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Preface

The present book is devoted to the problems of optimal recovery on
classes of analytic functions. We consider the problems of optimal interpo-
lation, differentiation, and quadrature formulas. Many problems of Approx-
imation Theory may be considered as optimal recovery problems. Those
problems are Kolmogorov’s inequality and n-widths which we study for the
Hardy classes.

The selection of results which discussed in the book is mainly based on
author’s interests. We did not try to give a complete survey. Nevertheless,
we tried to give complete proofs almost to all presented theorems.

I am grateful to Prof. N. S. Bakhvalov who posed me a series of optimal
recovery problems. I am also deeply indebted to Prof. V. M. Tikhomirov
for many fruitful discussions.

Moscow, 1999 K. Yu. Osipenko
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Introduction

What does it mean to solve a problem by an optimal way? Assume that
we have a set of methods (or algorithms) M for the solution of a problem p.
FEach method uses some information Ip about the problem p. To compare
different methods of the solution with each method we associate a number
which indicate the error of the solution. We denote this number by e(p, I, m).

Usually we need to solve not one problem but several problems of the
same type. Denote the set of such problems by P. If we wish to find a
method for which the error of the solution will be as small as possible for all
our problems, we obtain the following extremal problem: to find the value

e(P,I, M) := inf supe(p,I,m)
meM peP

and the method for which the infimum is attained. Every such method we
call an optimal method.

If e(P, I, M) is not sufficiently small we may tray to find another type
of information which gives a better error. In other words, we can consider
the problem:

inf e(P, I, M)
1eT

where Z is some set of information operators. Every information for which
this infimum is attained we call an optimal information .
Let us consider some examples.

EXAMPLE 1 (optimal interpolation). Let W be some class of functions
defined on a domain D. Denote by ps the problem of finding f(t), t € D,
for a function f € W. Put

Ipy = (f(t),..-, f(ta)), t; €D.

Let M be the set of all functions m: C* — C (or m: R” — R in the real
case). Then we have the following problem

e(t, W,I):= inf sup |f(t) — m(Ipy)|.
m: Cn—=C feW

This problem is called the problem of optimal recovery of f € W at a point
t from the information about the values f(t1),..., f(tn).
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EXAMPLE 2 (optimal integration). Let ps be the problem of finding the

integral
b
/ f@t)dt

a
for the function f € W. With the same Ipy and M we obtain the problem
of optimal integration of function f on the class W from the values at a
fixed system of nodes

b
e(W,I):= inf sup / f(t)dt —m(Ipy)|.
m: Cn—C feW |Ja
If we consider the set My containing only linear functions m, then we obtain
the problem of optimal quadrature formula. We can also minimize this value
over all nodes from [a, b]. Thus we obtain the problem of optimal nodes for

optimal method of integration.

In general, a similar problem of optimal recovery may be considered for
an arbitrary linear functional Lf. In particular, for Lf = f’(t) we obtain
the problem of optimal numerical differentiation.

EXAMPLE 3 (n-widths). Let X be a normed linear space, p, be the
problem of finding x € W C X by means of finite-dimensional subspaces of
X. Here Ip, = z, M is the set of all mappings m: X — Y,,, dimY, < n.
Putting e(py, I,m) = |Jz — m(x)||x we obtain the problem of finding the
value

dp (W, X) :=inf inf sup ||z —y|/x
Y, yeEYn zeW

which is known as the Kolmogorov n-width. When M is the set of all linear
mappings the appropriate value is called the linear n-width.

In the present book we deal with the considered problems and some oth-
ers for classes of analytic functions, mainly the Hardy classes. In Chapter 1
we give general settings and general results on optimal recovery problems.
Chapter 2 deals with optimal recovery of functions from the Hardy classes
at a fixed point. We also consider the problem of optimal nodes and the
case of several variables. In Chapter 3 we study the problems of optimal
numerical differentiation for functions from the same classes. We also con-
sider the case when the information about functions is given with an error.
In particular, we obtain the Kolmogorov inequalities for analytic functions.

Chapter 4 is devoted to n-widths of various classes of analytic functions.
We give a preference to exact results but there are some asymptotic esti-
mates, too. In Chapter 5 we consider best and optimal quadrature formulas
for the Hardy classes H,. Most of the considered extremal problems for
analytic functions are closely connected with elliptic functions. For the con-
venience we collected some of the needed notions and results in Appendix.



CHAPTER 1

Optimal Recovery Settings and General Results

In this chapter we give general settings and prove general results on
optimal recovery problems. In Section 1.1 we pose the general problem of
optimal recovery of operators from inaccurate information. In Section 1.2 we
generalize this problem for optimal recovery of multi-valued mappings and
obtain necessary and sufficient conditions for the existence of linear optimal
methods of recovery. Section 1.3 is devoted to optimal recovery of linear
functionals. In this section we prove the main theorems (Theorems 1.9 and
1.10) which we almost always apply to find optimal methods. In Section 1.4
the obtained results are used for the problem of optimal recovery of func-
tions and their derivatives on the basis of information about the Fourier
coefficients.

1.1. A General Setting

By a multi-valued mapping F': W — V we shall mean a map which
associates with every x € W a nonempty set F'(z) C V. The set

grF:={(z,y):xeW, yeF(zx)}

is called the graph of F.

A general problem of optimal recovery of operators from inaccurate in-
formation may be posed in the following way. Let X be a linear space, Z a
normed linear space and L: X — Z a linear operator. We wish to recover
the values of L on a set W C X on the basis of the values of multi-valued
mapping F: W — V.

The multivalence of F' is simulating inaccurate information about ele-
ments from W. If F is a single-valued mapping, then we say about opti-
mal recovery problem from exact data. We shall often consider the case
when F(z) = Ix + U, where I: X — Y is a linear operator, Y is a linear
space, and U is a fixed set from Y. The operator I is called an informa-
tion operator. For example, if Y is a normed linear space, then we can set
U:={yeY |yl <d}. In this case we say that the information operator
is given with an error 6.



10 1. OPTIMAL RECOVERY SETTINGS AND GENERAL RESULTS

By a method (or algoritm) of recovery of operator L we mean any map
p: F(W) — Z. Thus we have the diagram

L

XowW z
PN\ ?

The error of a method ¢ is defined as follows

e(L,F,p):= sup |[Lz — p(y)].
(z,y)€gr F

Suppose we have a set of methods S§. Put

(1.1) e(L,F,S) := inf e(L, F, p).
pES

Assume that we wish to recover a family of operators £ and we can choose
mappings F' from a set F. Put
(1.2) e(L,F,S):= inf supe(L,F,S).
FeF Lel

Let us consider some examples of problems (1.1) and (1.2). Denote by
& the set of all possible methods ¢: F(W) — Z. Suppose that S = £ and
W is a class of real-valued or complex-valued functions defined on a set G.
Set 7:= (t1,...,tn), t; € G,

La = {a(t),...,x(ts) },

and F = F, := I, + §B,,, where B,, is the unit ball of R"™ or C" in which
some norm is introduced. Then for Lz = Lix := z(t), t € G, the problem
(1.1) is the one of optimal recovery of function x € W at the point ¢ by the
values of this function given with the error ¢ at the system of points 7.

If EC G and

L={L:tcE}, F={F:Te€eE"},

then (1.2) is the problem of optimal recovery of functions from W on the
set F by the values given with the error 9.

If
Lm:/x(t) dt,
E

then (1.1) is the problem of best method of integration using approximate
values of z at a fixed system of nodes and (1.2) with £ = {L} is the problem
of optimal method of integration (or the problem of optimal choice of nodes).

The proposed scheme includes also a number of other well-known prob-
lems of approximation theory such as optimal recovery of derivatives, op-
timal recovery from the Fourier coefficients, approximation of unbounded
operators by bounded operators, n-widths, and so on.

Let us consider more explicitly the settings of problems with n-widths.
Denote by &, the set of all operators of F/(W) into Z of rank at most n.
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Denote By 5,;\ the set of all linear operators of rank at most n which map
any spaces containing F'(W) into Z. Put

dp(L, F) == e(L, F,&,),  M(L,F):=e(L,F,&)).
If F=1(0) # 0 (the mapping F~! is the multi-valued mapping defined by
F~(y) :={x € W : (z,y) € gr F'}), then we have

M(L,F) > inf  sup | Lz| =:d"(L,F).
peE) (wy)egr I’
e(y)=0

Set I5 := Ix 4+ 0BY, where I: W — Y is a linear operator, 6 > 0, and
BY :={yeY |yl <1}

Then for F = Iy and L = Id (Id is an identical mapping) we can define the
values

d,(W, X, 1,9) :=d,(Id, Is), AW, X 1,0) .= N\, (1d, Iy),
d"(W,X,1,9) :=d"(1d,Iy).
For 6 =0 and L = Id the values
d,(W, X) :=d,(W, X, Id,0), An(W, X) := N\ (W, X, Id,0),
d"(W, X) :=d"(W, X, 1d,0)

are well known in approximation theory. They are called the Kolmogorov,
linear, and Gel’fand n-widths, respectively.

(1.3)

1.2. Optimal Recovery of Multi-Valued Mappings

The problem (1.1) may be reduced to a more general problem relating
to optimal recovery of multi-valued mappings. Taking ®(y) := L(F~1(y))
it can be easily shown that

e(L,F,p)= sup [z— ()l
(y,2)€er @

Let us formulate now a general problem of optimal recovery of multi-
valued mapping by single-valued mappings. Let ®: A — Z be a multi-valued
mapping, Z a normed linear space, and ¢: A — Z a single-valued mapping
(a method of recovery of ®). Set

E(®,¢):= sup |lz—o®)|-
(y,2)€gr @

Suppose that S is a set of single-valued mappings ¢: A — Z. The value
(1.4) E(®,S) := inf E(®, ).
pES

is called the intrinsic error of the problem. A method for which the infimum
in (1.4) is attained is said to be an optimal method of recovery for a given
S.
Set
B(®) = B(,8),
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where & is the set of all possible mappings of A into Z.
The value

R(®) :=sup inf sup ||z —¢|
YEA c€EZ zeD(y)

which is called the radius of multivalence of ® is closely connected to the
problem (1.4) for S = £. The radius of multivalence is the maximal Cheby-
shev radius of the sets ®(y) when y € A.

LEMMA 1.1.
E(®) = R(D).
PROOF. Let € > 0. For every y € A we denote by ¢.(y) any element of
the set

{deZ: sup ||z—d|| <inf sup |z—¢|+¢}.
zed(y) c€EZ zed(y)

Then

E(®) < E(®,p:) =sup sup ||z —¢(y)|| < R(®) +e.
YyEA 2D (y)

Since € > 0 is arbitrary, we have

E(®) < R(®).
The inequality
E(®) > R(®)
evidently follows from the definition. O

In what follows we shall consider nonempty sets A C X, where X are
linear spaces over the field K = R or C. If a field is not explicitly indicated
in some statement, then it is related to both cases.

Denote by X’ the space algebraically dual to X, that is the space of all
linear functionals on X. The annihilator of a linear subspace Xo C X is
defined as

X ={2deX :(z/,2)=0 Vzec Xp}.

Denote by co A and bco A the conver and convex balanced hulls of A:

coA::{x:x:i/\jxj, xj € A, i)\jzl}Q

j=1 j=1
bcoA::{x:x:Z)\jxj, xj € A, Z|)\j\§1}.
j=1 j=1

LEMMA 1.2. Let X be a linear space, Xo C X a linear subspace, A C X,
and x;, € X'. Then

inf sup|(zy —2',z)|= sup  |(z(, )]
x’EXd‘ zEA x€bco ANXy

and the infimum is attained.
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PRrooF. 1. The lower bound. Let & € bcoA and 2’ € X’. Then z =
i Njrg, x € Ay 3TN Al <1, and

n
/ _ Al )| < N / _
(', 2)] !;Mx,wﬂ\_lrgjagnKx,%H_igg (a',2)|
Hence

sup [(«/, )| > sup [(z',z)|.
€A z€bco A

Since the reverse inequality is evident we have for all 2’ € X’

sup |(@/,a)| = sup |(a',a)].
€A z€bco A
Let 2/ € Xy . Then
sup]<x6—a:/,x>] = Ssup |<$6 —.’E/,[BH > sSup ‘(-f{)—.%'/,.%'ﬂ
z€A r€bco A r€bco ANXo
— s |(ha) = p.
r€bco ANXo

2. The upper bound. For p = oo the assertion of lemma follows from
1. Let p < oo. Denote by p(x) := inf{t > 0 : x € tbco A} the Minkowski
functional of bco A. Set

M@:{m p(x) = oo,

A

pu(x), p(x)
Let us show that for all z € X
(1.5) (20, )| < p(x).
For p(z) = oo (1.5) is evident. If x € Xy and p(r) < oo, then since
p(xo) <1, foralle >0

x
= —— € bco AN Xp.
i) u(az) s € bco 0
Consequently,

(20, )| = (2, z0)| (n(x) +€) < p(u(z) +€).

Since € > 0 is arbitrary, (1.5) is proved. From the Hahn-Banach theorem
there exists an extension of z{, to ' € X’ such that for all x € X

(2", z)| < p(x).
Put &/ ==z — 2’ € XOL. Then for all z € bco A

[{zo — &, 2)| = (2, 2)| < p(x) = pu(x) < p.

Hence

sup |(zh — #',2)| < p.
T€EA
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The functional a(x) is called affine if a(z) = (2/,z) + ¢, where 2’/ € X
and ¢ € K. Denote by X® the set of all affine functionals. We shall be
interested in conditions when there exist linear or affine methods among all
optimal methods of recovery.

Define the multi-valued mappings co ® and bco ® as follows

grco® :=cogr®, grbco ® := bcogr .
THEOREM 1.3. 1. For the existence of ' € X' such that
E(®,2") = E(®),

it is necessary and sufficient that

(1.6) R(®) = R(bco ®).
Moreover,
E(®)= sup |
cEbco ®(0)
2. If K =R then for the existence of a € X such that

(1.7) B(®,a) = B(®),

it 1s necessary and sufficient that

(1.8) R(®) = R(co®).

PROOF. 1. Set X := X x K, Xg:= {0} x K. Define #, € X’ by the
equality
(7, (x,0)) = c, reX, ceK.
For any # € X' we have
(T, (2,0)) = (@, 2) + Ac,

where 2/ € X’ and A\ € K. Therefore z € )NCOL if and only if (%', (x,¢)) =
(', z). From Lemma 1.2 we have

inf B(@,2)= inf  sup |(Fh— 7, (2,0))
z'eX 5:’6)?0L (z,c)egr @
= sSup _ ‘('%Bu(xvc»‘ = sup ‘C’
(z,c)€bco gr PN Xy cEbco ®(0)
Moreover, the infimum is attained. In view of Lemma 1.1 and since bco ®(0)
is balanced we have

R(bco®) = E(bco®) < inf E(®,2')= sup |c| < R(bco®).
z'eX! c€bco ®(0)

Hence
sup || = R(bco®) = inf E(®,z').
cEbco ®(0) z'eX!
Taking into account Lemma 1.1 we obtain that (1.6) is equivalent to the
equality

E(®) = inf E(®,2")
x'eX’
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in which the infimum is obtained.
2. Let K = R. Define the multi-valued mapping ®¢ by the equality

grdg:=grco®—greco® := {(x1,¢1) — (22, ¢c2) : (xj,¢5) €greod, j=1,2}.
Since bco @y = ®(, we have proved that there exists 2’ € X’ for which

E(¢7 Jf,) = Sup c¢= sup (Cl — 62) = 2R(CO @)
c€20(0) (zj,cj)€greo®, j=1,2

Thus for all (z;,¢;) € greco®, j =1,2,
ler — co — (2!, 21 — 23)| < 2R(co ®).
Consequently,
c1 — (@', 21) — R(co®) < eo — (2, 22) + R(co ®).
It is easy to see that there exists ¢y € R such that
c1 — (@', 21) — R(co®) < g < o — (2, x3) + R(co ®).

It means that

sup |e— (2, x) — co| < R(co®).

(z,c)egrco ®
Using Lemma 1.1 we have for a(x) := (2/, z) + co
R(co®) = E(co®) < E(co®,a) < R(co®).

Hence

E(co®,a) = R(co D).
It is easily seen that

E(®,a) = E(co®,a).
Thus there exists a € X for which

E(®,a) = R(co®).
By virtue of Lemma 1.1 this proves the equivalence of conditions (1.7) and
(1.8). O
We return to the problem (1.1) for the case when L = 2/ € X’ (i.e.,

7Z = K) and S coincides with the set £ of all functionals on Y. Set
(1.9) e(x',F) :=e(a,F,E).

As it was mentioned above, this problem reduces to the problem of
optimal recovery of the multi-valued mapping ® = 2’ o F~!. Moreover,

e(z,F) = E(z' o F7Y).
Let us introduce the value

r(2,F):= sup inf sup {2/ ,2)—¢|,
yeF(W) ceK zeF~1(y)

which is called the information radius. It is easily seen that

r(z’,F) = R(z' o F71).
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Since
co(z’ o F7Y) =2’ o (co F)71, beo(z' o F~1) =2’ o (bco F) 7L,
from Theorem 1.3 it follows
THEOREM 1.4. 1. For the existence of y' € Y’ such that
(', F.yf) = ela!, F),
it is necessary and sufficient that
r(x', F) =r(z',bco F).

Moreover,

e F)= s |l
xE€bco F~1(0)

2. If K =R then for the existence of a € Y such that
e(x',F,a) =e(a',F),
it 1s necessary and sufficient that
r(z',F) =r(a',co F).
We call a multi-valued mapping F' convezr (conver balanced), if
coF =F, (bcoF' = F).

COROLLARY 1.5. If F' is a convex (convex balanced) multi-valued map-
ping, then among optimal methods there exists an affine (linear) method.

1.3. Optimal Recovery of Linear Functionals
Let us consider the problem (1.9) for the multi-valued mapping
(1.10) F(z)=1Ix+UT,

where I: W — Y is a linear operator and U C Y is some set. In this case
we set

e(2', I,W,U) := e(2, F).

THEOREM 1.6. Let 2’ € X' and W, U be convex balanced sets. Then
among optimal methods there exists a linear method and

(1.11) e(2',I,W,U) = sup |(z/, )|
zeW
IzeU

= inf (Sup (2, ) — <y’71x>\+sup!<y’,y>\)-
y'eY’ \zew yelU

Moreover, y' € Y’ is an optimal method of recovery if and only if it brings
the lower bound in (1.11).
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PROOF. The multi-valued mapping F' defined by (1.10) is convex and
balanced. From Corollary 1.5 it follows the existence of linear optimal
method of recovery. We have

e(@, I,WU) = sup [{a,2)]= sup |(z,2)|.

z€F~1(0) }cEV}/]
xe

Since W and U are convex balanced sets, for every 3/ € Y’

sup |(z/,z) — (y/, Iz + y)| = sup |(2',z) — (¢, Iz)| + sup |(y/, y)|.
xGl?]/ xeW yelU
ye

Therefore

e(@',I,W,U) = inf sup (', z) — (v, Iz +y)|
y'ey xell/}/
ye

= inf (SUP (2!, z) — <y’71$>|+sup!<y’,y>|>~
y' ey’ \zeWw yelU

O
An element g € W is said to be extremal, if Ixg € U and

sup |(z, )| = [(2/, 20)]-
zeW
IxeU

If W and U are balanced sets, then an extremal element is defined up to
factor A, |[A\| = 1. In this case let us normalize an extremal element by the
condition
sup [(z/,z)| = (2, x).
zeW
IzeU
THEOREM 1.7. Let W and U be convex balanced sets. Then xo € W is
an extremal element and y{, € Y' is an optimal method if and only if
(1) sSup ’<3§',,l‘> - <y671$>| = <17,,33‘0> - <y671$0>;
zeW

(ii) sup [(yo. y)| = (Yo, [70).
yelU

(iii) Izo € U.

PROOF. Let zp be an extremal element and yj, € Y’ be an optimal
method of recovery. Taking into account (1.11), we have

(1.12)  (a',20) < (2, w0) — (¥, Tz0)| + (o> T0)]
< sup [(2',x) — (yo, [2)] +Su5|<y6,y>\ = sup [(z, z)|.

zeW ye zeW
IxcU

Since xg is an extremal element, there are equalities in (1.12). Consequently
conditions (i)—(iii) are fulfilled.
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In the case when (i)—(iii) are satisfied we have

sup [(z, z)| < sup |2/, z) — (yo, [2)| + sup [(y5, y)|
;cmeel/ll/] zeW yelU

= <xlax> - <y(/37[x> + <y6,ICUO> = <x/7$0>'

From here it follows that x( is an extremal element and that the lower bound
in (1.11) is attained for y(. From Theorem 1.6 it follows that y( is an optimal
method of recovery. O

The most usual case for optimal recovery problems with inaccurate in-
formation is the case when Y is a normed linear space and U = Us := {y €
Y |yl <6}, §>0. Set

e(x, I,W,6) :=e(z', I, W,Us).

Denote by Y* the set of all continuous linear functionals on Y. From The-
orem 1.7 we have

COROLLARY 1.8. Let W be a convez balanced set and U = Us. Then
xo € W is an extremal element and y5 € Y™ is an optimal method of recovery
if and only if

(i) sup [(2',2) — (¥5, Iz)| = (2',20) — (45, I0),
3 zeW
(i) (Yo, Iwo) = o[|y5
(i) [|Tz0]l < 5.
Let S be a nonempty set, ¥ a o-algebra of subsets of S, and p© a non-

negative o-additive measure on ¥. Denote by L,(S, X, i) (or briefly L,(S5))
the set of all o-measurable functions with values in X = R or C for which

1/p
felhi= ([ Jaolrdn) <o 1<p <o
S

|z]|oo := esssup |z(s)| < 00, p = 0.
ses
In particular, when S = {1,2,...} and pu({j}) = p; > 0 the space Ly(S5)
coincides with the space [,(x) which is the set of vectors z = (z1,22,...)
such that

00 1/p
lelly = (Zuj\%‘\p) <o, 1<p<oo,
j=1

[2]loo == sup |z;| < o0, p=oc.
J

For p; = 1 the corresponding space we denote by I,,.
Set

(2.9)5 == /S 2(s)y(s) du
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and fora € K, 1 <p< oo

_JalalP7%, a#0,
“w = a=0.

If X is a normed linear space denote by BX the unit ball
BX ={ze X :|z]| <1}

Let f € Ly(S), 1/p+1/p' =1 (for p =1, 00, p’ = 00, 1, respectively).
Consider the problem of optimal recovery of linear functional (z, f)g on the
set BX,, by values of multi-valued mapping F'(z) := Iz +JBY, 6 > 0, where
X, is a linear subspace of L,(S), I: X, — Y is a linear operator, and Y is
a normed linear space. Thus we consider the problem of finding the value

(1.13)  e(f,I,BX,(S),0) = inf sup sup (=, f)s — (y)|
p: Y==K zeBX,(S) T yEY"K(s
T—Y|IS

and optimal method of recovery (that is, a method for which the lower bound
in (1.13) is attained). The situation when the problem of optimal recovery is
considering not on the unit ball BL, but on the unit ball of some subspace
of L,(S) is typical for classes of analytic or harmonic functions.

In view of duality obtained in Theorem 1.6 this problem is closely con-
nected with the extremal problem

(1.14) sup |(z, f)s].
z€BX,
al|<6

A function z¢ for which the upper bound in (1.14) is attained is called
extremal. In many cases extremal functions (or their form) in (1.14) are well
known. However, we shall be interested not only in the intrinsic error of
optimal recovery but in an optimal method, too. The majority of methods
which we shall construct can be obtained with the help of the following
theorem.

THEOREM 1.9. Let g € Xp,, g # 0, go := g/|l9llp: Lol <9, y§ € Y™,
(vo, Lgo) = d|lygll, and for all z € X,

* ) ) 1 S < s
(1.15) (@, f)s — (i, Tz} = (T, g(p))s < p < 00
(z,09)s, p=o0,

where a > 0, ¢ € L1(5), ¢(s) > 0 almost everywhere, and if p = oo, then
lg(s)| =1 almost everywhere. Then yg is an optimal method of recovery, go
is an extremal function, and

-1 "
allgllp™ +ollysll, 1< p < oo,

1, BX,,8) = (g0, f)s =
e(f p:0) = (90, f)s {||80H1+5H313||a b= oo
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PROOF. Let 1 < p < co. Then from (1.15) and the Holder inequality
we have

sup [(z, f)s — (45, 12)| = @ sup |(z,90))s] < allg)lly = allgllp ™"
r€EBX, r€EBX,

On the other hand, we obtain

sup |(z, f)s = (u5, 12)| > al(90, 9())s| = ellgllp ™"
z€BX,

Taking into account (1.15), we have

(90, /)s = (W5 Tg0) + (g0, 9(p))s = Sllwg || + allglh ™"
Consequently,

(116) sup ‘(th)s - <y8,.[517>‘ = (907f)5 - <y87-[g()>

z€BX,
For p = oo the equality (1.16) is proved similarly. From Corollary 1.8 it
follows that gyo is an optimal method and gy is an extremal function. By
Theorem 1.6

e(f)Iu BXp75) = (QOaf)S-
]

In the case when & = 0 it is more convenient to use the following theorem
which proves analogously to the previous proof.

THEOREM 1.10. Let g€ X,, g #0, Ig =0, y5 € Y* and for all z € X,

* alz, , 1 <p<oo,
(1.17) (z, f)s — (v, Iz) = (, 9)s =P
a(z,pg)s, p= o0,

where a € C, ¢ € L1(S), ¢(s) > 0 almost everywhere, and if p = oo, then
lg(s)| = 1 almost everywhere. Then y§ is an optimal method of recovery,
g0 :=g/||lgllp is an extremal function, and

lallgllp™, 1<p<oo,

e(f7IaBXp70):|(.gO>f)S|: {|Oé|||g0”1 p = 0.

1.4. Optimal Algorithms Using Fourier Coefficients

Let X be a Hilbert space and e, eg, ... is a complete orthonormal system
in X. Denote by x; := (z, ;) the Fourier coefficients of x € X. Consider the
problem of optimal recovery of linear functional < z’,z >= (z, f), f € X,
on the unit ball BX using inaccurate values of the information operator
Iz = (x1,...,24).

Assume that we know approximate values of Fourier coefficients
(Z1,...,2y) such that

’$j—9~3j|§(5j, jzl,...,n.
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Thus we consider the problem of finding the value

(1.18) e(f,I,BX,6):= inf sup sup |(z,f)—o(y),
p: Chr—CzeBX yeCm
Ix—yeU
where

U={(y1,--.,yn) €C" : |y;| <65, j=1,...,n}.
Furthermore, we are interested in optimal method of recovery, that is, such
method ¢ for which the lower bound in (1.18) is attained. In what follows

we assume for convenience that |f;| = |(f,e;)| > 0 for all j > 1.
For a € R put
a, a>0,
a; =
* 0, a<0.
THEOREM 1.11. Let A € (0, ||f|l]] be a solution of the equation
(1.19) IFIZ =D (1512 = A%63) | =A% =0.
j=1
Then
(1.20) (z, f) = Z (L= 2&15171), fE
j=1

is an optimal method of recovery and

e(f, 1, BX,8) = A+ Y 6; (1151 = ;).

J=1

PROOF. First we show that the equation (1.19) has a solution \ €
(0, ||f]]].- Denote by F(\) the function on the left-hand side of (1.19). This
function is continuous for all A > 0. Moreover,

FO) = /1> =>_1fP* > 0.

j=1
Since F(||f|l) < 0, there exists a A € (0, || f||] which is a solution of (1.19).
For such A consider the method (1.20). In view of (1.11) we have

(@, ) = > (A= AG1H17Y)  Fimy

j=1

e(f,1,BX,8) < sup
reBX

n

) 6= 21H17Y) = sup (2, f) + Y6 (151 = Ady),
=1 rzeBX j=1

where

VL - L Q=057 1< <n.
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It can be easily shown that

1A = 1717 = Z(\fﬂ?—v(s;)fv.

j=1
Consequently,
e(f.I,BX,0) <A+ i:%' (If5] = Adj) 4
j=1
Put ;
xg 1= m =",

Let 1 <j <n. If 1 —A§;|f;j|~! >0, then
(o)l = A ()51 =
If 1 — A§;|f;| 7' <0, then
(o)l = A7 £l < 6.
Thus Izg € U. From (1.11) we obtain

e(f.1.BX,0) > |(x0, /)| = A} (HfH2 - Z 1£3l* (1= Aéjrfjr‘1)+>

(112 = 3 05128 (151 - 3 +A26 (151 = 2),

j=1
=A+Zéj<|fj\ — A6
j=1

Assume that 6; = 6\;, \; >0,5=1,...,n,and 6 > 0.
THEOREM 1.12. Suppose that
AT > > A
Set

-1/2
[ : (ZAQka] 22 Z \fj\2> . k=1,...,n,

j=k+1

to := 400, tnt1 =0, and Ay = [ug+1, k), K =0,...,n. Then ford € Ay,
0 <k <n, the method

k oo 2
Aj > jek+1 115 - .
( ) Z fjJ162Z§l)\? f]]

J=1
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is optimal and

pmliE

j=k+1

e(f.1,BX,6) =

k k
1=62) " A246> Al
Jj=1 Jj=1

PROOF. In the considered case the equation (1.19) has the following
form:

n
(1.21) IFIP =D (1517 = A%6%X3) , = A* =0,
j=1
If 6 = 0, then the solution of (1.21) is evident and the theorem follows from
Theorem 1.11 immediately. Suppose that 6 > 0. Then (1.21) is equivalent
to the equation

2

(1.22) =02,
112 = 5 (1552 = e232) |

where ¢ = AJ. Denote by F(c) the left-hand side of (1.22). It is easy to
show that F'(¢) is monotonically increasing for ¢ > 0. Furthermore,

F(lfelA\) =pi k=1,...,n.
Hence for § € Ag, 0 < k < n,

N -
- k
1—62370 A
is a solution of (1.21). Now the theorem follows from Theorem 1.11. O

Denote by L the linear space of vectors = (z1,22,...), x; € C, which

satisfy the condition
oo
2
Z Vi ’xJ’ < 0,
=1

where 41 > 0 and ; > 0, j > 2. Let 2’ be the linear functional defined by
the equality

o0
(@ x) = aif;,
j=1
where |fj| >0, j > 2, and

o
> 5 il < oo,

j=2
Consider the problem of optimal recovery of the functional 2’ on the set

[e.e]
BL::{xGL:Z’yj|xj|2§1}

J=1
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from approximate values (Z1,...,&,) such that

’l’j—i’ﬂgéAj, )\j>0, j=1,...,n.

Put
)L mh#0,
m =
25 ’Ylfl = 0.
THEOREM 1.13. Suppose that
(1.23) Al > > ol .
AmYm AnTn
Set
k 00 -1/2
Him = <ZVJAJQ+7£‘J(‘]€‘_2)\% Z 7;1‘f3‘2> ) k:m7"'7n7
j=m j=k+1
Hm—1,m = +00, tntim =0, and Ay = [Nk—&-l,ma Mkm); k=m-—1,...,n.
Then for all 6 € Agp,, m — 1 <k <n, the method
— k —
(1.24) (v, 2) ~ (m = 1) f121 + Z Vim [ ;Z;,
j=m
where

1
A Dokt | fil?
’f]| 1—(522k "}/j/\Jz7

j=m

ij =1

18 optimal and

o) k k
(@, I,BL,o) = | > 7 filP 102 X2+ Alfil-
j=m j=m

j=k+1

PrOOF. Consider the case m = 1. Then L is a Hilbert space with the
inner product

[o¢]
(@)=Y 77T
j=1

0, j,
(e5)s :—{ —1/2 S#].

form a complete orthonormal basis in L. The Fourier coefficients of = in this
basis are equal to (x,e;) = \/7;x;. Using Theorem 1.12 for \; and f; equal

The vectors ey, es, ...,

7;/ 2)\j and ’yj_l/ 2 fj, respectively, we obtain the required statements in the
considered case.
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Suppose that v; = 0. Denote by Lg the space of all vectors z € L for
which z1 = 0. The space Lg is a Hilbert space with the inner product

o
0= Z V%Y
j=2
From Theorem 1.12 it follows that the method
k
' x) ~ Zyjmfjféj
=2

is optimal for the set BLg (which is the unit ball of Lg), and

Z ek 1—622%A2+6ZA \£il.

Jj=k+1

e(x',I,BLy,0) =

From (1.11) we have
(1.25) e(2',I,BL,5) = M| f1| + e(2, I, BLy, 6).
On the other hand, from (1.11) it follows that for the method (1.24)

e(x’,1,BL,5) < sup |(z/,z) Zngf x|+ 0| f1]
rEBLg =2
+ sup Zujmf]zj = dM|f1| +e(a’, I, BLy, ).
|ZJ‘<6AJ j 2

In view of (1.25) the method (1.24) is optimal for the set BL.
Now assume that f; = 0. Then from (1.11)

e(x',I,BL,8) =e(z',I,BLy,0).

Thus in this case it suffices to construct an optimal method for the set BLy.
It can be immediately obtained from Theorem 1.12. O

Let us use Theorem 1.13 to obtain optimal methods of recovery for
several concrete classes of functions. Let W be a shift invariant class of suf-
ficiently smooth and 2m-periodic functions. Consider the problem of optimal
recovery of f(5) (t), t € [0,2m), s > 0, f € W, using information about the
Fourier coefficients

1

o

given with an error § in the un1form norm, i.e., by ¢ such that

lex — ekl <6, k| <n.

k= f( Je *dt, |k <n,

Denote by e,s(W, d) the intrinsic error for this problem (since W is a shift
invariant class, from (1.11) it follows that the intrinsic error does not depend
on t).
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We shall consider the following classes of periodic analytic functions.
The Hardy space Hg (T) is the set of all 2m-periodic functions analytic in
the strip Sg := {2z € C: |Imz| < B} which satisfy the condition

1/2

2m
gy = s (G [ Qv inP+1s6=mP) ar) <

The Hardy-Sobolev space Hg (T) is the set of all 27-periodic functions an-
alytic in the strip Sg for which f() ¢ Hg(']l‘)

The Bergman space Ag (T) is the set of all 27r-periodic functions analytic
in the strip Sg which satisfy the condition

27 1/2
2
171 (W / / t+m\dtdn> <0,

and the Bergman—Sobolev space .A2’ (T) is the set of all 27-periodic functions
analytic in the strip Sg for which f(") € Ag(’]l‘).

Functions from Hg (T) have finite boundary values almost everywhere
and the space ’Hg (T) is a Hilbert space with the inner product

2
(Fusey =3z | (FO+ i858 + 0 i8)ai= D)) .

The Bergman space Ag (T) is also a Hilbert space with the inner product

27 B
P9y =gz [, [, 0+ imale s im) e

Put
Hy (1) = {f € HyP () : | £ D llyysmy < 1)
A1) = {f € A7(D): 15 gy < 1)
It is easy to verify that the functions ej(z) := e¥?, j = 0,%1,..., form a

complete orthogonal basis in the spaces ’Hg (T) and Ag (T). Moreover,
|yej||§{§m =cosh?2jB, j==41,42,...,
leoll%ys gy = 1 HquAﬂm)—-ﬁﬁgzﬂi j=+1,42,. .
Thus f e W = H;’B(']I‘) or Ag"g('ﬂ‘) if and only if
+00

f2)= ) ¢’

j=—o0
and

Z e |2.72er w) <

]7—00
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where p;(W) = [le;][ -
We introduce the notation

—1/2
pr (W, 5) := <Z F2pi (W) + K2 pp (W) > 52 p Y )) :

l71<k 51>k

~1/2
fint1,r(Wy8) 1= 0, pigo(W, s) <Z p; ) ;

71>0
pior (W, s) == 400, r > 1, A_1o(W,s) := [poo(W, s), +00),
AkT(W7 S) = |:lu’k‘+1,7'<W7 3)7NkT(M/7 S))7 0 < k < n, r > 0.

Using Theorem 1.13 with fj = (ij)%et, A\; = 1, and 7; = j2"p; (W), we
obtain the following result

THEOREM 1.14. Let r and s be nonnegative integers such that 0 < s <
2r. Then for all 6 € Ak, (W, s) the method

£~ 30 (1= 8l (), | T | (i)
%s:k ' 1= 023 <k 320 (W) |

is optimal for W = Hy"(T) and A;’B(T). Moreover,

ens(W,6) = [ 2677 \/1—52232% W)+38 > il

7>k l71<k l71<k

In this theorem we need the condition 0 < s < 2r to satisfy (1.23).
Nevertheless, optimal methods of recovery can be obtained for the case
s > 2r, too. It is sufficient to put the values j5~2"p;(W) in non-increasing
order and use Theorem 1.13.

An optimal method of recovery of f(%) (t), 0 < s < r—1, from ap-
proximate Fourier coefficients can be also constructed for the Sobolev class
W3(T). The class W3 (T) may be defined as the set of all functions

“+oo

ft)y= > ¢

j==o0

for which

+oo
Z j2T|Cj’2 <1

j=—o00

and (since functions from WJ (T) are real-valued)

(126) c_j=¢j, J= 0,1,... .
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The condition (1.26) rather differs this class from the classes Hg”B (T) and

AQ’B (T). However, it can be shown that Theorem 1.14 is valid for W =
W3 (T) and p;(W5(T)) = 1.

1.5. Notes and References

1.1. In 1965 Smolyak posed the problem (1.1) for optimal recovery of a
real linear functional by exact values of a finite system of other real linear
functionals. Smolyak [1965] proved that in this case for a convex (convex
balanced) set there exists a linear (affine) optimal method of recovery. This
result was generalized by Osipenko [1976] to the complex case. Marchuk,
Osipenko [1975] proved a similar result for the case when the information
about finite system of linear functionals is given with an error.

Further generalizations of optimal recovery problems were considered by
Micchelli, Rivlin [1977], Arestov [1989], Magaril-II’yaev, Osipenko [1991] (see
also Traub, Wozniakowski [1983], Micchelli, Rivlin [1985], Korneichuk [1987],
Tikhomirov [1987], Traub, Wasilkowski, Wozniakowski [1988], Plaskota
[1996]). The setting which we consider sometimes is called the worst case
setting. For other settings such as average, probabilistic, and randomized
settings see Traub, Wasilkowski, Wozniakowski [1988], Plaskota [1996].

1.2. Particular cases of Lemma 1.1 were presented in numerous papers.
In a general form it was proved by Arestov [1989]. He also proposed the
reduction of optimal recovery problem to the problem of optimal recovery
of a multi-valued mapping by a single-valued one. Lemma 1.2 is well known
for linear continuous functionals as the duality relation. Since the paper of
Nikolskii [1946] duality relations widely explored in extremal and approx-
imation problems (see Ioffe, Tikhomirov [1968], [1974], Khavinson [1963],
Korneichuk [1976], [1987], Tikhomirov [1976], [1987]). The criteria of the
existence of linear and affine optimal recovery methods (Theorems 1.3 and
1.4) were obtained for the first time by Magaril-Il’yaev, Osipenko [1991].

1.3. The statements which are very close to Theorems 1.6 and 1.7 may
be found in Micchelli, Rivlin [1977]. Nevertheless, the second equality of
(1.11) and the criterion from Theorem 1.7 for the topological case were
appeared previously in Khavinson [1963] in connection with some extremal
problems for analytic functions (although problems of optimal recovery were
not considered there). Theorems 1.9 and 1.10 are the basic tools for the
constructing of optimal recovery methods. With different forms of generality
these theorems were proved by Osipenko [1991], Osipenko, Stessin [1991],
[1992D).

1.4. The results of this section were obtained by Osipenko [1996]. A
similar problem for the estimation of functions in the Ls-norm was con-
sidered in Melkman, Micchelli [1979]. The case when the lp-norm is used
to measure the error in the Fourier coefficients was analyzed by Micchelli,
Rivlin [1977]. In Boyanov [1976] the problem of optimal recovery of periodic
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functions from the Sobolev space W(; , 1 < g < oo, was solved for the case
when the Fourier coefficients are known exactly.






CHAPTER 2

Optimal Recovery in H,

This chapter deals with the problem of optimal recovery of functions
from the Hardy spaces at a fixed point on the basis of information about
function values at a given system of points. In Section 2.1 we construct an
optimal method of recovery for the Hardy class Hy. In Section 2.2 we study
periodic analogues of the results of Section 2.1. The problem of optimal
recovery from the information about function values at countable sets of
points is considered in Section 2.3. In particular, we obtain an optimal
method of recovery of functions analytic in a strip from the information
about their values at the equidistant system of nodes.

Section 2.4 is devoted to optimal nodes of recovery. In Section 2.5 we
consider the problem of optimal recovery for the Hardy and Bergman classes
in the case of several variables. In particular, we obtain the generalized
Schwartz Lemma for these classes (Corollary 2.23 and 2.26).

2.1. Optimal Recovery at a Fixed Point

The Hardy space H, is the set of all functions analytic in the unit disk
D :={z € C: |z| < 1} satisfying the condition

1 2w ” 1/p
£l = o (5 [ 150 pan) <oo 1<p<,

o<r<1
I £l130, := sup | f(2)| < o0.
zeD

It is well known (see, for example, Goluzin [1966], Duren [1970]) that
functions from #,, have boundary values almost everywhere on |z| = 1 such

. . do
that f(e"?) € L,(0D, ) where du(e?) = o Thus the space H, can be
T

considered as a subspace of L,(0D, i1). Moreover, for all f € H, and { € D
the Cauchy formula

0 =5 [ I

C2mi Jyey 2 — €

holds.
Set

Hy:={feHy: |fln, <1}.
31



32 2. OPTIMAL RECOVERY IN H,

Consider the problem of optimal recovery of f € H, at a point £ € D from
exact values of the information operator

1f = {0 D) fE) o S () ),

where z1,...,z, are distinct points from D. In other words, we shall be
interested in the value
(2.1) e, 1, Hy) ;= inf  sup |f(§) — (L[],

p: CN=C feH,
where N = Z}Ll vj. Moreover, we wish to find an optimal method of
recovery, that is, a method for which the lower bound in (2.1) is attained.
A Blaschke product of degree m on D is a function of the form

. z — Oy

B(z) =\ .

(z) Hl—ajz
j=1

Here |aj] < 1,j =1,...,m, and |A| = 1. It can be easily seen that |B(z)| = 1
for |z| = 1 and therefore B(z) = B~1(2) for all |z| = 1. Put

S 2=z \Y D=2\
Wi(z) := J i(z) = u .
@-1(=E) w1
s#]J

In what follows, all expressions involving p with p = oo are understood
as the limit values as p — oc.

THEOREM 2.1. For all 1 < p < oo the method

n vi—1
(2.2) FO=D D &P (z),
j=1 v=0
where
(e WOl ( (1-%2)" >()
V(v —v—1)! wj(z)(ﬁ—z)(l—EZ)T |Z:zj

is optimal for the class H,. Moreover,

W)
61 Hy) = ey 7
PROOF. Put
g(z) = V) o= W1 ).

(1—&)2/v
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It is evident that g € H, for every £ € D. Let 1 < p < oco. Then for all
f € H, by the residue theorem we have

o [ S G ) = ag fod
J2l=1 TR W (2) (2 - §)(1 - €2) 7
n Vj—l
= 1O =D &Y (z).
j=1 v=0

Substituting f(z) = g(z) in these equalities, we get
lgllz, = (1 —[¢*) 7.

Now the statement of the theorem fgllows from Theorem 1.10.
For p = oo, setting ¢(z) := (1 — £2)~2 we have

—— f(z)dz
a 9(2)|p(2)|f(2) du(2) = as— =
/|z|=1 21 Jizj=1 W(2)(z — €)(1 = £2)
n vi—1
= (O =D D €000 [P (2)).

j=1 v=0
It remains to use Theorem 1.10. O
COROLLARY 2.2. Letvy = ... =v, = 1. Then for all 1 < p < oo the

method

n

Wi — 12,2 — €2 pTTQ
fo =3 ST (LZED) T g

= Wy (Z]) 1-%;§& \1- ng

is optimal for the class H,.

Consider one more particular case when n = 1, zy = 0, and v; = v
(If = (f(0),...,f®1(0))). It is the problem of optimal recovery from
Teylor’s information. In this case the optimal method (2.2) has the following
form:

for p =00
v—1 fj
(2.3) FO =Y A= 1gP (0
j=0""
forp=2
v—1 fj .
HGEDY ﬁﬂ”(ox
j=0 7"
forp=1
v—2 .
~ N8 0) SR SO



34 2. OPTIMAL RECOVERY IN H,

Moreover, for all 1 < p < oo

€1

e(§,1,Hp) = A= )i

2.2. The Periodic Case

Denote by 7{5’ (T) the set of all 2w-periodic functions which are analytic
in the strip Sg := {2z € C: |Im 2| < } and satisfy

1/p

1 2m
£lygsry = sup QWA ﬂﬂrwmw+V@—mWﬁﬁ) < o0,

0<n<p
1 llge.omy = sup 1£(2)] < o.
ZES[;

Set
HI(T) i= { £ € HAT) ¢ | Flyseey < 1)-

Consider the problem of optimal recovery of f € Hpﬁ (T) at some point
t € T from the information operator

If = {f(tl)a . '7f(yl_1)(t1)7 ce 'af(tn)v cee >f(Vn_1)(t”) }7

where t1,...,t, are distinct points from T. Thus we are interested in the
intrinsic error of optimal recovery
(2.4) e(t, I, Hg(’]l‘)) = inf sup | f(t) — (L f)],

©: CNC feHE(T)

where N = Z?:1 vj, and in an optimal method of recovery, that is, such
method for which the lower bound in (2.4) is attained.

The solution of this problem is given in terms of elliptic functions. We
recall some notions from the elliptic functions theory in Appendix. We de-
note by sn(z, k), cn(z, k), and dn(z, k) the Jacobi functions (see (A.42)).
In what follows we shall indicate the dependence of elliptic functions on
the modulus only when it differs from k. Denote by K and K’ the com-
plete elliptic integrals of the first kind for the moduli k¥ and k" := v/1 — k2,
respectively (see (A.35)). We shall often deal with the function

2
o0 —2sm(m+1)
(2.5) k(s) :==4e”* ( 2m=0 ) ,

142 zle e—2sm?
(see (A.38)) which coincides with the modulus & such that

K’ .
2K 7
Put
- K
W(z):= k2 Hsn”ﬂ' <(z - tj)) .
T
j=1
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THEOREM 2.3. For all 1 < p < oo the method

n vj—1
FO=Y Y eult.p)f),
7j=1 v=0
where
Cju(tap) = 5 W(t)

T vi(v; —v—1)!

@—@ym@ym%2<@—@

I o () |
(m(f@—zo, N even,
- an (Ba—2). N odd
" (Se-2)

and k = k(f), is an optimal method of recovery for Hg(’]?). Moreover,

oK\ /P
<> |W (t)], N even,

e(t, [ HAT) = ~ "

(T)l/p VEW ()], N odd.

PrOOF. For k = k() the function
K
b(z) = Vksn —z
7r

is analytic in the strip Sg. Moreover, |b(u + i3)| = 1 for all v € R (see

(A.44)). Thus W(z) = W~(z) for z € 8Sp.
We first consider the case when N is an even number. Since dn —z is a

T
27-periodic function which does not vanish in the strip Sg and b(z + 27) =
—b(z), for all even N

g(z) = W(z) dn*? <I§(t - z)> € HE(T).
Let 1 <p < 0. Put
2K
o= —
™

For f € ’Hg('ﬂ‘) consider the integral

Jf=2 /F a@)la(2) P21 () de,

g(1).

A7
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where Ty := [, 27 — i8] U [i3, 27 + i5]. Using the properties of elliptic
functions (see Appendix) we have
K
cn <(u + 25))
K . . ™
(2.6) dn ((u + 26)) = i .
s

on (ff(u iiﬂ))

The element of integration in Jf is 2m-periodic. So we can rewrite Jf in
the following form

K o (K
i " en <7r(t _ z)) % (ﬂ(t _ z))
1= _KWTt%m /r W(z)sn <[7T((t - z)> Hee

where T'; is the boundary of the rectangle —e < Rez < 27 — ¢, |Imz| < 3,

and e such that ¢,¢1,...,t, lie inside this rectangle. By the residue theorem
n l/]'—l
(2.7) Tf=F0) =) cult.n)fPt)).
j=1 v=0

For f(z) = g(2) this equality gives
o m\P
1925 r) = <ﬁ) '
Using Theorem 1.10, we obtain the required statement in the considered

case.
If N is odd, then the same arguments should be applied for the function

9(z) = VEsn (I;(z 4 7r)) W (z) dn2/? <I7§(t _ z)> ,

using the fact that

sn(u+ K) = %

47‘(’ FO

™

o) =it (Tt 2)).

and g(z) is defined as above depending on evenness of N. Further similarly
to the case 1 < p < 0o we prove (2.7) and use Theorem 1.10. O
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COROLLARY 2.4. Let k = k(B) and vy = ... = v, = 1. Then for all
1 < p < oo the method

n_Cnp | —(t—1;)
OEESONS G >fwx

(1.
2 Wi
where
p—2
cnzdn » 2z
— . n even,
sn z
(2.8) Cnp(2) = 1)
dn » 2z
_— n odd,
sn z

is an optimal method of recovery for Hg(T).

2.3. Countable Sets of Nodes

Consider the problem of optimal recovery of functions from H,, knowing
their values at countable set of points. Assume that the information operator
has the following form

+o0

(2:9) 15 = {5 e )

j=—o0

where z; € (—1,1). In this case we need an auxiliary lemma to obtain the
integral representation (1.17) which is used for the construction of optimal
method of recovery.

We recall that by an infinite Blaschke product for the unit disk D we
mean a function of the form

Zn 2 — Zn
2.10 B(z) = = .-
(2.10) =111 ==

where z, € D (for z, = 0 the fraction —%, /|2y is replaced by unity and,
in accordance with this, we can assume that sign0 = 1). It is well known
(see, for example, Garnett [1981]) that if the z, € D satisfy the Blaschke

condition
o

S0 - Jzal) < o,

n=1
then the product (2.10) converges in D, B(2) € Hoo, and |B(e?)| = 1 almost
everywhere.

LEMMA 2.5. Suppose that the sequences {z;}>., {v;}>° are such that
—1<z;<zj;1 <1,y eN, j=0,%1,...

o

> vill—lz)) < oo,

j=—o00
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and for

0o v
z—2z; \’
Wi(z) = — si ; z
(2) H < Slgnz]l—zjz>
j=—00
there exist o € (25, 2j41), j = 0,£1,..., such that |W(a;)| > ¢ > 0. Then
for any f € Hy, 1 < p < 00, we have

RS f(2) B = (—signz;)" [ f(2)(1 — zj2)" (vj—1)
11 S W) 2 (v; = 1)! ( wj(z) )

Y
‘z:z]-

where
Um,
. z—z
wj(z) == H (— &gnzml_;r;) .
m#j "

PROOF. Since H,, C H; for all 1 < p < oo, it suffices to consider the case
p = 1. We shall assume without loss of generality that z; # 0, 7 = 0,+£1,...
(otherwise we can achieve this situation by a conformal mapping of the unit
disk). From the Fejér—Riesz (see Duren [1970, . 46])

1
[ 1f@lde < 7 fl,

and the fact that for all x € (0,1)

1 — z; > |2
1—zjix| — 777
J
and hence |W (iz)| > |[W(0)], it follows that the integrals
A FE) 4 s,

27 Jop, W(2)
exist; here Dy :={z € D : (—1)*Rez > 0}. Thus,

1 e
2mi |z|=1 W(Z)

dz = I+ 1.

Assume for definiteness that zg < 0 < z;. We prove that

00 — 1)V f z 1—ZjZ vi\ Wi
(2.11) fo:z(,(,j )1)1< ( )(wj(z) ) >

J=1

|z:zj

Fix an arbitrary € > 0 and choose ¢ € (0,7/2) so that

L% o
o _(p]f(e )| do < e.

Then in view of the well-known equality (see, for example, Goluzin [1966])
1 2m ) )
i o [ 17(e) — 5] db =
0

r—1 27
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there exists r1 € (0, 1) such that for all r € (r1,1)
1 2 ” 0
o, |f(re) — f(e")] do < e.

Thus for all r € (r1,1) we have

(2.12) ;W/(p |f(1"ew)]d9
—p
< g [ eans g [T iroen —siejan <2

From the Fejér—Riesz inequality it follows that there exists 1o € (0,1) such
that

1
(2.13) ;ﬁ/ |f(ze?)|dx < e

for 0 = +p. Let
ro := max{ 71,72, (1 —sinp)/(1 +sinp) }, N :=max{n:ap <19}
Then, upon setting

Sp={z€D:|z]| >, |argz| < ¢}, Q, =Dy \ Sh,
', :=90DnNos,, Y := DN ISy,

we find that for all n > N

"L (=1)% (1 — ziz)\ %Y
PR S Y FIEIEEEREN

= Vi — 1)! wj(z) |Z:Zj
P A C N I R N R e
- ‘IO‘Qm o0, W) dz‘ ~lm | wey ), e dz'
1 1 f(z) bn
<5 e+ g [ s <ok g2 [ el

where
by = sup |W(z)| L.

ZEYn
It is not difficult to see that the set of points z for which

z— 2z Oy — 2

)

1—22 1 -2z

for all § > n+ 1 is a disk lying inside S,,, while for all 1 < j <n it is a disk
lying outside S,,. Hence it follows that for all z € v, and 5 > 0

Z—Zj Oén—Zj

>

1—2zz 1—za,
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Consequently, for any z € 7, we have

W ()I_H _|Wan|H\zj\>cH|z]|—c1
7=0

Thus, b, < ¢;' and in view of (2.12), (2.13)

1 ¥ . 1 ; ! i
ma<er g (f e ass [ ifeenar [ ee) o)
<

e(144ch).

zZ—zj

1-2z l—z]

Thus, (2.11) is proved. The equality

S 1 (@AY
I —Z (v; — 1! ( w;(z) )

j=0 =2

is proved in a similar fashion. ([l

The analogue of Theorem 2.1 for the information operator (2.9) is the
following result.

THEOREM 2.6. Suppose that the system {z;}°% satisfies the hypothesis

o0

of Lemma 2.5. Then for all 1 < p < oo the method

o vj—1
~ Z chu(f,p)f(”)(zj)7

j=—o0 v=0
where

_ 2 pp%z — 2. 2\Yi (vj=v=1)
¢jv(&,p) = WV(!?U(.l_ ,,|£_ i)! < ol pz> ’
j wi(z)(§—2)(1—¢&z) P

is an optimal method of recovery on the class H,, and
_ @)
6(5)17 Hp) - (1 . ‘§|2)1/p'
Proor. For { € D and f € Hy, put
p—2

1 W(¢) (1—\£I2>”
2.14 Jf = = f(z)dz.
21 i Jya We-o\1-e ) TP
Consider the function g(z) := W(2)(1 — £2)~%/?. We have

o 2m .
Jp=2 /0 a@)g

where o = ()( — €12 ®P=2)/P and for p = oo

27r . .
18 = 5= [ el () b,

(NP2 f(e?)ds,  1<p< oo,




2.3. COUNTABLE SETS OF NODES 41

where ¢(z) = |1 — €z|72. On the other hand, by applying Lemma 2.5 to
(2.14), we obtain

o vi—1
FEO=Y > el f¥z) = Jf.

j=—oc0 v=0
It remains to use Theorem 1.10. O

COROLLARY 2.7. Suppose that the system {z;}>,, satisfies the hypothesis
of Lemma 2.5 for v; = 1. Then for all 1 < p < oo the method

e 1 1P\
HO~WE Y ey (1oe) | /6

j=—00
is an optimal method of recovery on the class H,.

We consider some concrete systems of nodes. Let A € (0,1),

A
(2.15) a; := tanh (/;v) j=0,%+1,...,
and
O g2 ;2
— j
(216) BO(Z) = 2.7]1 1_76622’

where A and A’ are the complete elliptic integrals of the first kind for the
moduli A and N = v/1 — A2, respectively. Put h = e~ ™/A" Then
1—n%
A
By making the substitution z = —i tan v, we have

9 cos2mu —1

cos2mv + 1

and
o

1 — 2h?% cos 2 ht
By(z) = —itanmz H cosemv +
j=1

1+ 2h2% cos2mv + h¥ -

Using the representation of the elliptic sine and cosine by means of theta
functions and their product expansions (see Appendix), we obtain

. ~sn(2A v, \)
By(z) = =iV ————+.
() iV cn(2A v, X)
From the second principal transform of the first degree (see Appendix)
sn(iu, \)

m =1 Sn(u, )\)
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and the fact that v = L arctanh z we find

i
2N\
(2.17) By(z) = VAsn [ = arctanh 2, \ | .
™
Put
, A ,
(2.18) b; := tanh (2]—1)@ , J=0,%£1,....
Then
(2.19) Bo(bj) = (1)1

Consequently, the system {a;}>°, satisfies the condition of Lemma 2.5, and
Corollary 2.7 is applicable to it.

Denote by H, (R) the class of all functions analytic in the strip Sg for
which |f(z)] <1, z € Sg. Under the conformal map of the strip Sz onto the
unit disk D, defined by the function

z = tanh <47rﬁw> ,

the system of nodes {j7}°, 7 > 0, is taken to the system {a;}> if A
is chosen from the condition A’/A = 48/7, that is, A = k(2n3/7). Using
the conformal equivalence of considered recovery problems for the classes
HE (R) and Ho., we obtain from Corollary 2.7

COROLLARY 2.8. For all 7> 0 and t € R the method
T A S ; f(37)
% PR —_ —_ -]
oy~ g (g500) 3 (A0
j=—00 sinh %(t —j7)

in which X\ = k(28/7), is an optimal method of recovery on the class HE (R).

Moreover,
A/
—t, A
()

It should be noted that for the maximum value of the intrinsic error we
have

e(t, I, H? (R)) = VA [sn

max e(t,I,HfO(R)) =VA=2" L 0O (e—57r/3/7) )
teR

It is known that entire functions can be exactly reconstructed from their
values at the equidistant system of points with sufficiently small step (this
reconstruction is given by Kotelnikov’s formula or Cartwright’s formula). In
contrast to this fact functions which are analytic and bounded in a strip can
not be exactly recovered from their values at the equidistant system of points
independently of a step. Nevertheless, Corollary 2.8 gives the possibility to
recover approximately analytic functions (moreover, in the optimal way)
which are given at the equidistant system of points with arbitrary step.
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2.4. Optimal Nodes

In Sections 2.1 and 2.2 we obtained optimal methods of recovery of
functions from the classes H,, and Hg (T) at a fixed point from their values
at some system of nodes. If we wish to recover a function not at one point
but on some set, then it is natural to ask: how to choose a system of nodes
to make the error of optimal recovery less?

Let us formulate this problem more precisely. Let W be a class of func-
tions defined on the set G, X be a normed linear space and W C X. Put

Lf=(ft),...,f(tn)), 7= (t1,...,tn) € G".
By the problem of optimal recovery on the space X we mean the problem
of finding the value

(2.20) so(W,X):= inf  inf  sup ||f — S(I-f)||x,
TEG™ S: M"—=X feW

where M = R or C (depending on the field over which the space X is
considered). If some of s points coincide, we assume that together with
values of function values of consecutive derivatives up to (s — 1)-st order
are given (we assume that functions from W are sufficiently smooth). Any
nodes for which the lower bound in (2.20) is attained we call optimal nodes.
A method S for which the lower bound is attained for optimal nodes we call
an optimal method of recovery on the space X.

ProproSITION 2.9. If W is a balanced class of functions, then

(2.21) sn(W, X) > inf sup |flx.

TEG" feW

I, f=0
PrOOF. Let 7 = (t1,...,t,) € G™. For any € > 0 there exists f. € W
such that I f- = 0 and
[fellx = sup [[fllx —e.

few

I f=0
For any method S we have

Ife = SO)[Ix +[| — fe = S(0)[x > 2] el x-

Since W is balanced,
sup [|f = S(I-f)llx = lfellx = sup [[flx —e.
few few
I f=0
In view of arbitrariness of € > 0, S, and 7 we get (2.21). O
Denote by e(t, I, W) the intrinsic error of optimal recovery of functions

from the class W at a point ¢t € G from the values of the information operator
I;. In view of duality (1.11) for the convex and balanced class W

(2.22) e(t,I;,W) = sup |f(t)|.
few
ITf:()
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Recall that any function for which the upper bound in (2.22) is attained we
call an extremal function.

PRrROPOSITION 2.10. Let W be a convez balanced class of functions. Sup-
pose that ¢(t,I;) is an optimal method of recovery of functions from this
class at a point t € G using the information operator I.. If for oll T € G™,
o(-,I;) € X and there exists an extremal function in the problem (2.22)
which does not depend on t, then

$n (W, X) = inf (1 W)l
and p(t, I;) is an optimal method of recovery on the space X .
ProoOF. Putting S(t,I;) = ¢(t, I;), we have
$n(W, X) < inf [le(f(), W, 1)l x.

For 7 € G™ denote by f, an extremal function for the problem (2.22) which
does not depend on ¢. Taking into account (2.21), we obtain

n > inf T = inf ") 7I’T .
sn(W, X) Z =11 x —Tle%n\\e(f() W, 1)l x
U

Let E be a compact from the unit disk D and g be a positive measure on
it. Denote by B,, the set of all Blaschke products of degree at least n. Since
the conditions of Proposition 2.10 for the class Hy, (Theorem 2.1) hold, for
all 1 < g < oo we have

(2.23) sn(Hoo, Lo(B, ) = i [|Bl1,(,4)-

In the analogous problem for the class HY, (T) (Theorem 2.3) an extremal
function does not depend on the point in which a function is recovered only
for even n. Thus we have

(2.24) son(HE(T), Ly(T)) = inf

TeT2n

2n
K
k"™ — (=t
H S < . ( t]))
7j=1 q
where || - ||, is the standard norm in Ly(T), k = (), and K is the complete
elliptic integral of the first kind with the modulus k.
We turn our attention to the case when s, can be expressed in terms of

the intrinsic error at a point in which we recover functions. In view of (2.21)
sn(Hf(']I‘), Lo (T)) > inf sup sup|f(t)| = inf supe(t, I, Hg(’ﬂ‘))
T€T™ fEHS(T) teT TeT™ teT

On the other hand, if we consider the method of recovery obtained in The-
orem 2.3, we obtain

sn(HJ(T), Loo(T)) < inf §g$e(t,IT,H5(T)>-
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Hence for all n € N and for all 1 < p < o0
(2.25)

1/p .
$n(HP(T), Lo (T)) = <2K> k") inf sup

p
m TET™ te€T

Hsn( t—tj)>

where [z] is the integral part of x.
First we consider the extremal problem (2.23) for the case when E =

. 1
T,:={2€C:|z| =p},0< p<1,and u = o,, where do,(pe’) = %de.

ProrosITION 2.11. Forall1<g< oo and 0 < p<1

n

Bileﬂgn 1Bl Ly(7)0,) = P

ProoF. Putting E(z) — 2. we obtain
Bléllgn HBHLQ(TPvUp) < ||BHLq(Tp7Up) = Pn.

Since || - |1, (7,.0,) < |l + [I2,(7,.0,) for all 1 < g < oo, it suffices to prove the
lower bound for g = 1. Let 0 < m < n,

n—m 2 o
=11 =%
i 1-7%;2

and |z;| < p,j=1,...,s, |z;| >p,j=s+1,...,n—m. In view of Jensen’s
inequality

P

|B(z)| do,y(z) > exp (/ log |B(2)| dap(z)> .
T, T,

By Jensen’s formula we have

n—m

| 10818 doylz) = mlogp+ 3 log 5| + Zlog
n 2 B
n—m
= (m+ s)logp+ Z log |zj| > nlogp.
Jj=s+1
Thus for all B € B,
1Bl Ly (1,00 = P
O
THEOREM 2.12. Forall1 <g<p< 0
sn(Hp, Lg(Tp, 0p)) = p".
Proor. By Propositions 2.9 and 2.11
$n(Hp, Lg(Tp,0,)) > TlenEfn fseupp 1 £y (Tpo,) = Binggn 1Bl Ly(1)0,) = P

I+ f=0
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Since H, C Hy for all 1 < ¢ < p < o0,
sn(Hp, Lq(Tp,0p)) < sn(Hg, Lq(Tp, 0p)).

Therefore it suffices to prove the upper bound for the case when p = ¢. Put
n—1 fj ' ‘
pi(€) =3 (L= P D)),
§=0

Recall that ps(&) is an optimal method of recovery at a point & of function
from the class Hy (see (2.3)). By the residue theorem we have
1

1 (1 —€P) f(2) ;

1O e =5 [ S e

_ LT
/O do.

T orn emd)1 — e=0¢2

Thus for & = pe’ we get
f(&) —ps(&) = p"(Bp = F)(t),

where

762'110 1- p2
2 |1 — peif|2’
Using the well-known inequality

1 gllg < 1 1l1llgllg,

Bp(0) = F(6) = f(e”).

we have

Sn(quLq(Tanp)) < ;;II; f *prLq(Tp,op) < Pn”Ple =p".

q

1 .
Q—P(ew, p), where P is the Poisson kernel, | P,||y =1). O
T

In order to solve the extremal problem (2.23) in the case when F is
an interval of real axis and extremal problems (2.24), (2.25), we need a
generalization of a result of Pinkus [1979].

We denote by S(f) the number of sign changes of a picewise-continuous
real 27-periodic function over a period. For a real continuous 2mw-periodic
function K we set

(Since |P,(0)| =

2w

(K« f)(z) = K(z —t)f(t)dt.

0

We say that € NCV D (non-degenerate cyclic variation diminishing), if
S(K* f) < S(f) for all f and

dimspan{ K(z1 —-),...,K(zp, — ) } =n

foral0 <) < ... <z, <2mandalln. Ifforall0 <z < ... <9y < 2m,
0 <y <...<ygy1 < 2w the inequality

edet (K(x; — ym)) 2L S50

7,m=1
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holds, where ¢ = 1 or —1, then we say that K € SSCq.1 (strictly sign
consistent).
Put

O, :={0:0=(01,...,0,), 0<0; <...<0, <271}
For n € ©9, we set
ho(t) == (=1, t€mj—1,m;), j=1,...,2n+1,
where 79 := 0, M2p41 := 27. We denote by hy(t) the function h,(t), when
nj=G—1m/n,j=1,...,2n.
THEOREM 2.13. Let K € NCV D, and let ¢ be a nonnegative continu-

ously differentiable function defined on [0, ||K||1] such that ¢ is positive and
increasing in the interval (0, ||K||1). Then for all 1 < g < oo

inf | (|K hn[)llq = [lo(|K  hn ) |-
n€@2n
Moreover, if K € SSCoy1, 1 = 0,1,...,n, and the infimum is attained for
N € Oy, then niyy —mf =n/n, j=1,...,2n— 1.

This theorem was proved for p(x) = = by Pinkus [1979] (see also Pinkus
[1985, p. 174]). The proof for the general case is carried out along the same
lines.

THEOREM 2.14. Let ¢ be a function defined on [0,1] and satisfying the
condition of Theorem 2.13. Then for all k € (0,1) and s € N

4 : K
i = s/2 (=0,
01€n®fs go(ﬂ arctan|k H sn ( - ( 0])> ')
j=1 q
4 1/q
or (1 1 ( arctan(ﬁt)) dt
A = ) 1 S q < o0,
_J| A h Va-ma-ee)
4
(0 ( arctan \&) ) q = 00,
T\

/

2KS>’ Kk is defined by (2.5), and A is the complete elliptic

integral of the first kind for the modulus \ (that is, \ is defined by the
condition N'/A = sK'/K). Moreover, if the infimum is attained for 6*,
then9;f+1—0]*~:271'/5,]':1,...,5—1.

where A = K

ProOOF. We denote by hfoR(T) the class of analytic functions in the
strip Sz that are real on the real axis, 2m-periodic and satisfy the condition

Ref(z) <1, z€ 85
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Functions from the class hfoR(T) admit the representation (see Akhiezer

[1965, p. 269))
2

f(z)= ; Ks(z —t)Re f(t+iB) dt,

where

It is known (see Pinkus [1985, p. 128]), that K3 € NCV D. Furthermore, it
was proved by Forst [1977] that Kg € SSCy4; for all 1 =0,1,... .
First we consider the case when s is even. Let s = 2n and 8 € O,,. Put

2n
4 . K
fo(z) := = arctan<k‘ H sn (ﬂ(z - Hj)>>.
j=1
Since sn(u + 2K) = —snu and [Vksnu| < 1 for |[Imu| < K’/2, it follows
K/
that fy € thJR(T) for g = Z—K It follows from the equality

(1+k)snu+icnudnu

2.2 k K'/2) =
(2.26) \fsn(u+z /2) 1+ ksn?u

(see Appendix) that
VEsn(u+iK'/2) = ¢“®
for 0 < u < 2K, where w(u) is monotone increasing from 0 to 7. Since for
|z| =1 and z # +i
4 :
Re ( arctan z) = sign Re 2,
™

it follows that for all t € T

2n
Re fy(t 4+ i) = sign Re exp <z ij (t)),

=1

where Z?il w;(t) is monotone increasing from some a to o + 27n. Hence
there exists 1 € O3, such that

fo(2) = e(Kpg * hy)(2)
for e =1 or —1. From Theorem 2.13 for £ = Kg we obtain
(2.27)
inf [lo([fo(-)Dllq = inf [lo([(Ks * hy)()Dllq = le([(Ks * hn)()]) |-
66277, 77€®2n

We denote by f, the function fy for §; = (j — I)n/n, j = 1,...,2n.
Using the equalities

0

SIl2 u — SIl2 v

sn(u—2K) =—snu,  sn(u+v)sn(u—v) = 1 —k2sn2usnZv’
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as well as the first principal transform of elliptic functions of degree 2n (see
Appendix) we find

T
(== 5)
4 K 2 -1 K 27 —1
arctan( "k"Hsn ( J K) sn (z+ J K))
T 7r 2n T 2n
27 —1 K
4 n sn? jiK—sn2 —z
= —arctan | k" 2n2 i TFK
T j=11— k?sn? J Ksn?2 —z
n T
4 2nA
= — arctan <\ﬁsn <nz + A, A)) ,
T T

TK'

where A'/A = 2nK'/K, that is, A = k ( n) (see (A.38)). Thus,

falz) = _4 rctan (ﬁsn <2::Az /\>> .

™

Since f, € hZ. 5 (T) and in view of (2.26),

2nA
Re fn(t +iB) = —signsn <nz )\) —hn(),
7r
it follows that

(2.28) (K * hn)(2) = = arctan (ﬁ sn <2ZA2 A)) ,
)

™
ie., fn(z) = —(Kg * hy)(z). Thus, taking (2.27) into account, we have

nf 1905600l = (0Dl | i (7))

(4
¢ | —arctan
T

0€O2),
q
From this we immediately obtain the assertion in the case under consider-
_ 2nA
ation when ¢ = oco. For 1 < ¢ < oo we make the substitutions © = —z

T
and t = sn(z, A), and use the standard properties of the elliptic functions to

obtain
\/XSII ( i )\) ‘)
q

|
- (QI /01 o (j; arctan (ﬁsn(g;, A))) da:) v

or [l o1 (i arctan(ﬁt)) dt
Ay JO-B)1- 282

( 4
@ | — arctan
0

1/q
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If the infimum on the left-hand side of (2.27) is attained for 6 € ©g,,, then
it follows from Theorem 2.13 that fy is the same as Kg * h, to within a
translation. Hence the zeros of fy are uniformly distributed with step size
w/n.

Suppose now that s is odd. Using the Landen transform (see Appendix),
we find that

(2.29) Vksn <2fu) = —lsn (f;u z) sn <7I;(u — ), z> :

where

_2Vk L K

T 14k L 2K’

and L and L' are the complete elliptic integrals of the first kind for the
moduli [ and I = /1 — [2, respectively. It follows from (2.29) that

k:s/ijIlsn <[;(t — ej)) = (—1)sl8ﬁsn (i <; - 923> ,z) :

l

where 0,1 ; = 2n+6;, j = 1,...,n. The assertion of the theorem now follows
from the corresponding assertion for the even case. O
Let Ly := Ly([-V’k, V], 1), where
T dz
dvg(z) = — , ke(0,1).
W) = 9k V= 22)(1 - k22) 1)

Using the theorem proved above, we can find the Blaschke products from
B,, which have the least deviation from zero in the norm of the space Lgj.

THEOREM 2.15. Let ¢ be a function defined on [0,1] and satisfying the
condition of Theorem 2.13. Then for all k € (0,1)

2. inf
(230 g2k,

@ (j; arctan\B(-)\)

Lk
1/q

-l o1 (i arctan(ﬁt)) dt
Al Ja-ea- e ’

4
© <7r arctan \5) , q = oo,

K/
where A\ = Kk T

n |. The unique function from B, for which the infimum

is attained is the Blaschke product with the zeros

(2.31) 2] ::\/Esn<<2jn1—1>K>, ji=1,...,n.
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Proor. If x € (—1,1), a+iB € D, a, 5 € R, and 8 # 0, then
Tr—a« 7.15 -
1—(a—1ip)x
Therefore the infimum in (2.30) can be considered over the Blaschke prod-
ucts with real zeros. Moreover, since as Vk < |a| < 1, for all z € [—Vk, V]
T — \/Esigna
1 — zvVksign o

it follows that the infimum in (2.30) can be considered only over the Blaschke
products with zeros from [—v&, Vk]. Let

B(z):ﬂ Y oy e [—VEVE.

1—a;z

r—«

(2.32)

l1—ax

r—«

)

1—ax

J=1

Put I = 2vk/(1 + k). Making the substitutions z = (z — vk)/(1 — Vkz),
x = Isn%(y, 1) and using the fact that L = (1+k)K, where L is the complete
elliptic integral of the first kind for the modulus [ (see the Gauss transform

in Appendix), we obtain dv(z) = % dy,

o sn?(y, 1) —sn?(y;, 1) -
B(z)=1" ’ 2 =" | | —y;,1)s il
(2) ]Hl 1 — 2 sn%(y;, 1) sn?(y, 1) j:lsn(y o snty v D

where a; = (v; — V'k)/(1 — Vkz;) and x; = sn?(y;,1). Putting t = my/L,

6; = my;/L, we have
™ 4 1/q
_ a =
; oglgljfgw (/0 ® (7r arctan \fg(t)\> dt) ,
qk

fo(t) = l"jli[lsn (i(t — Hj),l> sn (i(t + Gj),l> )
Since fo(—t) = fo(t),

inf
BeB,

Em—

where

(2.33)
i 4 —9~1l/a ; 4
inf | ( —arctan |B(-)] =2 inf ||¢ | — arctan |fy(-)]
BeB, T Lo 0<6;<n T "
Taking into account that
L/ K/
7%

we obtain from Theorem 2.14 the equality (2.30). Moreover, the system of
nodes 0i 1
.7 J—
0; = —
J 2n
are the unique system for which the infimum in the right-hand side of
(2.33) is attained. Consequently, the unique function from B, for which

m, j=1...,n,



52 2. OPTIMAL RECOVERY IN H,

the infimum is attained is the Blaschke product with the zeros z; =

(z; — Vk)/(1 — Vkz;), where

27
xj:lsn2< ‘72 Ll>

Using the Gauss transform it is easy to check that the nodes z; coincide
with the nodes defined by (2.31). O

Now we can find the value s, (Hoo, Lgi). Putting in Theorem 2.15 p(z) =

tan %m and taking into account (2.23), we have

THEOREM 2.16. For all k € (0,1)

Sn(Hom qu) = A
VA, q = oo,
where
td dt
\/ 1—12)(1 — 222’
K’ . :

A=k 5" ) Moreover, the unique optimal nodes are the nodes defined
by (2.31).

Using the expansion (see (A.36))

™ > A’ 2

. _ m2

—2(1+2 E e A > s
m=1

and the fact that

r
1
/ 29(1 — 22) V2 dx = ﬁi
0 2

we obtain the following asymptotic equality

(1)
(2.34) VA (%Jq(/\))l/q —9 ﬁr(qil) "4+ 0 ( T ”) .
2

Let &. be the interior of the ellipse with foci at the points +1 and sum
¢ > 1 of its semiaxes. Denote by H (&) the set of all functions analytic in
& and satisfying there the condition |f(z)| < 1. The function

™

(2.35) z(w) := Vksn <2K arcsin w> ,
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where the modulus k satisfies
)¢ B 41
K x 086

maps &, conformally on the unit disk D. This map carries the interval [—1, 1]
to the interval [—\/E, \/E], and the Chebyshev nodes

Y it S
wj; = COS o w, j=1,...,n,
to the nodes (2.31). In addition,
dw
) =

Therefore from Theorem 2.16 follows

COROLLARY 2.17. For allc > 1

Sn(Hoo(gc)7 Lq([_la 1]7”))

( F<q+1> Y
1/

fx(qu(A)) R DY

A r<9+1>

= 2
+O(c_5”), 1<g< oo,
ﬁ:2c*”+0(c*5”), q = 00,
where
dw
dpu(w) i = ——, A = k(2nlogc).

Moreover, the unique system of optimal nodes is the Chebyshev system of
nodes.

Now let us find the value sn(Hg(T), L,(T)).
THEOREM 2.18. For all 8 >0

2K\ /P
<> vV An, n even,
T

2K

(236)  su(Hp(T), Loo(T)) = 1p
(F) Vi, n odd,

p

2 /g
(2.37)  son(HE(T), Ly(T)) = v/ on <A2Jq()\2n)) ., 1<g< o,

where N\, = k(Bn), while K, K' and A,, are the complete elliptic integrals
for the moduli k = k(B), k' = V1 —k?, and \,,. The equidistant system of

nodes on T is the unique system of optimal nodes for the value (2.36) up to
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within a translation. The corresponding optimal methods of recovery have
the form

A n—1 '
ft) = nfji sn (n t, A > Z(—l)ycnp (ft—y%f) f (]2;) ,

J=0

K 2n Ao i K, K .
f(t) ~ 2nA2n sn ( t )\2n> Z CQnoo (ﬂ_t - ]n> f <]ﬁ) )

Jj=0

where ¢y are defined by (2.8).

PROOF. The equalities (2.36) and (2.37) follow from (2.25), (2.24), and
Theorem 2.14 in which ¢(x) = tan Za; To find optimal methods of recovery

we use Corollary 2.4 and the fact that in view of the first principal transform
of degree n (see Appendix) for the function

2K
= k"2 H sn (t —j)
the equality
W(t) = (=1)""\/A,sn ( >
holds. ([

Using the equality analogous to (2.34), one can obtain the following
asymptotic equality for 1 < ¢ < oo

1 1/q
o)
32n(H£o(T)qu(T)) =2 2\/7?(17 e P10 (675671) .
r(5+1)
2.5. Functions of Several Variables

In this section, we consider the problem of optimal recovery for the
multidimensional case. Let B, be the unit ball of C"* and S,, its boundary:

B :={z={(z1,...,2,) €C": |2? :=Z|Zk\2 <1},

Sp={zeC":|z|=1}.

The Hardy space H,(By,) is the set of holomorphic functions in B, satisfying
the condition

1/p
T Ip— (/ If(TZ)I”dan(Z)> coo, 1<p<oo

0<r<1

1 f 1o (B) = SGUP |f(z)] < o0, p=o0,
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where o, is the probability measure which is invariant with respect to the

orthogonal group O(2n). It is known (see Rudin [1980]) that functions

from H,(B,,) have finite boundary values almost everywhere which belong

to Ly(Sp,0pn). Thus Hy(By,) can be considered as a subspace of Ly,(Sp, o).
Set

Hp(Bn) :={f € Hp(Bn) : [ fll34,(B,) <1}
For multiindex o = (a1, ..., q,) set

0

la| =1+ - 4+an, D*“:=D...Dy", Dj;:= 5
Zj

We consider the problem of optimal recovery of f € H,(By) at a point
a € B, from exact values of the traces of D*f, |a] =0,...,7 — 1, given on
some set A C B. Thus the information operator in the considered case has
the form

If =Iif = {Df, )Ly

We wish to find the intrinsic error which we denote by e(a, Iy, Hy(By)) and
an optimal method of recovery.

We need several auxiliary results related to weighted reproducing kernels
in Hy(By). Let u e C, Ju| <1, and p > 1. Set

—~L(n+k+p/2) 4

(2.38) D, (p,u) = F(k‘—l—p/Q—{—l)u

k=0

For z = (21,...,2,) € C" and 1 < k < n put

2, = (21, Zn—k,0,...,0), 2l =2 — 2y,
n "
Z,w
<Z,’LU> = szwlm Z,w e Cna Sk(zaw) = 1 < ’ k>/ 5
k=1 — {2 wp)

<Z7 U)Z)T(I)n(rpa Sk(zv w))

Kop(z,w) := (0= 1)1 = (2, wl))ormr?

Note that sg(z,w) = sg(w, z) and K,x(z,w) = K,p(w, 2).
PROPOSITION 2.19. For all1 <p < o0, z € By, and f € H,(By)

r—1

(2.39) Zl Dif) )zl = / Ko (2, 0) F (w0)]wn]" @2 doy (w).

j=0

PROOF. As polynomials are dense in #,(B,,) it is sufficient to prove
(2.39) for the functions of the kind f(z) = g(z')z"", m =0, 1,..., where g(2’)
is a polynomial which depends only on z1,...,2,-1 (2/ := (21,...,2n-1))-
Let v, be the normalized Lebesgue measure on B,,. The integral in (2.39)
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can be reduced to the integral over B, 1 (see Rudin [1980])
[ Eaew)gtuyulu, o doyw)
Sn

__ 1 / (1~ |w'?) =2/ 2g(w') dvn1 (w)
Bn 1

(n—1)! (1 — (2, w'))ntrp/2

LT et 3 ?(n bhtrp/2) skwhe

“om (k+rp/2+ 1) (1— (2, w))F
0, m <,
) K ) dvg (), m>
Bn—l
where
T 1 — 112\$S
Ky (7, w') == (n+ ) (1= ) s:=m+r(p-—2)/2.

Fn)(s+1) (1 — <Z’,w’>)n+s’

It is known that for all s > —1 the kernel K4(z,w’) is the reproducing kernel
in Hoo(Bn-1) (see Rudin [1980, p. 121]). Thus

0, m <,
/ Kt (2, w) g (w0 )l w2 dory () = {
Sh

g()zm, m>r,

It is easy to check that these values coincide with the left-hand side of
(2.39). (]

For a € C denote by P, the orthogonal projection of C" onto subspace
induced by the vector a:

(z,0)

(a,a)"
0, a=0.

P, =

PROPOSITION 2.20. For all1 <p < o0, z € By, and f € Hy(By)

r 1

/ Kok (z,w) )|Puw\rp 2 do,(w),

where dz = zg

PROOF. For z; = 0 the statement is evident. Suppose that z;/ # 0. By
Proposition 2.19 it follows that for all g € H,(B,,) and v € B,

—1
(2.40) z;jl / K1 (0,1)9(0) ] =2 don(y),
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where dv = v{. Let U be an unitary n x n matrix and f € Hy(B,). Set
g(v) = f(U ). Then g € H,(By). Using (2.40), we obtain

r—1

(241) U 0)=Y

Jj=0

1 . — r(p—
ﬁdjf{Uflvi :/S Ki(v,y) f(U 1y)|yn‘ (b=2) don(y),

where dz = U~ 1v{. For a fixed z € B, such that z] # 0 consider the matrix
U of the form

1
0
1
(2.42) U= )
0 c
where C' is the unitary k x k& matrix which transforms (z,—g41,...,2,) into

(0,...,0,|2]). Substituting v = Uz, y = Uw in (2.41) and using the fact
that the measure o, is invariant with respect to unitary transformations, we
obtain

r—1
1@ = 5, = [ U200l @)|(0w) 0 doy(w),
= J % n

where dz = z;/. We have

(U2)1, (Uw)) = (21, (Uw)i) = (21, Uw) = Uz, Uw) = (2, w) = (2, w}),

126 |(Uw),, = (Uz)n(Uw),, = (Uz,Uw) — ((Uz2)}, (Uw)))
= <Z7w> - <Z],caw;€> = <Zlgaw;§,>
Hence
51Uz, Uw) = sp(z,w), KUz Uw)= Ki(z,w),
1! !
(Uw)al = 2Ly
x4 k
O

Consider the function ®,,(p, u) defined by (2.38). It can be easily checked
that
_D(n+p/2)

(2.43) D, (p,u) = W(l —u) " "Qn-1(p, u),

N~ (EDF
Qn(p>u) _kzz()k—i-p/? <k>uk

where
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Set
An(p) = min{ Ju] : Qu_1(p,u) = 0}.
PRrROPOSITION 2.21.
(1) If n <4, then for every 1 < p < 00, Ay(p) > 1.
(13) For every n > 5 there exist p, 1 < p < 00, such that A,(p) < 1.
(7i1) For all1 < p < o0
p+2
2.44 A > .
PROOF. It is easy to check that Q,(p,u) has no zeros in the unit disk
for n < 2. Consider the polynomial
1 3w n 3u? _ u3
p/2 1+p/2 2+p/2 3+p/2

Q3(p7 u) =

ForueR
4Qs(p,u) <0.
du
Consequently @Q3(p,u) has the only real zero. It can be easily proved that
this zero belongs to the interval (1,1+6/p), and so the moduli of the other
zeros are greater than 1.

An easy computation shows that

1
(2.45) Qn(p,u) = /O /2711 — wt)™ dt.

Set s =2+ p/2. Then

1 4u 6u? 43 u?
Q4(p’u)zﬁ_571+ s s+1+s+2'
It follows from (2.45) that Q4(p,u) has no real zeros. Let uq, u1, ug, and Uy
be the zeros of Q4(p,u). In view of the Viete Theorem

( s+2
R Reug — 2° 2.
eul + Reus ST 1
2
|u1\2+|uQ\2+4Reu1ReuQ:6S+ ,
s
2
lui|? Reus + |ug|? Reuy = 254_717
P
2 12 St2
\ uaFluzl” = —-

Suppose |ui| = 1. From the first, third, and fourth equations of this system
we find

2
s°—4
R = =),
R
2
2
RQUQ:S + S.

s2—1
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Using the second equation, we obtain s2 + 2 = 0. This contradiction proves
that Q4(p,u) has no zeros with modulus equals 1.

Let p = 2. Then from (2.45)

1—(1—u)?
Q4(27 u) - Bu .

Hence Q4(2,u) has no zeros in the closed unit disk. Suppose that there
exists a pg such that Q4(po,u) has zeros inside the unit disk. We can easily
check that Q4(p, u) has no multiple zeros and hence the zeros of Q4(p, u) are
differentiable functions of p. Therefore there exists a p; such that Q4(p1, u)
has a zero with modulus equal to 1 but we proved previously that this is
impossible.

To prove (i7) note that from (2.45)

_ —u n+1
Qn(2au) = 1((,”1_‘_1)L

Thus u, = 1 — >/ (1) is the zero of Q,(2,u). Since |u,| < 1 for all n > 6,
we need only to prove that Q5(p,u) has zeros inside the unit disk for some
p > 1. Let u(p) be the zero of Q5(p, u) such that u(2) = uz. Then it can be
checked that
du(p)| 119 +i56v/3
dp |,_, 360
Thus for p > 2 and sufficiently close to 2, |u(p)| < 1.
To prove (iii) it suffices to show that the function ®,(p,u) does not
vanish in the disk

< :
|ul 0T 2n

Consider the function
o(v) =, (p, pyn 2nv> = kgo dv”.

It is easy to check that dy =dy >do > ... >d > ... > 0. Thus

(1= 0)¢(v)| = |do = > (d — drs1)0™
k=0
> do — | (di — dy)0" = do — o]Pdy = (1 = [0]*)do.
k=0
Hence ¢(v) # 0 if |v| < 1. O
Put

Ank(p) { cp . ALl
k(p) =2 z :

" ")
It is clear that A,x(p) = By, if Ap(p) > 1. In particular, by Proposition 2.21
it follows that for all 1 <p < oo and 1 <n <5, Auk(p) = Bp.

+ 212 < 1}, Api(00) == By,
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THEOREM 2.22. Let 1 < p < oo and A=Ay :={z € By, : zp_ks1 =
.=z, =0}, 1 <k <n. Forall a € Api(rp) the method

& P/P (g Z d3< (P=2)/p(, )f(z))‘z:a’7 1<p<oo,
fla) ~ __ ) k
B i G ) IV

where dz = ak and

D (rp, sk(2,a))

x(2) := DML = (2, a7

is optimal for the class H,(By). Moreover,

XP(a)lag]", 1<p< oo,

e(a, Iy, Hy(Bn)) = ( \a!! >T A

PROOF. For a € Aj, the statement is evident. Assume that |a}| # 0.
Let 1 < p < oco. Since

|a//
(2.46) sup |sk(z,a)| = k

2EBp, 7 B \Y 1- ’a§g’27
for a € Apg(rp) the polynomial Qy,(rp, sk(2,a)) does not vanish for all 2 €
B,,. Thus it follows from (2.43) that x*(2) € Heo(By,) for any s € R. Set

9(2) = @)z al), = XD (a)]af ),
We have
9(2)g(2)|P7% = x(2)x P22 (2)(a], z)ﬂ(a’é, )| =2
= K,1(a, )X(p_z)/p(Z)KaZ, Z>‘r(p—2)'

Taking into account Proposition 2.20 and the fact that xyP=2/Pf ¢ Hp(Bn),
for all f € H,(B,) we have

(247) ~ /S T@g()P2 (=) do(2)

=x(2p)/p(a)/SKrk(a, XTI (2) f(2)| Pyl 07 do(2)

r—1

= ) =X 3 (1)

par) z=aj
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where dz = aj. It is easy to see that for all z € A (D%)(z) = 0,
o] = 0,...,7 — 1. Thus the conditions of Theorem 1.10 are fulfilled. It
remains to find ||glly,(p,). Substituting f = g into (2.47), we have

’Y”g”q.[p By) =g(a).

Hence,

91134, 8.y = x"(@)ai]"

Consider now the case p = co. We reduce it to the one-dimensional
problem of recovery. Let f € Hoo(B,) and b € B,. Put ¢(u) =
f(b1,...,bp—1,y/1 — |b)|?u). Obviously, ¢ € Hy(By). From Theorem 2.1
for all [£| < 1 we obtain

ZCJSD 0)] < €I,

where
L Ea—kp [ 1 ]“—j—”
BT R A ER ) [N
We have
r—1 r 2 (r-1)
SECECEI O }
=0 w0 (r=1! L1 - &u)(€ —u) |u=0
r—1 ] ()

Making the substitution v = /1 — [0}|2u and putting & = b, (1 — |b}|?)~/2,
we get

O0) (1 SE ey (1)
>0 = ‘b”;J'Dn(l_@,w)‘M,
S (L

where dz = b!. Thus, for all b € B,

-1
(248) |f(b) — (1~ o) Z < ),b>>}—bf

0

i
N

Let a € B\ Aj. Consider the matrix U of the form (2.42) where C is the

unitary k X k matrix which transforms (a,—g41,...,an) into (0,...,0,|a|).
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Set b = Ua. Then substituting f(U~12) into (2.48), we have

@) - (1~ vaP) il' <;Uzl>>1z:wa>a

Jj=

~ |t - - ) i ¥ (i1 - )

0

where dz = aj/. Thus,

la! "
e(a7I;lkaHoo(Bn)) = | —E__ .
On the other hand, in view of (2.46) the function

VTGP zd) Y
go(z) =

ol 1—(z,a)

lies in Hyo(By) and for all z € Ay (D%po)(2) = 0, |a| = 0,...,7 — L.
Consequently, from Theorem 1.6 it follows that

apl Y
7IT ’Hoo BTL = Z = :
e(a, Iy, , Hoo(Bn)) rep [f(a)| = [go(a)| ( T 0P

15, /=0
]

Since e(a, Iy, , Hp(By)) coincides with the solution of the extremal prob-
lem
sup [ f(a)
JfEH(Bn)
Iy, f=0
(see Theorem 1.6), for k = n and A,, = {0} we obtain the following gener-
alization of the Schwartz Lemma.

COROLLARY 2.23. For all 1 < p < oo and all a € By, such that |a| <
An(Tp)

sup | f(a)]
fEHp(Bn)
(D £)(0)=0, |a|<r—1
1
_ lal” L(n+1rp/2) < Z 1)k n—l a2 /p
= (1-— ’a|2)n/p I'(n ) (rp/2) - Ok—i-?”p/Z .

Note that if n > 6 we obtain the solution of recovery problem at a point
a € B, only for a € A,;(rp) (as it was mentioned above, for 1 < n < 5,
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Api(rp) = By, for all 1 < p < 00). Nevertheless, using (2.44), we can find a

simple domain
2
rp+2n
(5 b+ b <1

contained in A,x(rp). From the last inequality it is easy to see that our
method can be applied for any a € B,, if r is sufficiently large.

Following Rudin [1980], we say that A is an affine subset of B, if it is
the intersection of any affine subset of C" with B,. Let A be an arbitrary
affine subset of B,,. In an appropriate coordinate system A has the following
form

(2.49) A={2€ By | Zn—kt+1 = Cn—ktls---s2n = Cn },

where ¢ = (0,...,0,¢p—k41,---,Cn) € By, 1 <k <n.
Put

¢— P.z—+/1—|c|*(z — P.2)

(pC(Z) = 1— <Z,C> :

The mapping ¢, is an automorphism of B,, (see Rudin [1980]). Set

Ank(pa C) = @C(Ank(p))

THEOREM 2.24. Let 1 < p < oo and A is defined by (2.49). Then for all
a € Ap(rp,c) the method

L—1e \*"" ey
() 7w
xflwk?mwm%@>

(

(1= (z,c))2n/p ]‘( )/, 1<p<oo,
7ack

Y p:oo7

ST fad)
K [(1 - (z,ac>)] |2=(ac);,

where a. = ¢c(a), dz = (a.)}, and

2) = (pn(rpv Sk(Z,ac))
Xel2) (n— 1)1 —(z, (ac)k))"-ﬂp/?

is optimal for the class H,(By). Moreover,

(1= Je)™/P
r ‘1 - <a7c>‘2n/p
e(aa IAvBHp) = ( |(a )//’
c

XP(ac)(ac)il”, 1<p < oo,

k

1—@%&’ Y

i
8
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PRrROOF. First we recall some properties of ¢, (see Rudin [1980]):

(2.50) pe(pe(2)) = 2, 2 € By,

—1e®)(1 = (z,w
(2.51) 1= (pe(2), pe(w)) = ((11_ <|Z,|c§§21 —<<;:,uz>))’

zZ,w € By.

Moreover, the operator

— n/p
(T1)(2) = J{<k$%mﬂ%&»
is an isometry of H,(By,), that is, for all f € H,(By)

1T fll24,(B0) = 1 Fl134,(B2)-
Let 1 < p < oo. In view of (2.50) we have

ac = @c(a) € pc(Ank(rp, c)) = Ank(rp).

Consider an arbitrary function f € H,(By). Then g :=Tf € H,(B,). By
Theorem 2.22 we obtain

(2.52) |g(ac) — xZFP/P(q Z da( (=2)/p(, )

< (a(n IAkv H (Bn))

here and further dz = (a.)}). From (2.50) and (2.51
k

o PN o
0 — (a0, 027! D= T (oula), g2
(1 (a,¢))2/v
BCRCEEa

glac) =

Multiplying both sides of (2.52) by

(1= Je[*)m/
‘1 - <a7c>‘2n/p’
we have
2\ 2n/p
- (feg) e
XT11W!<p””uww4@1
j=0 J! <Z’C>)2n/p ‘z (ac)
R

> We(acafﬁk71{p(3n))-
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It is easy to check that p.(A) = Ax and consequently ¢.(Ax) = A. In view
of arbitrariness of f we have

_ |12\n/p
e(a. I, Hy(By)) < 21D

< We(acJﬁkpr(Bn))-

Consider the function

fo(2) = xa P (ac)|(ae) il 7 X2 (2) (2 (ac)})”
which is an extremal function in the problem of optimal recovery at the
point a. using the information I} , ie., fo € Hy(B,) and fo(ac) =
e(ac,ng,Hp(Bn)). Set go := T'fo. Then gy € Hp(By), I'1go = 0, and
cosequently

Iy, Hy(By)) > B I, H,(B
e(a, I}, p( n)) > |go(a)| = We(ac, Ap> p( )
The case p = oo is considered by the same scheme. ([

Now we consider the analogous problem of optimal recovery for the
Bergman space Ay,(By,) which is defined as the set of all holomorphic func-
tions in B,, satisfying the condition

1/p
Lo = ([ repan)) " <o 1<p<o
where v is the normalized Lebesgue measure in B,. Set

AP(Bn) ={f¢€ -Ap(Bn) : ”f”Ap(Bn) <1}
Since Aso = Hoo we study only the case 1 < p < oo.
We construct an optimal method of recovery of f € A,(B,) at a point
a € By, from the information I’y where A is defined by (2.49). We also find
the intrinsic error of this problem which we denote by e(a, I}, A,(By)).
Set

X B
Apk(p) = {z € By, :
)‘%+1(p)

Ank (P €) = @e(Ank(p))-

THEOREM 2.25. Let 1 < p < co. Then for all a € an(rp, ¢) the method

N 1—]c|2 2(n+1)/p
f(a)“’<1—<a,c>>

+|z,;\<1},

%g—p)/p(ac)

A | T (=g

=1, [iﬁp_Q)/”(Z)f(soc(Z))]
X —d’
2 .

where a. = ¢.(a), dz = (a.)}, and

- D, 11(rp, sk(2,ac))
Xe(z) = nl(1 _+<1Z’ (]ZLC)Z>)n+1+Tp/27
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is optimal for the class Ay(By). Moreover,

- 1— 02 (n+1)/p " -
o T 450 = 1t e

PROOF. Define the operator of embedding £ by

(Eg)(20,2) := g(2),
where z € B,, and (20, 2) € Byy1. It is known (see Rudin [1980]) that FE is
a linear isometric embedding of A,(By,) into Hy,(Bp41), that is, for all g €
Ap(Bn), Eg € Hp(Bn+1) and HQHAP(BH) = HEQHHP(BnJrl)- Lete: C" — CH
be the embedding ez := (0, z). Consider the problem of optimal recovery of

functions f € H,(Bp11) at a point ea from the information I7,. It is easy
to check that

e(pe(2) = peclez),  e(Bur(p)) C Antri(p)-

Since a € A, (rp, ¢) we have

ea € e(Api(rp, ¢)) = e(pe(Ank(rp)))

= SOec(e<Ank(rp))) C Spec(AnJrl,k(rp)) = An+1,k(rp7 ec)'

Let g be an arbitrary function from Ay,(B). Then Eg € H,(By+1). Using
Theorem 2.24, we obtain

(2.53) (Eg)(ea) — ToIL4Egl < e(ea, I, Hy(Bus1)),

where T} is the appropriate optimal method of recovery. For any multiindex
a=(ag,...,an), f € Ap(Bn), and z € By,

D(Ef)|,, = D

€z

Thus (2.53) can be rewritten in the form
L e VP
’f(a) - (Hm> Xc (ac)

S L [P @ fec(2) ’
(1 — (z,¢c))2(n+1)/p ooy

=

(1 - |C|2)(n+1)/p ~1 "nr
< el

where dz = (a.)}. Consequently,
(1= I+
R e e e
On the other hand, the function Fgg, where

() = e T o)) (el (ac)p)"
e O [ CA
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coincides with an extremal function for the problem of optimal recovery
at the point ea on the class Hp(B,4+1) using the information I7,. Since

lg0ll.4,(B,) = I1EgollH,(B,.1) = 1 and Iygo = 0 we have

) 1 — lel2) (1) /p
e(a I, Ay(Bo) > lgo(a)| = 2—1)

~1 -
T 1= (a, P/ X /P (ae)|(ac)]l".

O

Analogously to Corollary 2.23 we obtain the generalization of the
Schwartz Lemma for the class A,(B,,).

COROLLARY 2.26. For all 1 < p < oo and a € B, such that |a| <
)\n+1(rp)

sup |f(a)]
fE€AR(Bn)
(D% £)(0)=0, |al<r—1

D(n+1+7p/2) S~ (1) (n),a’% o
I'(n+1)0(rp/2) &= k+1p/2 \k '

=0

Let us now consider the problem of optimal recovery for the Bergman
class in the case n = 1. Using the easily checking equalities

1

11 ) ) u” P (r—1)
2 53970 = (r—1)! <5(—)z)

’220 ’

P“lwm=w—mr%1—RW{“‘dy2F<f—;>ﬁ;ﬁ’

we have from Theorem 2.25

COROLLARY 2.27. Let 1 < p < oo, I'f := {f(c),..., f"V(c)}, c € By.
For all a € By the method

(a—o)" (L —af?)*™** 1

|

(1 — ¢a)+tw®=2)/p(a) (r — 1)!

)

(1— Ct)r+lw(P—2)/P(t)f(t)] (r=1)

(t —a)(1 —at)2-4/» i=c

where

D c—a c—t
t):=14+—|(1-—
w(t) +2< 1—ca1—ct>’

is optimal for the class Ap(B1). Moreover,

T wl/p(a)
(1 — laf?)?/P"

cC—a

e(a, 1), Ap(B1)) =

e

1—=¢a
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2.6. Notes and References

2.1. Optimal method of recovery for H,, was obtained by Osipenko
[1972], [1976]. The general case 1 < p < oo was considered by Fisher,
Micchelli [1980]. Various results connected with the problem of optimal
recovery of functions from H, by inaccurate data may be found in Osipenko
[1982], [1985].

2.2. Optimal methods of recovery for functions which are analytic and
bounded in an annulus were found by Ovchintsev [1989a] and Wilderotter
[1992b]. Using the map w = i~!log z this problem may be reduced to the
equivalent one of optimal recovery on the class H&(T) Theorem 2.3 was
proved by Osipenko, Wilderotter [1997]. Similar results for the Smirnov
classes Fj, of functions defined in an annulus were obtained by Ovchintsev
[1989Db].

2.3.  The material of this section is taken from Osipenko [1994c].
Lemma 2.5 in a less general form was proved in Osipenko, Stessin [1993].

2.4. For ¢ = 0o and E = [a,b] C (—1,1) the extremal problem (2.23) was
solved by Osipenko [1972]. This problem is very close to the third problem of
Zolotarev. Using the results of Gonchar [1969] on the generalized Zolotarev
problem, Osipenko [1976] proved that

lim {/sn(Hoo, C(E)) = ¢ TBCD),

n—0o0

where F C D is a compact with a connected complement and ¢(FE, F') is the
capacity of the condenser (F, F). For the Kolmogorov n-widths analogous
results were obtained by Erokhin [1968] and Widom [1972] (see also Fisher,
Micchelli [1980]). Some results connected with the minimization of Blaschke
products in integral metrics were studied in Osipenko [1990].

Proposition 2.11 is due to Parfenov [1985]. The proof of Theorem 2.12
is based on ideas which were proposed by Babenko [1958] and Taikov [1967]
(see comments to Corollary 4.7 in Section 4.7). Theorem 2.14 was proved
in Osipenko [1994c]. In the same paper the problem (2.24) was solved for
g = oo. Theorem 2.15 was obtained by Osipenko [1995a]. The equality
(2.36) was proved in Osipenko, Wilderotter [1997].

2.5. For r = 1 (that is, the information operator has the form If = f|,)
the results of this section were obtained by Osipenko, Stessin [1992a]. The
problem of optimal recovery for the Bergman classes in the one-dimensional
case (Corollary 2.27) was considered in Osipenko, Stessin [1991]. Note that
the appropriate extremal problem plays an essential role in finding canon-
ical divisors in Bergman spaces (see Duren, Khavinson, Shapiro, Sundberg
[1993]).



CHAPTER 3

Optimal Recovery of Derivatives

We consider here almost the same problems as in Chapter 2 for deriva-
tives. In Section 3.1 we construct an optimal method of recovery of the first
derivative while the general case is studying in Section 3.2. Section 3.3 is
devoted to the periodic case. In Section 3.4 we find optimal methods of re-
covery of the first and second derivatives when their values are known with
an error in the uniform norm. The problem of optimal recovery of derivatives
from incorrect information are closely connected with the extremal problems
which are known for the smooth functions as the Kolmogorov inequalities.
In Section 3.5 we obtain the solution of these problems for analytic functions.

3.1. Optimal Recovery of the First Derivative

Consider now the problem of optimal recovery of the derivative of f € H,,
at some point ¢ from the unit disk D using the information operator

1f = {0 D) fE) o S () ),

where z1, ..., z, are distinct points from D. Put

e1(§, 1, Hp) = inf  sup [f'(§) —@(If)].
¢: CN=C fem,

Set

=
We introduce the notation
56 = ") 1 Swre,
2 D
pii={eepi ol <" 2w}, Dy=D\D:
b W(E)erares© Ceen,

B+ | 1BOR - P2
69
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£-b L, §e€ D,
== ul2):=q z—-a

1- gb 1—az ) 6 € DO
THEOREM 3.1. For all 1 < p < oo the method
n Vi—
~D Z eju(&:p)f
j=1 v=0

where for § # z;

: _ a(é) we(2)(1 = 22)% (1 — azy2e-0/p\ 77
(& p) = _u!(l/j —v—1)! wj(2)(z — €)2(1 — £2)20—2)/p ‘Z:Z. )
wilz;) 2z
cjo(zj,p) = wj_(zj) o1 ’72 2
d
B W(E)(1 — [¢?)r—2/r
) ue(6)(1 — a2/ E¢{z,..., 2},
a() = o -
W’ 5 Zj, J =4y , 1,

is optimal for the class H,. Moreover,

|IW((E))I|((1 ||;| ;i € ¢ {z1,... 2},
e1(& 1, Hy) = ug _
(6 ) = 1 o
& =z, J=1...,n
(1—|€’2)p

PROOF. Put

z—a W(2)(1 —az)?P

= ug€)(1— €7

Let £ ¢ {z1,...,2,} and 1 < p < co. Then by the residue theorem for every
f € H, we have

9(z) ==

27r7
(31) a(e) /0 992" 2F (=) du(z)
_al®) [ uela)(1—ax)XrVirf(s) de
/

21 e W)e = (1~ €20
= f ( Z Z Cjv € p
j=1 v=0

where

ug(2)(1 — az)2@-D/p '
Ma)=ald) (Vé(z)(l - gz)zu»—z)/p) -
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It is easy to check that a is chosen so that A(a) = 0. Substituting f(z) = g(z)
in (3.1), we get
1 (1—-az)(z—a)dz 1+ |b)?
i Juer (- (182 (- [EP)IT— b
Now the required statement for the considered case follows from Theo-

rem 1.10. For £ = z, a = £, and analogously to the previous case we
have

2r p—2 z z) = a(ﬁ) (1_22)2/12']0(2) dz
a(9) /0 9E)9(2) P2 (=) du(z) = /W

915, =

2mi wi(2)(z — £)?
n v;j—1
=) =D (&) M (z)
7j=1 v=0

(it is necessary to take into account that v = 1 in this case). Then we use
Theorem 1.10.
For p = co we use the same scheme and the equality

e [T ale) [ ) — @A) de
© [ e ae =55 [ g
where

O

From Theorem 3.1 it follows that in a general situation the unit disk D
is divided into two parts Dy and D; such that for & € Dy the extremal func-
tion g/||gl|3, has zeros with corresponding multiplicities only at the points
21,...,2n and for €& € D; there is the additional zero at the point a. The
appearance of such two sets was apparently first discovered by Dieudonné
[1931]. He solved the extremal problem

sup | f'(§)]
J€Hx
f(0)=0
and found that for |¢| < v/2 — 1, f(2) = z is an extremal function and for
V2—1 < |¢] < 1 an extremal function has the additional zero at some point

a(§).
Consider the generalized Dieudonné problem
sup F(€)I-
feHt,

f(O)=..=f"=1(0)=0
In this case the set Dy has the form

Doz{geD; <n—2> y§|2+2p_1|§—n<0}.
p p
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It is easy to check that for 1 < p < 2, Dy = D and for 2 < p < oo,
Dy ={{ € C:|{| <rpp}, where

—1\° 2 —1
5 o)
p p p
Tnp = 5 .
n— =
p
From Theorem 3.1 it also follows the solution of the problem of optimal
recovery of f'(0), f € Hp, from the information If = {f(—r), f(—r)}, r €
(0,1). For all 1 < p < co an optimal method of recovery has the form

F1(0) ~ (1_7”2)]’(r)_27;f(_r)'

3.2. A General Case
Let us consider now a rather general case. Namely we shall study the
problem of optimal recovery of the linear functional

v+m
Aj

(3.2) L= ﬁf(j)(é),

Jj=v

where \; € C, Ay, # 0, v > 0, on the class H, on the basis of the
information operator

If i={f(&), ... Y V&, f(z), ., f V().
fzn), ... af(ynil)(zn)}

(& 21,...,2, are distinct points from the unit disk D). The appropriate
intrinsic error we denote by

e(&,\ I, Hy) = inf  sup [L}f — o(If).
p: CN—=C feH)y

In view of duality (see Theorem 1.6) we have

(3.3) e(§, A\, 1, Hy) = sup |L3f].
feH,
I1f=0

In the previous section we deal with the case m =1, v =0, and A = 1.
To solve this general recovery problem, we need first to consider the
Carathéodory—Fejér problem about finding the value

inf [ fl3,,

where the infimum is taking over all functions from H, satisfying the con-
dition

(3.4) fOE) =4l¢j, §=0,....m

(£ € D and cy, ..., ¢y are fixed complex numbers).
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It is known (Khavinson [1981], see also Macintyer, Rogosinski [1950]
and Rogosinski, Shapiro [1953]) that for all 1 < p < oo among all functions
satisfying (3.4) there exists a unique function of the kind

1) — N2
(35)  folz) = C(1—&x)20mF /”H — % —a;2)*”,
Jj= 1
where C' is some constant, 0 < k <m, |a;| <1, j=1,...,k, and |oj| <1,
= k+1,...,m. Moreover, this function is the unique solution of the

Carathéodory—Fejér problem with the condition (3.4). (As usually all ex-
pressions involving p with p = oo are understood as their limit values as
P — 00).

Without loss of generality assume that ¢y # 0 otherwise the problem
reduces to the one with the number of parameters less than m + 1. Set

dj := ._07 s 110y
j CO7 J m
1 0 0
dy 1 f1 dq
— — 0
(3.6) A= 2 2 , '0_2 =A"! d,2 ,
dmfl dm72 i Pm dm
m m m

%:=<—1>s+l[;€+§;<—1>ﬂ‘() - 16PVps], s=1,...m.

THEOREM 3.2. Let 1 < p < oco. The function (3.5) is the solution of the
Carathéodory—Fejér problem with the condition (3.4) and ¢y # 0 if and only
if the numbers

a; ¢
3.7 bj = —2
are the solution of the system
k 7 9 m
(3.8) ST+ b=, s=1,...,m,
j=1 b=
such that
bl <1, j=1,...,k,
(3.9) . 0<k<m,
bj| <1, j=k+1,...,m,
and

By —em
@10 Ol = T
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PROOF. Let the function (3.5) be the solution of the Carathéodory—
Fejér problem. The equality (3.10) immediately follows from the fact that
fo(§) = co. Let us prove (3.8) for b; defined by (3.7). Set

fo(2)
fo(Z)

_Z aj _gii_{_(m_’_l)g g
z— 1—ajz pj: 1—ajz pl—gz'

From the definition of z(z) it follows that

(3.11) x(2) :=

(3.12) i@ =3 C) 15 (€29 ©).
7=0
Taking into account (3.4), we obtain

T

@) (&)

x

g dr—j——>=dry1, 7=0,....,m—1
|

7‘—|—1j:0 !

Thus
(4)
T .
'],'(é-):pj+1, 7=0,....m—1.

On the other hand, from (3.11) we have

(r 1) k (r—1) a;,’
_z:: ( —Oé] (1—Oéj£)r)

j=1
_gm g’r‘
pZ 1%5 +me 1) p (- ER)

In view of (3.7)

L e m e

E—a; 12 1-aé 1-[¢*

Consequently,

k m
(R UR I SRRy
=1
J 2
p

& —0—=KPpr, r=1,...,m
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Hence
k 2 m
(3.13) — bs bs
k
=3 [@" — (b +E-8°] +2

j=1
- ; (D)oo smi-gr -

Since |aj| < 1, j = 1,...,k, and || < 1, j = k+ 1,...,m, the same
inequalities hold for b1, ..., b,.

Assume now that b, ..., by, are solutions of (3.8) satisfying (3.9). Define
a; from (3.7) and consider the function (3.5). Using the same arguments in
the reverse order, we get from (3.12)

€ _, e
fo(§) 7 e’

Choosing C' from the condition fy(§) = ¢¢ (it means that C' is defined by
(3.10)), we obtain that the equalities (3.4) are fulfilled. O

7=0,...,m.

COROLLARY 3.3. Foralll < p < oo and any v1,-...,Ym € C there exists
ak, 0 <k <m, for which the system (3.8) has a solution satisfying (3.9).
Moreover, the function

k B m
I Lo -0

is a solution of the Carathéodory—Fejér problem with the conditions

F9(0) = jld; f(0), j=0,....m,

where dy = 1 and

1 r
dT:—TZIdrj’}/j, ’I":l,...,m.

We use Corollary 3.3 to construct an optimal method of recovery of the
functional (3.2). Set

o =11(722)" me=(25) we, o=

1-7%2 1—¢&z

Jj=1
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610 2= o [(mv -1 2)E - S (e

r=1

(r=1)
x (1—|¢)%) <w+pr ], s=1,...,m,

where p1,..., pm are defined by (3.6) for

N
dj:w, ji=1,...

)\1/+m

Substituting p for 1 — p~! in Corollary 3.3, we obtain the existence of
b1, ..., by for which

(3.15)

k

J

s 20p— 1) —
(b;  —b7) + (pp )ijz'ys, s=1,...,m.
1 j=1

If p=1and k < m, we define by1,...,b, as arbitrary numbers such that
b;|=1,j=k+1,...,m.

Since for |b;| = 1, Bj_s —bj = 0, we can always assume that

il <1, j=1,...,k

3.16
(3.16) bil <1, j=k+1,...,m.

Thus if p = 1, then &k = m.

For such by, ..., b, set
= UES o= meP=2
1+ &b; p
W(2) :H G H(l_a 2)2-1/p
1—@z J ’
- YL
J=1 7j=1
AW (€) (1 — [€]?)°

THEOREM 3.4. For all 1 < p < oo the method

n l/j—l

v—1
LY e ©Ff O +D ) i@ F (),
r=0

7j=1 r=0
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where
___c® U(z)
(3.17) Cr(é) - _r!(y+m—7‘)! [W(Z)(l—fz)ahzzg 5
o (6) = C© W(2)(1—2;2)" vy
R el e T s e ey

“ =\
wj(2)=H<1_z:z> ,
r=1

r#j

is optimal for the class H,. Moreover,

1 [Ha (1 —;2) (= - aj>] () )w/p.

e(§, A 1, Hy) = |C(8)] (

m! (1 — &z)m+1 ‘z:E
PRrooF. Set
o(z) = e ECOW (o)1 — gy 2 ] 22 H (1 -,
j=k+1

Let 1 <p < oo and f is an arbitrary function from H,. Put

o ‘
Jf = |C(§)|217T/0 g(e®)g(e®)[P=2f (") db.

Using the residue theorem, we have

B 1 U(2)f(z)dz
=5 [ v

2me 2)(1 — €2)9 (2 — £)vTm+l
v+m vij—1
== Z Cr(é) Z C]r Z])
r=0 7=1 r=0
where ¢, (§) are defined by (3.17) for all » =0,...,v + m. We prove that
A
CT(f):_ﬁv r=v, V+m

7
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We have
2rU(g) P (=)D a’
- 2\ Ear T
-1~ @yl 3
P Z:: R N s I (R
Substituting «; for (b +&)(1 + &b;) ! in the last equality, we obtain
(r—1) (r=1)
2\ L (6) _ Y (5) R TaPAY e
(1—=1¢P) = Wy = (1= [E)" + o0&,
where

LAY S 1 21N,
o= [0 0 = 8]+ 2 S 48y
=1 =1
Analogously to (3.13) we have
k s

A R D U ED Bl ) [CR NI E
j=1

j=1 P r=1 p

Taking into account (3.15), we obtain the following system

(318) Y (j) (&) Twy = s — mQ(p;l)(—g)S, s=1,...,m.

r=1

It is easily checked that this system has the unique solution

— Sy
wp =o€ —(1-[¢) (y_l()') +pr>

(r
(it is sufficient to substitute these values into (3.18)). Thus
2D (g)
W:pr, 7':17...,m.
Consequently,
r r r r . i
KE(E) = @) = 3 (7)eDn e
2= =0 Vi
4 dl 4
— (r=3) - —
= p. lh 5 y = 0’ » 1 1
g (’I“—j)' J+ ( )
Since
p1 dy
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we have "
h'" (5) _ _ )‘1/+m77“
1= d.h(§) = 7>\V+m h(§).
Thus
_ _& v+m-—r) o _C(g) >\r - _ﬁ
er(§) = rl(v+m— r)!h ’ (&) = 7! )\,,erh(g) ol
So we proved that
v—1 n lljfl
L =Y @O+ > e (z)
r=0 j=1 r=0

1 21 i ) 3 )
= 10Ol [ o) do.
0
To use Theorem 1.10 it remains to find ||g||3,. We have

b 1 I e
HgHHp T o ), |1 — £eif|2(m+1)

1 [[iZ: (0 —22)(z — o)

210 Jjj=1 (1= €2)mH (2 =

_ 1 H;-'Ll(l—ajz)(z_aj) (m)
- (1 — &z)m+1

m .
|=¢

For p = co we set
21 (2 — o) (1 — @,z
p(z) = 1C(&)] (lz_lig;m+l<1j)_(€z)mil).
In view of the fact that for all |a| < 1 and all |z| =1
(z—a)(1—az)
z

>0

we obtain that ¢(e”?) > 0. Similarly to the case 1 < p < 0o we can verify
that

27 ) )
5 | ool e as
v—1 n vi—1
=Lf =) e+ e (1D (z)
r=0 j=1 r=0
_ 1 szl(l—ozjz)(z—aj)

Now the assertion of the theorem follows from Theorem 1.10. O
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Note that for p = 1 the considered problem of optimal recovery has an
effective solution since such solution has the classical Carathéodory—Fejér
problem (see, for example, Goluzin [1966]).

In a general case to construct an optimal method of recovery, we first
solve the system (3.15) for £ =0,1,...,m and then find the solution which
satisfies the condition (3.16). In this connection the extremal function
9/ll9l3, has m —k zeros in D in addition to the zeros of W; which prescribe
by the information operator. For the fixed information operator the number
of additional zeros depends on the location of .

As it was mentioned, for p = 1, kK = m. It means that in this case the
extremal function has no additional zeros. For 1 < p < oo the unit disk
is divided into m + 1 sets Dg, D1, ..., Dy, (some of them can be empty)
such that if £ € Dj, then £ = m — j. In other words, if £ € D;, then the
extremal function has exactly j additional zeros counting multiplicities. In
the previous section we found Dy and D1 for the problem of optimal recovery
of f'(£) using the information operator

If ={f(0), f(0),.... " 1(0) }.

Solving the extremal problem

(3.19) sup TSI
fE€Hox
f(0)=..=fm=1(0)=0

Goluzin [1966] found that the function go(z) = 2™ is an extremal function

in this problem if and only if [¢] < 97+ — 1. In our notation he proved that
Do={z€D:|z] <2m —1}.

Now we give a description of D,, in a general case. For this set the
system (3.15) has the form

- p
b= ———s, s=1,...,m.
;” 2(p—1) "

Taking into account Corollary 3.3, we have

THEOREM 3.5. Let 1 < p < co. An extremal function of problem (3.3)
has m additional zeros in D if and only if all zeros of

m
P(z) = Z az™" ",
r=0

where ag = 1,

T

L »p
ar:*;mzarfs%, r=1,...,m,

s=1
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and s are defined by (3.14), lie in D. Moreover, if by, ..., by, are the zeros
of Pn(z), then

are the additional zeros.

In particular, we can find the other sets in the problem (3.19) for m = 2
Di={zeD:ro<|z|<m} and Dy={zeD:|z|>mr}

where 7"0:\3/571:02599 and
281 281 4
<\/\/10 \/\/10 > ) 5= 0.8423. ..

is the unique real zero of the polynomial 3t3 + 4t> 4+ 4t — 8 = 0.

3.3. The Periodic Case for the First Derivative

In this section we prove the analogue of the result of Section 3.1 for
the class Hg (T). We consider the problem of optimal recovery of f/(£),
fe Hg (T), at some point £ € D from the information operator

If = (f(@1),- -, fn)),

where x; are distinct points from T (for simplicity we deal with the case
when all multiplicities of nodes equal 1). Denote the intrinsic error of this
problem by
¢(&H)(T), I):= inf  sup [f(&) —@(If)].
@: Cn—C feHL(T)
Let K be the complete elliptic integrals of the first kind with moduli k
where k = x(f) and the function & is defined by (2.5). Set

= |"/? Hsn ( z— x])> wj(z) = Esn <I;(z - x5)> :

s#j
Assume that & ¢ {z1,...,2,} and consider the equation
1 p—2 ™ W'(€)
3.20 sn'y< + k2 sn'y+K>: .
(320 sn(y + K) P )) =% W(E)

Denote the function in the left hand side of (3.20) by s(vy). Since s(7) is a
continuous function in (—K, K) and s(y) — +oo as v — £K there exists a
solution of (3.20) v € (—K, K). For £ € {z1,...,2z,} put 7o = K.

Set xg 1= & — /K,

we) = kon (S0 (T4 m).

1
ni={ e T WOl < 22w}, T =T\
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p__m W -
p—12kK W(€)’ €€Ty, n=2m,
b W (&) sign W' (€) T n_om
Ca T ) T / ) = D) ; y ,
WO+ (27©) - 2= 2ypa(g
—’IU(-TO), n=2m—1,
b §eT, n=2m,
w(z)+b -
ug(2) == 14 bw(z) ¢ € Ty, n=2m,
w(z)+0b K -1 -
Frne (Vs (Tem0)) =2t

THEOREM 3.6. For all 1 < p < oo the method

n

F1O) =D () f(x),

j=1
where for § # x;

ug(z5)(1 + bw(xj))w’;n a5 (i(f - ﬂfj))

39
() = — g |
J 2k /2+1K (.UJ(.’I,']) sn2 <[7§(£ o x]))
¢j(z) = EZEZ;
and
2kK2 W (€)
D A
okl" K2 ,
ij(a:j), =z, j=1,...,n,

is an optimal method of recovery on the class Hg (T). Moreover, the following
equality

S WL g
D= g ok i
2 <7r> ’ |w; ()], E=ux;

holds (here we denote by [x| the integral part of x).

Proor. The function

o(2) i= VEsn <Kz)

™
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is analytic in Sg. Moreover, v(z + 2m) = —v(2) and |v(z + iB)| = 1 for

all z € R (see Appendix). Thus W(z) = W~1(z) for = € 9S5. Using the
definition of b, it can be shown that b € [—1,1]. Consider the function

g(z) = DT WE) (g yyeie an2ie (I;(z - g)) .

1+ bw(z) ug(z)
Since dn(Kz/7) and w(z) are 2m-periodic, |w(z)| < 1, z € Sg, and dn(Kz/)
does not vanish in Sg, g € HZB,(T).
ForfEHf(']I‘) and 1 <p < oo set

15:= 48 [ GElar 1) de

where Iy := [—i3, 27 — i8] U [i3, 27 + if]. The element of integration in J f
is a 27m-periodic function. Using (2.6), we can rewrite Jf in the form

(3.21) Jf:= a(£) /F ug(2)(L+bw(z)) 7

473

2(p—1) 20-1) (K
s+ ) 7 a5 (L o)
_a(§)
T Jre kW (z) sn? <(z - §)>
T
where T is the boundary of the rectangle —e < Rez < 27 — ¢, |Im z| < 3,
and ¢ is such that & 1, ..., x9, lie inside this rectangle. Assume that £ ¢
{z1,...,22,}. By the residue theorem

I 1+ CHEO - Y e )
where .
(- Puc) 1+ bl a5 (Ka-0) )
wemt (L= 0)
W (Us(z)(l +bu(z) " )

ug(§) W (z)

2=t
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It is not hard to check that b is defined from the condition C' = 0. Thus we
have

n

(3.22) Tf =118 =D ei(&)f(xy).

J=1

To calculate ||g||H5(T), substitute f(z) = g(z) in (3.21)
P

(w(2) + (1 + o) an? (2~ ©))

(£

G

(we omit here some technical details concerned with the application of the
residue theorem). Consequently,

dz

HET) ~ Ami

(3.23) a(©)lgl?,,. =2 /

(1+b%)

7T
190545 m) = (ﬁ

It remains to use Theorem 1.10.
If £ = z;, then b =0 and

(2) = W(ZZ)(Z) dAn2/? (f(z - g)) .

In this case the assertion of the theorem can be obtained by the same scheme.
For p = oo consider the integral

1£:= 28 [ G@leIre) i

(1+ bz))l/p.

where

s

o) = (ot (£ -9).

The representation (3.22) follows from (2.6) and the residue theorem. Sim-
ilarly to (3.23) we obtain

- 2
HSDH'Hf(T) = ﬁ(l +b )
The assertion of the theorem now follows from Theorem 1.10. (]

Let us consider our problem in the case when & = 0 and

If =Inf = (f(=h), f(h)), he(0,m).

In other words, we wish to construct an optimal formula of numerical dif-
ferentiation at the point £ = 0, using the information about function values
at the points +h.
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In this particular case we have
K K
W(z)=k — h —(z—h
(2) sn(ﬂ(z—&— ))sn(ﬂ(z )),
K
W(0) = —ksn®> —h, W'(0) =0.
m

Moreover, 0 € T} and b = 0. Thus we obtain that an optimal method has
the form

UK J) = f(-h) e K

!
f (O) ~ ? 2K -
sn —Ah
v
and
K2 2Kk\% K K\ 5
P p
¢ H)(T). 1) = (W> o2 Kt <W) K 4+ O,

For optimal recovery of periodic functions the most natural system of
points is an equidistant system. We will estimate the error of optimal re-
covery of the derivative from the information

If = I(Qn)f = (f(t(l))7 ceey f(tgn))’
where
tj*(] 1)n7 j=1...,2n.
Set

¢hn (H (T)) = Sup ¢ (&, HY(T), 1)

THEOREM 3.7. For all B > 0

eén(Hgo(T)) = A@ — 2ne P O(ne%ﬂn),

™
2K\ 2nA 2K
ehn(Hy (T)) = \| —27= = | ==2ne™ " 4 O(ne "),

where A is the complete elliptic integral of the first kind for modulus

Zoo 0 6—4,8nm(m+1) )2
=

_ 28 _
A= k(26n) = 4e” " (1 n 22%0:1 o—Apnm?
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ProoF. Using the first principal transform of elliptic functions of degree
2n (see Appendix), we find

2n .
s K 27 —1
Wl lz——)=k" —z - K
(z 2n> F jl:[lsn(ﬂz 2n >

j=1
f[ sn? 2']2_ 1K — sn? 5z
=k n us = )\sn<z+A,)\>
j=11— k2sn? 2 1Ksn2 5z T

Hence

In view of the equalities

%sn(t, A) = cn(t, A) dn(t, \) = /(1 — sn2(t, V) (1 — AZsn2(t, \)),

from Theorem 3.6 we obtain

e (HE(T)) = sup © (M)pmp@),

s€[0,1] 2 s
where
pa \? (1 —s%)(1— A% B s
By(s) = 8<1+<p—1> p ) L ses,
2\

7(3) < + 72(8)) ! s e [0’ 1] \ Sp,

2
o Z}ﬁ* e {8 € [0,1]: a®*(1 —s*)(1 = A*s?) < (p;) 2} :

Y(s) = ay/(1 = (1= A2%) + \/“2(1 _1—ne) P2

Let us begin with the case p = 2. It is easy to check that
Do(s) = /52 + 4a2(1 — s2)(1 — A2s2).

From properties of the first principal transform of elliptic functions of degree
2n it follows that
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Hence 2a > 1 and
P3(s) < 52 +4a?(1 — s%) < 4d®.
This estimate is attained for s = 0. Thus

2K\ 2nA
elzn(Hg@)) = T a

The asymptotic equality follows from the fact that
Vi=2¢" 40 (6_55”) ,
A=Z+0 (7).

Let p = oo. It can be easily shown that Sy, = (s*,1] where s* is the
unique solution of the equation

a?(1 — s%)(1 — \%s?) = 2.
We have

2a+/(1 — s2)(1 — \2s%), s €0,s%],

Bools) = s+ a (- 82)(; — )\232), s € (s, 1].

Since the function
5(1— 52)(1 - )\232)

F(s):=s+a
s

is convex for s € (0,1), we obtain
II[IaXl] F(s) =max{F(s"), F(1)} = max{Ps(s%),1}.
sE|s*,
The function @ (s) decreases while s € [0, s*]. Consequently,

max P (s) = max{P(0),1} = 2a.
s€[0,1]

3.4. Noisy Information

Consider now the problem of optimal recovery of derivatives of functions
by their values given with an error in the uniform norm. Let W be a convex
balanced set of sufficiently smooth functions defined on the domain 2 € C
containing some set . For & € () set

(3.24) W, EW,8):= inf sup  sup |fPE) = o(f).
p: C(E)—=C feWw fgC(E)
lf=FlloE)y<o

Thus we consider the problem of optimal recovery of the kth order derivative
of the function f € W knowing the function f € C(FE) such that

sup|f (&) — f()] < 0.
(el
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Let W = Hy, and E = (—1,1). Then in view of duality (see Theo-
rem 1.6) we have

e® (g, (-1,1), He,0) =  sup  |f®(g).
fEH
Ifllo(=1,1)<6

Consequently, for § > 1

e (¢, (~1,1), Hao, 6) = sup |fF)(€)],
feHoo

and the method ¢(f) = 0 is an optimal method. The solution of this
extremal problem can be obtained from Theorem 3.4.

In what follows we shall consider the case when 0 < § < 1. In this case
it turns out that an optimal method of recovery does not use all values of

f. It uses only the values at a discrete system of points from (—1,1). The
density of these points increases while ¢ | 0.

THEOREM 3.8. For all0 <6 <1 and £ € (—1,1) the method

o0

, N 21 (—1)j+1 ~ bj + £
f(€) = A(1— 64 (1 —€2) j:ZOO 2 ((27 B 1)7'('A> f (1 —|—§bj) )
A/

where bj are defined by (2.18) and A, A’ are the complete elliptic integrals of
the first kind for the moduli X = 62, X' = /1 — 64, respectively, is an optimal
method of recovery on the class Hoo from values on the interval (—1,1) given
with an error . Moreover,

20 4 2 1
Mg, (-1,1),H = = log = Slog = ) .
(& (‘g?( ) )7 00;5) 7T(1—§2) 7T(1—§2)5 Og6+0 ) Og(S
Proor. Put
B2 22 oo (1 _ 42,2\ 7
62) B =]l M =11 <1—b?> |
J=1 J j=1 J
B h
(3.26) W(z) = Bo(2)h(z)

z2B1(z)

where a; and b; are defined by (2.15) and (2.18) while By is defined by
(2.16). In the same way as the representation (2.17) was obtained it can be
shown that

20/
(3.27) Bi(z) = VAsn < arctanh z + A, )\) ,
T
and
1—22
(3.28) h(z) =

20 '
dn? < arctanh z, )\>

™
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Thus,
2N
12 sn ( arctanh z, A)
— T
P(z) = :
2N 2N
e ( arctanh z, /\> dn ( arctanh z, /\)
T s

In view of the Gauss transform of elliptic functions (see Appendix) we get

4L/
-2 1 sn <7r arctanh z, l)

4r/
z 1+ cn < arctanh z, l)
T

1— 22 1

P(z) =

4r’ ’
: (I+X)dn < arctanh z + i1/, l)

™

where | = 2v/A/(1 + )\) and L, L' are the complete elliptic integrals of
the first kind for the moduli I, I’ = /1 — 12, respectively. If z = €, 0 €

1 6
(0,7) U (m,27), then arctanh z = x + z% signsin §, where x = ilog‘cot 5‘
Consequently,

2sin 6

w(eie) == AL
(I+X)dn <x +iL/(1 + signsin 0), l>
T

2| sin 6|

- :
(I1+X)dn <4L£C, l)
T

Since for all u € R
1—A
1>dn(u,l) >1'= —=
> dn(u,) 21 = 15
for almost all & € T, ¢(e?®) > 0. Moreover, 1 (e?) € Ly(T).
For f € Hy put

§ 27

=55 | BoleD)(e”)f(e”) do.
T Jo

Jf:

It is easy to check that this integral can be written in the form

) h(z)

(329) Jf = % 21 B1(2)22

f(z)dz.

In view of (3.27)
By(a) = (~1VA.
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After applying Lemma 2.5 to the integral (3.29), we find

Jf =f'(0 +5ZB, be)

j=—00
From (3.27) and (3.28) we have
A A/ 1 — b2
(b — (—1)] ) — J
(330) Bl(bj) ( 1) \/X’/T(l - bjg)a h(bj) 1— )\2
Thus
Jf=1(0) = wo(Lf),
where
o > —1)7+1
@O(y) - A/(l — 54) Z ( ) A y(bj)7 S C(_lv 1)
j=—o0 sinh? ((2] —1)-—= N )
Moreover,
wo(Bo) = dl[oll-

Using Theorem 1.9, we obtain that the method ¢ is optimal for £ = 0 and
that By(z) is an extremal function. Hence

/
(0, (—1,1), Hao, 8) = BY(0) = 5%

The asymptotic equality for the intrinsic error follows from the equalities
(see (A.41))

4 4 4 1
A og/\—i—O(/\ og/\> og52+0<5 og(s)

In the case of arbitrary & € (—1,1) the statement of theorem can be
obtained by considering the function g(z) = f(w(z)) where

w(z) = 2 +¢

1+ &2
is a conformal transformation of the unit disk D. For this function we have
g0)=1—-&)f(&). O

Using the conformal map of the strip Sg onto the unit disk, from Theo-
rem 3.8 we obtain

COROLLARY 3.9. For all0<d <1 andt € R the method

: m N (-1 ; 267
f(t)%,i_z - flt+(2—-1)—-
26N (1= 0%) j=—00 sinh? <(23 —1) A/’\) ( A >
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is an optimal method of recovery on the class Hgo (R) from values on R given
with an error 6. Moreover,

oA 1 2 1
D(t, R, HL(R),8) = — = =dlog = + O  6°log - | .
€ ( ) 9y OO( )7 ) 2ﬂ IB Og 6 + Og 6
Now we consider the case £k = 2. It turns out that, by contrast with
the previous case £k = 1, when k = 2 there arises the “switching” effect,

which consists in the existence of dp € (0,1) such that for 0 < § < o
and §p < § < 1 the extremal functions and the methods of recovery are

qualitatively different.
1-55% (AN .
2 T '

We set
As above we denote by A and A’ the complete elliptic integrals of the first
kind for the moduli A = 6% and N = /1 — 6%, respectively. Since A’ is
monotone decreasing for ¢ € (0,1), it follows that the equation

1—56 /A\?
9 Y

c(9) := g

has a unique solution dy € (0,1) (computations show that dp = 0,2145...).
Thus C(dp) = 0. Moreover, C(6) > 0 for 6 € (0,6p) and C(§) < 0 for

o€ ((50, 1)
Consider the function
! 2 40200 52
Flo) = — {1 _ gsmhzilrxcn(x,a )(1;5 sn (;,5 ))
sinh? G 2 A sn(z,2) dn(z, 62)

Using the expansions (see (A.45))

3 4
sinh:cz&:%—% +0(z?), sn(z,0%) =z — 1251’34—0@5)7
x? x?
en(z,62) =1 — 5 T O(z"), dn(z,6?) =1— 54? +0(z),

we find that
F(x) = C(0) + O(z?).
Thus, for § € (0,d9) we have F'(0) < 0. Since
F(A) = 4sinh™2 1—1} > 0,
it follows that for any 0 € (do, 1) there exists v € (0, A) for which F(v) > 0.
THEOREM 3.10. For allt € R the methods

" 2 - 2 (—=1)itL 4BA
£ ~ —— OO F(t) + f<t+] )
164 257 jezz\{o} sinh? 2j—7X} A
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for 0 <6 <6y and

7r
3 cosh® Ty sn(v, §2)

f//(t) ~ 2N/ T
2
AB2A tanh’yﬁ dn®(~, 6?)

. A
(—1)7+! sinh? 2j%

i ; TN . T
jeantoy sinh? (274 = 7)) sinh? ((2jA +7) 1 )

X f(t+tj)

for dg < 6 <1, where

s

A’) tanh ((QjA + 7)1)} V2 sign j,

4
tj = 46 arctanh [tanh ((QjA —) N

™

are optimal methods of recovery on the class H&(R) from values on R given
with an error . Moreover,

A2

4625(1 — 5%y, 0 < d < do,

e (t, R, HE(R),0) = { 77 6(1 — §%)sn(y, 62)
2 T

4p tanh'yﬁ dn(vy,62)

, 0g << 1.

PROOF. In view of translation invariance it suffices to prove the assertion
of the theorem for ¢ = 0. Using the conformal map

z = tanh (47;16) ,

our problem of recovery can be reduced to the problem of recovering the
value of

w? "
ol

on the class Hy, from values on the interval (—1,1), given with an error 4.
For f € Hoo we set

(3.32) Jf = /| » YRy,

27 23
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where

/
iy 0 <6< do,

— i 4 52
LA W L GIL i B A )
sinhfyﬁ dn? (v, 62)

22 —|—a2 _ 22 +a2
W) = (=2 (— ) B ()

:ﬁ<1+bjzz>2, B2(z):ﬁz+c;?,
e 1+ajz j:11+ajz
0, 0<d <y,
{tanhfy S do<d<1

(a; and b; are defined by (2.15) and (2.18)). Set

Hl+b2 ’

Using the product expansion of elliptic functions (see Appendix), we can
show that the following representations hold:

2N 2N
Bs(z) = d cothvsn <v, 52> , Bs(z)=dsn <v + A, 52> ,
T T
(3.33) "
ho(z) = cosh? v dn? <v> , z=—tanh®v.

s

Applying Lemma 2.5 to the integral (3.32), we have

Jf = S((0)£"(0) + 29/ (0)f(0)) — S(O),

« « 11—z 14+a x; h
S(6>f = —§\Ifll(o>f(0) + 5 Z ( xiz (—:4)3/ () 0; )f(x])7
.7

JE€Z\{0} J

It is easy to see that for §y < § < 1 we have

x; = tanh (45 >

while for 0 < § < §p we have z; = a;.
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It follows from the representation (3.33) that
AN 1

ho(=a) = 7= Ba(=a)) = (F1PH8 e,
J J

2N
(1 —2%)(1 4 a?2?) dn? <7Tv, 52> tanh v 24 a2

2N/ ’ 2,2
0(1 —a?)sn <U,62> L a®
T
Hence ¥(0) = 227!, ¥/(0) = 0, %‘If”(()) = C(0) for 0 < § < dp, and
%\Il”(O) = F(y) =0 for dp < § < 1. Thus
Jf = f(0) = S(9)f.

After applying transformations for S(0) f, we obtain the following equalities:
(_ 1)j+1

U(z) = = tanh?v.

., .ﬂ.Af(aj)
jez\{0} sinh QJW

if 0 <6 < dg, and

s
An cosh? TN sn(v, §2)

S(0) = +7
A tanh’y% dn?(~, §2)
(—1)7+! sinh? 2j%
x . . m . . T f(xj)
jez\{0} sinh? ((2]./\ — ’y)ﬁ> sinh? ((QJA + ’y)ﬁ>
if g < 6 < 1.
The integral (3.32) can be written in the form
a [T 0 i0 i0
Tr= 2 [ (e (e do,
T Jo
where
22 + a? U(2)g(z)
g(z) = —Bs <_1—|—a222 , ®(2) = 2

We claim that ®(e?) € L1]0,27] and ®(e?) > 0 almost everywhere. In view
of the easily verified equality

B(z) = (22 4+ a?)(1 + a?2?) B 2?2 +a?
N (1 — a2)222 "\ 1+a222)"

in which
(1+ 2)? B3(2)ho(2)

(PO(Z) = P BQ(Z) 3
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it suffices to prove that ®y enjoys this property. Using the Gauss transform
(see Appendix), it follows from (3.33) that

/ /
cn <2Av,52) dn <2Av,52)
Bo(2) = — 2 T ™
0 sinh 2v - <2A,v 52)
T b

2(1+62) " <wv’l> 21+6%) /4l
- ; = —j— dn | —wv+iL',1 ],
sinh 2v <4L > sinh 2v T

sn | —w,l
T

where [ = 2§/(1+6%) and L, L' are the complete elliptic integrals of the first

kind for the moduli I, I’ = v/1 — 12, respectively. Let z = ¢, € (—m, 7).

Then v can be chosen from the condition tanhv = € ?+t7)/2 Hence v =

x + im /4, where

0+m
ek

—11 t
m—20gco

Consequently,
; 2(1+ 42 4L
Do () = Mdn (:L‘,l) .
T

cosh 2z

It is clear from the last equality that for 6 € (—m, )
0 < By(e) < 2(1 + 62).

In order to make use of Theorem 1.9 it remains to verify the equality S(d)g =
5]1S(9)]|, which follows from the fact that

Bs(—a3) = (=1)7.
The same theorem also yields
e?(0,(~1,1), Hw, ) = ¢"(0).

The expression for ¢”(0) is easily found by using the representation (3.33).
Passing from the class Hoo to the class HY, (R), we see that the method

71.2

" _ ~
where
jz)=f (M arctanh z> ,
T
is optimal, and
2

@ (0, R, H (R),6) = ——e®(0, (—1,1), Hoo, 8).
€ (07 Y OO( )75) 16526 (07( I )7 0075)
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3.5. Kolmogorov Inequalities
Kolmogorov [1939] posed and solved the following problem: to find
sup [[f®|oe, 1<k <r—1,

over all functions that have absolutely continuous derivatives up to (r —1)th
order and satisfy the condition

1o < Ao, 11F 7o < Ar,y

where || - || is the norm in L (R).
Denote by HZ’ (R) the class of functions analytic in the strip Sz and
satisfying the condition
If7(z) <1, z€Ss

We shall be interested in the extremal problem

sup [ /oo
feHLL(R)
[l fllo <6
This problem closely connected with the problem of optimal recovery of
derivatives from incorrect information about a function. The intrinsic error
of optimal recovery of f(*) (t) from the trace f’R known with an error § in

the uniform norm is defined by

eW(t, R, HI(R),6) := it sup  sup  [f(t) — o(f)]
¢: OR)=C renlf(R) feC(R)
[lf=Flloo<d

(see (3.24)). For r = 0 and k = 1, 2 the solution of this problem was obtained
in Section 3.4. For ¢t € R from duality (see Theorem 1.6) and translation
invariance we have

P, R,HY(R),0) = sup [fHO)= sup [f¥].
feHZP (R) feHZP (R)
[1fllco <6 1floo <8

Let A and A’ be the complete elliptic integrals of the first kind for the
moduli A € (0,1) and X = v/1 — A2, respectively. Consider the function

dx(2) :== VAsn (;Xﬁlz,g .

From the properties of elliptic functions it follows that for all z € R, |¢px(x+
i)] = 1. Thus for any X € (0,1), ¢x € HZL(R).
Put (I))“o’g(z) = gb)\(Z),

z

Dy 25-1,8(2) 12/ D) 0j-2.5(u)du,
o i=1,2,....

z
Dy 2j,8(2) = /0 Py 2j-1,8(u) du,
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The properties of ®) ;. g are analogous to the properties of the perfect Euler
splines (see Korneichuk [1987]). Using the expansion of the elliptic sine in
a Fourier series (see (A.47))

A/
, s sin ((2n + 1)7r2>
sn <Az )\> il Z 4A5

2877 A . A\’
n=0 sinh ( (2n 4+ 1) 2o
sin (( n )2A>

we obtain
. 9\ r
_— - <4A5>T§: s1n<(2n+1)4Aﬁz—2>
)‘77'76 - f ! !/ ?
AN\ TA . ( A >
n=0 (2n + 1)"sinh [ (2n + 1
G (20 +1)7sink (20 + 1) 0
T [4ABY & (=1)n(r+1)
[@xrrlloc = —+ <,> > ~
VAT TS o 4 1) sinh <(2n + 1)7;/; )

THEOREM 3.11. Let 6 € (0,00) for r > 1, and let § € (0,1) for r = 0.
Then for any 1 <k <r+1

(335)  sup [P = 98 slloc
feHLL(R) -
[ fllo<d

G <4Aﬁ >7“—/€ i (_1)n(r—k+1)
=— (= —,
VAL A TA n=0 (2n + 1)"~* sinh ((Qn + 1)7;?\)

where \ satisfies the equality
(3.36) 1P

oo = 0.

In the proof of Theorem 3.11 we use the inductive scheme applied in
the Kolmogorov comparison theorem (see, for example, Korneichuk [1976]).
However, unlike the smooth case, in the considered case the first step of the
induction is the most difficult one. First we prove a number of preliminary
results.

Denote by Hy r the set of functions from H,, that are real on the real
axis.

PROPOSITION 3.12. Let f € Hyor, and let
(3.37) [ flle=1,1) < [1Bollo(-1,1),
for some X\ € (0,1), where

lzllc(=1,1) == sup |x(t)]
te(—1,1)
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and By is defined by (2.16). If £ € (—1,1) and f(§) = Bo(§), then
1f'(€)] < |By(&)].
PROOF. In view of (2.17) and (2.19) we have

(3.38) IBollc(-1,1) = VA, Bo(by) = £(=1)/ VA,
Thus the proposition is obvious for { = +b;, j = 1,2,.... For f € Hor
and £ # £b;, j = 1,2,..., put

1 h(z)f(z)dz

T 2w Je Bi(e)(e - 921 62
where h(z) and Bj(z) are defined by (3.25). By Lemma 2.5, we get

(e Y
1= (Ba-87) e
) (1) ) Y.

= Bi(b))

Using (3.30), we have

(bj —&)2(1 —&bj)? (b +&)2(1 + £b;)?

ey h(z) / mC(E)
339 16=-CO (50 rer) O G
. j f(bj) f(_bj)
’ ;(—1) Ty ((bj —2(1—E)* (b + 21+ gbj)2)
+C(&)Jf,
where
_ 22
ole) - BOUEF
Putting
52
)= o -
and taking into account that |By(e?)| = 1 almost everywhere, we have
27
15 = 5 [ ol s () 1) do,
0

where 1) is defined by (3.26). In Theorem 3.8 we proved that the function
(") is bounded and positive almost everywhere. Obviously, 11 (e?) has
the same property. Thus, for all f € Hyr

2
(3.40) |Jf| < 217T/1/1(ei9)w1(ew)d9 = JB,.
0
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Suppose that C(£) > 0. Then by (3.38), (3.39), and (3.40) we have

(3.41) f'(¢) < —0(5)< 2)\z ¢

o0 1 1
+ 5 1—)\2 2 1-H) (b ORI 5 1O <1+sbj>2>
+ C(6)TBo.

If f(§) = Bp(&), then the right-hand side in the last inequality coincides
with Bj(§) (see (3.39)). Thus
(3.42) f'(€) < By(8).

Put

a—z 2
g(z)::f<1—az>’ a::1+§2-

Obviously, g € Ho g and satisfies the condition (3.37). Moreover, g(£) =
f(&) and ¢'(§) = —f'(§). Therefore, applying the inequality (3.42) to g, we
obtain

—f'(§) < By(6).
The case C'(§) < 0 can be considered analogously by changing the inequality
(3.41) to the opposite one. O

Denote by H ’5 r(R) the class of functions from HE (R) that are real on
the real axis (for r = 0 the corresponding class is denoted by H fo r(R)).

PROPOSITION 3.13. Let f € Hfo’R(]R) and let
[flloe < lloalloo
for some XA € (0,1). If a,b € R and f(a) = ¢x(b), then
|f'(a)] < [P (B)]-

ProoF. Without loss of generality we can assume that a = b. Put
4
w(z) = 45 arctanh z.
T

This function maps conformally the unit disk D onto the strip Sz. Thus,
f(w(z)) € Hxor. Since ¢pr(w(z)) = Bo(z) (see (2.16)), by putting £ =
tanh % in Proposition 3.12, we obtain

| (w(€)w' ()] < @) (w(&))w'(€)]-
Hence, [f(a)] < |¢)(a)]. O

From Proposition 3.13, applying the inductive scheme of the proof of
the Kolmogorov comparison theorem, we obtain the following theorem.
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THEOREM 3.14. Let f € HY,(R), r > 0, and let
(3.43) [ flloo < ||(I)>\,T75Hoo
for some A € (0,1). If a,b € R and f(a) = ®x,5(b), then
[f'(a)] < |®) . 5(D)
From Theorem 3.14 follows
COROLLARY 3.15. Let f € HPL(R), r > 0, and let the inequality (3.43)
holds for some X € (0,1). Then for all1 <k <r+1
k
1D oo < 08 e
REMARK 1. The statement of Corollary 3.15 remains valid for the class
HZP(R). Indeed, assume the converse. Then there exists fo € HZ(R)
satisfying the inequality (3.43) for some A € (0, 1) and such that
k k
1£67loe > 11955 s loc-

Consequently there exists tg € R for which
k k
)] > 108 e

Without loss of generality we can assume that fék) (to) > 0. Consider the
function

JYRpy (CEa c)

It is obvious that f; € H;’)B r(R), satisfies the inequality (3.43), and
k k k
19(t0) = 157 (t0) > 18 slle.
This contradicts Corollary 3.15.
PROOF OF THEOREM 3.11. Put ®) 1 4(2) := ®) ; 5(z). Then

O () = Br,npl(z), k=1,...r+L

It is easy to verify that the equalities (3.34) also hold for r = —1. Thus,
using Remark 1, we see that it is sufficient to prove the existence of A € (0,1)
satisfying (3.36). Since
1@x0,8ll0c = VA,
we have for r = 0, A = §2.
Let r > 1. Then from (3.34) it follows that |®y , gl/sc depends continu-
ously on \. Since A’ — oo and A — 7/2 as A — 0, and (see (A.40))

mA’ 1
i = —
)\n%\[\exp<4A> 5

we get for all j >0

A/
V/Xsinh <(2j + 1)7;A) — .



3.5. KOLMOGOROV INEQUALITIES 101

Thus || @), 4llcc — 0 as A — 0. If A — 1, then A’ — 7/2 and A — co. In
this case it follows from (3.34) that || @y, gllcc — 0. O

As it was yet mentioned, for r = 0 the equation (3.36) has the solution
A = 62, Thus

SN
(3.44) sup  [|f]loo = 55"
feHE (R) Z
[[flloo<d

where A’ is the complete elliptic integral of the first kind for the modulus
N = /1 — 64 (the equality (3.44) is also follows from Corolarry 3.9). Denote

by H&(R) the space of functions which are analytic in the strip Sz and
satisfy the condition

= sup |f(2)| < 0.
HfHH{jO(R) ces, | f£(2)]

Then from (3.44) it follows that for all f € H%(R) the inequality

1 /2 dx
17 e < = IF 1o 171120 / ,
23 Hoo(R) [ \/”fu;l-tffo(R) cos?x + || f||4 sin? z

holds.

In contrast to the smooth case for the considered extremal problem on
the class H5 (R) we can pose the problem of norm estimation not only for
intermediate derivatives but for derivatives of arbitrary orders. It turns out
that for & = r 4+ 2 the equality (3.35) holds only for small 6. It was shown
in Section 3.4 that for A = §2 the equation

1-5X2 /A\?
(3.45) 5 <W> =1

has the unique solution 6y = 0,2145. .. (see (3.31). Put \g := §3 = 0,0460. ..
and

Oy 1= ||(I))\0,r,1H007 r>1
(since ||®x ., 5llco = VA the last equality is also valid for r = 0).
THEOREM 3.16. Let r > 0 and 6 € (0,0,5"]. Then

. AV
sup Hf( +2)Hoo = H K,O,BHOO = <26> \/X(l _ )\2)7
feHLP (R)
[1flloo <6

where X satisfies (3.36).
PRrOOF. In Theorem 3.10 we proved that for 0 < A < g

A )2 VAL = \?).

(3.46) sup 1" loo = 190 plloo = (25

feHL(R)
I £lloo <VA
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It follows from (3.34) that

H(I))\omﬁ”oo = 5r/8r-

By analogy with the proof of Theorem 3.11, one can show that for § €
(0,0,5"] there exists A € (0, \g] satisfying (3.36). Now the assertion of the
theorem follows from Theorem 3.11 and (3.46). O

Let us calculate the value §;. We have (see (A.46))

2A /N A
[®x 1,100 = Vs <2z, )\) dz
0
2/ A 1 14+
= t,\)dt = log ————.
AI Osn(’) \/XAlog]-*)\

Taking into account (3.45), we obtain

1/1-52\"2 14X
5 =— 0 1 =0,0961... .
! 7I‘< 2)\0 > Ogl—)\o ’

3.6. Notes and References

3.1. The problem of optimal recovery of the derivative of f € H
was solved by Micchelli, Rivlin [1977]. The general case 1 < p < oo was
obtained by Osipenko, Stessin [1991]. An interesting minimization problem
for optimal recovery of the derivative was considered by Rivlin, Ruscheweyh,
Shaffer, Wirths [1983]. In this paper for a given £ € (—1,0) an optimal
recovery method of f/'(§), f € Hs, from the knowledge of function values
at points z1,..., 2, € [0,1), which are chosen to produce the least possible
intrinsic error, is constructed. Previously Rivlin, Shaffer [1983] noted the
unexpected fact that for £ = 0 and n = 1 the intrinsic error is minimal if
zZ1 = 1 / \/g

3.2. The material of this section is taken from Osipenko [1994a].

3.3. The material of this section is taken from Osipenko [1999].

3.4. Theorem 3.8 was proved by Osipenko, Stessin [1993]. The problem
of optimal recovery of the second derivative which differs from the first
derivative by a “switching” effect was studied in Osipenko [1994c].

3.5. There are many papers devoted to Kolmogorov-type inequalities for
classes of smooth functions (see Tikhomirov, Magaril-1l'yaev [1985], Magaril-
II'yaev, Tikhomirov [1997]). The analogue of the classical Kolmogorov in-
equality for the Hardy—Sobolev class H? (R) considered in this section was
obtained by Osipenko [1994b].



CHAPTER 4

Exact n-Widths of Analytic Functions

In Section 2.4 we looked for n optimal nodes to make the intrinsic error
of optimal recovery minimal. Nevertheless, it is natural to ask: are there any
n linear functionals which can be used instead of function values for which
the error less? In other words, we would like to know what information
is better to know about functions in order to recover them more precisely.
This question leads to the notions of n-widths.

In Section 4.1 we find the exact values of the Kolmogorov, linear,
Gel'fand, and information n-widths for the class H, in Ly(E,p), 1 < ¢ <
p < 00, where FE is a subset of the unit disk. In Section 4.2 we obtain the
exact order of d,(Hp,Ls(—1,1)) for all 1 < ¢ < p < oco. Section 4.3 is
devoted to the periodic case. We calculate the exact values of n-widths for
the Hardy—Sobolev classes in the case p = oo.

In Section 4.4 we proved the Ismagylov type theorems for the linear,
Gel’fand, and Bernstein n-widths in a Hilbert spaces. In Section 4.5 we apply
these results to n widths of ellipsoids. Section 4.6 is devoted to the exact
values of n-widths for the Hardy—Sobolev and Bergman—Sobolev classes for
p=2.

4.1. Exact n-Widths in H),

Let X be a normed linear space. The information n-width of a set
W € X is defined as follows

(4.1) in(W,X):= inf inf  sup ||f =SS, f)lx,
l YlDVgY* S: M"—X few
1yeensbn

where the infimum is taken over all normed linear spaces Y containing W,
here M = R or C. If the infimum in (4.1) is attained for some linear
functionals, then these functionals are said to be optimal for corresponding
information n-width.

If X is a normed linear space of functions defined on a set G and there
exists Y O W such that for all t € G, If := f(t) € Y*, then it is evident
that

(4.2) in(W, X) < s,(W, X).

For some classes of analytic functions we study whether the equality in (4.2)
holds (that is, function values are optimal functionals) or not. If not, we
shall be interested in optimal functionals which make possible to recover

103
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functions better than for function values. We shall also be interested in
the connection between these quantities and the Kolmogorov, linear, and

Gel’'fand n-widths.
We start by recalling the definition of the various n-widths (see (1.3)).
The Kolmogorov n-widths are defined by
dn(W, X) :=inf sup inf [z —yllx,
Xpn zeW yeX,
where X,, runs over all subspaces of X of dimension n or less.
The linear n-width is the quantity
A (W, X)) := infinf sup ||z — P,z||x,
Y P, xeW

where Y are any normed linear spaces containing W and P, are bounded
linear operators mapping Y into X, whose range is n or less.
The Gel’fand n-width is defined as follows

d"(W,X) :=infinf sup |z]x,
Y Ynzewnyn

where Y is as in the definition of the linear n-width and Y™ are any subsets
of W of codimension n (here we assume that 0 € ).

Much information on n-widths can be found in Pinkus [1985]. In par-
ticular, the following fundamental inequality holds:

(4.3) dn(W, X), d*(W,X) < An(W, X).

PROPOSITION 4.1. Let W be a centrally symmetric set and 0 € W. Then
(4.4) d"(W, X) <in(W, X) < \p(W, X).

PrOOF. The inequality

in(W, X) < A(W, X)

evidently follows from the definition of information and linear n-widths.
The lower bound we prove similarly to Proposition 2.9. Let Y D W and
li,...,l, € Y*. For each € > 0 there exists f. € W such that [ f. = ... =

Infe =0 and
sup  [|fl[x < [Ifellx +e
few

€
lif=.=lnf=0
For all algorithms S we have

Ife =500,....0)x + [ = fe = 5(0,...,0)|x = 2[| /=[x

Therefore,
sup [|f=SUuf,. lnf)llx 2 Ifellx =2 sup [[fx—e=d"(W,X)—e.
few ew
Iy f=...=l, f=0
Taking the infimum over S and [y ...,[,, we obtain

in(W,X) > d"(W, X).
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To calculate exact values of n-widths we shall frequently use the Borsuk
Antipodality Theorem (Borsuk [1933]). For easy reference we state here a
version of it.

THEOREM 4.2. Let 2 be a bounded, open, symmetric neighborhood of 0
in R" and T a continuous map of O (the boundary of Q) into R™, with
T odd on 0L, i.e., T(—x) = —T(x) for all x € 0. Then there exists an
x* € 09 for which T'(xz*) = 0.

For the Hardy classes H), there is a general result concerning exact values
of n-widths which is formulated as follows.

THEOREM 4.3. Let E be a subset of the unit disk and p be a positive
measure on I such that the restriction operator,which maps H, into L, =
Ly(E,p), is compact. Then for all1 < ¢ <p < oo

dn(Hpv Lq) = An(Hp’ Lq) = dn(Hszq)

= Sn(Hpan) = in(Hpan) = Blélé gseuI—II) ||Bg||an
n P

where B, is the set of all Blaschke products of degree at least n.

To prove this theorem we need some preliminary results relative to the
extremal problem

gl
(4.5) (p,q) == sup =
gerty 197,

A compactness argument shows the existence of solutions of (4.5). Moreover,
we claim that any solution of this problem is free of zeros in the unit disk
D. In fact, if g € H, has zero at a point o € D, then

7= el [T e

1—az

19" 13, = llgllz, but |g*|l, > llgllz,- We shall call a solution of (4.5)
normalized if it has a H, norm one and is positive at the point z = 0.

PROPOSITION 4.4. Let g be a normalized solution of (4.5). Then for all
1<q¢g,p<ocoandall® T

(4.6) 5q(p,q)|g(6i9)lpZ/E\Q(Z)qu(ew,Z)du(Z),
where
i0 _ 1- |Z|2
P(e”, 2) = 11— 6—i92|2

1s the Poisson kernel.
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_ PrOOF. Let u be a real harmonic function on D which is continuous on
D. Let v denote the harmonic conjugate function of u. Set g. := exp(e(u +

w)), € € R. Since d(p, q) > |l99:||z, /199:|12, . we have

1 2T 0 (Z) 1/p ) 1/q
) (5 [ latererea) "z ([ lgeipen e )

Expanding the exponentional terms and using the binomial theorem together
with the fact that the solution ¢ is normalized we obtain that

1 2m ; ;
0z [ la@Pue)an = [ o) duc:)
- [ 19 / u(e?) P, 2) O du(2)
2m 0 "
o [ e [ lo@IP(e?, ) duz) s,
T Jo E
Since u(e') is an arbitrary continuous function on T, we have (4.6). O

PROPOSITION 4.5. For all1 < q < p < oo a normalized solution of (4.5)
s uniquely determined.

PROOF. For p = oo it is evident that g(z) = 1 is the unique normalized
solution of (4.5). Assume that p < oo. Let g1 and g2 be two normalized
solutions of (4.5). It follows from (4.6) that

101(¢) /g2 ()P = / 101(2)/g2(2)| di(2),
E

where 0,
ap(et
sy = 2 CIPE2) dule)
i l92(2)|1P (e, 2) dp(z)”
Since v is a probability measure we have

(4.7) l91(e”)/g2(e) P < sup 191(2)/g2(2)[*.

Put u := log|g1/g2|- Both extremal functions g; and g have no zeros in
the unit disk. Consequently u is a harmonic function on D. It follows from
(4.7) that

supu(e'?) < q supu(z) < supu(z).

6eT P zeE z€FE
The maximum principle implies that u is constant. Hence g1 is a constant
multiple of go and the constant must be 1 since g; and go are both normal-

ized. O
PROOF OF THEOREM 4.3. Let zp,...,z, be distinct points from the
unit disk D, w = (wy, ..., w,) € C*, and Y7 [wj|* = 1. Put
w) = inf .
pwi= it Il

f(Zj):’lUj, j:()v“"n
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According to the classical Pick—Nevanlinna Theorem (see, for example,
Walsh [1960], Fisher [1983]) there is a unique Blashke product B € B,
such that

(4.8) p(w)B(z;) =wj, j=0,...,n.
This implies that the mapping
a(wo, ..., wy) = B,

where w € S?"*! and B satisfies (4.8) is odd. Moreover, « is continuous
in the topology of uniform convergence on compact subsets of D. Denote
by gp the unique normalized solution of (4.5) with respect to the measure
|B|9dp when q < 0o. For ¢ = oo put gp(z) = 1. Define 8: S — L, by

B(w) = a(w)ga(w) .

It is clear that g is a continuous odd mapping.

Let X,, be a complex n-dimensional subspace of Ly, 1 < ¢ < oo, with
basis fi,..., fn. For each f € L, there exists the unique best approximation
to f from X,

fo=> ci(H)f
j=1

Put v(f) := (c1(f),...,cn(f)). Then the mapping v o B: §?nF! — R2?" is
continuous and odd. By the Borsuk Theorem (see Theorem 4.2) there exists
a w* € $*"*1 for which ¢;(B(w*)) =0, j = 1,...,n. It means that there
exists the Blashke product B* € B, such that ¢;(B*gp<) =0, j=1,...,n.
Thus

sup inf ||f —hl||r, > inf |[|[B*gp- — h||L, = ||B*9B+|L
sup heX”H g heXn” I, = | L,

> i =i .
= jof I1Bgpl, = mf P 1Bgllz,
This completes the proof of the lower bound for the Kolmogorov n-width
(the cases ¢ = 1,00 are established by passing to the limit as either ¢ N\, 1
or q /1 oo).
To obtain the lower bound for the Gel’fand n-width consider an arbi-
trary normed linear space Y containing H, and arbitrary linear continuous
functionals l1,...,l, € Y*. Denote by ~;: S?*! — C" the mapping

m(w) = (L (Bw)), .., (B(w))).

~1 is an odd and continuous map. By the Borsuk Theorem there exists the
Blashke product By € By, such that [;(Bogp,) =0, j =1,...,n. Thus

sup 1fll, = 1Bogsoll, = inf sup [|BgllL,.
feH, BeB, geH,
Li(f)=0, j=1,....n
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Now we prove the upper bound. In view of (4.2), (4.4), and ((4.3)) it
suffices to prove it for s,,(Hp, Ly) and A\, (Hp, Lq). For p = oo it follows from
Theorem 2.1 that

Sp(Hoos Lg), My(Hoo, Lg) < inf HBHLq: inf sup HBQHLq-
BGBW BEBn geHoo

Let p < oco. For f € Hy, £ € D, and

B(z) = ﬁ <1Z__:z>w

Jj=1

set

- N (1= 16 (2)
Jf() = 3(5)98(5)2m- /|Z=1 B(2)gp(2)(z — €)(1 — £2) =

By the residue theorem we have
k Vj—l

JFE) =F©) =Y cu(©f"(z)

j=1 v=0

(¢ju (&) may be determined exactly as it was done in Theorem 2.1). It is
easy to check that

2 ei@
IO = B©w© [ )

Be)gn(e "0

where
dv(6) = %P(ew,f) do.
Since v is a probability measure, by the Holder inequality we obtain
A < 1B©gn©L" [ S FCON N
o |gn(e?)
Thus in view of (4.6)

1 27 f(ew) q 0
191, < 5= [ 2G| [ 1B@aner et dute) as
. 1 2 f(ew) ! 0
5q(p,q)27r/0 a5 lgB(e™)[” db
~ .0y [ L) g ()1 db.
’ 27T 0

Applying the Hélder inequality to the latter integral with powers p/q > 1
;D
and (p/q)’ = ——, we have
pP—q

p—aq

1 2 ) % 1 2 ) P
518, < 00 (5 [ 1seras)” (5 [ ane ao)

< d(p, q).
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Consequently,

gE€Hp

As B is arbitrary we obtain the required estimates for s,(H,,L,) and
An(Hp, Ly). O

COROLLARY 4.6. For all1l < g < o0

(4.9) dn(Hoo, Lg) = Mn(Hoo, Ly) = d"(Hoo, Lg)
= Sn(H(X)qu) = in(Hman) = Binlg’ HB”Lq

In Theorems 2.12, 2.16, and Corollary 2.17 we obtain a number of exact
values of s, which in view of Theorem 4.3 coincide with the Kolmogorov,
linear, Gel’fand, and information n-widths. For example, we formulate the
corresponding result for the n-widths of H,, in Ly(T),0,).

COROLLARY 4.7. Forall1<g<p<ocoand0<p<1

dn(Hp, Lg(Tp, 0p)) = An(Hp, Lg(Tp, 0p)) = d"(Hp, Lg(T), 0p))
sp(Hp, Lg(T),0p)) = in(Hp, Lg(T), 0p)) = p".

4.2. Estimates of n-Widths for H, in L,(—1,1)

We apply the result of Theorem 4.3 in the case when E = (—1,1) and pu
is the Lebesgue measure. For m € N set

(4.10) Eyn(p,q,m) := inf sup [B"g|L,(-11),
BeB, geHy

where B, is the set of all Blaschke products of degree at least n. To ob-
tain estimates for n-widths of the pair (Hp, Ly(—1,1)), we have to estimate

En(p,q,1).
First we prove some preliminary results.

PROPOSITION 4.8. For all0 < p <1 and all B € B,

JICILE PR
o 11— 22 - 4

ProoF. It suffices to prove that for all z from the unit disk D

p
/ log
—p

T—2z dx 2
>

1—22~ 4

1—Zzz



110 4. EXACT n-WIDTHS OF ANALYTIC FUNCTIONS

dx >/110g
1—zz|1—22~ ),
dx !
1—Rezx| 1— 22 :/_110g]u|

1
2/ log
1 1 2
du 1—tdt T
=2 /1 1 =_—.
/0 oglul 70 /0 ®1rtt T 4

The last integral can be calculated by using the Taylor series for the loga-
rithmic function and the fact that

o0
Z%—l ?

We have

P
/ log
—p

dx
1—zz| 1 — 22
r — Rez

xr—z r—z

k=1
O
PROPOSITION 4.9. For all R > 0 there exists a constant Cr such that
for every 0 <r < R there are a1, ...,a, > 0 for which
n
(4.11) max x" — < Cre ™™
z€0,1] 1 T+ ag

PRrROOF. We begin with the case R < 1. For r = 0 the inequality (4.11)
is evident. Assume that 0 < r < 1. Set

o(u) = ™V yk::M k=1,...,m,

p(m)’
m
=
= og )
pec L
Let us estimate the function u(x) for yp < © < yg41, k=1,...,m — 1. Put
¢ = zp(m) and
§ — p(u)
g(u) :=log
£+ p(u)

Then
u(x) =v(&) ==Y g(k)
=1

Since the function g(u) is convex and negative for v € [1, k] and u € [k+1, m],
we have

o

k
Z}
/km :Ek: k—i—l)—i—g(m Z'Z g(j)_g(k—kl)‘

+1

| \/

| \/
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k+1 k)4 g(k+1
Zg / )du—/ g(u)du—i—g() 9( )
k 2
We show that there is a constant C such that

/k-i-l o) du— g(k)+ g(k +1) S
k

Making the substitution y = ¢(u) and then putting y = £t, we obtain

Thus

k+1 oIS p(k+1) f y dy
g(u)du = — log logy —
/k () 7 Jo(k) E+y y
9p [ek+1)/¢
= —Z log log ét —
™ Jo(k) /¢ T+t

Since (k) < & < @(k + 1), there is a § € (0,1) such that { =
exp(m\/(k+6)/r). Put

e::l_@(j):%\ﬁﬁ o(;)

We have to prove that

(4.12)

1+5 1—¢ dt or [0 1—t|logt
/7k+9 / r/ log logt
11| v 7r2 l—e 1+t| ¢
1 ) 1 €
— =1 — =1 > C.
2 %9 s 2%y =
Since
2 ET 0 — —— —oq)
O
0+e¢ ’
it suffices to prove that
1 144 1—t|dt 1 ) 1 €
lo —log —— — =1 > C.
5+s/1_5 ‘1+tt 2 %975 2%y~
In view of the fact that the function
l—tl 1-—t¢
o
BT e
is bounded it remains to show that
1 149 1—t ) 1 £
= log |——| dt — =1 — =1 > C.
(5—1—5/1_5 811y 2 %915 2%y .=

Taking into account (4.12), we find

1-260 1—0 1
I= 7 log 7 +O<>.
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Thus we proved that there is a constant C' such that for all x € [y1, Y]

(4.13) Z 9(j / (u) du — C.

Denote the latter mtegral by J. We have

or [T 1— dt
J== ] 1 t—<C’ —1 ]
2 Je-ro0) og 11¢ 0g§ + ng/ 0g 1+t‘ ;
L2 : /001 14t dt+/f ¢<>1 14t| dt
— lo og|——| — og|l——| — |-
R W Y e S1T—¢|
Using that
1—1t 71'2
Sl1re| ¢ 2

and for all x € [0, 1]
it dt
Sl e =

2
J<C —rlog€+ W—Z log € (42 +4¢ 7 1p(1)) < C —rlogé + %x\/mr.

we get

Since
r+1
< =1
T8 T
we have
r+1
JSC—rlogx—W\/mT+2[\F]log —|-

From here and (4.13)
m
Zl T — Yk
og
el LT Yk

Putting n,, := m + 2[y/m| and observing that /mr > \/n,r — 1, we find
that the rational function

o o — yp [ —1
f(@): kl;[liryk <x+1

for all [y, 1] satisfies the inequality
a'|f(z)] < CemmVimT,

< C —rlogx — m/mr.

+2[y/m]log |~

-1
41

)%/ﬁ]

For x € [0, y1], taking into account that |f(z)| < 1, we have
a'|f(z) <yp < Cemm™Vime

Since 141 —nm < 3 we proved the assertion of the proposition for all n € N
and R < 1.
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Assume now that R > 1 and s < R. Put r = s/([R] +1). Since r < 1
there exists a rational function

m
I )
flz) = ]1211 Tt
such that
x'|f(x)| < Ce ™M,
Consequently,

xr([R]+1)|f($)‘[R]+l < C[R]Jrl efw\/W([R}Jrl).
Thus we have found a rational function fi(z) = fI+1(x) of degree n,, =
m([R] + 1) such that
xs’f1<l')’ < C[R]-‘rl e—ﬂ\/m.

Since ny4+1 — N < [R] + 1 the assertion of the proposition is proved for all
n € N. ([

By the mappings
z—1

r+1

we obtain

COROLLARY 4.10. For all R > 0 there exists a constant Cr such that
for every 0 <r < R there is a B € B, for which

H[lalxl](l —2%)"|B(z)| < Cre ™V™/2,
xze|—1,

Now we can prove the main result of this section.

THEOREM 4.11. For all1 < q < p < oo and m € N there exist constants
C1 and Cy such that

Cln(l/q_l/p)/2 exp —TT @ <1 - 1) S E?’L(pﬂ q? m)
2 \qg v»p

< O Wa102 oy ”m(l_1> .
- 2 \q »p

PRrROOF. We start with the lower estimate. Set
(2) =
plz) = (1— 22)1/p—a
where 0 < ¢ < 1. We have
9ep  [7/2 P

P o= inPthdo < —.
H‘PHHP * /s sin < 25

Consequently, for Cy := 7r*1(2p)1/p
Y(2) == Coe'Pp(z) € H,.
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For 0 < p <1 set

1 14+p C
. 1 — P
Cp =1lo ﬂ, ’LU(Z') 1— xQ
Since

P

/ w(z)de =1,

-p

Jensen’s inequality implies that for every B € B,

o B@
Ip = ”B%OH%q(_M) = /_p WM Ha)w(x) da

p
>/ |B(x)’qw—1+q/p—aq(x)cp—q/eraqw(x) dr
—p

p
> exp/ (qlog |B(z)| — (1 — % + Eq) log w(x)
—p
q
- (p - 5q> log C’p) w(z) dx.
It follows from Proposition 4.8 that

p 2
/ qlog |B(x)|w(x) dx > —Cpqnz.
—p
Furthermore, we have

? log(1 — x?)

T dx

p
/ log w(z)w(x) dr = log C, — QCp/
0

—p

P 1 1
§long—C’p/0 log(l—;v)<1+x—|—1_$> dx

1
<logC, +C, <1 +5 log?(1 — p)> :

Observing that

1
Cp<——F—,
7= —log(1 - p)
we obtain
m? q 1 2
Ip > exp —Cpan—long—Cp 1—5+5q 1+§log (1—p)
2

1 T
— — _gn— +log (—log(1 —
g~ "4 + log (—log(1 — p))

+ (1—;+6q> <log(11_p)—|—;10g(1—p)>}.

Choosing the parameter p such that

-

T 1
log(1—p) = —\/ﬁﬁ e
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1 1
Igp > exp | —mq n(—+€>+log\/ﬁ+C’ .
2\q¢ »p
Thus

. . 1 . 1/q
Eu(p.a:1) 2 nf [1BY]lL,-1,1) = Coe /P Auf Iy

S CeVrn @) o [y [T <1 1 E)
2\qg p

> Cet/Ppl/(29) exp (—w g (1 — 1) + Cﬁa) )

we have

q P

Putting £ = 1/y/n, we get the lower estimate for m = 1. The case m > 1
follows from the fact that

En(p,q,m) > Epm(p,q,1).

Now we obtain the upper estimate. If p = ¢, then

En(p,p,m) < sup [|gllL,(-1,1)-
gEH)p

The Fejér—Riesz inequality (see Duren [1970, . 46]) yields
l9llz,(-1.1) < 7/7llglla, < 777

Thus
En(p,p,m) <w'/P.
For p > q we set s := p/q > 1 and apply the Holder inequality

1 1/(gs) 1 ) 1/(gs")
Eup.am) < swp int ([ gwmas) ([ pwrea)

geH, BEB, -1 -1
Putting
1 1\ !
(4.14) t:=mgqs' =m < - > ,
q D
we obtain

E m) < sup inf _ B|™ < 7P inf ||B|™ .
n(P, 4, )_gelngeBanHLp( 1,1)” ||Lt(71,1)_7r BeBnH HLt(fl,l)

Let 7 := (1 — n~'/2)/t. From Proposition 4.9 we have
1/t

1
1B, (-1,1) < </1(1 — %)t da:) max (1 — 2?)"|B(z)|

te[—1,1]
< Conl/) exp <—7r ;) .

Taking into account (4.14), we get the upper estimate. O
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From Theorems 4.3 and 4.11 immediately follows

THEOREM 4.12. For all 1 < q < p < oo and the pair (Hp, Ly(—1,1))
there exist constants C1 and Cy such that

CnV/a10/2 o i |7 <1 _ 1) <dy =N, =d'—s, =i,
2\q p

< OynW/a=1P)2 oxp | -1 n<1_1> )
- 2\q¢ p

4.3. Exact n-Widths of Periodic Functions

Denote by H;;B = (T) the set of all 2m-periodic real-valued functions that
can be analytically continued in the strip Sg so that |f(")(z)| <1 (for r = 0
the corresponding class we denote by H fOR(T)). To find exact values of

n-widths on the class Hgoﬂ = (T) we need several preliminary propositions.
Let ¢ be a real-valued continuous function defined on [—1,1]. For a
real-valued continuous 27-periodic function X we set

O2, (0, K) :i={n=(,....,m2n) : 0 < < ... <oy <27, (K xhy) L1},
where

hn(t) = (—1)j, te [77]'_1,77]'), i=1....2n+ 1.
Denote by D, the Bernouilli Monospline:

1 X cos(kt — 77 /2)
Dr(t):%ZT, 7':1727....
k=1

LEMMA 4.13. Let ¢ be a continuous, odd, and strictly increasing function
defined on [—1,1]. Assume that K € NCV D. Then
érel]% @+ Dy x (K x hy)|loc = [| Dy * o(K * hn)||oo-
N€EB2, (p,K)
PROOF. Let 1 € Og,(p,K). Set
fn = Dy % (K % hy), fn =Dy x (K * hy,).
Suppose that there exists an a € R and a n € Og,(p, K) for which
la+ follo < [[fnllco-

As fp(t+m/n) = —fn(t), there exists at least 2n points 0 < 1 < ... < g, <
2m such that '

fats) =e(=1) I falloos J=1,...,2n,
where ¢ = 1 or —1. Denote by Z(f) the number of distinct zeros of a
function f on T. Then for any o € T we have

Z(ful-+0) —a=fy()) 2 2,
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By Rolle’s theorem
S(FO+a) = £()) = S (0 ha)(- + @) = o((K % hy)() ) = 2n.

Since ¢ is an odd and strictly increasing function,
S(UC ha)(- + @) = (K hy)()) = 2n.
Taking into account that I € NCV D, we have
S(hn(-+ @) — () > 2.
Choosing o = —1y, it is easy to verify that
S(hn(- = m) = hy()) <2(n = 1).
This contradiction proves the lemma. O

Set ¢p(z) := tan Zz,

@570 = o(ICs * hy), @ﬁw =D, xpo(Kg*xhy), r=1,2,...,

where

1 =\ cosjz
K =—|1+2 .
5(2) 2 < * ; coshjﬁ)
It follows from (2.28) that

2nA
@go(z) = VAsn <nz,)\> ,
’ T

where A such that

on 2P
(in other words, A = k(25n) where & is defined by (2.5)).

Thus for A = k(26n) the functions @E,r coincide with the functions @, ,. g
introduced in Section 3.5. In view of (3.34) we have

5 o T = sin((2s+ 1)nt —7r/2)
) = R ; (25 + 1) sinh((2s + 1)2n0)”

T > (_1)8(7‘+1)
VAART SZ:;) (2s + 1)"sinh((2s + 1)2n3)’
LEMMA 4.14. For allrT >0

sup [ f(0)] =[5 ]loos
FEHTL(T)
¢j(£)=0, |jl<n

r=0,1,....

127 lloo =

where
1 27

ei(f) = F(He i dt.

2770
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PROOF. Put
oy, (1), r=2k—1,
V= g (t+1), r— 2%
' 2n
Note that 1 is an even function and [1(0)| = ||®4 ,||so. Suppose there exists a

function fy € H;?R(T) such that ¢;(fo) = 0, [j] < n, and |fy(0)] > |\¢§7THOO.
Set

o B0

- fo(0)
Since the trigonometric polynomials of degree at most n—1 are a Chebyshev
system of dimension 2n — 1, it follows from the equalities ¢;(F') = 0, [j| < n,
that F' has at least 2n cyclic sign changes (see Pinkus [1985, p. 41]). In
addition F' has a zero at z = 0. As F' is an even function the number of
distinct zeros of F' at least 2n + 1. By Rolle’s theorem the same conclusion
remains valid for F().

fo(t) + fo(—t)
2 b

go(t) == F =14 — pgo.

1 1
By means the mapping w = - logz, we see that F(’“)(f log z) has at
i i

least 2n + 1 zeros in the annulus Ag := {2z € C: e7# < |2| < €}. Tt follows
from the equality

2nA
ﬁsn(@logz,A), r=2k—1,
T

1
w0 (G logz) = i
Vv Asn (,logz+A,)\> , =2k,
i

1
that (") <f log z) has exactly 2n zeros in the annulus Ag. Since for z € 0Ag
i

o0 () 0 Ctss) = (o)

<lpl<1= ’@b(”(%log;Z)’,

1
Rouche’s theorem implies that F (’“)(f,log z) has at least 2n zeros. This
7

contradiction proves that

(4.15) FO)] < 125 llso

for any function f € H;BR(’IF) such that ¢;(f) =0, |j| <n. As € H;BR(’IF)
the inequality (4.15) is sharp. O

THEOREM 4.15. For all r > 0 and the pair (H;’?R(T), Loo(T))

don = Xop = d*" =iz = dop—1 = Aap—1 = A" = igyy = ||F ]|
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Moreover, forr =0 and 1 < g < oo for the pair (HfoR(T), L,(T))

dop, = Aoy, = d*" = lop = Sop = ”‘I)g,onq

where A = k(26n) and
! t4dt
Tl = /0 VA=) (1 =22y

For ign,l(H;ﬁR(T),Loo(T)) and ign(H;BR(T),LOO(']I')) the Fourier coeffi-
cients

1 21

a;(f) ::% ; f(t)cosjtdt, j=0,...,n—1,
1 27
bi(f) =5 i f(t)singtdt, j=1,...,n—1.

are optimal functionals. Samling at 2n equidistant points on T is optimal
for ign (HY, 5(T), Ly(T)).

Proor. We will first prove the lower bound for the Kolmogorov and
Gel’'fand 2n-widths. Set

2n+1
CRUEE {x = (x1,...,Ton41) € R¥H ’ Z |zs| = 271'},

s=1
j
mo(z) =0,  7(z):=> |wsl, j=1,....2n+1,

s=1
For each = € 52" put
gz(t) :=signz;, 7_1(z)<t<7(z), j=1,...,2n+1,
f . (PO(]CB*QJ:)7 7":07
v Dy x po(Kp * gz), 7> 1.

Let X3, be any 2n-dimensional subspace of Ly, 1 < ¢ < co. Suppose that
Xopn = span{ fi,..., fon} and

2n
fr=> ;@) f;
j=1

is the best approximation to f, from Xs,. Consider the mapping

a(z) = {(041(55),042(56), o aon(x), =0,

(b(x), a2(x),...,q0n(x)), r>1,
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where
)= [ o (63000

The mapping a: S?® — R?" is continuous and odd. Therefore by Borsuk’s
theorem there exists an z* € $?" for which a(z*) = 0. As the function ¢g(z)

maps the strip | Re z| < 1 conformally onto the unit disk D, f,- € H;’JB =(T).
If r =0, then by Theorem 2.13 we have

sup inf ||f —glly > inf [fer —gllg = |l fallg
FEHS, & (T) g€Xan g€A2m

> inf [eo(Ks * hy)llg = llpo(Ks % ha)llg = 9] llg-
HSSH™

Consequently,
don (H”

oo,R

(T), Lo(T)) 2 1197 -
The cases ¢ = 1,00 are established by passing to the limit as either ¢ \, 1

or q / oco.
Let r > 1 and 1 € Xy, (assume that fi(¢) = 1). Then

(416)  sup inf [|f —gllg = inf |[for —gllg = [ for — a1 (2T)llg
FEHTL(T) geXan g&Xam
> inf lla + Dy % @o(KCg * hy)||q-
a€R
NEO2n (¢0,K )
If 1 ¢ Xoy, then the left-hand side of (4.16) is equal to +00. Thus,
don(HYR(T). (D) > inf  [la+ Dy % o0(Ks * hy) |-
N€EB2p (¢0,K3)
By passing to the limit ¢ — oo using Lemma 4.13, we obtain
d2n(H;L?R(T)>LOO(T)) > | Dr * o (Kg * hn)loc = H(I)g,ruoo-
Let us now prove the lower bound for the Gel’fand 2n-widths. Let Y be
any normed linear space containing Hgf z(T) and
X" ={feY:(f)=0,j=1,....2n, [; €Y*}.
Consider the case r = (0. The mapping
O[(SC) = (<l17 f$>7 ) <l2n7 fx>)
is continuous and odd. By Borsuk’s theorem there exists an z* € S?" for
which a(z*) = 0. Consequently,
sup 1l = [ fe-llg = inf loo(KCs + ha)llq = 1] lg-
fEHE, H(T)nX2n 1€2n

Hence,
> (HY o(T), Ly(T)) > |25

q
forall 1 <g¢g < oc.
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Let r > 1. If (I;,1) =0, j =1,...,2n, then

sup || floo = 00
FeH L (T)nX2n

Assume that (I1,1) # 0. Set

<lj>1> .
L::=1; — =2,...,2n.
J l] <l1,1>l1, J ) , 4

Denote by a the mapping
Oé(l’) = (b(l’), <L2a fm>7 ) <L2n7 fm>)

Since a: 82" — R?" is an odd and continuous map, by Borsuk’s theorem
there exists an x* € §?* for which a(z*) = 0. Then

<l1afzv*> 2
Y= fr — e X",
Consequently,
sup HfHOO > fo* o]
feHS, (T)nX2n
> il o+ Dyxgo(Kahy)loe = 18, ]l

NEO2n (0,Kg)
Thus,
A" (H g (T), Lo (T)) > |82 [|oo-

The upper bound for Agn(HZ o (T), Ly(T)) and sa,(H o (T), Ly(T))
follows from Theorem 2.18. From (4.2), (4.4), (4.3), and monotonic-
ity of widths it follows that it remains to prove the upper bound for
)\gn_l(H;’fR(’]l‘),Loo(’]I‘)). By Theorem 1.6 there exists a linear optimal

method of recovery of f(0) on the class H gf & (T) which uses the information
ao(f),---yan—1(f),b1(f),...,bp—1(f). Using Lemma 4.14, for such method

we obtain

n—1

(4.17) sup | f(0) —coao(f) — D _(¢ja;(f) + d;bi(f))|

FEHTL(T) 1

<.
Il

= sw f(0)] = |2, ]l
fEH;?R(T)
Cj(f):0= |.7|<n
Since H;’)ﬁ r(T) is a shift invariant class it follows from (4.17) that for all
t€Tandall fe H(T)

n—1

1/ (8) = coao(f) = D (ki (Da;(f) + v5(0)b; ()] < 187 oo,

—

<
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where
pj(t) = cjcos jt — d;sin jt, vj(t) = c¢jsin jt + d; cos jt.

Hence
A271—1(IJ:;O?R(?I!);LOO(T)) < H(I)Q,THOO

It follows from this theorem and Theorem 2.18 that
i1 (HY, 5(T), Loo(T)) < san-1(H, 5(T), Lao(T)).

In other words, if we have to choose 2n — 1 functionals, then sampling is
worse than the Fourier coefficients. For the even case both of these types of
information are optimal.

4.4. Estimations of n-Widths in Hilbert Spaces

In Theorem 4.3 the exact values of n-widths of H), in the space L,(E, i),
1 <¢q <p < oo, were found. For 1 < p < ¢ < oo even in the simple case
when F =T, and u = o, the exact result is known only for p = 2, ¢ = oo
for the linear and Gel’fand n-widths (Osipenko, Stessin [1990]).

In the case p = 2, ¢ = oo there exists a general method of obtaining
estimates for the linear and Gel’fand n-widths which is based on extremal
properties of s-numbers of bounded linear operators. This method often
gives exact results. In fact, the same method makes possible to obtain the
Bernstein n-widths for p = co, ¢ = 2.

Let H and H; be Hilbert spaces and T: H — H; a bounded linear
operator. Suppose that

(4.18) T'Top = stpr, k=1,2,...,

where s1 > s9 > ... > 0 and {¢}} form a complete orthonormal basis for the
range of T"T(H) (a sufficient condition is that 7' be a compact operator).
The values si(T) := s are called the s-numbers of T

Set 1y, := slzl(T)Tgok. It is easy to verify that {1} is an orthonormal
system in Hy. Then there exists the decomposition of T' (see, for example,
Gohberg, Krein [1965]) which is given by

T =Y sk(T)(, 08) ¢k
k=1

LEMMA 4.16. Let H and Hy{ be Hilbert spaces, T: H — Hi a bounded
linear operator and {¢x}5° form a complete orthonormal basis for the range
of T"T(H). If {Ter}3° is an orthogonal system in Hy and |Te1|m, >
| Tp2||m, > ... >0, then the condition (4.18) holds with sy, = ||T'¢kl m, -

PROOF. Since {¢}{° is an orthonormal basis in 7'T'(H), for each 2 € H
we have
[e.e]
z=> (z,9))p; + Y,
j=1
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where y € Ker T'T = Ker T. Thus

o0
(T'Tpy, ) = (ka,Z(ijj)TSOj) = | Tkl %, (k. @)
j=1
Hence
T'Tor, = | Tor||%, ¢k
O

THEOREM 4.17. Assume that a bounded linear operator T satisfies the
conditions (4.18). Then

(4.19) EAGE = max Z | Ter |3,
k=1

1k1

where the maximum is taken over all orthonormal systems {e}} in H. Fur-
thermore,

oo
(4.20) Z Sk( = {mm Z ||Tel<:||H17
k=n+1 H k=1

where the minimum is taken over all orthonormal systems {ex}5° in H such
that codim span{ey }3° = n.

PRrROOF. Let {ex}? be any orthonormal system in H. Set L, :=
span{ex}? and T,, := T‘L . Suppose that the Schmidt decomposition of

T, has the form

n
= sk(T0) (- 04 )

k=1

n 1/2
(Z ||Tnek||%{1)
k=1

is the Hilbert-Schmidt norm of 7T}, and does not depend on the choice of the
orthonormal basis in L,,. Therefore,

n n n n
D N Terlidy, =D I Tnexlll, = D ITndillE, =D s(Tn
k=1 k=1 k=1 k=1

Denote by P,, an orthoprojector in H onto L,. Using the properties of s-
numbers of bounded linear operators (see Gohberg, Krein [1965, p. 82]) we
have

(4.21) sk(Ty) = sk(T o P,) < ||Py|sk(T) = si(T).
Thus

The value

n n
Do Texlld, <D sk (T)
k=1 k=1
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Ifex =wg, k=1,...,n, then

n

n
Do ITerllz, =) k(D).
k=1

k=1
The equality (4.19) is proved.
Let codimspan{e;}° = n and {ex}7° be an orthonormal system in H.
Then there exists an orthonormal system {e} } in H such that {e] }7U{e;}7°
is an orthonormal basis. The value

n 00 1/2
(Z\|Tez\|%ﬁ+z||Teku%{l) |
k=1 k=1

is the Hilbert-Schmidt norm of 7" and does not depend on the choice of the
orthonormal basis in H. It is equal to

@ sim)m.

Consequently, using (4.19), we obtain

o0 oo n o
min Y [Tl = D (D) - max D[ Teklly, = - si(D).
{er}? k=1 k=1 {er s k=1 k=n+1

O

Let H and X be normed linear spaces and T: H — X be a bounded
linear operator. Set

M(T) .= M(T(BH), X), d"(T):=d"(T(BH), X),
Zn(T) = in(T(BH)vX)a
where

BH :={he H: |h|y <1}

ProprosITION 4.18. If H is a Hilbert space and X, is an r-dimensional
subspace of X, then

M(T(BH)+ X,,X)=d"(T(BH) + X, X) =i,(T(BH) + X,, X).
In particular, forr =0
M (T) =d™(T) = in(T).
PROOF. In view of Proposition 4.4 it remains to prove the inequality
(4.22) M(T(BH)+ X,,X) <d"(T(BH) + X,, X).
Let Y be a normed linear space, T(BH) + X, € Y, z{,...,2,,, € Y*, and
YT ={yeY [(z,y)=0,j=1,...,.n4+7r}

Assume that

sup lz|lx < oo.
z€(T(BH)+X,)NY "+
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Then X, N Y™ = 0. Consequently, there exists a basis y/,...,y,,, in
span{z; Y
r e X,

such that y},...,y. are linearly independent on X, and for all

<y£+1,m>:...:<y;+r,x>20.

Denote by z1,...,2, € X, a biorthogonal system to y},...,y.. For all
k=1,...,rand j=1,...,n+r we have

1, j=k
4.23 Lag) =< ’
(4.23) 21 {07 o
Denote by {e;}7", m < n, an orthonormal basis in span{T"y,.,,..., 7"y, .}

(here by T we denote the adjoint operator of T, where T is con51dered as
an operator from H into Y'). Suppose that

n-+r
ej = Z ajkT/y;C, j =1, ,m
k=r+1
Set
n-+r m r
= > v, Poyi=Y (uj,y)Te;, Py:=Poy+Y (;,y—Poy)x;
k=r+1 j=1 j=1

In view of (4.23) for all u € X, Pyu = 0 and Pu = u. Moreover,

m

m
(u}, Th)Te; = Z h, T'u})Te; = Z h,ej)Te;.
1 7j=1 7j=1

Po(Th) =

M

<
I

Putting 2 := h — 377" (h, e;)e;, we obtain
Th — Py(Th) =
If h € BH, then ||z||g < ||h||g < 1. Thus for all h € BH and u € X,

Th+u— P(Th+u) = Th — P(Th)

=Th — P,(Th) = > (), Th — Po(Th))z; =Tz — > (t;, T2);,
j=1 j=1

where z € BH. Since for k=r+1,...,n+r
<y;chZ> = (Z>T/y;c) =0,

we have
-

Tz— > (4, Tz)z; € (T(BH) + X,) N Y™
j=1
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Therefore,

Aair(T(BH) + X, X) < sup |Th+u— P(Th+u)|x

he BH
ueX,

< sup l]x -
z€(T(BH)+X,)NYn+r

Hence we obtain (4.22). O
To obtain estimates of n-widths we need the following simple result.

PROPOSITION 4.19. Let H be a Hilbert space, w :=dim H, and T: H —
C(E) a bounded linear operator. Then

w 1/2
TAIv—— (2 \(Tek><z>|2)
zeFE b1

for any orthonormal basis {ey}{ in H.

Proor. We have

ITr—c(ey = sup sup |(Th)(z)| =sup sup [(Th)(z)|
heBH z€eFE z€E he BH

w w ) 1/2
S a(Te)(2)] = jgg(;wek)(z)r )

k=1

=sup sup
2€E {c,}{€BIY

where

BZLQU = {(61,02,... )

D lel? <1 }
k=1
([l

THEOREM 4.20. Let H be a Hilbert space, E a topological space with
probability measure v such that suppr = E, and T: H — C(E) a bounded
linear operator. Define Ty: H — Lo(E,v) by the equation Toh := Th.
Assume that Ty satisfies the conditions (4.18). Then

( i si)m < M(T) = d(T) = in(T) < sup( i ‘(T(pk)(z)F)l/Q,

k=n+1 z€l k=n-+1

PRrROOF. Since suppr = E, KerT|Ty = KerTy = KerT and we can
assume, without loss of generality, that {¢y} is an orthonormal basis in H.
Let H™ be an arbitrary n-codimensional subspace of H. Assume that {¢} }
is an orthonormal basis of H". We obtain from Proposition 4.19 and (4.20)

(424) T o) = jlelgkzl\(T@Z)(Z)F > /E;!(TSOZ)(Z)IQW(Z)

(o.)
2 2
=Y Tobliumm = D st
k=1 k=n+1
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n

Let Y be an arbitrary normed linear space containing T'(BH), Y
n-codimensional subspace of Y, and v, ...,y,, € Y* such that

={yeY: (y,y) =0, k=1,...,n}

an

Set e, := T"y,. (here by T" we mean the adjoint operator of T where the last
is con81dered as an operator from H into Y'). In view of (4.24) we have

(o]
sup IThllem) = sup IThlcm = D> si.
heBH heBH it
(Y}, Th)=0, k=1,...,n (h,ex)=0, k=1,....,n

Since Y and Y™ are arbitrary, we obtain
oo
2
d"(T)> > st
k=n+1

To prove the upper bound we set ¥ := T, and consider the linear
operator P: C(E) — C(F) defined by

n

Py = Z(yqubk)Lg(E,u)S];zd}k'

k=1
For y = Th we have

n

= (Th, k) Lo s, ok = Y _(hy 1) Tpp.
k=1

k=1
Thus,

A(T) < sup [Th = P(Th)ege) = sup HT(h—i(fz,somk)

heBH heBH P C(B)
00 00 1/2
= sup (hy 1) 0k Ssup< |¢k(2)|2)
heBH k§+1 C(B) =€E k:znﬂ

THEOREM 4.21. Let H, E, v, and Ty be as above. Assume that X, is
an r-dimensional subspace of C(E) such that X, 1. ToH in Ly(E,v). Then

0 /
< Z si> v < Mr(T(BH) 4+ X,,C(E)) = d"™"(T(BH) + X, C(E))

k=n+1
1/2
= b (T(BH) + X,, C(B)) < sup< > (@)
€ N\t
PROOF. Let ey,...,e, be an orthonormal basis of X, in Lo(E,v). De-

note by H,., ¢ > 0, the Hilbert space of elements {f,g}, f € H, g € X,
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with the inner product

({fr, 91}, {f2,92}) = (f1,91) +€ch3j7

Jj=1

r r
g1 = E cjej, g2 = E djej.
j=1 j=1

Put L{f,g} := Tf + g. Denote by L the operator L as an operator from
H, . into Ly(E,v). Then

LoLo{f, g} = {TyTof.e g}

where

Set

¢j = {0,671/26]'}, j=1,...,m7 ¢j :={pj—r,0}, Jj=r+1,....
The elements ¢1, ¢, ... form a complete orthonormal basis for the range of
L{Ly and

LyLod; =€ ‘o5, j=1,...,m LoLogj = s5 05, j=r+1,....

From Theorem 4.20 for € < 81_2 we have

00 1/2
d"*"(L(BH,.),C(E)) > < > sz> :
k=n-+1

Since T(BH) + Xr D) L(BHT,E)7

oo 1/2
d"""(T(BH) + X,,C(E)) > d"""(L(BH,.),C(E)) > ( > s§> : .
k=n+1
It follows from Proposition 4.18 that
Mar(T(BH) + X,.,C(E)) = d"""(T(BH) + X,,C(E))
= intr(T(BH) + X,,C(E)).
The upper bound follows from the obvious inequality
Nuir(T(BH) + X,, C(E)) < A\u(T(BH), C(E))

and Theorem 4.20. O

Now we will obtain similar estimates for the Bernstein n-widths. Let W
be a closed, convex, centrally symmetric subset of a normed linear space Y.
The Bernstein n-width of W is defined by
bp(W,Y):=sup sup r,

Yn+1 r>0
" BY, icW

where Y;,11 is any (n + 1)-dimensional subspace of Y. Let X and Y be
normed linear spaces. For a bounded linear operator T': X — Y set

bo(T) = by (T(BX),Y).
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If KerT'=0 and Y41 C T(X), then it is easily shown that

o e gy Tl
p = :
r>0 ToeYor1 2] x
rBYp41CT(BX) 20
Thus for KerT =0
T
bo(T) = sup inf [ Tzlly
Yn+1CT(X) Tx€Yn 41 HxHX

x#0

THEOREM 4.22. Let H be a Hilbert space, E a topological space with
probability measure v such that supprv = E, Hy a subspace of Lo(E,v),
and Xp C Hy a subspace of C(E). Suppose that a bounded linear operator
To: Hi — H satisfies the conditions (4.18) and ¢, € Xg, k=1,2,... . Set
T := TO’XE' Then

n+1 -1/2 n+1 -1/2
(sop > sienta?) < nin = (X)
FAS k=1

Proor. Without loss of generality we can assume that ¢ form an
orthonormal basis in Hj. Then KerT = 0. Let Y,41 C T(X) and
Xpr1 = T7Y(Yq1). Set Tpyq := T) Assume that the Schmidt de-

composition of T}, 1 has the form

Xn+1

Thy1 = Zsk n+1 @2)1/1;;-

Then from Proposition 4.19 we have

T
L P '

inf = n—i—lHYn+1_>C( E)

TfeYnia ||f||c g€V
o i [T gllos)

n+tl —1/2 i+l ~1/2
=<sup§j| L) (e 12) (Z JACSRACIRYE >)
z€FE k—1
n+1 —1/2 n+1 —1/2
(Zn Hmnm) =<Zs,;2<Tn+1>> .

k=1

Since sk (Th+1) < sk(To) = sk, k=1,...,n+ 1, we obtain

b (T) < (g:l sy 2) _1/2.

k=1
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Let Y,q11 = span{Tgpk}’fH. Then )y := s];ngpk, k=1,...,n+1, form an
orthonormal basis in Y, ;1. Thus,

n+1 ~1/2
ba(T) > inf 'Tf”H=<su > T ) )P

TffE;/SH I fllc 2€E 1

2€E 1
O
4.5. Diagonal Operators
Consider the operator T': I3 — [, defined by the equation
(4.25) T({wr}i) -= {aer}y,
where a1 > a9 > ... > 0 and limp_,,ar = 0. We shall be interested

in estimates of n-widths of T'. In other words, we would like to calculate
n-widths of ellipsoid

[o.¢]

k=1

ww‘:vw

in ls.
THEOREM 4.23.

1/2
An<T>—d"<T>—in<T>—sup< ‘”) .

m>n Zk‘ 1 2

To prove this theorem we need some preliminary results.

LEMMA 4.24. Let 0 < A; <1, j = 1,...,r, and }7'_; Aj = n. Then

there exist n orthonormal vectors fr, e R", k=1,...,n, for which
n
M) =A G=1,...,r
k=1

ProOOF. The proof is by induction on r. For r = n the statement is
evident since it suffices to take the standard basis

1, j=k,
<fk>j={0 o

Suppose that » > n and the statement is valid for » — 1. Without loss of
generality we can assume that A, = minj<;<, A;. Since

r—1
Y (1—A)=r—1+A4,-n>A4,

J=1
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there exist Bj, j = 1,...,r — 1, which satisfy the conditions

r—1 r
AjSBjSl, ZB]:ZAJ:TL
7=1 7j=1

Put B, := 0. By the induction hypothesis there exist orthonormal vectors
gr € R", k=1,...,n, such that
n
d(g);=B;, j=1,...r—1
k=1
For 1 < s <r —1 consider the transformation of R" defined by

:Ej’ j 7é S, T,
(Us(t)z); == rscost + xpsint, j=s,
—zgsint 4+ x,cost, j=r.

It is easy to see that for all ¢ € T the transformation Us(t) is unitary. Put

n

Bjs(t) == Y _(Us(t)gw)}-

k=1
Then for all t € T, 0 < Bjs(t) <1,j=1,...,r, 22:1 Bjs(t) = n, and
Bjs(t) = Bj, j # s,r. Furthermore, By(0) = Bs and Bss(7/2) = B,.
Consequently, there exists a ts € [0,7/2] for which Bss(ts) = As. Using
sequentially the transformation Us(ts) for s = 1,...,7j, we obtain the sys-
tem of numbers (Ai,...,4;,Bjt1,...,Br_1, B,(j)) (and the corresponding
orthonormal system of vectors). The inequalities Bﬁj ) <A <Aj1 <Bjn

give the possibility to make every next step, that is, to find ¢;,1. For j = r—1
we obtain the required orthonormal system. ([

LEMMA 4.25. Let a1 > as > ... > 0, limp_,car = 0, and r > n such
that

r—n m-—n
4.26 T s
( ) k=1 a1;2 m>n )l GI;Q
Then
r—mn

(4.27) a2+1 =< a’.

" D k=1 Gy, '

PROOF. Put s:=[m/2]. For m > n
m-—n m-—n

S a;;Q < 3a1_2 e —+0 asm — oo.
From here it follows the existence of r for which the upper bound in (4.26)
is attained.
By virtue of definition of r we have
r+1—-mn r—mn

r+1 -2 — r —2°
k=1 D k1 4y,
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Thus,
(r+1—n) Zak r—n(Zak —i—ar_H)
k=1
Consequently,
r—n
r+1 —
Zk 1@
We prove now that
(4.28) TR <al

72 —
k=19
For r = n + 1 this inequality is obvious. Assume that » > n + 1. Then
r—1-—mn r—mn

kll;Q_Zkzl

Thus,

(r—1-n) Zak r_n@ak ~a?)

From here it is easily follows (4.28). O

PRrROOF OF THEOREM 4.23. Let 0 < ¢ < 1 and r satisfies the condition
of Lemma 4.25. Define the probability measure on N by

ﬂ—d——L—— 1<j<r,
v({7}) = . k=1 %
211

Denote by T the operator T which is considered as an operator from I into
l2(v). Then for the standard basis e; we have

j>m.

(4.29) ToToe; = siej, j=1,2,...
where
1 —
. 1<js<r
2 k1 ay
S —
/ ea? .
2j—1" J>r
Put
a72
A =(r—n , 1<j<nr.
J ( )Zk ) a72 =)=
By Lemma 4.25 it follows that A; < ... < A, < 1. Furthermore,

,
g Aj=r—n.
j=1
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Thus using Lemma 4.24 we can obtain an orthonormal system f,,+1,..., fr €
R" for which

T

o) =4; 1<j<r

k=n+1

Let vectors fi, ..., f, complete this system to an orthonormal basis in R".
Consider the orthonormal basis in Iy

fis 1<j<nr,
9; = .
ej, j>r.

Since vectors f;, 1 < j < r, can be represented as linear combinations of
ei,...,er, the equalities (4.29) remain valid for the basis {g;}. By Theo-
rem 4.20 for sufficiently small € we have

< i sz> 1/2 < M(T) = dM(T) = in(T) < Sup( i (Tgkﬁ)l/?

k=n+1 TEN N\j=pt1

1/2 1/2
r—mn 9 9 r—n
= <max{1n_2,ar+1,aT+2,...}> = (7,,_2>
k=1 k=19

(the last equality follows in view of (4.27)). Since

> r—n > a? r—mn
Z Si:(l—ﬁ)ir ,2‘1‘52 jSr—> ——— ase—0,
k=n+1 k=1 j=r+1 D k=10
passing € to zero, we obtain the statement of theorem. [l

By the analogy with Lemma 4.25 the following result can be proved.

LEMMA 4.26. Leta; > ... > an >0, N >n, and 0 <r <n such that
n—r-+1 n—m-+1

—_—— = Imhmax ——.
N 2 <m< N 2
Dokmrp1 @ OSMERY LT a

Then
_ n—r—+1 _ _
(430) a,. 2 S N72 S (IT_EI (a02 = 0)
Zk:r—l—l ag

A result similar to Theorem 4.23 can be obtained for the Bernstein n-
widths.

THEOREM 4.27. Let {a;}3° € la. Assume that the operator T': log — lo
is defined by (4.25). Then

1/2
o) 2
Zk:erl “k)

bp(T) = min (
n—m-+1

0<m<n
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PrROOF. 1. The upper bound. Let 0 < € < 1 and 0 < m < n. Define
the probability measure on N by
2

a?
PRUCHTES S v S
i, 7 <m.
m
Put Ty := Tl ()" It is easily seen that
TyToe; = siej, j=1,2,...,
where
SJZ: (1—¢) kzm:ﬂak, j>m,
€ 1a?m J<m.
By Theorem 4.22 for sufficiently small & we have
—-1/2

n—m-+1 £
bn(T) < (1_8)27@4_%2 %_2
k=m+1 %k

Passing to the limit as ¢ — 0, we obtain

0o o\ 1/2
bp(T) < min (Zk:mﬂak) .

0<m<n \ n—m-+1

2. The lower bound. Let N > n and Ty := T}ZN' Define the probability
2

measure on the set {1,..., N} by
2
a;

p({i}) =
Zk 1 ak
Then for the operator T := T‘l N Ve have
2

/ 2 :
TNOTNoejZS €5, ]Zl,...,N,

where {e;} is the standard basis in RY and

N
=3 at
k=1

Assume that r satisfies the conditions of Lemma 4.26. Put

2
a;
Aj=n—r+1)———— 2, j=r+1,...,N.
Zk T+1
It follows from Lemma 4.26 that Ay < ... < A, < 1. Moreover,

N
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In view of Lemma 4.24 there exists an orthonormal system of vectors
frits ooy fos1 € 1377 for which

n+1
Z(fk)?:Aj, j:T’—i-l,...,N.
k=r+1
Define vectors g1, ...,9n+1 € lév by
gk::iek, k=1,...,r,
ag
0, 1<7<n,
=< s k= 1,..., 1.
(gk)J ;(fk)j, r<j<N, T+ n+

J

It is easy to check that {gz}{ is an orthonormal basis in 1Y (). Thus from
Theorem 4.22 we have

n+1 _1/2
> > 2(0.)2
bu(T) 2 ba(T) = (ﬁg}a;%v > (gw])

-1/2 —-1/2
< N { 9 9 n—r+1 }) (n—r+1)
=|maxq¢a;”, ..., 0., = =|l=v
D keri1 ai D k=rt1 ai

(the last equality follows from (4.30)). Consequently, for all N > n
L\ /2
bu(T) > mas <—m+> |

- N 9
Osmsn Zk:m—H ag

Passing N — oo we obtain the required estimate. O

4.6. Hardy-Sobolev and Bergman-Sobolev Classes
Denote by H, the space of holomorphic functions in the unit disk D

o

(4.31) flz) =) aps®
k=0
which satisfy the condition
o0
(4.32) > lanl* < oo,
k=0

where 7 is a sequence of non-negative numbers such that

lim inf l/k>1
minf " >
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(the last condition implies that the function (4.31) is holomorphic in D if
(4.32) is valid). Denote by H, the class of functions from H, for which

x
> o> < 1.
k=0

THEOREM 4.28. Let vo = ... =y—1 =0 and vy, > 0 for k > r. Assume
thatn>1r, 0 < p <1, and for all k > n

(4.33) Y Pt < minagtptn,
Then
) 1/2
Ml (1)) = (0, (1) = i, (1) = (L)
k=n
where T, := {z € C: |z| = p}.
PRrooOF. Consider the Hilbert space
H?, ::{fE”Hv:f(j)(O):O, j=0,...,r—1}

with the inner product
(o)
(f,9) =D varbs,
k=r

where - .
=Yt g =3 bk
k=r k=r

Define the probability measure on 7T}, by
, 1
doy(pe) = — db.
op(pe””) o
The functions
or(z) = P k=1

is an orthonormal basis in Hg. They form an orthonormal system in
Ly(T),,0p) and

2 -1 2k
el zy(zyop) =6 P
Since
H, = BHJ + P,
where P, is the space of polynomials of degree at least r — 1, the application
of Lemma 4.16 and Theorem 4.21 gives the required statement. U

Now we consider some examples of the spaces H,.
The Hardy-Sobolev class Hj is the set of all functions analytic in the
unit disk D for which f(") € H,. In this case H} = H, for

0 i 2 k>
Y= =T-1=Y %_(M) ) Z T
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The Bergman class As is the set of all functions analytic in D for which

l Z2I/Z
= [ erae <1

where v is the normalized Lebesgue measure. The Bergman—Sobolev class
A3 is the set of all functions analytic in D for which f) e Ay. The class
A} is usually called the Dirichlet class. For A% we have A} = H., for

- = =0 = G k>
Y= =%-1=0, T =k —rrnl =T

From Theorem 4.28 we obtain

COROLLARY 4.29. 1. Forall0<p<1,7>0, andn>r

)\n(H57 C(TP)) = dn(Hgv C(TP)) = Zn(H5> C(TP))

2. ForallO<p<1l,r>1,andn>r
)‘n( S,C(Tp)) = dn( S,C(Tp)) = Zn( S>C(Tp))

k= 1) g\
(et )

k=n

3. ForallnENcmal()<,0§(n+1)_ﬁ

2

p
1— p?

An(Az, C(Tp)) = d"(Ag,C(Tp)) = in(A2, C(T))) = (1+n(1—p*)"2

In the case of Ay we did not obtain the values of n-widths for all p. It
is connected with the fact that the sequence

Ve o = (k+ 1)p*

is not decreasing. Nevertheless, for (n+1)p?" < 1 the condition (4.33) holds.
In a general case the corresponding result can be also obtained for all
O0<p<l:

00 1/2
(42, C(T})) = (A0 O(T,) = (42, (1) = (L)

k=n

where {a,}5° is the sequence {(k+1)p?*}5° ordered in non-increasing order.
The periodic analogue of H, is the space H,(T) which is the set of
2m-periodic functions analytic in T

+oo
f(Z): Z akeikz’

k=—00
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satisfying the condition
“+o00

> elarl* < oo,

k=—o0
where ;, is a sequence of nonnegative numbers such that
liminf /1 > 1.
imjnf
Denote by H.(T) the class of functions from #(T) for which

—+00

> e < 1.

k=—0o0
Similar to Theorem 4.28 the following result can be proved.

THEOREM 4.30. Assume that yo = ... =v-1 =0, ’y@ll > 77;12 . >0,

and vy = v—f, for all k € N. Then for alln>r and 0 < p <1
An(Hy(T), C(T)) = d"(H(T), C(T)) = in(H,(T), C(T))

00 1/2
(227k_1> , n=2m—1,
k=m
0o 1/2
(’ym1+2 Z ’yk_l> , n=2m.

k=m+1

The examples of H,(T) are the periodic Hardy—Sobolev and Bergman—
Sobolev classes (HQT'B (T) and A;’E (T)) which were defined in Section 1.4.
For Hy"(T)

e = k*" cosh2kB, k=0,+1,...,

and for AT’ (T)

1
v = 1, Vo = ﬁ/f??“—lsinh%ﬁ, k=41,42,... .

From Theorem 4.30 we obtain

COROLLARY 4.31. For alln € N

Aa(Hy”(T),C(T)) = d"(Hy"(T),C(T)) = i (Hy"(T), C(T))

00 1/2
S o
k2" cosh 2k3 ’ N ’

k=m

. o ) 1/2
- - s —9
<m27" cosh 2mp3 + Z k2" cosh 2k5> A
k=m+1
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An(A(T), C(T)) = d™(A5°(T), C(T)) = in(A5°(T),C(T))

o 1/2
= k2r—1ginh 2k ’ ’
- 28 o 48 1/2
S L — 2m.
(mQT—l sinh 2mf3 + k—zmjﬂ k?r—1lginh 2/{:5)  nEam

Let us compare the values sn(HZB (T),C(T)) which can be found From
Theorem 2.18 with the corresponding information n-widths. In view of
Corollary 4.31 we obtain the following asymptotic equalities

4e=B

2 118 1—e 268
H2(T), C(T)) =

B m,em) =1

1—e 26

e+ 0?8, n=2m-1,

e 4 0(e™3P), n=2m.

8K
—k(B)e ™ + 0™, n=2m—1,

s

8K .

—e ™ 4 O(e318), n = 2m,

m

where K is the complete elliptic integral of the first kind for the moduli

k(). Using the asymptotic of x(8) (see (A.39)) it can be shown that

i St He (DO o g -0y
n0 g, 1 (HY (T), C(T))
i S (D), C(T) _ 5 019
n%0 g (Hy (T), C(T))

In contrast to the class H fo R(T), where s, and i, are differ only for odd n

(see Theorem 4.15), for the class HQ’B (T) these quantities differ in the both
cases even and odd n.

Now we consider the Bernstein n-widths. We need the following simple
property of b,,.

LEMMA 4.32. Let H be a Hilbert space, A a closed, convex, centrally

symmetric subset of H, and H, an r-dimensional subspace of H such that
A1l H,.. Then

(4.34) bptr(A+ H., H) =b,(A, H).
PROOF. Assume that H,41 C H, dim H,,11 =n+ 1, and
sup{ A | \ABHp,+1 C A} =pu>0.
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Put Hyyry1 :== Hpy1 + Hy. Since A | H, it follows that H,4; | H, and
dmH, i1 =n+r+1. lfx € Hyippq, ||z]|g < p, then = 21 + x9, where
xr1 € Hn+1, xo € H,, and

17 < el + lle2llf = l2lE < p?.
Thus x; € A. Consequently, x € A+ H,. Hence
sup{ A\ | \BHp4,+1 CA+ H, } > p.
So we proved that
(4.35) bptr(A+ H.,H) > b,(A, H).

If byyr(A+ Hy,H) = 0, then (4.34) follows from (4.35). Suppose that
bpir(A+ H.,H) > 0. Let Hyyr41 C H, dim Hy4p41 =n+r+ 1, and
sup{ A\ | \BHp4r4+1 CA+H,} =v > 0.

Since Hyyr+1 C span A + H,, dim(H, 4,41 Nspan A) > n + 1. Hence there
exists a subspace H,11 C Hpqry1 Nspan A such that dim H,11 = n + 1.
Let © € Hp41 and ||z||g < v. Then x € A + H,. Moreover, z € span A.
Consequently, z € A and

sup{ A | ABH,+1 C A} > .

Therefore,
bn(A,H) > bpyr(A+ H,, H).

Put
D, ={zeC:|z|<p}.

Denote by v, the normalized Lebesgue measure on D,,.

THEOREM 4.33. For alln>r and 0 < p <1

n 2
(4.36) bn(HgovLQ(Tanp)) = (Z <(kﬁlr)|> P_2k> )

k=r ’

n —1/2
(4.37) bu(HEy, La( Do) = (Z Wp> .

k=r

PROOF. For f(z) = S_72,arz¥ € Hy define the operator Ty: Ho —
Lo(T),,0p) by

k! .
(Tof)(z) = kZ:O makszr

Define the operator T': Hoo — L2(T),,0,) by the equation T'f := Ty f. Since
(Tf)")(2) = f(z) we have

H! = T(BHoo) + P
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The functions {px(2)}5 := {z¥}§° form an orthogonal system in Ly (T}, o,).
By Lemma 4.32 we obtain
(4.38) bu(HT,, Lo(T), 0,)) = bur(T).

To find by, (T") we use Theorem 4.22. The system {p }§° is an orthonormal
basis in Hy. Moreover, the functions

T = Gy

form an orthogonal system in Lo(7),,0,). Consequently, by Lemma 4.16
TiTopr = stpr, k=0,1,...,

where

Sk = HTO(PkHLQ(Tp,Up) = (k +‘T)!P
Using Theorem 4.22, we obtain

bp—r(T) = (nif ((k ;;r)!)Q p_2(k+r)>

k=0
It is easily seen that this quantity coincides with the left-hand side of (4.36).
The proof of (4.37) is similar. The difference only that

k! pk—i-r

1Toekl La(Dpowy) = k+ ) VEtr+1

—-1/2

The periodic analogue of Theorem 4.33 is the following

THEOREM 4.34. For all n,r € N

n -1/2
bon(HZE(T), La(T)) = <71T S k¥ cosh 2k6> .
k=1
If r =0, then for alln >0
27 sinh 8 1/2
bon (HZ(T), Lo(T)) = <smh(2n+1)6> :

PROOF. Let r > 1. Denote by 7—[570(']1‘) the subspace of functions from

7—[5 (T) for which
2T
f(t)dt=0.
0

Define the operator Tp: ’Hg’o(’]l‘) — Lo(T) by the equation
C .
(Tof)(z) ==Y ek,

rez R)"
k20
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where '
f(z) = Z et
k20
Put T := TO‘HEO,O(T)' We have
HIA(T) = T(BH, ) + C.
By Lemma 4.32 we obtain
ban(HL (T), La(T)) = bz (T).
It is easy to check that the functions
eik’z

orl2) 1= \/cosh2kB’

form an orthonormal basis in 7—[570(’1[‘). Furthermore, the function

k=41,42,...,

ezkz

(ik)r/cosh 2kf

form an orthogonal system in Lo(T) and

(Towr)(2) =

I Towrll3 = kgrci;%ﬁ-
Since for |[Imz| = 8

or(2)? + ok (2)]* = 2,
it follows from Lemma 4.16 and Theorem 4.22 that

1 -1/2
bon_1(T) = (ﬂ > "k’ cosh 2k6> .
k=1

For » = 0 the analogous arguments applied to the embedding operators
To: H5(T) — Lo(T) and T: H(T) — Lo(T) give

1 1 —1/2 27 sinh 3 1/2
bon(T) = <27r + - kZlCOSh Qkﬁ) - <s1nh(2n+1)ﬁ> .

4.7. Notes and References

4.1. The information n-width (i,) was introduced in Fisher, Micchelli
[1984], [1985]. In these papers it was proved that for the unit balls of Hilbert
spaces of nonperiodic functions with simply connected domain of holomor-
phy the values i,, and s, coincide. We show that in general it is not valid for
the classes HQ,R(T) and Hg(’]l‘) (see Sections 4.3 and 4.6). Proposition 4.1
was proved by Osipenko, Wilderotter [1997]. For the first time the Pick—
Nevanlinna Theorem was applied to the problem of exact values of n-widths
by Fisher, Micchelli [1980] who proved the equality (4.9). This result was
generalized by Fisher, Stessin [1991] (Theorem 4.3). However, the proof of
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the upper bound in this paper was incorrect. The correct proof was given
later in Fisher, Stessin [1994a).

For the Gel’fand n-width Corollary 4.7 was proved by Parfenov [1985].
The direct proof of this assertion which does not use Theorem 4.3 may be
found in Farkov [1990]. In the case when p = ¢ there is a more general
result. Denote by Hy the class of all functions analytic in the unit disk D

for which f() e H,. For all 1 < g < oo the equalities
dn(Hy, Lg(Ty,0p)) = Mn(Hy, Lo(Tp, 0p)) = d"(Hy, Lg(T,, 0,))

o0, n<r,
:in(Hgan(Tmaﬂ)) = Sn(Hgan(TP’O’P)) = (n—r)!

n!

n—r

pr, n2r

hold. These equalities were obtained by Babenko [1958] (¢ = oo, the upper
bound), Tikhomirov [1960] (¢ = oo, the lower bound), and Taikov [1967]
(see also Pinkus [1985, p. 250]). Exact values of n-widths for the class of
functions from H’_ which are real on the real axis in a more general situation
were considered by Fisher [1989].

4.2. Proposition 4.8 was proved by Newman [1979]. Proposition 4.9
is due to Ganelius [1976]. Theorem 4.12 was proved by Wilderotter [1995]
(previous results may be found in Wilderotter [1992a] and Burchard, Hollig
[1985]).

4.3. Lemma 4.13 was proved in Osipenko [1997a]. Lemma 4.14 was
obtained by Osipenko, Wilderotter [1997]. Exact values of even n-widths

for the class H fo z(T) in the space L (T) were obtained by Osipenko [1994c].

For the class H;ﬂ & (T) even n-widths in the space Lo (T) were determined
in Osipenko [1997a]. The odd dimensional case was studied in Osipenko,
Wilderotter [1997]. A general approach which generalizes Theorem 4.15 and
enables one to obtain exact values of n-widths both for classes of smooth
and analytic functions was proposed in Osipenko [1997b].

Denote by ggn the set of the functions

where k£ = k() (the function  is defined by (2.5)) and t; € T, j=1,...,2n
(B(z) is the Blaschke product for the strip Sg := {# € C : |[Imz| < f} in
the periodic case). Let H. f r be the class of all functions which are analytic
and 2m-periodic in Sg, real-valued on the real axis, and satisfy the condition
1 2m
sup — |f(t+in)Pdt <1.
0<n<g 27 Jo
Wilderotter [1996] proved the following result which is the analogue of The-
orem 4.3.
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THEOREM 4.35. Forall1 <g<p<oo

d2n(H£Ra Ly(T, 1)) = )‘2n(H5,R> Ly(T, 1)) = dZn(HﬁRa Ly(T, 1))
= inf sup [[Bgl|L, -
BeBy, geH!

n

where 1 1s a positive measure on T.

4.4. Theorem 4.17 was proved by Parfenov [1994b]. Theorem 4.20 is
dual to the following result which is due to Ismagilov [1968]:

THEOREM 4.36. Let E be a compact, ¢o: E — H a continuous mapping,
H o Hilbert space, and i a probability measure on E with the support coin-
cided with E. Denote by \1 > Ao > ... > 0 the eigenvalues of the problem

[E (@), o)) f(4) dpu(y) = M (), =< E.

Let f1(x), fa(x), ... be associated eigenfunctions which form an orthonormal
system in Lo(E, ). Then

S M S dalp(B), H) <sup | 3 Mlfu@)].

Osipenko [1995b] proved Theorem 4.20 using Ismagilov’s Theorem. We
give the proof of Parfenov [1994b] who obtained the same result indepen-
dently using extremal properties of the s-numbers. Theorem 4.22 was proved
by Osipenko, Parfenov [1995].

4.5. Theorem 4.23 in the finite-dimensional case for a1 = ... = ay =1
was, in fact, proved in the paper of Kolmogorov, Petrov, SmirnovSmirnov,
Yu. M. [1947] which was supplemented by Mal’cev [1947]. The authors of
these papers did not actually state, that they had calculated n-widths. This
was noted by Stechkin [1954]. The case a3 > ... > ay was obtained by
Smolyak [1965]. The dual result related to the Kolmogorov n-width of the

set
Bli(a) :== { (r1,22,...) ’ Z’Z:’ < 1}

k=1
in the space Iz is due to Sofman [1969], [1973] (see also Hutton, Morrel,
Retherford [1976]). Lemmas 4.24 and 4.25 are taken from Pinkus [1985].
Theorem 4.27 (in a different way) was proved by Galeev [1990].

4.6. As was mentioned in Section 4.4, the first exact result for the
classes of holomorphic functions concerned the case when p < ¢ appeared
in Osipenko, Stessin [1990], where the exact values of d(Hy(B,),C(pSy))
and AV (Hy(B,,),C(pS,)) were obtained for

m—1
n+s—1
N:Nm::Z< o )

s=0
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(the definition of Ha(B,,) is given in Section 2.5). The method of proof, as
noted by Tikhomirov, was very similar to the one used in Ismagilov’s The-
orem. This remark was taken into account in Osipenko [1995b] where more
general results were obtained. The classes H, were proposed by Fisher, Mic-
chelli [1985] as a convenient form for the generalization of certain classes of
analytic functions. The assertion of Corollary 4.29 is contained in Osipenko
[1995b]. In the last paper the case of several variables was treated (in the
one dimensional case the exact values of n-widths of the Bergman class A,
were obtained by Fisher, Stessin [1994b]). Theorem 4.30 and Corollary 4.31
were proved by Osipenko [1995b].

The exact values of the Bernstein n-widths of the class H were obtained
by Parfenov [1994a] (r = 0) and Osipenko, Parfenov [1995].






CHAPTER 5

Quadrature Formulas

There are two basic problems which are usually considered for quad-
rature formulas. The first one is optimal quadratures which use function
values at a fixed system of points. The second one is the minimization of
the error of optimal quadrature formulas by choosing appropriate system
of nodes at which function values should be known. For the Hardy classes
H,, the first problem is considered in Section 5.1. In Section 5.2 we find
optimal nodes for the periodic case and for some special weight functions in
the nonperiodic case. In particular, we prove that in the periodic case the
equidistant system of nodes is the only optimal to within a translation. In
Section 5.3 we obtain estimates of optimal quadrature formulas in H), for all
1 < p < oo in the case when the integral is taken over the interval (—1,1).

5.1. Best quadrature formulas in H,

Let W be a class of functions defined on the domain G € C containing an
interval of real axis (a,b). For this class we consider the problem of optimal
recovery of the functional

b
Lf:= / f(@)p(z) da

from the values of the information operator

If = {f(@)s s SO (@), f@n)s oo SO D () ],

where p is a nonnegative weight function and z1,...,z, are distinct nodes
of the set RNG (we assume that functions from W are sufficiently smooth).
For v := (v1,...,vy) set

(5.1) S <x1 xn>7

e(ry,W):= inf sup
p: Cn—=C feWw

) dw — (If)‘.

If W is a convex balanced class of function, then by Theorem 1.6 we
have

(5.2) e(ry, W) = sup
few
1f=0

147
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Moreover, there exists a linear optimal method. In other words, there exists
a quadrature formula

b n 1/]'71
/JWMMMzmm%QjZ%wWWm
a j=1 m=0
for which
b
sup / F@)pla) dz — go(If)| = e(ry, W).
fewl|Ja

Such quadrature formulas are said to be best for a given system of nodes T,,.
Let (a,b) C (—1,1), z; € (—1,1), j=1,...,n. Set

s =11 (727)

Jj=1

LEMMA 5.1. Assume that vi,...,v, are even, 1 <p < oo orp=1 and
—1<a<b< 1. Then

(i) there exists a unique function g, , € Hy such that

b
(5.3) G(Ty,Hp):/ 97, p(x)B(z)p(z) dz,

(ii) gr, p is free of zeros in the unit disk D and g, ,(z) > 0 for x €

(717 1)z
(iii) for all €T

(5-4) e(Tu,Hp)lgn,p(ew)IPZ/ 9r,p(@) B(2)P(e”, 2)p(2) dz,

where P(e?, x) is the Poisson kernel.

Proor. It follows from Proposition 4.5 that there exists a unique func-
tion gp € H, such that

b b
b= sup l9(2)| B(z)p(x) do = / |95 (2)|B(x)p(x) dz

and gp(0) > 0. Since gp(Z) is also extremal for the problem of finding P,
we obtain that gp(Z) = gp(z). In particular, gg(x) is real for x € (—1,1).
It was also shown in Section 4.1 that gp(z) is free of zeros in D. Thus
gp(z) >0 for z € (—1,1) and

P =P, := sup
geH)

b
/ o(x)B(@)p(z) dx

Assume that gg € H,, is an extremal function for the problem of finding F.
Then

b
Py = < [ ln(@)B@)p(a) da < Py = P

b
/ 00(z) B(z)p(z) dz
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Consequently, gg is an extremal function for the problem of finding P;. Thus
we proved (i) and (ii). Now (iii) immediately follows from Proposition 4.4.
([l

For p = oo and even vy,...,1, it is evident that g., o(2) = 1 is the
unique function for which (5.3) holds.
For p = 2 we can also find the extremal function g, 2. Indeed, we have

b
/ 9(x)B(x)p(z) da

sup
gEH>
21 19
= su 5 d0B dx| = su , ,
s | [ [7 ) ot de| = sup (o1
where ,
B(x)
o) = [ 2w do
and

L B N
(0:0hs = 5 [ (el dp

is the inner product in the Hilbert space Ho. Thus

o(2)
gTU72(Z) = :
1@l
THEOREM 5.2. Let (a,b) C (—=1,1), z; € (=1,1), j=1,...,n. Assume
that 1 < p < 00 orp = 1and—1<a<b<1. Then for even vj,
j=1,...,n, the quadrature formula
n l/j—l
JRCECLE ) ORIt
j=1m=0
where
b
tin = [ em(lp(e) da,
@) = B@n (@)1 = 2% ( (1 —52)" ><“f"“>
" m!(v; —m —1)! (2)gn ()@ =)L —22) ) |y

Sz \
s =T (=)
s=1 s

S#]

is best on the class Hy for the system of nodes 7,.

PRrROOF. For z € (a,b) consider the integral

B 1 OIS
Jf(z):= B(:c)gfy,p(l“)% /|Z:1 B(2)gr, p(2)(z — 2)(1 — 22) dz.
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By the residue theorem we get

n v;j—1

Jf Z Z Cim(z )(:cj).

7j=1m=0

It is easy to verify that

27 ei@
Jf(z) :B(x)gpr(@/o B f( ) —— dv(0),

67’9)97-1,’}7(619)

where

1
2m
Assume that p < co. Using (5.4) we obtain

dv(0) = —P(e", x) db.

n Vj—

- /ff(:c) dfoZa]mf (2;) =\ / I @pla) da

7j=1m=0

b b 2 ei@
< [ Vr@lpta) de < / B(2)gr, () /0 M () da

197,.p(€)]

9r, p(#) B(2) P(¢", )p(x) do df

1 2 |f ZG
B % 0 |g7'uyp 619 ’

1

2
= (i, Hy) o /0 1) lgn, e )P do.

By the Holder inequality we have

27 Y 1/p 27 Y (p=1)/p
Ry < e(r,. H,) (/ f(el)\”d9> (/ 9 (€ >\pd9)

<e(r,, Hp).

If p = oo, then g;, .o« =1 and

b
R, < / B(z)p(z)dr = e(1y,, Hx)-

Now we consider the periodic case. For
(-t
LA\ V7R VA B
where t; € T, j =1,...,n, set
n N n K
N::Z;I/j, B(z):=k= Hsn”f (W(Z—tj))
‘7:

(K is the complete elliptic integral of the first kind for the modulus k = x(3)
and x is defined by (2.5)).
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THEOREM 5.3. Let (a,b) C (0,27) and v; be even. Then the quadrature
formula

b n Vi~
(55) | sme~y S oy
a j=1m=0
in which
b
aim= [ cmltp(e)dt,
_K__ B® (=) (K vy
¢jm(t) = m ml(v; —m —1)'zlgrtl < B(z) ctn Tr(t 2 ’
cnzdnz
ctnz = ————,
sn z

is best on the class Hoﬁo(']l‘) for the system of nodes 1,,. Moreover,

b
(5.6) el HE(D) = [ BlOw(e) d
Proor. It follows from Theorem 2.3 that for all ¢ € T the method
n Vi—
Z Z Cjm (t ()
7j=1m=0

is optimal on the class H2(T) and its intrinsic error is equal to B(t) (since
vj are even, B(t) > 0). Thus for all t € (a,b) and all f € HE(T)

n vi—1
‘ =22 2 em®F()| < B
j=1m=0
Hence
b n Vj— b
‘/ f(#)p( dw—zzajmf( _/ Bt)p(t) d.
“ j=1m=0 a
Consequently,

b
e(ry, H3,(T)) < | B(t)p(t) dt.
On the other hand since B € HY, (T) and BM™(t;) = 0, j = 1,...,n,
=0,..., , it follows from (5.2) that

e(r,, H2 (T / B(t

Thus (5.6) is proved. Now it follows from (5.7) that the quadrature formula
(5.5) is best. O
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5.2. Optimal Quadrature Formulas

Now we would like to find a system of nodes at which the error of the
best quadrature formula is minimal. Put

(5.8) e(v, W):= inf e(r,,W),

where G is a domain of definition of functions from the class W. The nodes
7, at which the lower bound in (5.8) is attained are called optimal nodes of
type v and the best quadrature formula for the system of optimal nodes is
said to be optimal.

THEOREM 5.4. Let (a,b) = (0,27), p(t) = 1, and s € N. Then for all
2s—1<v;<2s,j=1,...,n,

2w \S

— 1\
e(v, Hgo(']f)) = Jos(A) = 28+1ﬂwe—sﬁn +0 (e—(s—i—Z)ﬁn) ’

s!

where A is the complete elliptic integral of the first kind for the modulus
A = k(Bn) and

t9dt
(5:9) / VA —2)(1 - 222)

Moreover, the equidistant system of nodes on T is the only system of optimal
nodes to within a translation.

PROOF. Let = (2s...2s). It follows from Theorem 5.3 that

21
B .
(M7 H (T)) 0<t1<1n£tn<27r/0 B(t) di

2s
= inf
0<t1<..<tn<2m

k”/2Hsn< —tj>

Putting in Theorem 2.14 p(x) = tan %:c, we obtain

2s

2mA®
A
It follows from the same theorem that the equidistant system of nodes on T

is the only system of optimal nodes to within a translation. The asymptotic
equality for the value (5.10) follows easily from (2.34).

(5.10) e(u, HE,(T)) =

Jas(A).

For optimal nodes t;‘» =(j- 1)1, 7 =1,...,n, we consider the quad-

rature formula (5.5). We denote by By the function B for this system of
nodes. We have

21 1 2 K
o1 = (= Bo(t)ctn | —(t — ) ) dt,
@251 (K) (23—1)!k8wj0(t;)/0 0()Cn<7r( J))
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where
- K
—1 2 *
wjo(t) = k*~V T sn (W(t - tm)> .
m=1
m#j
On the other hand, it follows from the necessary condition of extremum that

2 K
By(t) ctn <(t - t;‘)) dt = 0.
0 Qo
Thus aj2,—1 = 0 for all j = 1,...,n. Hence for all (v1,...,1,) such that

2s—=1<v; <2s,5=1,...,n,

27
e(v, H2 (T)) < /0 By(t) dt.

If t1...,t, is an arbitrary system of nodes with multiplicities 2s —1 < v; <
2s,j=1,...,n, then from (5.2) we have

n K 2s 2
e(ry, HE(T)) > ||E" [ [ sn ((. - tj)) > [ By(t)dt.
i—1 0 2s 0
j_
In view of uniqueness the last inequality is strong provided that t;...,t, is
not the equidistant system on T. ([

Now consider the problem of optimal quadrature formula for the integral

1

on the class Ho(&:) which is the set of all functions analytic in the interior

of the ellipse &, with foci at the points £1 and sum ¢ > 1 of its semiaxes
and satisfying the condition |f(2)| <1, z € &..

THEOREM 5.5. Forallc>1,s€N, and2s—1<v; <2s,j=1,...,n,

A® 2s — 1)!!
e(l/, HOO(SC)) — TrA J25<)\) — 2577.(88!)0—28’” + O <C—2(S+2)n> 7

where A is the complete elliptic integral of the first kind for the modulus
A = k(2nlogc). Moreover, the Chebyshev nodes

27 —1
(5.12) x; = cos an

are the only optimal nodes.

w, j=1...,n,

ProOOF. By the conformal mapping of the interior of the ellipse £, on
the unit disk defined by (2.35) the original problem reduces to the one of
finding the error of optimal quadrature formula on the class Ho, for the
integral

s vk dx
2K /_@ ) =
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where K is the complete elliptic integral of the first kind for the modulus
k = k(2logc). Further, we use the same scheme as in the previous theorem
but instead of referring to Theorems 5.3 and 2.14 we refer to Theorems 5.2

and 2.15. [l
We take up more explicitly the case when v; = ... = v, = 1. Assume
that for any system of nodes 7 = (z1,...,z,) the information operator

L f = (f(z1),. ., f(zn))
is known with an error at most 4 in the norm of the space [}, 1 < p < oo, that
is, we know the values f = (f(z1),..., f(xn)) which satisfy the condition

1/p
1Lt = Flly = (Z\ij (])!p) <5

We shall be interested in the problem of finding the value
(5.13)

n
enp(W,0) := inf inf sup sup x)dr — Zajf(xj)
z;€GNR a; feW fel;z =1
127 f—=Fllip <8

A quadrature formula for which the lower bound in (5.13) is attained and
corresponding nodes are called optimal as before.
For a convex balanced class W by Theorem 1.6 we have

(5.14) enp(W,0) = inf sup
z;€GNR  feW
17 fllip <6

Iftw = H&(T) and § > n'/P it is easy to see that the function f(z) =1 is
extremal in (5.14) for any system of nodes and, consequently, the quadrature
formula with a; =0, j = 1,...,n is optimal for this trivial case.

Put

T A) ._/1<>\t2+A>q/2 dt
R T Jo W1+ AN2 \/(1_t2)(1_/\2t2)'

For A = 0 this function coincides with J,(\) defined by (5.9).

THEOREM 5.6. Let 1 <p<oo and 0 << nY/P. Then
1) the quadrature formula

2m 21 A — Ji(\, A)
(5.15) ft)dt~ — T ANA ;;*( )

0

in which A = dn=1/P_ is optimal on the class H&(T); here A is the complete
elliptic integral of the first kind for the modulus \ = k(Bn);
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2) the following equalities hold:
2
e”p(Hgo(T)a 5) = XJ2()‘7 A)

= 27 A+ 4m(1 = A% ArA(4 - 3A%)e T 4 O (70)

2
3) the nodes = (j— l)l, j=1,...,n, are the only optimal to within
n

a translation.

PROOF. Let 0 <t; <...<t, <2m. For k = kr(B) set
< K
B(z) := k"2 “(z—t) ).
=] n (S 1)

It follows from the proof of Theorem 2.3 that B2(z) € H5(T). Moreover,
|B(z+if8)| = 1forallz € R. Fort € T and f € H5(T) consider the integral
1 K B%(t)(1+ AB?(¢))?
= = tn (¢ —t d
1= . 7 e sz (7€-0) 10 d
where I'; is the boundary of the rectangle: —¢ < Rez <27 —e, |[Im 2| < ;

here € > 0 is chosen from the requirement that the points ¢,t1,...,t, lie
inside the rectangle. By the residue theorem we have

n

(5.16) Jf = f(t) = Y (o) F(t)) + i) (t))),
j=1
where
_K B2(t) A
0= gy e amr e ()
K
. K2 BQ(t) 1 — k2sn? <7‘r(t — tj)> B”(tj) »
0 =2 B+ AR @) K By O
J sn? (w(t — tj)>

For a fixed ¢ € T consider the function

K B2(t) K
PO = g s smap e (€0

The function F is an elliptic function with periods 27 and i2rK’/K. To
within the periods, all the poles of F' are at the points ¢,¢1,...,t,, and
t +imK'/K. Using the fact that the sum of the residues of an elliptic
function with respect to all the poles lying inside a period parallelogram is
equal to zero, we obtain

1

B
ivarme &0 T amer

n

(5.17)
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K
By virtue of the 2m-periodicity of the functions B%(z) and ctn —z, we
T
can replace I'; by I' := [27r + if3,i8] U [—if, 27 — i3] in the integral Jf. It
follows from (2.6) that
2

ctn (f(:p + w)) _ +ildn <I;(m + w))

Thus, the integral Jf can be written in the form

(5.18) Jf = g g(&)x(&, 1) f(§) du(§),
where
B9+ A
g(f) = H_T%?
_ KB*(t)(1 + AB?*()(B*(€) + A) K ?
vt = e sy (€]

and I'g = [i8, 27 + 5] U [—if, 27 — if] with measure du(x £ if) = dz. Since

|B(£)| = 1 when £ € Ty, it follows that |g(£)] = 1 and x(&,¢) > 0 for all

¢ eTpandt e T. Using (5.16) and (5.18), we now obtain the representation
n

2w
F)dt = (ajof (t;) + ajf'(t;) —/ 9(&) (&) (&) du(8),

0 o

j=1
in which

27 27
P(&) :/0 x(&,t)dt, @jm :/0 cim(t)dt, m=0,1.

Denote by By the function B for the nodes ¢}. (In this case we denote
the corresponding function g by go.) Using the first principal transform of
elliptic functions of degree n (see Appendix), we can show that

(5.19) By(t) = (=1)" "'V Asn (?t /\> .

Consequently, B3(t + ty) = B2(t) and since ctnt is odd, we have

2 B2<t) K .
| aramare (Fe-)

i B(t) K
= ——————ctn—tdt = 0.
| i amgmEen =

Thus, aj1 =0, j = 1,...,n. By similar considerations we find

K
2 4
- K2 /27r Bg(t) 1 — k“sn ?t "
w2 B (t5) Jo (L+AB3(1)? o K,
T
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From (5.19) we can obtain By(t7) and verify that BY?(t5) = ... = BL*(2).
Therefore a1g = ... = a,g =: A.
To find the quantity A, we use (5.17) and integrate it to obtain

n 2m 1—B4(t) 1 2m
nA = a»:/ Odt:/ 1— g2(t)) dt.
2= J, T ameE T 1o ), (790

nA
Substituting —t = 2z, x = sn(z, A) in the latter integral, we obtain
T

A_277TA*J4()"A)
S n (1-A2)A

Thus, we have proved the equality

0

2 n .
fOydt =AY 1(6) = [ SO due).
j=1 0
For 2z = (21,...,2n) € ly we set (y5,2) == A3 zj. Then
(W5, Tr-go) = A go(t]) = Aon' M7 = 4|yl
j=1

for 7 := (},...,t;). Furthermore, |[I;-goli;» = 6. Applying Theorem 1.10

we see that the quadrature formula (5.15) is the best in the class HY (T) for
the system of nodes 7" and the function gg is extremal. Consequently,

2
enp(HZ(T), 8) < /0 go(t) dt.

On the other hand, since for any system of nodes 7 the function g €
HE.(T) and |29l = 9, it follows from (5.14) that

2m 2m 4
8 S _ 4
enp(H5(T), 8) > ti-lgl‘/o g(t)dt tljlgr/o ® (ﬂ_ arctan B(t)> dt,
where

tan? Ex + A
(5.20) olz) = —2
1+ Atan? Zx

From Theorem 2.14 we get

(5.21)  inf /0 7 gt) dt = /0 2F¢(4arctanBo(t)) dt = /0 ” go(t) dt.

t; €T ™

Thus,

2
enp(HE(T), 8) = /0 do(t) dt.
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An expression for this quality in terms of the function J> is obtained with
the same substitutions which were used to calculate A, while the asymptotic
equality is obtained using (2.34).

Assertion 3) follows from the fact that the infimum in (5.21) is atteined
only for a system of points uniformly distributed with step size 27 /n. O

Now we consider the problem (5.13) for the integral (5.11) and the class
Huo(E.). For 6 > n!/P the solution of this problem is trivial and can be
obtained from the same considerations used above for the class HEO(T)

THEOREM 5.7. Let 1 <p< oo and 0 < < nYP. Then
1) the quadrature formula

1 dt T A= JANA) (21
o) [ st L T (e )

Jj=1

in which A = én=Y/? and A is the complete elliptic integral of the first kind
for the modulus A\ = k(2nlogc), is optimal for the class Hoo(E.);
2) the following equalities hold:
T
enp(Hoo(Ee),0) = XJQ()\, A)
=7A+27(1 — A%)e 2" 4+ 27 A(4 — 3A%)c " + O (75 ;

3) the Chebyshev nodes (5.12) are the only optimal nodes.

PROOF. If f(t) € Hoo(&,), then f(cost) € HA(T) for B = loge. Apply-
ing Theorem 5.6, we see that the error of the quadrature formula (5.22) and,
consequently, the optimal quadrature formula do not exceed the quantity

1
“eonp(HL(T),2/76) = (A, A).

2 A

To obtain the lower bound, we use (5.14). Using the substitution (2.35), we

obtain

vk
cop(Hoel0) = int — swp | [ f(a)al) da|.
z;e(=1,1) f€Hs |J—VE
17 Fllgs <o
where 7 = (z1,...,2,) and
(2) = T 1
T S0 k)
Set,

YT 2% _ B*z)+A
b=l 98 = apny
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It is easily seen that g € Hoo and [|I7g|l;n = 6. Thus,

vk
/ 9(2)a(z) dz

—Vk

vE 4

= inf / ® < arctan B(z)> q(z)dz
ze(-1,0)1/—Vk ™

where the function ¢ is defined by (5.20). By Theorem 2.15 we get

enp(Hoo(gc)> 5) > %JQ()H A)

It follows from the same theorem that the nodes (2.31) of extremal functions
are unique. By conformal mapping of the unit disk onto the interior of the
ellipse &, these nodes transform to the Chebyshev nodes. (]

enp(Hoo(£,),8) > inf
z;€(—1,1)

)

5.3. Estimates of Optimal Quadratures

We consider now optimal quadrature formulas for the class Hp, (a,b) =
(=1,1), and p(z) = 1. In view of (5.2) we have

1
e(v,Hy) = inf sup ‘/ f(x)dx
1<z << <1 feH, -1
£ (25)=0, j=1,....n, m=0,...,v;—1

Vo (o —x \Y
= inf sup / H ( L ) g(x)dx|.
—l<o1<..<on<l g€Hy | /-1 1—zjx

For
n
N:ZV]' and t=(t1,...,ty) € IV :=[-1,1]"
j=1
we set
A
H o Hy(t)={Bg:g € Hy},
E,(t) = sup x)dz|.
JEH(t)

Denote by Q(v) the set of all systems of points (5.1) with —1 <z < ... <
xn, < 1. If t € Q(v) we identify it with

(t1,- s tt,estn, oot ).

SN——— SN—————

141 Un
Then

e(v, Hy) = telg(f )E p(t)-

Denote by Q the closure of 2(v) in the case when 11, ..., v, are all even.
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PROPOSITION 5.8. Let 1 < p < oo and v1,...,v, be even. Then
(i) for everyt € Q there exists a unique function f; € H,(t) such that

1
E,(t) = /_1 fi(x) dx,

(i) for everyt e Q
_ Ji(=)
for =1 < x < 1. In particular, if

(T ... Tn
=Ny vp )’
fO) () >0, k=1,...,n.
(iii) E,(t) is continuous on Q,

(iv) ift € Q and t — x € Q, then for all m > 0, ft(m)(z) — fa(;m)(z)
uniformly on every compact subset of the unit disk D.

>0

then

PRrROOF. Parts (i) and (ii) follow from Lemma 5.1. To prove (iii) we
consider the continuous linear functional L; on H, defined by

1
Lig) = | Bila)g(o) o
-1
From the definition of g; we have

Li(gi) = sup |Li(g)| = Ep(t).
geH,
Ifr € Qandt— x € Q, then |B; — Bzl (~1,1) — 0 for all ¢ < oo. This
implies that ||L; — L|| — 0 from which immediately follows that E,(t) —
E,(x). Thus (iii) is proved.
Let 1 < p < 0. For t — = we have

Li(gt) = Le(gt) + (Lo — Lt)(9t) — Ep(z).

Consequently, any weakly convergent subsequence of {g;} must converge to
a function g € Hy, for which L;(g) = Ep(z). According to (i) only g, has this
property. Since H), is sequentially weak compact, we get ¢; — g, weakly.
But [|g¢]|#, = 1 = [|gz||3,. So for 1 < p < oo we also have ||g; — gz||3, — 0.
It is easy to see that || f; — fz||%, — 0 if and only if ||g; — gz |3, — 0 where
ft = g¢+By and f, = g B,. Now (iv) is an immediate consequence of Cauchy’s

formula | 6
GO IS
ft (Z) - 27TZ \/|V£:1 (5 _ Z)erl dg

The case p = oo easily follows from the fact that for every t € ,
gi(z) = 1. O

We need also the following auxiliary lemma.
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LEMMA 5.9. Let h > 0 and f € C"[xg — h,xo + h]. Suppose that f
has exactly r zeros in [xo — h,zo + h] and f(xo —h) = f(zo+ h) = 0. If
0<m< fO)t) < M for all t € [xg — h,xzo + h], then

m
to —1 4,/ —————h
2ol | Mrlye2r—1 "7

where t| < ty are the zeros of fU=2)(t) in [xo — h, o + h].

PROOF. By Rolle’s theorem f(¥)(t) has exactly —k zeros in [zg— h, zo+
h]. Denote them by tx; < ... < ty,_k. Evidently for k <r —2

xT

fB @)= [ fE @) dt.
tko

Thus for £ <r —3
5.23 ma. &) ()| = ma () (
( ) tk1§$§t):,r7k ‘f ( )‘ tk+1,1S$§t:i1,r7k71 ’f ( )’

< (t e —1 a (k+1)

< (tht1,r—k+1 k+1’1)tk+1,1§7¥2t1§-1,r—k—1 |f (z)]

<2h max |FEFD ().

tet1,1 ST<tt1,r—k—1

From Newton’s interpolation formula it follows that for all = € [¢1, t2]

(r)
Fr () = (. —t)(x — tg)f 2(0, t1 < ( <ty
Consequently,
max £ (@) < 20y
t1 <x<to - 8 '
Set £ = ty—1,1. Then repeated use of (5.23) gives
k fo (t2 — t1)°
(5.24) FR©)] < (2n)F 2= ML

8
Now suppose that £ < zg. By Taylor’s formula

U0 ") (2 + O(z —
i@y =S IO g SN o g
k=0

k! r!

Using (5.24) and the fact that fO=Y(£) = 0, we get for > xq

=2 )
f(ID) > %(x _ xo)r _ 2 |f k'(§)| ($ _ g)k
42 2 r—k—2
> %(-ﬁ-l’o)r _ <t2 8t1) M 3 (2h)k' Bk

k=0

> e = wo) - @28’“)21\4(%)”\/&.
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Substituting x = x¢ + h we obtain

ty —t1)?
0> T,h’“ - (281)M(2h)7"2\/6.
T

From the last inequality our assertion follows immediately.
Suppose that g < €. Let x < zp. In a similar fashion we get

F@) < =@ —ay + L0  prony2ye

for odd r, and

m to —t1)?
fl@) > = (xo — )" - {t2—t)° g 1) M(2h)"2\/e
r!
for even r. Putting = xg — h and taking into account that f(xg —h) =0,
we obtain the desired inequality. O

THEOREM 5.10. For every system of natural numbers vy,...,v, there
exist optimal nodes of type v = (v1,...,vy) in the class Hy, 1 < p < oo,
such that —1 < xz1,...,x, < 1. Moreover, the coefficients of the optimal
quadrature formula satisfy the relations
(525) a“k‘,l/k—l = 07 ak},Vk—Q > 07 Zf Vk’ 758 6’06’/1,

Ak,p—1 > 0, if v is odd.

PROOF. Assume first that vq, ..., 1, are even. Since E,(t) is continuous
for t € Q it has a minimum on 2. The points in 2 have representations of
the form

-1 x1 ... xTm 1
Ty = )
Ho M1 .- Hm Bm4l

where m <n, -1 <z < ... <z <1, and the pi’s are the corresponding
multiplicities. We always include +1 for technical reasons. Therefore we
allow the possibility that pg =0 or p;m+1 = 0. With this exception the ug’s
are sums of consecutive v;’s.

We now claim that the minimum of E,(t) on § is obtained at a point 7,
with 1o = ftmy1 = 0. Assume that g + pimr1 > 0. Consider the point in

o m w2 Ty T
’ Mo+ H1 p2 e fm—1 Hm t Hmet1)
Since all the py’s are even, we have on (—1,1) \ {z1,...,xy} that
B (z) < Br, ().

Using Proposition 5.8, we obtain
1 1
Ey(1,) :/ gr.,(z) By (2) dx </ 9r,(2)Br, (2) dx
-1 -1

1
< [ 0n@)By (@) do = By(n).

Thereby our claim is justified.
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Let us suppose that the nodes

rT ... ITm
620 ()
are optimal. Let k be fixed. For sufficiently small |h| we define the nodes
Ta(h) = <331 cee Tl T +h xR ... a:m>
L R ! 223 Hk+1  --- Hm

Since 7, is optimal,
(5.27) Ep(1) < Ep(1u(h)).
We have

! e

/lfm(h)(ﬂﬁ) da — z; Z; ajs fr iy (%) < Ep(T),
j=1 s=

where aj; are optimal coefficients for the nodes 7,. Taking into account
properties of f. (n), we obtain

HE—1
(5.28) Ep(ru(h) = D~ ajaf¥1 (k) < Ep(7).
()
s=0
By Taylor’s formula
. FU) (2 + 0h) )
(5.29) SO () = “((/jk—_s)!(—h)w S0<f<1.

In view of Proposition 5.8 there exist constants C7 > 0 and Cy > 0 such
that

C) < fiféc,z)(fﬁk +h) <Cy
for all sufficiently small |h|. Thus

fr(z)(h)@k) =0 (h”j_s) ,os=0,...,p45—2,
and

—1
£ @r) = =C(h)h,

where C1 < C(h) < Cs.
It follows from (5.28) that

Ey(1u(h)) + O(h?) + ak , —1C(h)h < Ep(7,,).

This inequality contradicts (5.27) in the case ay, ,, —1 7# 0. Hence ay ,,—1 = 0.
Now (5.28) implies

Ep(ru(h)) + O(h*) = ap -2 f L% (21) < Ep(m).
But in view of (5.29)

(h—2) ﬁ 2
Fruny (k) 2 57h%
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Thus (5.27) yields ay ;2 > 0. If ag ;2 = 0, then E, (7)) = E,(7,), where

/_<$1 e Tk—1 Tk Tht1 - CL‘m>
TM .

Co\M e kel BE— 2 flks1 oo

Consequently, fr, = fr, and fT(fL k=2) (zx) = 0 which contradicts (ii) of Propo-
N
sition 5.8.

Suppose that

f E =F
Tyle%(y) ( ) p(Tu)7

where 7, is defined by (5.26). We have to prove that m = n which will
imply that pup = v, K = 1,...,n. If m < n, then there is an index k such
that pp = v + ... + vy for some j > 0. For each sufficiently small A > 0
we define the nodes

, 1 ... Tk—1 €—h e+h Ty ... Ty
Tu(h) =
M1 oo Hk—1 Ve HE Vg Mkl - fim
where € € [z}, — h,x + h|. Let us show that there exists such e for which
~1
(5.30) fﬁffh) () =0.

It follows from Proposition 5.8 that for sufficiently small A
Fae®) = C >0

for all t € [z — 2h,z + 2h]. According to Rolle’s theorem fr(’)\gh) (), A =
0,..., 1k — 1, has exactly ug — A zeros in [z — 2h, 2 + 2h]. Tt isueasy to see
that the unique zero £(g) of fr(;ljéﬁh_)l) (t) for t € [z, —2h, x+2h] is a continuous
function of € for fixed h. Moreover, {(z — h) < xp and &(xp + h) > .

Consequently, there exists € € [z — h,z + h] for which (5.30) holds. In
what follows we assume that ¢ is chosen satisfying (5.30).

Denote by ty; < ... <ty - the zeros of fT(,Agh) (t) in [z — 2h, xf + 2R].
In
By Newton’s interpolation formula for every ¢ € [z — 2h, xy, + 2h]

(ke
(5.31) SO () =t —txa) ... (t—ty A)f”(()
7! (h) sk — (N _/\)‘7

o

where x; — 2h < { < x4+ 2h. Hence there exists a positive constant A such
that

(5.32) )] < AR X=0, = 1.
Since t,,,—1,1 = xj, using (5.31), we have
(bk—2) wr—2) G 2
’ - t th. — .
il =, om0 2 2~ )

According to Lemma 5.9, there is a constant A; > 0 such that

(5.33) £8P @) > Ak,
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From (5.31) we see that

(5.34) fT(th_)Q) (zx) <O.
We have
m M=l
Ep(r () = 3~ D ajsfis i (@i) < Eylma).
j=1 s=0

Taking into account (5.32)-(5.34) and the fact that ay ,, 2 > 0, we obtain

E, (1) > Ep(T,Q(h)) + O(hg) — ak,uk—2f£§fh_)2) (k)
> Ep(ﬂll(h)) + O(h®) + a py—2 410>

This contradicts the assumption that 7, is optimal. Therefore m = n and
the theorem is proved in the case of even v} ’s.

Now let vy, ..., v, be arbitrary natural numbers. Set
1
pi =2 [Vk; ] , k=1,...,n.

Then there exist optimal nodes

S r1T ... Tnp
P\ oo o)

Since the coeflicients of the optimal quadrature formula for these nodes
satisfy the relations

ak#k,l:o, k:L...,n,
the nodes
— T ... In
Y\ Ly
are optimal of the type v = (v1,...,1p). O

Now we can obtain estimates for e(v, Hp).

THEOREM 5.11. Let s € N and 1 < p < co. Then there exist constants
C1 and Cy such that for all 2s —1 <v; <2s,j=1,...,n,

C1n'/ P9 exp (71'1 /ns) <e(v,H,) < Con'/ ) exp <7r1 /ns> ,
q q

were 1/p+1/q=1.

Proor. It follows from Theorem 5.10 that for all 2s — 1 < v; < 2s,
i=1,....n,
e(v, Hy) = e(vs, Hp),

where vy = (2s,...,2s). Consequently,
1
e(v, Hy) = inf sup / g(x)B*(x)dx|,
—1<z1<..<zn<1 geH, |J -1




166 5. QUADRATURE FORMULAS

where

n
_ T —xj
B(z)=]] TR~
=1 !

From Lemma 5.1 we have

1
/ g(z)B?*(x) dx

-1

1
= sup [ Jgla)| B () da.

geH, J—1

sup

geH,
In view of (2.32) the infimum in the definition of E,(p,q,m) (see (4.10))
can be considered over the Blaschke products with real zeros. Hence

e(v,Hy) = Ey(p, 1,2s).
It remains to apply Theorem 4.11. O

5.4. Notes and References

5.1. For the class Hor and v1 = ... = v, = 2 the best quadrature
formula was constructed by Bojanov [1974]. For p = oo Theorem 5.2 was
proved in Osipenko [1988].

5.2. The material of this section is taken from Osipenko [1995a], [1994c].
For the class Hoo (&) estimates of optimal quadrature formula were obtained
by Bakhvalov [1967]. The problem of the existence and uniqueness of op-
timal nodes for classes of analytic functions was discussed in Barrar, Loeb,
Werner [1974], Loeb [1974], Bojanov [1979], and Osipenko [1988].

5.3. Proposition 5.8 is due to Anderson, Bojanov [1984]. Lemma 5.9 is
taken from Bojanov [1978] (we give a little more precise inequality). Theo-
rem 5.10 was proved by Anderson, Bojanov [1984] (see also Bojanov [1979]).
The estimates for e(v, Hp) were studied by many authors (Bojanov [1973],
Loeb, Werner [1974], Stenger [1978], Newman [1979], Anderson [1980]).
The most precise result was obtained by Anderson, Bojanov [1984] (Theo-
rem 5.11).



Appendix. Elliptic Integrals and Elliptic Functions

In this appendix we shall list some facts about elliptic integrals and
elliptic functions which we used in the main text. More detailed information
may be found, for example, in Akhiezer [1970].

We begin with elliptic integrals. The integrals

1 dt
K= /0 \/(1 —2)(1 — k2t2)’
(A.35)

b [ dt
o /0 Ja-&)— )

are called the complete elliptic integrals of the first kind for the moduli & and
k' = /1 — k2. For our purpose it suffices to deal with the so-called normal
case when 0 < k < 1.

The integral K may be represented by the series

k=TS (Y

4 N4
2 £~ 2 m(ml!)
Thus for £ — 0 we have -
K=+ O(k?).
Set
K’
h:=e K .

Then the following equalities

o 2
s m2
(A.36) K= (1 - 2m§:1 h ) ,

m(m+1)

(A.37) Vi = opl/1 2m=0 }; .
1+25 b

hold. Consequently, k satisfies the equality
K’
=s
2K

if and only if & = k(s) where
2
B ZOO—O ef2sm(m+1)
A.38 =4e° = .
( ) K(S) = (1 49 22321 6—28m2
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Hence

(A.39) K(s) =4e™* + 0 (e7%).
From (A.37) it follows that

(A.40) VE=2nt 10 (h5/4>

as h — 0 and .
h=—Fk Kt
ok +O(K)

as k — 0. Thus taking into account (A.36), we have

K 4 4
(A.41) K' =——logh=1log—+0(klog— ).
T k k
Set
Ho:= [J (1 —n>m).
m=1

The theta functions are defined as follows

0 (u) := 2Hoh'/4sin % I1 (1 — 212 cos %“ + h4m) ,

m=1

o 1/4 u - 2m u 4m,
02 (u) := 2Hph''" cos 5K H (1—1—2h €08 +h ),

m=1

0s(u) := Hp ﬁ (1 + 21271 o % i h4m—2) ’

0a(u) == Hy [ ] (1 —9p2m 1 s % + h4m*2) .

The functions

_ 1 6i(u)

sn(u, k) == 7 Bo(n)’

(A.42) en(u, k) == \/z ZzEZ;,
dn(u, k) := \/yzzgg

are called the Jacobi functions. As usual we do not indicate the dependence
of these functions on the modulus k. For the Jacobi functions the following
equalities
(A.43) ecn?u=1-sn*u, dn’u=1-k*sn’u
hold.

Zeros, poles, and periods of the Jacobi functions are given in the table
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Zeros Poles Periods

snu 2nK + 2mK’ 2nK + (2m+ 1)K’ 4K, 2K’

cnu (2n+ 1)K + 2mK’ 2nK + (2m+ 1)K’ | 4K, 2K + 2K’

dnu | (2n+ 1)K + (2m+ 1)K’ | 2nK + (2m + 1)K’ 2K, 4K’

We give one more table connected with some transformations of the
Jacobi functions

u+ K |u+2K
cnu

snu —— | —snu
dnu

cnu —k’sn—u —cnu
dnu

dnu b dnu
dnu

The summation formulas for the Jacobi functions are given by

snucnvdnv +snvcenudnu

sn(u +v) = 1 —k2sn?2usn?v ’
~cnucnv —snudnusnvdnv
en(u +v) = 1 —k2sn?2usn?w ’
dnudnv — k?snucnusnvcnv
dn(u +v) = .

1 —k2sn?usnv
From the first formula and (A.43) follows that

SIl2 u — SIl2 v

sn(u +v)sn(u —v) =

1 —k2sn?usn?v’
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We list some particular values of the Jacobi functions

sn0 =0, cn0 =1, dn0 =1,

sn K =1, cn K =0, dn K =¥/,
K 1 K VK K

sn— = ——, cn— = ——, dn — = VK,
2 V1+F 2 JV1+4FW 2

K’ ] K V1+k K’

s = R s . R SNy
2 vk 2 Vk 2

From these equalities and summation formulas we have that for all real u

—i—iK, 1
sn|lu+— || =1.
2

In what follows we denote by A an A’ the complete elliptic integrals of
the first kind for the moduli A and X' = v/1 — A2, The Landen transform is

given by

(A.44) Vi

1—K 1
- M=%
K K’
A= N =7
(i) =3y
o () = e
in(j70) = L)

The Gauss transform is given by

2
_ 2k M- L
1+E 1+k
!
S v K
M 2M

1 sn(u, k)
A= )
Sn(M’ ) M1+ ksn?(u, k)’
en(u, k) dn(u, k)
) =
Cn(M’ ) 1+ ksn?(u, k)’
u 1 — ksn?(u, k)
d A —
n( ’ ) 1+ ksn?(u, k)
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The first principal transform of degree m is defined by the following
equalities

K

A=—, AN=KM
nM’ )
K
¢ = sn? (r,k> ,
n
[n/2] [n/2] Cor 1
A=k" ] 3., M= .
Tl:[l 2r—1 7];[1 Cor
If n is odd, then
Y CL))
u — i Cor
sn (M, )\) = M sn(u, k) 71;[1 1 _ k2c2'r sn2(u, k’)’
(n—l)/2 1— M
u — Cor—1
cn (M, )\) = CH(U, k) 711;[1 1 _ kQCZT sn2(u, k)7
(n—1)/2

U 1 — k%cop_1sn?(u, k)
dn (M’ A) = dn(u, k) H 1 — k2corsn?(u, k)

r=1
If n is even, then
2
o2 Lo (u, k)
U Cor—1
3 AA)z :
St (M + 71_[1 1 — k2cop—1s02(u, k)

sn?(u, k)
N sn(u, k) UL

N Cor
M en(u, k) H 1 — k2cop_1sn2(u, k)’

r=1

cn(%—i—A,)\) =

L k2co sn?(u, k)

u N
— 4+ A .
dn (M + ’)\> dn(u, k) rl_Il 1 — k2cor—1 sn2(u, k)

The second principal transform of the first degree is defined as follows

A=K, M=l
7
K K
A=t T
M ¢ M
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u 1 sn(u, k)
st <M’ /\> ~ Men(u, k)’

. (%A) - cn(i,k)’

() - e

The derivatives of the Jacobi functions satisfy the equalities

—snu =cnudnu,

du
%cnu = —snudnu,
—dnu = —k?snucnu.
du
Thus we have
1+ k2
snu=u— + u? 4+ O(u®),
1
(A.45) cnu=1-— §u2 + O(ut),

k2
dnu=1-— ?UQ + O(uh).

For the integrals of the Jacobi functions we have

z 1 1
/ snudu = —Elog(dnz—k kenz) + Elog(l + k),
0

(A.46) / cnudu = %log(dnz —iksnz),
0

4
/ dnudu =ilog(cnz —isnz).
0
The expansion of the Jacobi functions in a Fourier series has the following

form:
2K 2 o h" 12
Sn (ﬂ_u, k’) = k‘% Z m Sil’l(27’L — 1)U,
n=1

(A.47)

2K 21 o h"1/2
cn (u’ )— T cos(2n — 1)u,

T kK 4~ 14 k21
n=1

2K 2T o~ h"
dn <u,k> = l—ki ————— COos 2nu.
s
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