m+1 a

2
k

)−1/2

.

Passing N →∞ we obtain the required estimate. �

4.6. Hardy-Sobolev and Bergman-Sobolev Classes

Denote by Hγ the space of holomorphic functions in the unit disk D

(4.31) f(z) =

∞∑
k=0

akz
k

which satisfy the condition

(4.32)
∞∑
k=0

γk|ak|2 <∞,

where γk is a sequence of non-negative numbers such that

lim inf
k→∞

γ
1/k
k ≥ 1
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(the last condition implies that the function (4.31) is holomorphic in D if
(4.32) is valid). Denote by Hγ the class of functions from Hγ for which

∞∑
k=0

γk|ak|2 ≤ 1.

Theorem 4.28. Let γ0 = . . . = γr−1 = 0 and γk > 0 for k ≥ r. Assume
that n ≥ r, 0 < ρ < 1, and for all k ≥ n
(4.33) γ−1

k ρ2k ≤ min
m<n

γ−1
m ρ2m.

Then

λn(Hγ , C(Tρ)) = dn(Hγ , C(Tρ)) = in(Hγ , C(Tρ)) =

( ∞∑
k=n

γ−1
k ρ2k

)1/2

,

where Tρ := {z ∈ C : |z| = ρ}.

Proof. Consider the Hilbert space

H0
γ := { f ∈ Hγ : f (j)(0) = 0, j = 0, . . . , r − 1 }

with the inner product

(f, g) =

∞∑
k=r

γkakbk,

where

f(z) =
∞∑
k=r

akz
k, g(z) =

∞∑
k=r

bkz
k.

Define the probability measure on Tρ by

dσρ(ρe
iθ) =

1

2π
dθ.

The functions

ϕk(z) := γ
−1/2
k zk, k = r, r + 1, . . . ,

is an orthonormal basis in H0
γ . They form an orthonormal system in

L2(Tρ, σρ) and

‖ϕk‖2L2(Tρ,σρ) = γ−1
k ρ2k.

Since

Hγ = BH0
γ + Pr,

where Pr is the space of polynomials of degree at least r−1, the application
of Lemma 4.16 and Theorem 4.21 gives the required statement. �

Now we consider some examples of the spaces Hγ .
The Hardy–Sobolev class Hr

2 is the set of all functions analytic in the

unit disk D for which f (r) ∈ H2. In this case Hr
2 = Hγ for

γ0 = . . . = γr−1 = 0, γk =

(
k!

(k − r)!

)2

, k ≥ r.
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The Bergman class A2 is the set of all functions analytic in D for which

1

π

∫
D
|f(z)|2 dν(z) ≤ 1,

where ν is the normalized Lebesgue measure. The Bergman–Sobolev class
Ar2 is the set of all functions analytic in D for which f (r) ∈ A2. The class
A1

2 is usually called the Dirichlet class. For Ar2 we have Ar2 = Hγ for

γ0 = . . . = γr−1 = 0, γk =
(k!)2

(k − r)!(k − r + 1)!
, k ≥ r.

From Theorem 4.28 we obtain

Corollary 4.29. 1. For all 0 < ρ < 1, r ≥ 0, and n ≥ r

λn(Hr
2 , C(Tρ)) = dn(Hr

2 , C(Tρ)) = in(Hr
2 , C(Tρ))

=

( ∞∑
k=n

(
(k − r)!
k!

)2

ρ2k

)1/2

.

2. For all 0 < ρ < 1, r ≥ 1, and n ≥ r

λn(Ar2, C(Tρ)) = dn(Ar2, C(Tρ)) = in(Ar2, C(Tρ))

=

( ∞∑
k=n

(k − r)!(k − r + 1)!

(k!)2
ρ2k

)1/2

.

3. For all n ∈ N and 0 < ρ ≤ (n+ 1)−
1

2n

λn(A2, C(Tρ)) = dn(A2, C(Tρ)) = in(A2, C(Tρ)) =
ρn

1− ρ2
(1 + n(1− ρ2))1/2.

In the case of A2 we did not obtain the values of n-widths for all ρ. It
is connected with the fact that the sequence

γ−1
k ρ2k = (k + 1)ρ2k

is not decreasing. Nevertheless, for (n+1)ρ2n ≤ 1 the condition (4.33) holds.
In a general case the corresponding result can be also obtained for all

0 < ρ < 1:

λn(A2, C(Tρ)) = dn(A2, C(Tρ)) = in(A2, C(Tρ)) =

( ∞∑
k=n

ak

)1/2

,

where {ak}∞0 is the sequence {(k+1)ρ2k}∞0 ordered in non-increasing order.
The periodic analogue of Hγ is the space Hγ(T) which is the set of

2π-periodic functions analytic in T

f(z) =
+∞∑

k=−∞
ake

ikz,
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satisfying the condition
+∞∑

k=−∞
γk|ak|2 <∞,

where γk is a sequence of nonnegative numbers such that

lim inf
k→±∞

γ
1/|k|
k > 1.

Denote by Hγ(T) the class of functions from Hγ(T) for which

+∞∑
k=−∞

γk|ak|2 ≤ 1.

Similar to Theorem 4.28 the following result can be proved.

Theorem 4.30. Assume that γ0 = . . . = γr−1 = 0, γ−1
r+1 ≥ γ−1

r+2 . . . > 0,
and γk = γ−k for all k ∈ N. Then for all n ≥ r and 0 < ρ < 1

λn(Hγ(T), C(T)) = dn(Hγ(T), C(T)) = in(Hγ(T), C(T))

=



(
2
∞∑
k=m

γ−1
k

)1/2

, n = 2m− 1,

(
γ−1
m + 2

∞∑
k=m+1

γ−1
k

)1/2

, n = 2m.

The examples of Hγ(T) are the periodic Hardy–Sobolev and Bergman–

Sobolev classes (Hr,β
2 (T) and Ar,β2 (T)) which were defined in Section 1.4.

For Hr,β
2 (T)

γk = k2r cosh 2kβ, k = 0,±1, . . . ,

and for Ar,β2 (T)

γ0 = 1, γk =
1

2β
k2r−1 sinh 2kβ, k = ±1,±2, . . . .

From Theorem 4.30 we obtain

Corollary 4.31. For all n ∈ N

λn(Hr,β
2 (T), C(T)) = dn(Hr,β

2 (T), C(T)) = in(Hr,β
2 (T), C(T))

=



( ∞∑
k=m

2

k2r cosh 2kβ

)1/2

, n = 2m− 1,

(
1

m2r cosh 2mβ
+

∞∑
k=m+1

2

k2r cosh 2kβ

)1/2

, n = 2m,
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λn(Ar,β2 (T), C(T)) = dn(Ar,β2 (T), C(T)) = in(Ar,β2 (T), C(T))

=



( ∞∑
k=m

4β

k2r−1 sinh 2kβ

)1/2

, n = 2m− 1,

(
2β

m2r−1 sinh 2mβ
+

∞∑
k=m+1

4β

k2r−1 sinh 2kβ

)1/2

, n = 2m.

Let us compare the values sn(Hβ
2 (T), C(T)) which can be found From

Theorem 2.18 with the corresponding information n-widths. In view of
Corollary 4.31 we obtain the following asymptotic equalities

i2n(Hβ
2 (T), C(T)) =


4e−β

1− e−2β
e−nβ +O(e−3nβ), n = 2m− 1,

2
1 + e−2β

1− e−2β
e−nβ +O(e−3nβ), n = 2m.

For s2
n(Hβ

2 (T), C(T)) we have

s2
n(Hβ

2 (T), C(T)) =


8K

π
κ(β)e−nβ +O(e−3nβ), n = 2m− 1,

8K

π
e−nβ +O(e−3nβ), n = 2m,

where K is the complete elliptic integral of the first kind for the moduli
κ(β). Using the asymptotic of κ(β) (see (A.39)) it can be shown that

lim
n→∞

s2n−1(Hβ
2 (T), C(T))

i2n−1(Hβ
2 (T), C(T))

= 2− e−2β +O(e−4β),

lim
n→∞

s2n(Hβ
2 (T), C(T))

i2n(Hβ
2 (T), C(T))

=
√

2 +O(e−4β).

In contrast to the class Hβ
∞,R(T), where sn and in are differ only for odd n

(see Theorem 4.15), for the class Hβ
2 (T) these quantities differ in the both

cases even and odd n.
Now we consider the Bernstein n-widths. We need the following simple

property of bn.

Lemma 4.32. Let H be a Hilbert space, A a closed, convex, centrally
symmetric subset of H, and Hr an r-dimensional subspace of H such that
A ⊥ Hr. Then

(4.34) bn+r(A+Hr, H) = bn(A,H).

Proof. Assume that Hn+1 ⊂ H, dimHn+1 = n+ 1, and

sup{λ | λBHn+1 ⊂ A } = µ > 0.
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Put Hn+r+1 := Hn+1 + Hr. Since A ⊥ Hr it follows that Hn+1 ⊥ Hr and
dimHn+r+1 = n+ r+ 1. If x ∈ Hn+r+1, ‖x‖H ≤ µ, then x = x1 +x2, where
x1 ∈ Hn+1, x2 ∈ Hr, and

‖x1‖2H ≤ ‖x1‖2H + ‖x2‖2H = ‖x‖2H ≤ µ2.

Thus x1 ∈ A. Consequently, x ∈ A+Hr. Hence

sup{λ | λBHn+r+1 ⊂ A+Hr } ≥ µ.

So we proved that

(4.35) bn+r(A+Hr, H) ≥ bn(A,H).

If bn+r(A + Hr, H) = 0, then (4.34) follows from (4.35). Suppose that
bn+r(A+Hr, H) > 0. Let Hn+r+1 ⊂ H, dimHn+r+1 = n+ r + 1, and

sup{λ | λBHn+r+1 ⊂ A+Hr } = ν > 0.

Since Hn+r+1 ⊂ spanA+Hr, dim(Hn+r+1 ∩ spanA) ≥ n+ 1. Hence there
exists a subspace Hn+1 ⊂ Hn+r+1 ∩ spanA such that dimHn+1 = n + 1.
Let x ∈ Hn+1 and ‖x‖H ≤ ν. Then x ∈ A + Hr. Moreover, x ∈ spanA.
Consequently, x ∈ A and

sup{λ | λBHn+1 ⊂ A } ≥ ν.

Therefore,

bn(A,H) ≥ bn+r(A+Hr, H).

�

Put

Dρ := { z ∈ C : |z| ≤ ρ }.
Denote by νρ the normalized Lebesgue measure on Dρ.

Theorem 4.33. For all n ≥ r and 0 < ρ ≤ 1

bn(Hr
∞, L2(Tρ, σρ)) =

(
n∑
k=r

(
k!

(k − r)!

)2

ρ−2k

)−1/2

,(4.36)

bn(Hr
∞, L2(Dρ, νρ)) =

(
n∑
k=r

k!(k + 1)!

((k − r)!)2
ρ−2k

)−1/2

.(4.37)

Proof. For f(z) =
∑∞

k=0 akz
k ∈ H2 define the operator T0 : H2 →

L2(Tρ, σρ) by

(T0f)(z) :=

∞∑
k=0

k!

(k + r)!
akz

k+r.

Define the operator T : H∞ → L2(Tρ, σρ) by the equation Tf := T0f . Since

(Tf)(r)(z) = f(z) we have

Hr
∞ = T (BH∞) + Pr.
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The functions {ϕk(z)}∞0 := {zk}∞0 form an orthogonal system in L2(Tρ, σρ).
By Lemma 4.32 we obtain

(4.38) bn(Hr
∞, L2(Tρ, σρ)) = bn−r(T ).

To find bn−r(T ) we use Theorem 4.22. The system {ϕk}∞0 is an orthonormal
basis in H2. Moreover, the functions

(T0ϕk)(z) =
k!

(k + r)!
zk+r

form an orthogonal system in L2(Tρ, σρ). Consequently, by Lemma 4.16

T ′0T0ϕk = s2
kϕk, k = 0, 1, . . . ,

where

sk = ‖T0ϕk‖L2(Tρ,σρ) =
k!

(k + r)!
ρk+r.

Using Theorem 4.22, we obtain

bn−r(T ) =

(
n−r∑
k=0

(
(k + r)!

k!

)2

ρ−2(k+r)

)−1/2

.

It is easily seen that this quantity coincides with the left-hand side of (4.36).
The proof of (4.37) is similar. The difference only that

‖T0ϕk‖L2(Dρ,νρ) =
k!

(k + r)!

ρk+r

√
k + r + 1

.

�

The periodic analogue of Theorem 4.33 is the following

Theorem 4.34. For all n, r ∈ N

b2n(Hr,β
∞ (T), L2(T)) =

(
1

π

n∑
k=1

k2r cosh 2kβ

)−1/2

.

If r = 0, then for all n ≥ 0

b2n(Hβ
∞(T), L2(T)) =

(
2π sinhβ

sinh(2n+ 1)β

)1/2

.

Proof. Let r ≥ 1. Denote by Hβp,0(T) the subspace of functions from

Hβp (T) for which ∫ 2π

0
f(t) dt = 0.

Define the operator T0 : Hβ2,0(T)→ L2(T) by the equation

(T0f)(z) :=
∑
k∈Z
k 6=0

ck
(ik)r

eikz,
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where
f(z) =

∑
k∈Z
k 6=0

cke
ikz.

Put T := T0
∣∣Hβ∞,0(T)

. We have

Hr,β
∞ (T) = T (BHβ∞,0) + C.

By Lemma 4.32 we obtain

b2n(Hr,β
∞ (T), L2(T)) = b2n−1(T ).

It is easy to check that the functions

ϕk(z) :=
eikz√

cosh 2kβ
, k = ±1,±2, . . . ,

form an orthonormal basis in Hβ2,0(T). Furthermore, the function

(T0ϕk)(z) =
eikz

(ik)r
√

cosh 2kβ

form an orthogonal system in L2(T) and

‖T0ϕk‖22 =
2π

k2r cosh 2kβ
.

Since for | Im z| = β
|ϕk(z)|2 + |ϕ−k(z)|2 = 2,

it follows from Lemma 4.16 and Theorem 4.22 that

b2n−1(T ) =

(
1

π

n∑
k=1

k2r cosh 2kβ

)−1/2

.

For r = 0 the analogous arguments applied to the embedding operators

T0 : Hβ2 (T)→ L2(T) and T : Hβ∞(T)→ L2(T) give

b2n(T ) =

(
1

2π
+

1

π

n∑
k=1

cosh 2kβ

)−1/2

=

(
2π sinhβ

sinh(2n+ 1)β

)1/2

.

�

4.7. Notes and References

4.1. The information n-width (in) was introduced in Fisher, Micchelli
[1984], [1985]. In these papers it was proved that for the unit balls of Hilbert
spaces of nonperiodic functions with simply connected domain of holomor-
phy the values in and sn coincide. We show that in general it is not valid for

the classes Hβ
∞,R(T) and Hβ

2 (T) (see Sections 4.3 and 4.6). Proposition 4.1

was proved by Osipenko, Wilderotter [1997]. For the first time the Pick–
Nevanlinna Theorem was applied to the problem of exact values of n-widths
by Fisher, Micchelli [1980] who proved the equality (4.9). This result was
generalized by Fisher, Stessin [1991] (Theorem 4.3). However, the proof of
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the upper bound in this paper was incorrect. The correct proof was given
later in Fisher, Stessin [1994a].

For the Gel’fand n-width Corollary 4.7 was proved by Parfenov [1985].
The direct proof of this assertion which does not use Theorem 4.3 may be
found in Farkov [1990]. In the case when p = q there is a more general
result. Denote by Hr

q the class of all functions analytic in the unit disk D

for which f (r) ∈ Hq. For all 1 ≤ q ≤ ∞ the equalities

dn(Hr
q , Lq(Tρ, σρ)) = λn(Hr

q , Lq(Tρ, σρ)) = dn(Hr
q , Lq(Tρ, σρ))

= in(Hr
q , Lq(Tρ, σρ)) = sn(Hr

q , Lq(Tρ, σρ)) =

∞, n < r,

(n− r)!
n!

ρn−r, n ≥ r

hold. These equalities were obtained by Babenko [1958] (q =∞, the upper
bound), Tikhomirov [1960] (q = ∞, the lower bound), and Taikov [1967]
(see also Pinkus [1985, p. 250]). Exact values of n-widths for the class of
functions from Hr

∞ which are real on the real axis in a more general situation
were considered by Fisher [1989].

4.2. Proposition 4.8 was proved by Newman [1979]. Proposition 4.9
is due to Ganelius [1976]. Theorem 4.12 was proved by Wilderotter [1995]
(previous results may be found in Wilderotter [1992a] and Burchard, Höllig
[1985]).

4.3. Lemma 4.13 was proved in Osipenko [1997a]. Lemma 4.14 was
obtained by Osipenko, Wilderotter [1997]. Exact values of even n-widths

for the class Hβ
∞,R(T) in the space Lq(T) were obtained by Osipenko [1994c].

For the class Hr,β
∞,R(T) even n-widths in the space L∞(T) were determined

in Osipenko [1997a]. The odd dimensional case was studied in Osipenko,
Wilderotter [1997]. A general approach which generalizes Theorem 4.15 and
enables one to obtain exact values of n-widths both for classes of smooth
and analytic functions was proposed in Osipenko [1997b].

Denote by B̃β2n the set of the functions

B(z) = kn
2n∏
j=1

sn

(
K

π
(z − tj)

)
,

where k = κ(β) (the function κ is defined by (2.5)) and tj ∈ T, j = 1, . . . , 2n
(B(z) is the Blaschke product for the strip Sβ := {z ∈ C : | Im z| < β} in

the periodic case). Let Hβ
p,R be the class of all functions which are analytic

and 2π-periodic in Sβ, real-valued on the real axis, and satisfy the condition

sup
0≤η<β

1

2π

∫ 2π

0
|f(t+ iη)|p dt ≤ 1.

Wilderotter [1996] proved the following result which is the analogue of The-
orem 4.3.
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Theorem 4.35. For all 1 ≤ q ≤ p ≤ ∞

d2n(Hβ
p,R, Lq(T, µ)) = λ2n(Hβ

p,R, Lq(T, µ)) = d2n(Hβ
p,R, Lq(T, µ))

= inf
B∈B̃β2n

sup
g∈Hβ

p,R

‖Bg‖Lq(T,µ),

where µ is a positive measure on T.

4.4. Theorem 4.17 was proved by Parfenov [1994b]. Theorem 4.20 is
dual to the following result which is due to Ismagilov [1968]:

Theorem 4.36. Let E be a compact, ϕ : E → H a continuous mapping,
H a Hilbert space, and µ a probability measure on E with the support coin-
cided with E. Denote by λ1 ≥ λ2 ≥ . . . > 0 the eigenvalues of the problem∫

E
(ϕ(x), ϕ(y))f(y) dµ(y) = λf(x), x ∈ E.

Let f1(x), f2(x), . . . be associated eigenfunctions which form an orthonormal
system in L2(E,µ). Then√√√√ ∞∑

k=n+1

λk ≤ dn(ϕ(E), H) ≤ sup
x∈E

√√√√ ∞∑
k=n+1

λk|fk(x)|2.

Osipenko [1995b] proved Theorem 4.20 using Ismagilov’s Theorem. We
give the proof of Parfenov [1994b] who obtained the same result indepen-
dently using extremal properties of the s-numbers. Theorem 4.22 was proved
by Osipenko, Parfenov [1995].

4.5. Theorem 4.23 in the finite-dimensional case for a1 = . . . = aN = 1
was, in fact, proved in the paper of Kolmogorov, Petrov, SmirnovSmirnov,
Yu. M. [1947] which was supplemented by Mal’cev [1947]. The authors of
these papers did not actually state, that they had calculated n-widths. This
was noted by Stechkin [1954]. The case a1 ≥ . . . ≥ aN was obtained by
Smolyak [1965]. The dual result related to the Kolmogorov n-width of the
set

Bl1(a) :=

{
(x1, x2, . . .)

∣∣∣ ∞∑
k=1

|xk|
ak
≤ 1

}
in the space l2 is due to Sofman [1969], [1973] (see also Hutton, Morrel,
Retherford [1976]). Lemmas 4.24 and 4.25 are taken from Pinkus [1985].
Theorem 4.27 (in a different way) was proved by Galeev [1990].

4.6. As was mentioned in Section 4.4, the first exact result for the
classes of holomorphic functions concerned the case when p < q appeared
in Osipenko, Stessin [1990], where the exact values of dN (H2(Bn), C(ρSn))
and λN (H2(Bn), C(ρSn)) were obtained for

N = Nm :=

m−1∑
s=0

(
n+ s− 1

n− 1

)
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(the definition of H2(Bn) is given in Section 2.5). The method of proof, as
noted by Tikhomirov, was very similar to the one used in Ismagilov’s The-
orem. This remark was taken into account in Osipenko [1995b] where more
general results were obtained. The classes Hγ were proposed by Fisher, Mic-
chelli [1985] as a convenient form for the generalization of certain classes of
analytic functions. The assertion of Corollary 4.29 is contained in Osipenko
[1995b]. In the last paper the case of several variables was treated (in the
one dimensional case the exact values of n-widths of the Bergman class A2

were obtained by Fisher, Stessin [1994b]). Theorem 4.30 and Corollary 4.31
were proved by Osipenko [1995b].

The exact values of the Bernstein n-widths of the classHr
∞ were obtained

by Parfenov [1994a] (r = 0) and Osipenko, Parfenov [1995].





CHAPTER 5

Quadrature Formulas

There are two basic problems which are usually considered for quad-
rature formulas. The first one is optimal quadratures which use function
values at a fixed system of points. The second one is the minimization of
the error of optimal quadrature formulas by choosing appropriate system
of nodes at which function values should be known. For the Hardy classes
Hp the first problem is considered in Section 5.1. In Section 5.2 we find
optimal nodes for the periodic case and for some special weight functions in
the nonperiodic case. In particular, we prove that in the periodic case the
equidistant system of nodes is the only optimal to within a translation. In
Section 5.3 we obtain estimates of optimal quadrature formulas in Hp for all
1 < p ≤ ∞ in the case when the integral is taken over the interval (−1, 1).

5.1. Best quadrature formulas in Hp

Let W be a class of functions defined on the domain G ∈ C containing an
interval of real axis (a, b). For this class we consider the problem of optimal
recovery of the functional

Lf :=

∫ b

a
f(x)p(x) dx

from the values of the information operator

If := { f(x1), . . . , f (ν1−1)(x1), . . . , f(xn), . . . , f (νn−1)(xn) },

where p is a nonnegative weight function and x1, . . . , xn are distinct nodes
of the set R∩G (we assume that functions from W are sufficiently smooth).
For ν := (ν1, . . . , νn) set

τν :=

(
x1 . . . xn
ν1 . . . νn

)
,(5.1)

e(τν ,W ) := inf
ϕ : Cn→C

sup
f∈W

∣∣∣∣∫ b

a
f(x)p(x) dx− ϕ(If)

∣∣∣∣.
If W is a convex balanced class of function, then by Theorem 1.6 we

have

(5.2) e(τν ,W ) = sup
f∈W
If=0

∣∣∣∣∫ b

a
f(x)p(x) dx

∣∣∣∣.
147
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Moreover, there exists a linear optimal method. In other words, there exists
a quadrature formula∫ b

a
f(x)p(x) dx ≈ ϕ0(If) =

n∑
j=1

νj−1∑
m=0

ajmf
(m)(xj),

for which

sup
f∈W

∣∣∣∣∫ b

a
f(x)p(x) dx− ϕ0(If)

∣∣∣∣ = e(τν ,W ).

Such quadrature formulas are said to be best for a given system of nodes τν .
Let (a, b) ⊂ (−1, 1), xj ∈ (−1, 1), j = 1, . . . , n. Set

B(x) :=
n∏
j=1

(
x− xj
1− xjx

)νj
.

Lemma 5.1. Assume that ν1, . . . , νn are even, 1 < p <∞ or p = 1 and
−1 < a < b < 1. Then

(i) there exists a unique function gτν ,p ∈ Hp such that

(5.3) e(τν , Hp) =

∫ b

a
gτν ,p(x)B(x)p(x) dx,

(ii) gτν ,p is free of zeros in the unit disk D and gτν ,p(x) > 0 for x ∈
(−1, 1),

(iii) for all θ ∈ T

(5.4) e(τν , Hp)|gτν ,p(eiθ)|p =

∫ b

a
gτν ,p(x)B(x)P (eiθ, x)p(x) dx,

where P (eiθ, x) is the Poisson kernel.

Proof. It follows from Proposition 4.5 that there exists a unique func-
tion gB ∈ Hp such that

P1 := sup
g∈Hp

∫ b

a
|g(x)|B(x)p(x) dx =

∫ b

a
|gB(x)|B(x)p(x) dx

and gB(0) > 0. Since gB(z) is also extremal for the problem of finding P1,

we obtain that gB(z) = gB(z). In particular, gB(x) is real for x ∈ (−1, 1).
It was also shown in Section 4.1 that gB(z) is free of zeros in D. Thus
gB(x) > 0 for x ∈ (−1, 1) and

P1 = P2 := sup
g∈Hp

∣∣∣∣∫ b

a
g(x)B(x)p(x) dx

∣∣∣∣ .
Assume that g0 ∈ Hp is an extremal function for the problem of finding P2.
Then

P2 =

∣∣∣∣∫ b

a
g0(x)B(x)p(x) dx

∣∣∣∣ ≤ ∫ b

a
|g0(x)|B(x)p(x) dx ≤ P1 = P2.
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Consequently, g0 is an extremal function for the problem of finding P1. Thus
we proved (i) and (ii). Now (iii) immediately follows from Proposition 4.4.

�

For p = ∞ and even ν1, . . . , νn it is evident that gτν ,∞(z) ≡ 1 is the
unique function for which (5.3) holds.

For p = 2 we can also find the extremal function gτν ,2. Indeed, we have

sup
g∈H2

∣∣∣∣∫ b

a
g(x)B(x)p(x) dx

∣∣∣∣
= sup

g∈H2

∣∣∣∣∫ b

a

1

2π

∫ 2π

0

g(eiθ)

1− xe−iθ
dθB(x)p(x) dx

∣∣∣∣ = sup
g∈H2

|(g, ϕ)H2 | ,

where

ϕ(z) =

∫ b

a

B(x)

1− xz
p(x) dx

and

(g, ϕ)H2 =
1

2π

∫ 2π

0
g(eiθ)ϕ(eiθ) dθ

is the inner product in the Hilbert space H2. Thus

gτν ,2(z) =
ϕ(z)

‖ϕ‖H2

.

Theorem 5.2. Let (a, b) ⊂ (−1, 1), xj ∈ (−1, 1), j = 1, . . . , n. Assume
that 1 < p ≤ ∞ or p = 1 and −1 < a < b < 1. Then for even νj,
j = 1, . . . , n, the quadrature formula∫ b

a
f(x)p(x) dx ≈

n∑
j=1

νj−1∑
m=0

ajmf
(m)(xj),

where

ajm =

∫ b

a
cjm(x)p(x) dx,

cjm(x) =
B(x)gτν ,p(x)(1− x2)

m!(νj −m− 1)!

(
(1− xjz)νj

ωj(z)gτν ,p(z)(x− z)(1− xz)

)(νj−m−1)∣∣z=xj ,

ωj(x) =

n∏
s=1
s 6=j

(
x− xs
1− xsx

)νs
,

is best on the class Hp for the system of nodes τν .

Proof. For x ∈ (a, b) consider the integral

Jf(x) := B(x)gτν ,p(x)
1

2πi

∫
|z|=1

f(z)(1− x2)

B(z)gτν ,p(z)(z − x)(1− xz)
dz.
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By the residue theorem we get

Jf(x) = f(x)−
n∑
j=1

νj−1∑
m=0

cjm(x)f (m)(xj).

It is easy to verify that

Jf(x) = B(x)gτν ,p(x)

∫ 2π

0

f(eiθ)

B(eiθ)gτν ,p(e
iθ)

dν(θ),

where

dν(θ) =
1

2π
P (eiθ, x) dθ.

Assume that p <∞. Using (5.4) we obtain

Rf :=

∣∣∣∣∣∣
∫ b

a
f(x)p(x) dx−

n∑
j=1

νj−1∑
m=0

ajmf
(m)(xj)

∣∣∣∣∣∣ =

∣∣∣∣∫ b

a
Jf(x)p(x) dx

∣∣∣∣
≤
∫ b

a
|Jf(x)|p(x) dx ≤

∫ b

a
B(x)gτν ,p(x)

∫ 2π

0

|f(eiθ)|
|gτν ,p(eiθ)|

dν(θ)p(x) dx

=
1

2π

∫ 2π

0

|f(eiθ)|
|gτν ,p(eiθ)|

∫ b

a
gτν ,p(x)B(x)P (eiθ, x)p(x) dx dθ

= e(τν , Hp)
1

2π

∫ 2π

0
|f(eiθ)||gτν ,p(eiθ)|p−1 dθ.

By the Hölder inequality we have

Rf ≤ e(τν , Hp)

(∫ 2π

0
|f(eiθ)|p dθ

)1/p(∫ 2π

0
|gτν ,p(eiθ)|p dθ

)(p−1)/p

≤ e(τν , Hp).

If p =∞, then gτν ,∞ ≡ 1 and

Rf ≤
∫ b

a
B(x)p(x) dx = e(τν , H∞).

�

Now we consider the periodic case. For

τν :=

(
t1 . . . tn
ν1 . . . νn

)
,

where tj ∈ T, j = 1, . . . , n, set

N :=
n∑
j=1

νj , B(z) := k
N
2

n∏
j=1

snνj
(
K

π
(z − tj)

)
(K is the complete elliptic integral of the first kind for the modulus k = κ(β)
and κ is defined by (2.5)).
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Theorem 5.3. Let (a, b) ⊂ (0, 2π) and νj be even. Then the quadrature
formula

(5.5)

∫ b

a
f(t)p(t) dt ≈

n∑
j=1

νj−1∑
m=0

ajmf
(m)(tj),

in which

ajm =

∫ b

a
cjm(t)p(t) dt,

cjm(t) =
K

π

B(t)

m!(νj −m− 1)!
lim
z→tj

(
(z − tj)νj
B(z)

ctn

(
K

π
(t− z)

))(νj−m−1)

,

ctn z =
cn z dn z

sn z
,

is best on the class Hβ
∞(T) for the system of nodes τν . Moreover,

(5.6) e(τν , H
β
∞(T)) =

∫ b

a
B(t)p(t) dt.

Proof. It follows from Theorem 2.3 that for all t ∈ T the method

f(t) ≈
n∑
j=1

νj−1∑
m=0

cjm(t)f (m)(tj)

is optimal on the class Hβ
∞(T) and its intrinsic error is equal to B(t) (since

νj are even, B(t) ≥ 0). Thus for all t ∈ (a, b) and all f ∈ Hβ
∞(T)∣∣∣∣f(t)−

n∑
j=1

νj−1∑
m=0

cjm(t)f (m)(tj)

∣∣∣∣ ≤ B(t).

Hence

(5.7)

∣∣∣∣∫ b

a
f(t)p(t) dx−

n∑
j=1

νj−1∑
m=0

ajmf
(m)(tj)

∣∣∣∣ ≤ ∫ b

a
B(t)p(t) dt.

Consequently,

e(τν , H
β
∞(T)) ≤

∫ b

a
B(t)p(t) dt.

On the other hand, since B ∈ Hβ
∞(T) and B(m)(tj) = 0, j = 1, . . . , n,

m = 0, . . . , νj − 1, it follows from (5.2) that

e(τν , H
β
∞(T)) ≥

∫ b

a
B(t)p(t) dt.

Thus (5.6) is proved. Now it follows from (5.7) that the quadrature formula
(5.5) is best. �
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5.2. Optimal Quadrature Formulas

Now we would like to find a system of nodes at which the error of the
best quadrature formula is minimal. Put

(5.8) e(ν,W ) := inf
x1<...<xn
xj∈G∩R

e(τν ,W ),

where G is a domain of definition of functions from the class W . The nodes
τν at which the lower bound in (5.8) is attained are called optimal nodes of
type ν and the best quadrature formula for the system of optimal nodes is
said to be optimal.

Theorem 5.4. Let (a, b) = (0, 2π), p(t) ≡ 1, and s ∈ N. Then for all
2s− 1 ≤ νj ≤ 2s, j = 1, . . . , n,

e(ν,Hβ
∞(T)) =

2πλs

Λ
J2s(λ) = 2s+1π

(2s− 1)!!

s!
e−sβn +O

(
e−(s+2)βn

)
,

where Λ is the complete elliptic integral of the first kind for the modulus
λ = κ(βn) and

(5.9) Jq(λ) :=

∫ 1

0

tq dt√
(1− t2)(1− λ2t2)

.

Moreover, the equidistant system of nodes on T is the only system of optimal
nodes to within a translation.

Proof. Let µ = (2s . . . 2s). It follows from Theorem 5.3 that

e(µ,Hβ
∞(T)) = inf

0≤t1<...<tn<2π

∫ 2π

0
B(t) dt

= inf
0≤t1<...<tn<2π

∥∥∥∥kn/2 n∏
j=1

sn

(
K

π
(· − tj)

)∥∥∥∥2s

2s

.

Putting in Theorem 2.14 ϕ(x) = tan
π

4
x, we obtain

(5.10) e(µ,Hβ
∞(T)) =

2πλs

Λ
J2s(λ).

It follows from the same theorem that the equidistant system of nodes on T
is the only system of optimal nodes to within a translation. The asymptotic
equality for the value (5.10) follows easily from (2.34).

For optimal nodes t∗j = (j − 1)
2π

n
, j = 1, . . . , n, we consider the quad-

rature formula (5.5). We denote by B0 the function B for this system of
nodes. We have

aj,2s−1 =
( π
K

)2s−1 1

(2s− 1)!ksωj0(t∗j )

∫ 2π

0
B0(t) ctn

(
K

π
(t− t∗j )

)
dt,
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where

ωj0(t) = ks(n−1)
n∏

m=1
m 6=j

sn2s

(
K

π
(t− t∗m)

)
.

On the other hand, it follows from the necessary condition of extremum that∫ 2π

0
B0(t) ctn

(
K

π
(t− t∗j )

)
dt = 0.

Thus aj,2s−1 = 0 for all j = 1, . . . , n. Hence for all (ν1, . . . , νn) such that
2s− 1 ≤ νj ≤ 2s, j = 1, . . . , n,

e(ν,Hβ
∞(T)) ≤

∫ 2π

0
B0(t) dt.

If t1 . . . , tn is an arbitrary system of nodes with multiplicities 2s− 1 ≤ νj ≤
2s, j = 1, . . . , n, then from (5.2) we have

e(τν , H
β
∞(T)) ≥

∥∥∥∥kn/2 n∏
j=1

sn

(
K

π
(· − tj)

)∥∥∥∥2s

2s

≥
∫ 2π

0
B0(t) dt.

In view of uniqueness the last inequality is strong provided that t1 . . . , tn is
not the equidistant system on T. �

Now consider the problem of optimal quadrature formula for the integral

(5.11)

∫ 1

−1
f(t)

dt√
1− t2

on the class H∞(Ec) which is the set of all functions analytic in the interior
of the ellipse Ec with foci at the points ±1 and sum c > 1 of its semiaxes
and satisfying the condition |f(z)| ≤ 1, z ∈ Ec.

Theorem 5.5. For all c > 1, s ∈ N, and 2s− 1 ≤ νj ≤ 2s, j = 1, . . . , n,

e(ν,H∞(Ec)) =
πλs

Λ
J2s(λ) = 2sπ

(2s− 1)!!

s!
c−2sn +O

(
c−2(s+2)n

)
,

where Λ is the complete elliptic integral of the first kind for the modulus
λ = κ(2n log c). Moreover, the Chebyshev nodes

(5.12) x∗j = cos
2j − 1

2n
π, j = 1, . . . , n,

are the only optimal nodes.

Proof. By the conformal mapping of the interior of the ellipse Ec on
the unit disk defined by (2.35) the original problem reduces to the one of
finding the error of optimal quadrature formula on the class H∞ for the
integral

π

2K

∫ √k
−
√
k
f(x)

dx√
(k − x2)(1− kx2)

,
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where K is the complete elliptic integral of the first kind for the modulus
k = κ(2 log c). Further, we use the same scheme as in the previous theorem
but instead of referring to Theorems 5.3 and 2.14 we refer to Theorems 5.2
and 2.15. �

We take up more explicitly the case when ν1 = . . . = νn = 1. Assume
that for any system of nodes τ = (x1, . . . , xn) the information operator

Iτf := (f(x1), . . . , f(xn))

is known with an error at most δ in the norm of the space lnp , 1 ≤ p ≤ ∞, that

is, we know the values f̃ = (f̃(x1), . . . , f̃(xn)) which satisfy the condition

‖Iτf − f̃‖lnp :=

( n∑
j=1

|f(xj)− f̃(xj)|p
)1/p

≤ δ.

We shall be interested in the problem of finding the value
(5.13)

enp(W, δ) := inf
xj∈G∩R

inf
aj

sup
f∈W

sup
f̃∈lnp

‖Iτf−f̃‖lnp≤δ

∣∣∣∣∫ b

a
f(x)p(x) dx−

n∑
j=1

aj f̃(xj)

∣∣∣∣.
A quadrature formula for which the lower bound in (5.13) is attained and
corresponding nodes are called optimal as before.

For a convex balanced class W by Theorem 1.6 we have

(5.14) enp(W, δ) = inf
xj∈G∩R

sup
f∈W

‖Iτf‖lnp≤δ

∣∣∣∣∫ b

a
f(x)p(x) dx

∣∣∣∣.
If W = Hβ

∞(T) and δ ≥ n1/p it is easy to see that the function f(x) ≡ 1 is
extremal in (5.14) for any system of nodes and, consequently, the quadrature
formula with aj = 0, j = 1, . . . , n is optimal for this trivial case.

Put

Jq(λ,∆) :=

∫ 1

0

(
λt2 + ∆

1 + ∆λt2

)q/2
dt√

(1− t2)(1− λ2t2)
.

For ∆ = 0 this function coincides with Jq(λ) defined by (5.9).

Theorem 5.6. Let 1 ≤ p ≤ ∞ and 0 ≤ δ < n1/p. Then
1) the quadrature formula

(5.15)

∫ 2π

0
f(t) dt ≈ 2π

n

Λ− J4(λ,∆)

(1−∆2)Λ

n−1∑
j=0

f̃

(
j

2π

n

)
,

in which ∆ = δn−1/p, is optimal on the class Hβ
∞(T); here Λ is the complete

elliptic integral of the first kind for the modulus λ = κ(βn);
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2) the following equalities hold:

enp(H
β
∞(T), δ) =

2π

Λ
J2(λ,∆)

= 2π∆ + 4π(1−∆2)e−βn + 4π∆(4− 3∆2)e−2βn +O
(
e−3βn

)
;

3) the nodes t∗j = (j− 1)
2π

n
, j = 1, . . . , n, are the only optimal to within

a translation.

Proof. Let 0 ≤ t1 < . . . < tn < 2π. For k = κ(β) set

B(z) := kn/2
n∏
j=1

sn

(
K

π
(z − tj)

)
.

It follows from the proof of Theorem 2.3 that B2(z) ∈ Hβ
∞(T). Moreover,

|B(x±iβ)| = 1 for all x ∈ R. For t ∈ T and f ∈ Hβ
∞(T) consider the integral

Jf :=
1

2πi

∫
Γε

K

π

B2(t)(1 + ∆B2(ξ))2

B2(ξ)(1 + ∆B2(t))2
ctn

(
K

π
(ξ − t)

)
f(ξ) dξ,

where Γε is the boundary of the rectangle: −ε ≤ Re z ≤ 2π − ε, | Im z| ≤ β;
here ε > 0 is chosen from the requirement that the points t, t1, . . . , tn lie
inside the rectangle. By the residue theorem we have

(5.16) Jf = f(t)−
n∑
j=1

(cj0(t)f(tj) + cj1(t)f ′(tj)),

where

cj1(t) =
K

π

B2(t)

B′2(tj)(1 + ∆B2(t))2
ctn

(
K

π
(t− tj)

)
,

cj0(t) =
K2

π2

B2(t)

B′2(tj)(1 + ∆B2(t))2

1− k2 sn4

(
K

π
(t− tj)

)
sn2

(
K

π
(t− tj)

) − B′′(tj)

B′(tj)
cj1(t).

For a fixed t ∈ T consider the function

F (ξ) :=
K

π

B2(t)

B2(ξ)(1 + ∆B2(t))2
ctn

(
K

π
(ξ − t)

)
.

The function F is an elliptic function with periods 2π and i2πK ′/K. To
within the periods, all the poles of F are at the points t, t1, . . . , tn, and
t + iπK ′/K. Using the fact that the sum of the residues of an elliptic
function with respect to all the poles lying inside a period parallelogram is
equal to zero, we obtain

(5.17)
1

(1 + ∆B2(t))2
−

n∑
j=1

cj0(t)− B4(t)

(1 + ∆B2(t))2
= 0.



156 5. QUADRATURE FORMULAS

By virtue of the 2π-periodicity of the functions B2(z) and ctn
K

π
z, we

can replace Γε by Γ := [2π + iβ, iβ] ∪ [−iβ, 2π − iβ] in the integral Jf . It
follows from (2.6) that

ctn

(
K

π
(x± iβ)

)
= ∓i

∣∣∣∣dn

(
K

π
(x± iβ)

)∣∣∣∣2 .
Thus, the integral Jf can be written in the form

(5.18) Jf =

∫
Γ0

g(ξ)χ(ξ, t)f(ξ) dµ(ξ),

where

g(ξ) =
B2(ξ) + ∆

1 + ∆B2(ξ)
,

χ(ξ, t) =
KB2(t)(1 + ∆B2(ξ))(B2(ξ) + ∆)

2π2B2(ξ)(1 + ∆B2(t))2

∣∣∣∣dn

(
K

π
(ξ − t)

)∣∣∣∣2 ,
and Γ0 = [iβ, 2π+ iβ]∪ [−iβ, 2π− iβ] with measure dµ(x± iβ) = dx. Since
|B(ξ)| = 1 when ξ ∈ Γ0, it follows that |g(ξ)| = 1 and χ(ξ, t) > 0 for all
ξ ∈ Γ0 and t ∈ T. Using (5.16) and (5.18), we now obtain the representation∫ 2π

0
f(t) dt−

n∑
j=1

(aj0f(tj) + aj1f
′(tj)) =

∫
Γ0

g(ξ)ψ(ξ)f(ξ) dµ(ξ),

in which

ψ(ξ) =

∫ 2π

0
χ(ξ, t) dt, ajm =

∫ 2π

0
cjm(t) dt, m = 0, 1.

Denote by B0 the function B for the nodes t∗j . (In this case we denote

the corresponding function g by g0.) Using the first principal transform of
elliptic functions of degree n (see Appendix), we can show that

(5.19) B0(t) = (−1)n+1
√
λ sn

(
nΛ

π
t, λ

)
.

Consequently, B2
0(t+ t∗j ) = B2

0(t) and since ctn t is odd, we have∫ 2π

0

B2
0(t)

(1 + ∆B2
0(t))2

ctn

(
K

π
(t− t∗j )

)
dt

=

∫ π

−π

B2
0(t)

(1 + ∆B2
0(t))2

ctn
K

π
t dt = 0.

Thus, aj1 = 0, j = 1, . . . , n. By similar considerations we find

aj0 =
K2

π2B′0
2(t∗j )

∫ 2π

0

B2
0(t)

(1 + ∆B2
0(t))2

1− k2 sn4 K

π
t

sn2
K

π
t

dt.
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From (5.19) we can obtain B′0(t∗j ) and verify that B′0
2(t∗1) = . . . = B′0

2(t∗n).
Therefore a10 = . . . = an0 =: A.

To find the quantity A, we use (5.17) and integrate it to obtain

nA =
n∑
j=1

aj0 =

∫ 2π

0

1−B4
0(t)

(1 + ∆B2
0(t))2

dt =
1

1−∆2

∫ 2π

0
(1− g2

0(t)) dt.

Substituting
nΛ

π
t = z, x = sn(z, λ) in the latter integral, we obtain

A =
2π

n

Λ− J4(λ,∆)

(1−∆2)Λ
.

Thus, we have proved the equality∫ 2π

0
f(t) dt−A

n∑
j=1

f(t∗j ) =

∫
Γ0

g(ξ)ψ(ξ)f(ξ) dµ(ξ).

For z = (z1, . . . , zn) ∈ lnp we set 〈y∗0, z〉 := A
∑n

j=1 zj . Then

〈y∗0, Iτ∗g0〉 = A

n∑
j=1

g0(t∗j ) = Aδn1−1/p = δ‖y∗0‖

for τ∗ := (t∗1, . . . , t
∗
n). Furthermore, ‖Iτ∗g0‖lnp = δ. Applying Theorem 1.10

we see that the quadrature formula (5.15) is the best in the class Hβ
∞(T) for

the system of nodes τ∗ and the function g0 is extremal. Consequently,

enp(H
β
∞(T), δ) ≤

∫ 2π

0
g0(t) dt.

On the other hand, since for any system of nodes τ the function g ∈
Hβ
∞(T) and ‖Iτg‖lnp = δ, it follows from (5.14) that

enp(H
β
∞(T), δ) ≥ inf

tj∈T

∫ 2π

0
g(t) dt = inf

tj∈T

∫ 2π

0
ϕ

(
4

π
arctanB(t)

)
dt,

where

(5.20) ϕ(x) =
tan2 π

4
x+ ∆

1 + ∆ tan2 π

4
x
.

From Theorem 2.14 we get

(5.21) inf
tj∈T

∫ 2π

0
g(t) dt =

∫ 2π

0
ϕ

(
4

π
arctanB0(t)

)
dt =

∫ 2π

0
g0(t) dt.

Thus,

enp(H
β
∞(T), δ) =

∫ 2π

0
g0(t) dt.
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An expression for this quality in terms of the function J2 is obtained with
the same substitutions which were used to calculate A, while the asymptotic
equality is obtained using (2.34).

Assertion 3) follows from the fact that the infimum in (5.21) is atteined
only for a system of points uniformly distributed with step size 2π/n. �

Now we consider the problem (5.13) for the integral (5.11) and the class

H∞(Ec). For δ ≥ n1/p the solution of this problem is trivial and can be

obtained from the same considerations used above for the class Hβ
∞(T).

Theorem 5.7. Let 1 ≤ p ≤ ∞ and 0 ≤ δ < n1/p. Then
1) the quadrature formula

(5.22)

∫ 1

−1
f(t)

dt√
1− t2

≈ π

n

Λ− J4(λ,∆)

(1−∆2)Λ

n∑
j=1

f̃

(
cos

2j − 1

2n
π

)
,

in which ∆ = δn−1/p and Λ is the complete elliptic integral of the first kind
for the modulus λ = κ(2n log c), is optimal for the class H∞(Ec);

2) the following equalities hold:

enp(H∞(Ec), δ) =
π

Λ
J2(λ,∆)

= π∆ + 2π(1−∆2)c−2n + 2π∆(4− 3∆2)c−4n +O
(
c−6n

)
;

3) the Chebyshev nodes (5.12) are the only optimal nodes.

Proof. If f(t) ∈ H∞(Ec), then f(cos t) ∈ Hβ
∞(T) for β = log c. Apply-

ing Theorem 5.6, we see that the error of the quadrature formula (5.22) and,
consequently, the optimal quadrature formula do not exceed the quantity

1

2
e2n,p(H

β
∞(T), 21/pδ) =

π

Λ
J2(λ,∆).

To obtain the lower bound, we use (5.14). Using the substitution (2.35), we
obtain

enp(H∞(Ec), δ) = inf
zj∈(−1,1)

sup
f∈H∞
‖Iτf‖lnp≤δ

∣∣∣∣∫
√
k

−
√
k
f(z)q(z) dz

∣∣∣∣,
where τ = (z1, . . . , zn) and

q(z) =
π

2K

1√
(k − z2)(1− kz2)

.

Set

B(z) :=
n∏
j=1

z − zj
1− zzj

, g(z) :=
B2(z) + ∆

1 + ∆B2(z)
.
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It is easily seen that g ∈ H∞ and ‖Iτg‖lnp = δ. Thus,

enp(H∞(Ec), δ) ≥ inf
zj∈(−1,1)

∣∣∣∣∫
√
k

−
√
k
g(z)q(z) dz

∣∣∣∣
= inf

zj∈(−1,1)

∣∣∣∣∫
√
k

−
√
k
ϕ

(
4

π
arctanB(z)

)
q(z) dz

∣∣∣∣,
where the function ϕ is defined by (5.20). By Theorem 2.15 we get

enp(H∞(Ec), δ) ≥
π

Λ
J2(λ,∆).

It follows from the same theorem that the nodes (2.31) of extremal functions
are unique. By conformal mapping of the unit disk onto the interior of the
ellipse Ec these nodes transform to the Chebyshev nodes. �

5.3. Estimates of Optimal Quadratures

We consider now optimal quadrature formulas for the class Hp, (a, b) =
(−1, 1), and p(x) ≡ 1. In view of (5.2) we have

e(ν,Hp) = inf
−1<x1<...<xn<1

sup
f∈Hp

f (m)(xj)=0, j=1,...,n, m=0,...,νj−1

∣∣∣∣∫ 1

−1
f(x) dx

∣∣∣∣
= inf
−1<x1<...<xn<1

sup
g∈Hp

∣∣∣∣∣∣
∫ 1

−1

n∏
j=1

(
x− xj
1− xjx

)νj
g(x) dx

∣∣∣∣∣∣ .
For

N =

n∑
j=1

νj and t = (t1, . . . , tN ) ∈ IN := [−1, 1]N

we set

Bt(z) :=
N∏
j=1

z − tj
1− tjz

, Hp(t) := {Btg : g ∈ Hp },

Ep(t) = sup
f∈Hp(t)

∣∣∣∣∫ 1

−1
f(x) dx

∣∣∣∣ .
Denote by Ω(ν) the set of all systems of points (5.1) with −1 < x1 < . . . <
xn < 1. If t ∈ Ω(ν) we identify it with(

t1, . . . , t1︸ ︷︷ ︸
ν1

, . . . , tn, . . . , tn︸ ︷︷ ︸
νn

)
.

Then

e(ν,Hp) = inf
t∈Ω(ν)

Ep(t).

Denote by Ω the closure of Ω(ν) in the case when ν1, . . . , νn are all even.
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Proposition 5.8. Let 1 < p ≤ ∞ and ν1, . . . , νn be even. Then

(i) for every t ∈ Ω there exists a unique function ft ∈ Hp(t) such that

Ep(t) =

∫ 1

−1
ft(x) dx,

(ii) for every t ∈ Ω

gt(x) =
ft(x)

Bt(x)
> 0

for −1 < x < 1. In particular, if

τν :=

(
x1 . . . xn
ν1 . . . νn

)
,

then
f (νk)
τν (xk) > 0, k = 1, . . . , n.

(iii) Ep(t) is continuous on Ω,

(iv) if t ∈ Ω and t → x ∈ Ω, then for all m ≥ 0, f
(m)
t (z) → f

(m)
x (z)

uniformly on every compact subset of the unit disk D.

Proof. Parts (i) and (ii) follow from Lemma 5.1. To prove (iii) we
consider the continuous linear functional Lt on Hp defined by

Lt(g) :=

∫ 1

−1
Bt(x)g(x) dx.

From the definition of gt we have

Lt(gt) = sup
g∈Hp

|Lt(g)| = Ep(t).

If x ∈ Ω and t → x ∈ Ω, then ‖Bt − Bx‖Lq(−1,1) → 0 for all q < ∞. This
implies that ‖Lt − Lx‖ → 0 from which immediately follows that Ep(t) →
Ep(x). Thus (iii) is proved.

Let 1 < p <∞. For t→ x we have

Lt(gt) = Lt(gt) + (Lx − Lt)(gt)→ Ep(x).

Consequently, any weakly convergent subsequence of {gt} must converge to
a function g ∈ Hp for which Lx(g) = Ep(x). According to (i) only gx has this
property. Since Hp is sequentially weak compact, we get gt → gx weakly.
But ‖gt‖Hp = 1 = ‖gx‖Hp . So for 1 < p <∞ we also have ‖gt − gx‖Hp → 0.
It is easy to see that ‖ft − fx‖Hp → 0 if and only if ‖gt − gx‖Hp → 0 where
ft = gtBt and fx = gxBx. Now (iv) is an immediate consequence of Cauchy’s
formula

f
(m)
t (z) =

m!

2πi

∫
|ξ|=1

ft(ξ)

(ξ − z)m+1
dξ.

The case p = ∞ easily follows from the fact that for every t ∈ Ω,
gt(z) ≡ 1. �

We need also the following auxiliary lemma.
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Lemma 5.9. Let h > 0 and f ∈ Cr[x0 − h, x0 + h]. Suppose that f
has exactly r zeros in [x0 − h, x0 + h] and f(x0 − h) = f(x0 + h) = 0. If

0 < m < f (r)(t) < M for all t ∈ [x0 − h, x0 + h], then

t2 − t1 > 4

√
m

Mr!
√
e 2r−1

h,

where t1 < t2 are the zeros of f (r−2)(t) in [x0 − h, x0 + h].

Proof. By Rolle’s theorem f (k)(t) has exactly r−k zeros in [x0−h, x0+
h]. Denote them by tk1 ≤ . . . ≤ tk,r−k. Evidently for k ≤ r − 2

f (k)(x) =

∫ x

tk2

f (k+1)(t) dt.

Thus for k ≤ r − 3

(5.23) max
tk1≤x≤tk,r−k

|f (k)(x)| = max
tk+1,1≤x≤tk+1,r−k−1

|f (k)(x)|

≤ (tk+1,r−k+1 − tk+1,1) max
tk+1,1≤x≤tk+1,r−k−1

|f (k+1)(x)|

≤ 2h max
tk+1,1≤x≤tk+1,r−k−1

|f (k+1)(x)|.

From Newton’s interpolation formula it follows that for all x ∈ [t1, t2]

f (r−2)(x) = (x− t1)(x− t2)
f (r)(ζ)

2
, t1 < ζ < t2.

Consequently,

max
t1≤x≤t2

|f (r−2)(x)| ≤ (t2 − t1)2

8
M.

Set ξ = tr−1,1. Then repeated use of (5.23) gives

(5.24) |f (k)(ξ)| ≤ (2h)r−k−2 (t2 − t1)2

8
M.

Now suppose that ξ ≤ x0. By Taylor’s formula

f(x) =

r−1∑
k=0

f (k)(ξ)

k!
(x− ξ)k +

f (r)(x+ θ(x− ξ))
r!

(x− ξ)r, 0 < θ < 1.

Using (5.24) and the fact that f (r−1)(ξ) = 0, we get for x ≥ x0

f(x) ≥ m

r!
(x− x0)r −

r−2∑
k=0

|f (k)(ξ)|
k!

(x− ξ)k

≥ m

r!
(x− x0)r − (t2 − t1)2

8
M

r−2∑
k=0

(2h)r−k−2

k!
hk

>
m

r!
(x− x0)r − (t2 − t1)2

8
M(2h)r−2√e.
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Substituting x = x0 + h we obtain

0 >
m

r!
hr − (t2 − t1)2

8
M(2h)r−2√e.

From the last inequality our assertion follows immediately.
Suppose that x0 ≤ ξ. Let x ≤ x0. In a similar fashion we get

f(x) < −m
r!

(x0 − x)r +
(t2 − t1)2

8
M(2h)r−2√e

for odd r, and

f(x) >
m

r!
(x0 − x)r − (t2 − t1)2

8
M(2h)r−2√e

for even r. Putting x = x0 − h and taking into account that f(x0 − h) = 0,
we obtain the desired inequality. �

Theorem 5.10. For every system of natural numbers ν1, . . . , νn there
exist optimal nodes of type ν = (ν1, . . . , νn) in the class Hp, 1 < p ≤ ∞,
such that −1 < x1, . . . , xn < 1. Moreover, the coefficients of the optimal
quadrature formula satisfy the relations

(5.25)
ak,νk−1 = 0, ak,νk−2 > 0, if νk is even,

ak,νk−1 > 0, if νk is odd.

Proof. Assume first that ν1, . . . , νn are even. Since Ep(t) is continuous

for t ∈ Ω it has a minimum on Ω. The points in Ω have representations of
the form

τµ =

(
−1 x1 . . . xm 1
µ0 µ1 . . . µm µm+1

)
,

where m ≤ n, −1 < x1 < . . . < xm < 1, and the µk’s are the corresponding
multiplicities. We always include ±1 for technical reasons. Therefore we
allow the possibility that µ0 = 0 or µm+1 = 0. With this exception the µk’s
are sums of consecutive νi’s.

We now claim that the minimum of Ep(t) on Ω is obtained at a point τµ
with µ0 = µm+1 = 0. Assume that µ0 + µm+1 > 0. Consider the point in Ω

τ ′µ =

(
x1 x2 . . . xm−1 xm

µ0 + µ1 µ2 . . . µm−1 µm + µm+1

)
.

Since all the µk’s are even, we have on (−1, 1) \ {x1, . . . , xm} that

Bτ ′µ(x) < Bτµ(x).

Using Proposition 5.8, we obtain

Ep(τ
′
µ) =

∫ 1

−1
gτ ′µ(x)Bτ ′µ(x) dx <

∫ 1

−1
gτ ′µ(x)Bτµ(x) dx

≤
∫ 1

−1
gτµ(x)Bτµ(x) dx = Ep(τµ).

Thereby our claim is justified.
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Let us suppose that the nodes

(5.26) τµ =

(
x1 . . . xm
µ1 . . . µm

)
are optimal. Let k be fixed. For sufficiently small |h| we define the nodes

τµ(h) =

(
x1 . . . xk−1 xk + h xk+1 . . . xm
µ1 . . . µk−1 µk µk+1 . . . µm

)
.

Since τµ is optimal,

(5.27) Ep(τµ) ≤ Ep(τµ(h)).

We have ∫ 1

−1
fτµ(h)(x) dx−

m∑
j=1

µj−1∑
s=0

ajsf
(s)
τµ(h)(xj) ≤ Ep(τµ),

where ajs are optimal coefficients for the nodes τµ. Taking into account
properties of fτµ(h), we obtain

(5.28) Ep(τµ(h))−
µk−1∑
s=0

ajsf
(s)
τµ(h)(xk) ≤ Ep(τµ).

By Taylor’s formula

(5.29) f
(s)
τµ(h)(xk) =

f
(µk)
τµ(h)(xk + θh)

(µk − s)!
(−h)µk−s, 0 < θ < 1.

In view of Proposition 5.8 there exist constants C1 > 0 and C2 > 0 such
that

C1 ≤ f (µk)
τµ(h)(xk + h) ≤ C2

for all sufficiently small |h|. Thus

f
(s)
τµ(h)(xk) = O

(
hµj−s

)
, s = 0, . . . , µj − 2,

and

f
(µj−1)

τµ(h) (xk) = −C(h)h,

where C1 ≤ C(h) ≤ C2.
It follows from (5.28) that

Ep(τµ(h)) +O(h2) + ak,µk−1C(h)h ≤ Ep(τµ).

This inequality contradicts (5.27) in the case ak,µk−1 6= 0. Hence ak,µk−1 = 0.
Now (5.28) implies

Ep(τµ(h)) +O(h3)− ak,µk−2f
(µk−2)
τµ(h) (xk) ≤ Ep(τµ).

But in view of (5.29)

f
(µk−2)
τµ(h) (xk) ≥

C1

2
h2.
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Thus (5.27) yields ak,µk−2 ≥ 0. If ak,µk−2 = 0, then Ep(τ
′
µ) = Ep(τµ), where

τ ′µ =

(
x1 . . . xk−1 xk xk+1 . . . xm
µ1 . . . µk−1 µk − 2 µk+1 . . . µm

)
.

Consequently, fτµ = fτ ′µ and f
(µk−2)
τ ′µ

(xk) = 0 which contradicts (ii) of Propo-

sition 5.8.
Suppose that

inf
τν∈Ω(ν)

Ep(τν) = Ep(τµ),

where τµ is defined by (5.26). We have to prove that m = n which will
imply that µk = νk, k = 1, . . . , n. If m < n, then there is an index k such
that µk = νk + . . .+ νk+j for some j > 0. For each sufficiently small h > 0
we define the nodes

τ ′µ(h) =

(
x1 . . . xk−1 ε− h ε+ h xk+1 . . . xm
µ1 . . . µk−1 νk µk − νk µk+1 . . . µm

)
,

where ε ∈ [xk − h, xk + h]. Let us show that there exists such ε for which

(5.30) f
(µk−1)
τ ′µ(h) (xk) = 0.

It follows from Proposition 5.8 that for sufficiently small h

f
(µk)
τ ′µ(h)(t) ≥ C > 0

for all t ∈ [xk − 2h, xk + 2h]. According to Rolle’s theorem f
(λ)
τ ′µ(h)(t), λ =

0, . . . , µk − 1, has exactly µk − λ zeros in [xk − 2h, xk + 2h]. It is easy to see

that the unique zero ξ(ε) of f
(µk−1)
τ ′µ(h) (t) for t ∈ [xk−2h, xk+2h] is a continuous

function of ε for fixed h. Moreover, ξ(xk − h) < xk and ξ(xk + h) > xk.
Consequently, there exists ε ∈ [xk − h, xk + h] for which (5.30) holds. In
what follows we assume that ε is chosen satisfying (5.30).

Denote by tλ1 ≤ . . . ≤ tλ,µk−λ the zeros of f
(λ)
τ ′µ(h)(t) in [xk − 2h, xk + 2h].

By Newton’s interpolation formula for every t ∈ [xk − 2h, xk + 2h]

(5.31) f
(λ)
τ ′µ(h)(t) = (t− tλ1) . . . (t− tλ,µk−λ)

f
(µk)
τ ′µ(h)(ζ)

(µk − λ)!
,

where xk− 2h < ζ < xk + 2h. Hence there exists a positive constant A such
that

(5.32) |f (λ)
τ ′µ(h)(xk)| ≤ Ah

µk−λ, λ = 0, . . . , µk − 1.

Since tµk−1,1 = xk, using (5.31), we have

|f (µk−2)
τ ′µ(h) (xk)| = max

t∈[tµk−2,1,tµk−2,2]
|f (µk−2)
τ ′µ(h) (t)| ≥ C1

8
(tµk−2,2 − tµk−2,1)2.

According to Lemma 5.9, there is a constant A1 > 0 such that

(5.33) |f (µk−2)
τ ′µ(h) (xk)| > A1h

2.
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From (5.31) we see that

(5.34) f
(µk−2)
τ ′µ(h) (xk) < 0.

We have

Ep(τ
′
µ(h))−

m∑
j=1

µj−1∑
s=0

ajsf
(s)
τ ′µ(h)(xj) ≤ Ep(τµ).

Taking into account (5.32)-(5.34) and the fact that ak,µk−2 > 0, we obtain

Ep(τµ) ≥ Ep(τ ′µ(h)) +O(h3)− ak,µk−2f
(µk−2)
τ ′µ(h) (xk)

> Ep(τ
′
µ(h)) +O(h3) + ak,µk−2A1h

2.

This contradicts the assumption that τµ is optimal. Therefore m = n and
the theorem is proved in the case of even νk’s.

Now let ν1, . . . , νn be arbitrary natural numbers. Set

µk := 2

[
νk + 1

2

]
, k = 1, . . . , n.

Then there exist optimal nodes

τµ =

(
x1 . . . xn
µ1 . . . µn

)
.

Since the coefficients of the optimal quadrature formula for these nodes
satisfy the relations

ak,µk−1 = 0, k = 1, . . . , n,

the nodes

τν =

(
x1 . . . xn
ν1 . . . νn

)
are optimal of the type ν = (ν1, . . . , νn). �

Now we can obtain estimates for e(ν,Hp).

Theorem 5.11. Let s ∈ N and 1 ≤ p ≤ ∞. Then there exist constants
C1 and C2 such that for all 2s− 1 ≤ νj ≤ 2s, j = 1, . . . , n,

C1n
1/(2q) exp

(
−π
√
ns

q

)
≤ e(ν,Hp) ≤ C2n

1/(2q) exp

(
−π
√
ns

q

)
,

were 1/p+ 1/q = 1.

Proof. It follows from Theorem 5.10 that for all 2s − 1 ≤ νj ≤ 2s,
j = 1, . . . , n,

e(ν,Hp) = e(νs, Hp),

where νs = (2s, . . . , 2s). Consequently,

e(ν,Hp) = inf
−1<x1<...<xn<1

sup
g∈Hp

∣∣∣∣∫ 1

−1
g(x)B2s(x) dx

∣∣∣∣ ,



166 5. QUADRATURE FORMULAS

where

B(x) =

n∏
j=1

x− xj
1− xjx

.

From Lemma 5.1 we have

sup
g∈Hp

∣∣∣∣∫ 1

−1
g(x)B2s(x) dx

∣∣∣∣ = sup
g∈Hp

∫ 1

−1
|g(x)|B2s(x) dx.

In view of (2.32) the infimum in the definition of En(p, q,m) (see (4.10))
can be considered over the Blaschke products with real zeros. Hence

e(ν,Hp) = En(p, 1, 2s).

It remains to apply Theorem 4.11. �

5.4. Notes and References

5.1. For the class H∞,R and ν1 = . . . = νn = 2 the best quadrature
formula was constructed by Bojanov [1974]. For p = ∞ Theorem 5.2 was
proved in Osipenko [1988].

5.2. The material of this section is taken from Osipenko [1995a], [1994c].
For the class H∞(Ec) estimates of optimal quadrature formula were obtained
by Bakhvalov [1967]. The problem of the existence and uniqueness of op-
timal nodes for classes of analytic functions was discussed in Barrar, Loeb,
Werner [1974], Loeb [1974], Bojanov [1979], and Osipenko [1988].

5.3. Proposition 5.8 is due to Anderson, Bojanov [1984]. Lemma 5.9 is
taken from Bojanov [1978] (we give a little more precise inequality). Theo-
rem 5.10 was proved by Anderson, Bojanov [1984] (see also Bojanov [1979]).
The estimates for e(ν,Hp) were studied by many authors (Bojanov [1973],
Loeb, Werner [1974], Stenger [1978], Newman [1979], Anderson [1980]).
The most precise result was obtained by Anderson, Bojanov [1984] (Theo-
rem 5.11).



Appendix. Elliptic Integrals and Elliptic Functions

In this appendix we shall list some facts about elliptic integrals and
elliptic functions which we used in the main text. More detailed information
may be found, for example, in Akhiezer [1970].

We begin with elliptic integrals. The integrals

(A.35)

K :=

∫ 1

0

dt√
(1− t2)(1− k2t2)

,

K ′ :=

∫ 1

0

dt√
(1− t2)(1− k′2t2)

are called the complete elliptic integrals of the first kind for the moduli k and
k′ =

√
1− k2. For our purpose it suffices to deal with the so-called normal

case when 0 < k < 1.
The integral K may be represented by the series

K =
π

2

∞∑
m=0

((2m)!)2

24m(m!)4
k2m.

Thus for k → 0 we have
K =

π

2
+O(k2).

Set

h := e−
πK′
K .

Then the following equalities

K =
π

2

(
1 + 2

∞∑
m=1

hm
2

)2

,(A.36)

√
k = 2h1/4

∑∞
m=0 h

m(m+1)

1 + 2
∑∞

m=1 h
m2(A.37)

hold. Consequently, k satisfies the equality

πK ′

2K
= s

if and only if k = κ(s) where

(A.38) κ(s) = 4e−s

( ∑∞
m=0 e

−2sm(m+1)

1 + 2
∑∞

m=1 e
−2sm2

)2

.

167
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Hence

(A.39) κ(s) = 4e−s +O
(
e−3s

)
.

From (A.37) it follows that

(A.40)
√
k = 2h1/4 +O

(
h5/4

)
as h→ 0 and

h =
1

16
k2 +O

(
k4
)

as k → 0. Thus taking into account (A.36), we have

(A.41) K ′ = −K
π

log h = log
4

k
+O

(
k2 log

4

k

)
.

Set

H0 :=
∞∏
m=1

(1− h2m).

The theta functions are defined as follows

θ1(u) := 2H0h
1/4 sin

πu

2K

∞∏
m=1

(
1− 2h2m cos

πu

K
+ h4m

)
,

θ2(u) := 2H0h
1/4 cos

πu

2K

∞∏
m=1

(
1 + 2h2m cos

πu

K
+ h4m

)
,

θ3(u) := H0

∞∏
m=1

(
1 + 2h2m−1 cos

πu

K
+ h4m−2

)
,

θ4(u) := H0

∞∏
m=1

(
1− 2h2m−1 cos

πu

K
+ h4m−2

)
.

The functions

(A.42)

sn(u, k) :=
1√
k

θ1(u)

θ0(u)
,

cn(u, k) :=

√
k′

k

θ2(u)

θ0(u)
,

dn(u, k) :=
√
k′
θ3(u)

θ0(u)

are called the Jacobi functions. As usual we do not indicate the dependence
of these functions on the modulus k. For the Jacobi functions the following
equalities

(A.43) cn2 u = 1− sn2 u, dn2 u = 1− k2 sn2 u

hold.
Zeros, poles, and periods of the Jacobi functions are given in the table
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Zeros Poles Periods

snu 2nK + 2mK ′ 2nK + (2m+ 1)K ′ 4K, 2K ′

cnu (2n+ 1)K + 2mK ′ 2nK + (2m+ 1)K ′ 4K, 2K + 2K ′

dnu (2n+ 1)K + (2m+ 1)K ′ 2nK + (2m+ 1)K ′ 2K, 4K ′

We give one more table connected with some transformations of the
Jacobi functions

u+K u+ 2K

snu
cnu

dnu
− snu

cnu −k′ snu
dnu

− cnu

dnu k′
1

dnu
dnu

The summation formulas for the Jacobi functions are given by

sn(u+ v) =
snu cn v dn v + sn v cnudnu

1− k2 sn2 u sn2 v
,

cn(u+ v) =
cnu cn v − snudnu sn v dn v

1− k2 sn2 u sn2 v
,

dn(u+ v) =
dnudn v − k2 snu cnu sn v cn v

1− k2 sn2 u sn2 v
.

From the first formula and (A.43) follows that

sn(u+ v) sn(u− v) =
sn2 u− sn2 v

1− k2 sn2 u sn2 v
.
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We list some particular values of the Jacobi functions

sn 0 = 0, cn 0 = 1, dn 0 = 1,

snK = 1, cnK = 0, dnK = k′,

sn
K

2
=

1√
1 + k′

, cn
K

2
=

√
k′√

1 + k′
, dn

K

2
=
√
k′,

sn
iK ′

2
=

i√
k
, cn

iK ′

2
=

√
1 + k√
k

, dn
iK ′

2
=
√

1 + k.

From these equalities and summation formulas we have that for all real u

(A.44)
√
k

∣∣∣∣sn(u+
iK ′

2

)∣∣∣∣ ≡ 1.

In what follows we denote by Λ an Λ′ the complete elliptic integrals of
the first kind for the moduli λ and λ′ =

√
1− λ2. The Landen transform is

given by

λ =
1− k′

1 + k′
, M =

1

1 + k′
,

Λ =
K

2M
, Λ′ =

K ′

M
,

sn
( u
M
, λ
)

=
1

M

sn(u, k) cn(u, k)

dn(u, k)
,

cn
( u
M
, λ
)

=
1− (1 + k′) sn2(u, k)

dn(u, k)
,

dn
( u
M
, λ
)

=
1− (1− k′) sn2(u, k)

dn(u, k)
.

The Gauss transform is given by

λ =
2
√
k

1 + k
, M =

1

1 + k
,

Λ =
K

M
, Λ′ =

K ′

2M
,

sn
( u
M
, λ
)

=
1

M

sn(u, k)

1 + k sn2(u, k)
,

cn
( u
M
, λ
)

=
cn(u, k) dn(u, k)

1 + k sn2(u, k)
,

dn
( u
M
, λ
)

=
1− k sn2(u, k)

1 + k sn2(u, k)
.
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The first principal transform of degree n is defined by the following
equalities

Λ =
K

nM
, Λ′ = K ′M,

cr = sn2

(
rK

n
, k

)
,

λ = kn
[n/2]∏
r=1

c2
2r−1, M =

[n/2]∏
r=1

c2r−1

c2r
.

If n is odd, then

sn
( u
M
, λ
)

=
1

M
sn(u, k)

(n−1)/2∏
r=1

1− sn2(u, k)

c2r

1− k2c2r sn2(u, k)
,

cn
( u
M
, λ
)

= cn(u, k)

(n−1)/2∏
r=1

1− sn2(u, k)

c2r−1

1− k2c2r sn2(u, k)
,

dn
( u
M
, λ
)

= dn(u, k)

(n−1)/2∏
r=1

1− k2c2r−1 sn2(u, k)

1− k2c2r sn2(u, k)
.

If n is even, then

sn
( u
M

+ Λ, λ
)

=

n/2∏
r=1

1− sn2(u, k)

c2r−1

1− k2c2r−1 sn2(u, k)
,

cn
( u
M

+ Λ, λ
)

= − λ
′

M

sn(u, k)

cn(u, k)

n/2∏
r=1

1− sn2(u, k)

c2r

1− k2c2r−1 sn2(u, k)
,

dn
( u
M

+ Λ, λ
)

=
λ′

dn(u, k)

n/2∏
r=1

1− k2c2r sn2(u, k)

1− k2c2r−1 sn2(u, k)
.

The second principal transform of the first degree is defined as follows

λ = k′, M =
1

i
,

Λ =
iK ′

M
, iΛ′ = −K

M
,
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sn
( u
M
, λ
)

=
1

M

sn(u, k)

cn(u, k)
,

cn
( u
M
, λ
)

=
1

cn(u, k)
,

dn
( u
M
, λ
)

=
dn(u, k)

cn(u, k)
.

The derivatives of the Jacobi functions satisfy the equalities

d

du
snu = cnu dnu,

d

du
cnu = − snudnu,

d

du
dnu = −k2 snu cnu.

Thus we have

(A.45)

snu = u− 1 + k2

6
u3 +O(u5),

cnu = 1− 1

2
u2 +O(u4),

dnu = 1− k2

2
u2 +O(u4).

For the integrals of the Jacobi functions we have

(A.46)

∫ z

0
snu du = −1

k
log(dn z + k cn z) +

1

k
log(1 + k),∫ z

0
cnu du =

i

k
log(dn z − ik sn z),∫ z

0
dnu du = i log(cn z − i sn z).

The expansion of the Jacobi functions in a Fourier series has the following
form:

(A.47)

sn

(
2Ku

π
, k

)
=

2π

kK

∞∑
n=1

hn−1/2

1− h2n−1
sin(2n− 1)u,

cn

(
2Ku

π
, k

)
=

2π

kK

∞∑
n=1

hn−1/2

1 + h2n−1
cos(2n− 1)u,

dn

(
2Ku

π
, k

)
=

π

2K
+

2π

K

∞∑
n=1

hn

1 + h2n
cos 2nu.
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