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ÏÐÎÈÇÂÎÄÍÛÕ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÕÀÐÄÈ

Ê. Þ. ÎÑÈÏÅÍÊÎ

Àííîòàöèÿ. Çàäà÷à Êàðàòåîäîðè�Ôåéåðà â ïðîñòðàíñòâàõ
Õàðäè Hp ñâåäåíà ê ðåøåíèþ ñèñòåì îïðåäåëåííîãî âèäà. ×å-
ðåç ðåøåíèå ñèñòåì òîãî æå òèïà âûðàæåí îïòèìàëüíûé ìåòîä
âîññòàíîâëåíèÿ ïðîèçâîäíîé ëþáîãî ïîðÿäêà ôóíêöèè èç Hp

ïî åå çíà÷åíèÿì â íåêîòîðîì íàáîðå òî÷åê. Àíàëîãè÷íàÿ çàäà-
÷à âîññòàíîâëåíèÿ ðàññìîòðåíà â ïðîñòðàíñòâå îãðàíè÷åííûõ
ãàðìîíè÷åñêèõ ôóíêöèé h∞.

Ââåäåíèå

Ïðîñòðàíñòâîì Õàðäè Hp íàçûâàåòñÿ ñîâîêóïíîñòü âñåõ ôóíê-
öèé f(z), àíàëèòè÷åñêèõ âíóòðè åäèíè÷íîãî êðóãà D := {z ∈ C :
|z| < 1}, òàêèõ, ÷òî

‖f‖Hp := sup
0<r<1

(
1

2π

∫ 2π

0

|f(reiθ)|p dθ
)1/p

<∞, 1 ≤ p <∞,

‖f‖H∞ := sup
z∈D
|f(z)| <∞, p =∞.

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåéíîãî
ôóíêöèîíàëà

Lλξf :=
ν+m∑
j=ν

λj
j!
f (j)(ξ),

ãäå λj ∈ C, λν+m 6= 0, ν ≥ 0, íà ìíîæåñòâå ôóíêöèé èç åäèíè÷-
íîãî øàðà ïðîñòðàíñòâà Õàðäè BHp := {f ∈ Hp : ‖f‖Hp ≤ 1} ïî
çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

If :=
{
f(ξ), . . . , f (ν−1)(ξ), f(z1), . . . , f

(ν1−1)(z1), . . . ,

f(zn), . . . , f (νn−1)(zn)
}
,

ãäå ξ, z1, . . . , zn � ðàçëè÷íûå òî÷êè èç D. Ïîä ïîãðåøíîñòüþ îïòè-
ìàëüíîãî âîññòàíîâëåíèÿ ïîíèìàåòñÿ âåëè÷èíà

e(ξ, λ, I, BHp) := inf
S : CN→C

sup
f∈BHp

|Lλξf − S(If)|,

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé.
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N := ν +
∑n

j=1 νj, à îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ íàçûâà-
åòñÿ ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü.
Èç îáùèõ ðåçóëüòàòîâ îòíîñèòåëüíî çàäà÷ âîññòàíîâëåíèÿ

(ñì. [1],[2]) âûòåêàåò ñóùåñòâîâàíèå â ðàññìàòðèâàåìîì ñëó÷àå ëè-
íåéíîãî îïòèìàëüíîãî ìåòîäà âîññòàíîâëåíèÿ è ðàâåíñòâî

(1) e(ξ, λ, I, BHp) = sup
f∈BHp
If=0

|Lλξf |.

Âñÿêàÿ ôóíêöèÿ f ∈ BHp, óäîâëåòâîðÿþùàÿ óñëîâèþ If = 0, ìî-
æåò áûòü ïðåäñòàâëåíà â âèäå

f(z) = W1(z)g(z),

ãäå

W1(z) :=

(
z − ξ
1− ξz

)ν
W (z), W (z) :=

n∏
j=1

(
z − zj
1− zjz

)νj
,

à g ∈ BHp. Òåì ñàìûì ýêñòðåìàëüíàÿ çàäà÷à (1) ñâîäèòñÿ ê ýêñ-
òðåìàëüíîé çàäà÷å áåç îãðàíè÷åíèé

(2) sup
g∈BHp

|Lµξ g|,

ãäå µ = (µ0, . . . , µm), à µj âûðàæàþòñÿ ÷åðåç ýëåìåíòû âåêòîðà
λ = (λν , . . . , λν+m) è ïðîèçâîäíûå ôóíêöèè W1 â òî÷êå ξ.
Ýêñòðåìàëüíûì çàäà÷àì (1), (2) è èõ îáîáùåíèÿì ïîñâÿùåíî

ìíîãî ðàáîò, íà÷èíàÿ ñ êëàññè÷åñêîé ðàáîòû Ëàíäàó [3] (p = ∞,
ξ = 0, µ = (1, . . . , 1)) (ïîäðîáíåå ñì. [4]�[7]). Åñëè ãîâîðèòü î çàäà-
÷àõ âîññòàíîâëåíèÿ â ïðîñòðàíñòâàõ Hp, òî îíè ñòàëè ðàññìàòðè-
âàòüñÿ ñðàâíèòåëüíî íåäàâíî â ðàáîòàõ [8], [1] (p =∞, ν = m = 0),
[2] (p = ∞, λ = (0, 1)), [9] (1 ≤ p < ∞, ν = m = 0), [10] (p = 2,
λ = (0, . . . , 0, 1), n = 1, z1 = 0), [11] (1 ≤ p ≤ ∞, λ = (λν , λν+1)).
Çäåñü ìû ðàññìàòðèâàåì îáùèé ñëó÷àé âîññòàíîâëåíèÿ ôóíêöè-

îíàëà Lλξf è ñâîäèì åãî ôàêòè÷åñêè ê çàäà÷å Êàðàòåîäîðè�Ôåéåðà,
ðåøåíèå êîòîðîé óäàåòñÿ îïèñàòü ÷åðåç ðåøåíèÿ ñèñòåì îïðåäåëåí-
íîãî âèäà. Ðàññìîòðåíà òàêæå àíàëîãè÷íàÿ çàäà÷à íà åäèíè÷íîì
øàðå èç ïðîñòðàíñòâà h∞, ÿâëÿþùåãîñÿ ñîâîêóïíîñòüþ ãàðìîíè÷å-
ñêèõ â D ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

‖u‖h∞ := sup
z∈D
|u(z)| <∞.

1. Çàäà÷à Êàðàòåîäîðè�Ôåéåðà

Â 1911 ã. Êàðàòåîäîðè è Ôåéåð [12] èññëåäîâàëè çàäà÷ó î íàõîæ-
äåíèè ñðåäè âñåõ ôóíêöèé

f(z) = c0 + c1z + . . .+ cmz
m + . . . ,

àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå D, ïðè ôèêñèðîâàííûõ êîýôôè-
öèåíòàõ c0, . . . , cm ∈ C òîé, êîòîðàÿ èìååò íàèìåíüøèé ìàêñèìóì
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ìîäóëÿ â D. Ðàññìîòðèì çàäà÷ó òàêîãî æå òèïà î íàõîæäåíèè âå-
ëè÷èíû

inf ‖f‖Hp
íà ìíîæåñòâå ôóíêöèé èç Hp, óäîâëåòâîðÿþùèõ óñëîâèÿì

(3) f (j)(ξ) = j!cj, j = 0, . . . ,m,

ãäå ξ ∈ D, à c0, . . . , cm � ôèêñèðîâàííûå êîìïëåêñíûå ÷èñëà.
Èçâåñòíî (ñì. [4], [5], [13]), ÷òî ïðè âñåõ 1 ≤ p ≤ ∞ ñðåäè

ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ (3), ñóùåñòâóåò åäèíñòâåííàÿ
ôóíêöèÿ âèäà

(4) f0(z) = C(1− ξz)−2(m+1)/p

k∏
j=1

z − αj
1− αjz

m∏
j=1

(1− αjz)2/p,

ãäå C � íåêîòîðàÿ êîíñòàíòà, 0 ≤ k ≤ m, |αj| < 1, j = 1, . . . , k,
è |αj| ≤ 1, j = k + 1, . . . ,m. Êðîìå òîãî, ýòà ôóíêöèÿ è òîëü-
êî îíà ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êàðàòåîäîðè�Ôåéåðà ñ óñëîâèåì
(3). (Ïðè p = ∞ âñå âûðàæåíèÿ ñ p ïîíèìàþòñÿ êàê ïðåäåëüíûå
çíà÷åíèÿ ïðè p→∞.)
Áóäåì ñ÷èòàòü, ÷òî c0 6= 0, òàê êàê â ïðîòèâíîì ñëó÷àå ñ ïîìî-

ùüþ ïðåäñòàâëåíèÿ ôóíêöèè f â âèäå

f(z) =
z − ξ
1− ξz

g(z)

çàäà÷à ñâîäèòñÿ ê àíàëîãè÷íîé, íî ñ ìåíüøèì ÷èñëîì ïàðàìåòðîâ.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: dj := c−10 cj, j = 0, . . . ,m,

A :=


1 0 . . . 0
d1
2

1

2
. . . 0

. . . . . . . . . . . . . . . . . . . . .
dm−1
m

dm−2
m

. . .
1

m

 , ρ := A−1d,(5)

γs := (−1)s+1

[
2

p
ξ
s

+
s∑
j=1

(−1)jCj
sξ
s−j

(1− |ξ|2)jρj
]
, s = 1, . . . ,m;

çäåñü ρ = (ρ1, . . . , ρm)T , d = (d1, . . . , dm)T .

Òåîðåìà 1. Ïóñòü 1 ≤ p ≤ ∞. Äëÿ òîãî, ÷òîáû ôóíêöèÿ (4) áûëà
ðåøåíèåì çàäà÷è Êàðàòåîäîðè�Ôåéåðà ñ óñëîâèåì (3) è c0 6= 0,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ÷èñëà

(6) bj =
αj − ξ
1− ξαj

ÿâëÿëèñü ðåøåíèåì ñèñòåìû

(7)
k∑
j=1

(b
−s
j − bsj) +

2

p

m∑
j=1

bsj = γs, s = 1, . . . ,m,
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òàêèì, ÷òî

(8)
|bj| < 1, j = 1, . . . , k,

|bj| ≤ 1, j = k + 1, . . . ,m,
0 ≤ k ≤ m,

à

(9) C = c0(1− |ξ|2)2(m+1)/p

k∏
j=1

1− αjξ
ξ − αj

m∏
j=1

(1− αjξ)−2/p.

Äîêàçàòåëüñòâî. Ïóñòü ôóíêöèÿ f0 âèäà (4) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è Êàðàòåîäîðè�Ôåéåðà. Ðàâåíñòâî (9) âûòåêàåò èç òîãî, ÷òî
f0(ξ) = c0. Äîêàæåì, ÷òî èìåþò ìåñòî ðàâåíñòâà (7) äëÿ bj, îïðå-
äåëåííûõ â (6). Ïîëîæèì

(10) x(z) :=
f ′0(z)

f0(z)
=

k∑
j=1

(
1

z − αj
+

αj
1− αjz

)
− 2

p

m∑
j=1

αj
1− αjz

+ (m+ 1)
2

p

ξ

1− ξz
.

Èç îïðåäåëåíèÿ x(z) ïîëó÷àåì

(11) f
(r+1)
0 (ξ) =

r∑
j=0

Cj
rf

(r−j)
0 (ξ)x(j)(ξ)

èëè, ó÷èòûâàÿ ðàâåíñòâà (3),

1

r + 1

r∑
j=0

dr−j
x(j)(ξ)

j!
= dr+1, r = 0, . . . ,m− 1.

Òåì ñàìûì
x(j)(ξ)

j!
= ρj+1, j = 0, . . . ,m− 1.

Ñ äðóãîé ñòîðîíû, èç (10) èìååì

x(r−1)(ξ)

(r − 1)!
=

k∑
j=1

(
(−1)r−1

(ξ − αj)r
+

αrj
(1− αjξ)r

)
− 2

p

m∑
j=1

αrj
(1− αjξ)r

+ (m+ 1)
2

p

ξ
r

(1− |ξ|2)r
.

Â ñèëó ðàâåíñòâà (6)

1

ξ − αj
= −

b
−1
j + ξ

1− |ξ|2
,

αj
1− αjξ

=
bj + ξ

1− |ξ|2
,

è, êðîìå òîãî, èìåþò ìåñòî ñîîòíîøåíèÿ (8), òàê êàê îíè âûïîë-
íåíû äëÿ α1, . . . , αm. Òàêèì îáðàçîì, äëÿ b1, . . . , bm ñïðàâåäëèâû
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ðàâåíñòâà

ωr :=
k∑
j=1

[
(b
−1
j + ξ)r − (bj + ξ)r

]
+

2

p

m∑
j=1

(bj + ξ)r

= (m+ 1)
2

p
ξ
r − (1− |ξ|2)rρr, r = 1, . . . ,m.

Îòñþäà

(12)
k∑
j=1

(b
−s
j − bsj) +

2

p

m∑
j=1

bsj =
k∑
j=1

[
(b
−1
j + ξ − ξ)s − (bj + ξ − ξ)s

]
+

2

p

m∑
j=1

(bj + ξ − ξ)s =
s∑
r=1

Cr
s (−ξ)s−rωr +m

2

p
(−ξ)s = γs.

Åñëè òåïåðü b1, . . . , bm � ðåøåíèÿ ñèñòåìû (7), óäîâëåòâîðÿþùèå
óñëîâèÿì (8), òî, îïðåäåëèâ αj èç ðàâåíñòâ (6) è ðàññìîòðåâ ôóíê-
öèþ âèäà (4), ïðîâîäÿ ðàññóæäåíèÿ â îáðàòíîì ïîðÿäêå, ïîëó÷èì
èç (11)

f
(j)
0 (ξ)

f0(ξ)
= dj =

cj
c0
, j = 0, . . . ,m.

Âûáðàâ C òàê, ÷òîáû f0(ξ) = c0 (ýòî îçíà÷àåò, ÷òî C îïðåäåëå-
íî ðàâåíñòâîì (9)), ïîëó÷èì âûïîëíåííûìè óñëîâèÿ (3). Òåîðåìà
äîêàçàíà. �

Ñëåäñòâèå 1. Ïðè âñåõ 1 ≤ p ≤ ∞ è ëþáûõ γ1, . . . , γm ∈ C íàé-

äåòñÿ 0 ≤ k ≤ m, ïðè êîòîðîì ñèñòåìà (7) èìååò ðåøåíèå, óäî-

âëåòâîðÿþùåå óñëîâèÿì (8). Ïðè ýòîì ôóíêöèÿ

k∏
j=1

z − bj
1− bjz

m∏
j=1

(1− bjz)2/p

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êàðàòåîäîðè�Ôåéåðà ñ óñëîâèÿìè

f (j)(0) = j!djf(0), j = 0, . . . ,m,

ãäå d0 = 1, à dr = −r−1
∑r

j=1 dr−jγj, r = 1, . . . ,m.

2. Îïòèìàëüíîå âîññòàíîâëåíèå ïðîèçâîäíûõ íà

êëàññå BHp

Ïîëîæèì dj := λ−1ν+mλν+m−j, j = 1, . . . ,m, y(z) := W−1(z)W ′(z),

(13) γs := (−1)s
[(
m+ ν − 1 +

2

p

)
ξ
s −

s∑
r=1

(−1)rCr
sξ

s−r

× (1− |ξ|2)r
(
y(r−1)(ξ)

(r − 1)!
+ ρr

)]
, s = 1, . . . ,m,
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ãäå âåêòîð ρ = (ρ1, . . . , ρm)T îïðåäåëåí ðàâåíñòâàìè (5) äëÿ âíîâü
îïðåäåëåííûõ d1, . . . , dm. Çàìåíèâ â ñëåäñòâèè 1 p íà ñîïðÿæåííûé
ïîêàçàòåëü 1 − p−1, ïîëó÷èì ñóùåñòâîâàíèå b1, . . . , bm, óäîâëåòâî-
ðÿþùèõ ðàâåíñòâàì

(14)
k∑
j=1

(b
−s
j − bsj) +

2(p− 1)

p

m∑
j=1

bsj = γs, s = 1, . . . ,m,

Ïðè p = 1 (äëÿ ñèñòåìû (7) � p = ∞) è k < m äîîïðåäåëèì
b1, . . . , bk ïðîèçâîëüíûìè ÷èñëàìè bk+1, . . . , bm òàêèìè, ÷òî |bj| = 1,
j = k + 1, . . . ,m.
Íàì óäîáíî ñ÷èòàòü, ÷òî

(15)
|bj| ≤ 1, j = 1, . . . , k,

|bj| < 1, j = k + 1, . . . ,m.

Ýòî âñåãäà âîçìîæíî ñäåëàòü, òàê êàê ïðè |bj| = 1 b
−s
j − bsj = 0

(òåì ñàìûì ïðè p = 1 k = m). Äëÿ òàê îïðåäåëåííûõ b1, . . . , bm
ïîëîæèì

αj :=
bj + ξ

1 + ξbj
, j = 1, . . . ,m, σ := (m+ 1)

p− 2

p
− ν,

Ψ(z) :=
k∏
j=1

z − αj
1− αjz

m∏
j=1

(1− αjz)2(p−1)/p,

C(ξ) :=
λν+mW (ξ)(1− |ξ|2)σ

Ψ(ξ)
,

g(z) := e−i argC(ξ)W1(z)(1− ξz)−2(m+1)/p

m∏
j=k+1

z − αj
1− αjz

m∏
j=1

(1− αjz)2/p.

Òåîðåìà 2. Ïðè âñåõ 1 ≤ p ≤ ∞ ìåòîä

Lλξf ≈
ν−1∑
r=0

cr(ξ)f
(r)(ξ) +

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj),

ãäå

cr(ξ) := − C(ξ)

r!(ν +m− r)!

[
Ψ(z)

W (z)(1− ξz)σ

](ν+m−r)∣∣∣
z=ξ

,(16)

cjr(ξ) := − C(ξ)

r!(νj − r − 1)!

[
Ψ(z)(1− zjz)νj

ωj(z)(1− ξz)σ(z − ξ)ν+m+1

](νj−r−1)∣∣∣
z=zj

,

ωj(z) :=
n∏
r=1
r 6=j

(
z − zr
1− zrz

)νr
,
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ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ, ôóíêöèÿ g0 :=
g/‖g‖Hp � ýêñòðåìàëüíàÿ è

e(ξ, λ, I, BHp) = Lλξ g0

= |C(ξ)|

 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)∣∣∣
z=ξ


(p−1)/p

.

Äîêàçàòåëüñòâî. Ïóñòü 1 ≤ p < ∞ è f � ïðîèçâîëüíàÿ ôóíêöèÿ
èç Hp. Ïîëîæèì

Jf := |C(ξ)| 1

2π

∫ 2π

0

g(eiθ)|g(eiθ)|p−2f(eiθ) dθ.

Èç îïðåäåëåíèÿ ôóíêöèè g, õîðîøî èçâåñòíîãî ñâîéñòâà: ïðè âñåõ
|z| = 1 è u ∈ D

z − u
1− uz

=
1− uz
z − u

,

à òàêæå òåîðåìû Êîøè î âû÷åòàõ èìååì

Jf = C(ξ)
1

2πi

∫
|z|=1

Ψ(z)f(z) dz

W (z)(1− ξz)σ(z − ξ)ν+m+1

= −
ν+m∑
r=0

cr(ξ)f
(r)(ξ)−

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj),

ãäå cr(ξ) îïðåäåëåíû ðàâåíñòâîì (16) ïðè âñåõ r = 0, . . . , ν + m.
Äîêàæåì, ÷òî

cr(ξ) = −λr
r!
, r = ν, . . . , ν +m.

Ïîëîæèì h(z) := Ψ(z)W−1(z)(1− ξz)−σ è

x(z) :=
h′(z)

h(z)
=

k∑
j=1

(
1

z − αj
+

αj
1− αjz

)
− 2(p− 1)

p

m∑
j=1

αj
1− αjz

− y(z) + σ
ξ

1− ξz
.

Ñëåäîâàòåëüíî,

x(r−1)(ξ)

(r − 1)!
=

k∑
j=1

(
(−1)r−1

(ξ − αj)r
+

αrj
(1− αjξ)r

)
− 2(p− 1)

p

m∑
j=1

αrj
(1− αjξ)r

− y(r−1)(ξ)

(r − 1)!
+ σ

ξ
r

(1− |ξ|2)r
.
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Ïîäñòàâèâ â ýòè ðàâåíñòâà âûðàæåíèÿ αj ÷åðåç bj, ïîëó÷èì

(1− |ξ|2)rx
(r−1)(ξ)

r − 1)!
= −ωr −

y(r−1)(ξ)

(r − 1)!
(1− |ξ|2)r + σξ

r
,

ãäå

ωr :=
k∑
j=1

[
(b
−1
j + ξ)r − (bj + ξ)r

]
+

2(p− 1)

p

m∑
j=1

(bj + ξ)r.

Àíàëîãè÷íî ðàâåíñòâàì (12) ïîëó÷àåì

k∑
j=1

(b
−s
j − bsj) +

2(p− 1)

p

m∑
j=1

bsj =
s∑
r=1

Cr
s (−ξ)s−rωr +m

2(p− 1)

p
(−ξ)s.

Ó÷èòûâàÿ ðàâåíñòâà (14), èìååì ñèñòåìó äëÿ îïðåäåëåíèÿ
ω1, . . . , ωm

(17)
s∑
r=1

Cr
s (−ξ)s−rωr = γs −m

2(p− 1)

p
(−ξ)s.

Íåòðóäíî óáåäèòüñÿ, ÷òî ðàññìàòðèâàåìàÿ ñèñòåìà èìååò åäèí-
ñòâåííîå ðåøåíèå

ωr = σξ
r − (1− |ξ|2)r

(
y(r−1)(ξ)

(r − 1)!
+ ρr

)
(äëÿ ýòîãî â ñèëó åäèíñòâåííîñòè äîñòàòî÷íî ïîäñòàâèòü âûïèñàí-
íîå ðåøåíèå â (17)). Òåì ñàìûì

x(r−1)(ξ)

(r − 1)!
= ρr, r = 1, . . . ,m.

Òàêèì îáðàçîì,

h(r+1)(ξ) = (x(z)h(z))
(r)
|z=ξ =

r∑
j=0

Cj
rx

(j)(ξ)h(r−j)(ξ)

=
r∑
j=0

r!

(r − j)!
ρj+1h

(r−j)(ξ), r = 0, . . . ,m− 1.

Èç ðàâåíñòâà Aρ = d ñëåäóåò, ÷òî

h(r)(ξ)

r!
= drh(ξ) =

λν+m−r
λν+m

h(ξ).

Èìååì

cr(ξ) = − C(ξ)

r!(ν +m− r)!
h(ν+m−r)(ξ) = −C(ξ)

r!

λr
λν+m

h(ξ) = −λr
r!
.
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Èòàê, äîêàçàíî, ÷òî

(18) Lλξf −
ν−1∑
r=0

cr(ξ)f
(r)(ξ)−

n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj)

= |C(ξ)| 1

2π

∫ 2π

0

g(eiθ)|g(eiθ)|p−2f(eiθ) dθ.

Èç òåîðåìû 1 ðàáîòû [11] ñëåäóåò, ÷òî ïðè 1 ≤ p < ∞ âûïîëíåíèå
ðàâåíñòâà (18) âìåñòå ñ ðàâåíñòâîì Ig = 0 äîñòàòî÷íî äëÿ îïòè-
ìàëüíîñòè ðàññìàòðèâàåìîãî ìåòîäà è ýêñòðåìàëüíîñòè ôóíêöèè
g/‖g‖Hp . Îñòàåòñÿ íàéòè ‖g‖Hp . Èìååì

‖g‖pHp =
1

2π

∫ 2π

0

∏m
j=1 |1− αjeiθ|2

|1− ξeiθ|2(m+1)
dθ

=
1

2πi

∫
|z|=1

∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1(z − ξ)m+1
dz

=
1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)∣∣∣
z=ξ

.

Ïðè p =∞ ïîëîæèì

ϕ(z) := |C(ξ)|
z
∏m

j=1(z − αj)(1− αjz)

(z − ξ)m+1(1− ξz)m+1
.

Â ñèëó òîãî, ÷òî ïðè âñåõ |α| ≤ 1 è |z| = 1

(z − α)(1− αz)

z
≥ 0

ϕ(eiθ) ≥ 0. Ïîýòîìó, ïðîâåðèâ àíàëîãè÷íûå ñëó÷àþ 1 ≤ p < ∞
ðàâåíñòâà

1

2π

∫ 2π

0

g(eiθ)ϕ(eiθ)f(eiθ) dθ = Lλξf −
ν−1∑
r=0

cr(ξ)f
(r)(ξ)

−
n∑
j=1

νj−1∑
r=0

cjr(ξ)f
(r)(zj),

‖ϕ‖H1 = |C(ξ)| 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− ξz)m+1

](m)∣∣∣
z=ξ

,

èç ýòîãî æå ðåçóëüòàòà ðàáîòû [11] äëÿ p =∞ ïîëó÷àåì óòâåðæäå-
íèå òåîðåìû. Òåîðåìà äîêàçàíà. �

Îòìåòèì, ÷òî ïðè p = 1 çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ
äîïóñêàåò ýôôåêòèâíîå ðåøåíèå, òàê êàê òàêîå ðåøåíèå äîïóñêàåò
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êëàññè÷åñêàÿ çàäà÷à Êàðàòåîäîðè�Ôåéåðà â ïðîñòðàíñòâå H∞ (ñì.,
íàïðèìåð, [14, ñ. 477]).
Â îáùåì ñëó÷àå îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ ìîæíî ïî-

ñòðîèòü, ïðåäâàðèòåëüíî ðåøàÿ ñèñòåìó (14) ïðè k = 0, 1, . . . ,m è
íàõîäÿ òî åå ðåøåíèå, êîòîðîå óäîâëåòâîðÿåò óñëîâèÿì (15). Ïðè
ýòîì ó ýêñòðåìàëüíîé ôóíêöèè ïîÿâëÿåòñÿ m− k äîïîëíèòåëüíûõ
íóëåé (êðîìå ïîñòîÿííî ïðèñóòñòâóþùèõ íóëåé ôóíêöèè W1, ñâÿ-
çàííûõ ñ çàäàííûì èíôîðìàöèîííûì îïåðàòîðîì). Äëÿ ôèêñè-
ðîâàííîãî èíôîðìàöèîííîãî îïåðàòîðà ýòî äîïîëíèòåëüíîå ÷èñëî
íóëåé áóäåò çàâèñåòü îò ðàñïîëîæåíèÿ òî÷êè ξ.
Èç çàìå÷àíèÿ, ñäåëàííîãî ïåðåä ôîðìóëèðîâêîé òåîðåìû 2, âû-

òåêàåò ïðè p = 1 ñóùåñòâîâàíèå ýêñòðåìàëüíîé ôóíêöèè, íå èìå-
þùåé äîïîëíèòåëüíûõ íóëåé â D. Òåì ñàìûì ïðè 1 < p ≤ ∞
âåñü êðóã D ðàçáèâàåòñÿ, âîîáùå ãîâîðÿ, íà m + 1 ìíîæåñòâî
D0, D1, . . . , Dm (íåêîòîðûå èç íèõ ìîãóò áûòü è ïóñòû), êàæäîå èç
êîòîðûõ îáëàäàåò òåì ñâîéñòâîì, ÷òî ïðè ξ ∈ Dj ó ýêñòðåìàëüíîé
ôóíêöèè èìååòñÿ ðîâíî j äîïîëíèòåëüíûõ íóëåé ñ ó÷åòîì êðàòíî-
ñòè, ò.å. ïðè ξ ∈ Dj k = m−j. Îïðåäåëåíèå ìíîæåñòâ Dj êîððåêò-
íî â ñèëó åäèíñòâåííîñòè ýêñòðåìàëüíîé ôóíêöèè äëÿ 1 < p ≤ ∞
(ñì., íàïðèìåð, [5]).
Âïåðâûå, ïî-âèäèìîìó, ýòà îñîáåííîñòü áûëà îáíàðóæåíà Äüå-

äîííå [15], êîòîðûé, ðåøàÿ ýêñòðåìàëüíóþ çàäà÷ó

sup
f∈BH∞
f(0)=0

|f ′(ξ)|,

ïîëó÷èë, ÷òî ïðè |ξ| ≤
√

2 − 1 (íî íå â áîëüøåé îáëàñòè) ýêñòðå-
ìàëüíîé ÿâëÿåòñÿ ôóíêöèÿ g0(z) = λz, |λ| = 1. Òàêèì îáðàçîì, â
ýòîé çàäà÷å D0 = {z ∈ D : |z| ≤

√
2 − 1} è D1 = D \ D0. Ýòîò

ðåçóëüòàò áûë îáîáùåí Ã.Ì. Ãîëóçèíûì [14, ñ. 499], êîòîðûé ðåøàÿ
ýêñòðåìàëüíóþ çàäà÷ó

(19) sup
f∈BH∞

f(0)=...=f (m−1)(0)=0

|f (m)(ξ)|,

íàøåë, ÷òî ýêñòðåìàëüíîé ïðè |ξ| ≤ 2
1

2m+1 − 1, íî íå â áîëüøåé
îáëàñòè, ÿâëÿåòñÿ ôóíêöèÿ g0(z) = λzm, |λ| = 1, ò.å. â íàøèõ
îáîçíà÷åíèÿõ

D0 = { z ∈ D : |z| ≤ 2
1

2m+1 − 1 }.
Ïîëíîå îïèñàíèå îáëàñòåé D0 è D1 äëÿ m = 1, 1 ≤ p ≤ ∞ â

îáùåé çàäà÷å âîññòàíîâëåíèÿ áûëî ïîëó÷åíî â ðàáîòå [11].
Îïèøåì îáëàñòü Dm. Äëÿ ýòîé îáëàñòè ñèñòåìà (14) áóäåò èìåòü

âèä
m∑
j=1

bsj =
p

2(p− 1)
γs, s = 1, . . . ,m.

Ó÷èòûâàÿ ñëåäñòâèå 1, ïîëó÷àåì
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Òåîðåìà 3. Ïóñòü 1 < p ≤ ∞. Ýêñòðåìàëüíàÿ ôóíêöèÿ â çàäà-

÷å (1) èìååò m äîïîëíèòåëüíûõ íóëåé, ëåæàùèõ â D, â òîì è

òîëüêî â òîì ñëó÷àå, åñëè âñå íóëè ïîëèíîìà

Pm(z) =
m∑
r=0

arz
m−r,

ãäå a0 = 1, ar = −r−1 p

2(p− 1)

∑r
s=1 ar−sγs, r = 1, . . . ,m, à γs îïðåäå-

ëåíû ðàâåíñòâàìè (13), ëåæàò âíóòðè êðóãà D. Ïðè ýòîì, åñëè

b1, . . . , bm � íóëè Pm(z), òî äëÿ äîïîëíèòåëüíûõ íóëåé èìååò ìå-

ñòî ðàâåíñòâî

αj =
bj + ξ

1 + ξbj
, j = 1, . . . ,m.

Èç ýòîé òåîðåìû, â ÷àñòíîñòè, äëÿ çàäà÷è (19) ïðè m = 2 ìîæíî
íàéòè îñòàâøèåñÿ ìíîæåñòâà

D1 = { z ∈ D : r0 < |z| ≤ r1 } è D2 = { z ∈ D : |z| > r1 },
ãäå r0 = 3

√
2 − 1 = 0.2599 . . ., à r1 = 0.8423 . . . � åäèíñòâåííûé

âåùåñòâåííûé êîðåíü óðàâíåíèÿ 3t3 + 4t2 + 4t− 8 = 0.

3. Âîññòàíîâëåíèå ïðîèçâîäíûõ îãðàíè÷åííûõ

ãàðìîíè÷åñêèõ ôóíêöèé

Ðàññìîòðèì òåïåðü çàäà÷ó îïòèìàëüíîãî âîññòàíîâëåíèÿ ëèíåé-
íîãî ôóíêöèîíàëà

Lλxu :=
ν+m∑
j=ν

λj
j!
u(j)(x),

ãäå λj ∈ R, λν+m 6= 0, ν ≥ 0, íà êëàññå ôóíêöèé èç Bh∞ := {u ∈
h∞ : ‖u‖h∞ ≤ 1} ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà

Iu :=
{
u(x), . . . , u(ν−1)(x), u(x1), . . . , u

(ν1−1)(x1), . . . ,

u(xn), . . . , u(νn−1)(xn)
}
,

ãäå x, x1, . . . , xn � ðàçëè÷íûå òî÷êè èç èíòåðâàëà (−1, 1), à ÷åðåç

u(j) îáîçíà÷åíû ÷àñòíûå ïðîèçâîäíûå
∂ju

∂xj
.

Ïðè m ≤ 1 ýòà çàäà÷à ðåøåíà â ðàáîòå [16]. Îêàçûâàåòñÿ, ÷òî
ïðè m ≤ 2ν − 1 ðàññìàòðèâàåìàÿ çàäà÷à ìîæåò áûòü ñâåäåíà ê
çàäà÷å Êàðàòåîäîðè�Ôåéåðà äëÿ ïðîñòðàíñòâà H1.
Äîêàæåì ñíà÷àëà ñëåäóþùóþ ëåììó.

Ëåììà 1. Äëÿ ëþáûõ γ1, . . . , γm ∈ R íàéäåòñÿ 0 ≤ k ≤ m, ïðè
êîòîðîì ñóùåñòâóåò ðåøåíèå ñèñòåìû

(20)
k∑
j=1

(b
−s
j − bsj) + 2

m∑
j=k+1

bsj = γs, s = 1, . . . ,m,
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óäîâëåòâîðÿþùåå óñëîâèÿì (15). Ïðè ýòîì ïîëèíîìû

(21)
m∏
j=1

(z − bj)(1− bjz),
m∏

j=k+1

(1− bjz),
m∏

j=k+1

(z − bj)

âåùåñòâåííû íà âåùåñòâåííîé îñè.

Äîêàçàòåëüñòâî. Ïåðâàÿ ÷àñòü ëåììû âûòåêàåò èç ñëåäñòâèÿ 1,

òàê êàê òå èç bj, äëÿ êîòîðûõ |bj| = 1, â ñèëó ðàâåíñòâà b
−1
j =

bj ìîæíî îòíåñòè êàê â ïåðâóþ ãðóïïó (j = 1, . . . , k), òàê è âî
âòîðóþ (j = k + 1, . . . ,m). Çäåñü íàì óäîáíåå ñ÷èòàòü, ÷òî |bj| < 1,
j = k + 1, . . . ,m. Äîêàæåì âåùåñòâåííîñòü ïîëèíîìîâ (21). Èç
ñëåäñòâèÿ 1 âûòåêàåò, ÷òî ïîëèíîì

(22) P2m(z) := C

k∏
j=1

(z − bj)(1− bjz)
m∏

j=k+1

(1− bjz)2,

ãäå C âûáðàíî èç óñëîâèÿ P2m(0) = 1, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Êàðàòåîäîðè�Ôåéåðà â ïðîñòðàíñòâå H1 ñ óñëîâèÿìè

(23) f (j)(0) = cj, j = 0, . . . ,m,

ãäå ÷èñëà cj îïðåäåëÿþòñÿ ÷åðåç γ1, . . . , γm (ñì. ñëåäñòâèå 1) è âå-
ùåñòâåííû ïðè âåùåñòâåííûõ γ1, . . . , γm. Â ñèëó åäèíñòâåííîñòè
ïîëèíîìîâ âèäà (22), óäîâëåòâîðÿþùèõ ðàâåíñòâàì (23) (ñì. [14,
ñ. 489]), ïîëèíîì P2m(z) èìååò âåùåñòâåííûå êîýôôèöèåíòû. Ñëå-
äîâàòåëüíî, êàæäîìó êîðíþ ïîëèíîìà P2m(z) íåêîòîðîé êðàòíî-
ñòè ñîîòâåòñòâóåò ñîïðÿæåííûé êîðåíü òîé æå êðàòíîñòè. Îòñþäà
ñëåäóåò, ÷òî ïîëèíîìû (21) èìåþò âåùåñòâåííûå êîýôôèöèåíòû.
Ëåììà äîêàçàíà. �

Ââåäåì îáîçíà÷åíèÿ, àíàëîãè÷íûå îáîçíà÷åíèÿì ï.1:

W1(z) :=

(
z − x
1− xz

)ν
W (z), W (z) :=

n∏
j=1

(
z − xj
1− xjz

)νj
,

dj := λ−1ν+mλν+m−j, j = 1, . . . ,m, y(z) := W−1(z)W ′(z),

γs := (−1)s
[
(m+ ν − 1)xs −

s∑
r=1

(−1)rCr
sx

s−r(1− x2)r

×
(
y(r−1)(x)

(r − 1)!
+ ρr

)]
,

ãäå âåêòîð ρ = (ρ1, . . . , ρm)T îïðåäåëåí ðàâåíñòâàìè (5).
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Ïóñòü b1, . . . , bm � ðåøåíèå ñèñòåìû (20), óäîâëåòâîðÿþùåå óñëî-
âèÿì (15), ñóùåñòâîâàíèå êîòîðîãî óòâåðæäàåòñÿ â ëåììå 1. Ïîëî-
æèì

αj :=
bj + x

1 + xbj
, j = 1, . . . ,m,

Ψ(z) :=
k∏
j=1

(z − αj)(1− αjz)
m∏

j=k+1

(1− αjz)2,

g(z) := W1(z)
m∏

j=k+1

z − αj
1− αjz

, C(x) :=
λν+mW (x)(1− x2)m+1−ν

Ψ(x)(1 + g2(x))
.

Òåîðåìà 4. Ïðè âñåõ m ≤ 2ν − 1 ìåòîä

Lλxu ≈ S0Iu =
ν−1∑
r=0

cr(x)u(r)(x) +
n∑
j=1

νj−1∑
r=0

cjr(x)u(r)(xj),

ãäå

(24)

cr(x) := − C(x)

r!(ν +m− r)!

[
Ψ(z)(1 + g2(z))

W (z)(1− xz)m+1−ν

](ν+m−r)∣∣∣
z=x

,

cjr(x) := − C(x)

r!(νj − r − 1)!

[
Ψ(z)(1− xjz)νj

ωj(z)(1− xz)m+1−ν(z − x)ν+m+1

](νj−r−1)∣∣∣
z=xj

,

ωj(z) :=
n∏
r=1
r 6=j

(
z − xr
1− xrz

)νr
,

ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ, ôóíêöèÿ

u0(z) := sign(C(x))
4

π
Re arctg g(z)

� ýêñòðåìàëüíàÿ, è

e(x, λ, I, Bh∞) =
4

π
|C(x)| 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− xz)m+1

](m)∣∣∣
z=x

.

Äîêàçàòåëüñòâî. Ïîëîæèì

ϕ(z) :=
z
∏m

j=1(z − αj)(1− αjz)

(z − x)m+1(1− xz)m+1
,

Jf := C(x)
1

2π

∫ 2π

0

ϕ(eiθ)2 Re g(eiθ)f(eiθ) dθ.
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Ïîñêîëüêó ïðè |z| = 1 g(z) = g−1(z), òî äëÿ ëþáîé ôóíêöèè f ∈
Hp, 1 ≤ p ≤ ∞, ïî òåîðåìå î âû÷åòàõ ïîëó÷àåì

Jf = C(x)
1

2πi

∫
|z|=1

ϕ(z)
1 + g2(z)

g(z)
f(z)

dz

z

= C(x)
1

2πi

∫
|z|=1

Ψ(z)(1 + g2(z))f(z) dz

W (z)(1− xz)m+1−ν(z − x)m+1−ν

= −
ν+m∑
r=0

cr(x)f (r)(x)−
n∑
j=1

νj−1∑
r=0

cjr(x)f (r)(xj),

ãäå cr(x) îïðåäåëåíû ðàâåíñòâîì (24) ïðè âñåõ r = 0, . . . , ν + m.
Äëÿ r ≥ ν > 0 â ñèëó òîãî, ÷òî m ≤ 2ν − 1, èìååì[

Ψ(z)g2(z)

W (z)(1− xz)m+1−ν

](ν+m−r)∣∣∣
z=x

=

[
(z − x)2νW (z)

(1− xz)m+1+ν

k∏
j=1

(z − αj)(1− αjz)
m∏

j=k+1

(z − αj)2
](ν+m−r)∣∣∣

z=x

= 0.

Òåì ñàìûì

cr(x) = − C(x)

r!(ν +m− r)!

[
Ψ(z)

W (z)(1− xz)m+1−ν

](ν+m−r)∣∣∣
z=x

,

r = ν, . . . , ν +m.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2 íàõîäèì

cr(x) = −λr
r!
, r = ν, . . . , ν +m.

Òàêèì îáðàçîì, ïîëó÷àåì

Jf = Lλxf −
ν−1∑
r=0

cr(x)f (r)(x)−
n∑
j=1

νj−1∑
r=0

cjr(x)f (r)(xj).

Èç âåùåñòâåííîñòè ïîëèíîìîâ (21) ñëåäóåò âåùåñòâåííîñòü ïîëè-
íîìîâ

m∏
j=1

(z − αj)(1− αjz),
m∏

j=k+1

(1− αjz),
m∏

j=k+1

(z − αj).

Ñëåäîâàòåëüíî, âñå êîýôôèöèåíòû cr(x) è cjr(x) âåùåñòâåííûå.
Îáîçíà÷èâ ÷åðåç u := Re f , áóäåì èìåòü

Re Jf = Lλxu− S0Iu.

Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ïî÷òè âñþäó

u0(e
iθ) = sign(C(x) Re g(eiθ)),
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òî, ïîëîæèâ ϕ1(z) := 2|C(x) Re g(z)|ϕ(z), ïîëó÷àåì

Re Jf =
1

2π

∫ 2π

0

ϕ1(e
iθ)u0(e

iθ)u(eiθ) dθ.

Åñëè u ∈ h∞ ⊂ h2, òî ñîïðÿæåííàÿ ôóíêöèÿ v ∈ h2 (ñì. [14, ñ. 380]),
ãäå h2 � ïðîñòðàíñòâî ãàðìîíè÷åñêèõ â D ôóíêöèé, óäîâëåòâîðÿ-
þùèõ óñëîâèþ

‖u‖h2 := sup
0<r<1

(
1

2π

∫ 2π

0

|u(reiθ)|2 dθ
)1/2

<∞.

Ñëåäîâàòåëüíî, u+ iv ∈ H2. Òàêèì îáðàçîì, ðàâåíñòâî

Lλxu− S0Iu =
1

2π

∫ 2π

0

ϕ1(e
iθ)u0(e

iθ)u(eiθ) dθ

ñïðàâåäëèâî ïðè âñåõ u ∈ h∞. Òàê êàê ϕ1(e
iθ) ≥ 0, u0 ∈ Bh∞,

|u0(eiθ)| = 1 ïî÷òè âñþäó è, êðîìå òîãî, Iu0 = 0, òî èç òåîðåìû 1 ðà-
áîòû [11] ñëåäóåò îïòèìàëüíîñòü ìåòîäà S0, ýêñòðåìàëüíîñòü ôóíê-
öèè u0 è ðàâåíñòâî

e(x, λ, I, Bh∞) = Lλxu0.

Ïîëüçóÿñü òåì, ÷òî ôóíêöèÿ g(z) âåùåñòâåííà íà âåùåñòâåííîé
îñè, ïîëó÷àåì

Lλxu0 = Lλxg
∗ = Jg∗,

ãäå

g∗(z) := sign(C(x))
4

π
arctg g(z) = sign(C(x))

(
4

π
g(z) + g3(z)w(z)

)
,

à w(z) ∈ H2. Òåì ñàìûì, ó÷èòûâàÿ óñëîâèå 2ν > m, áóäåì èìåòü

e(x, λ, I, Bh∞) = Jg∗

= |C(x)| 1

2πi

∫
|z|=1

ϕ(z)(1 + g2(z))

(
4

π
+ g2(z)w(z)

)
dz

z

=
4

π
|C(x)| 1

2πi

∫
|z|=1

ϕ(z)
dz

z

=
4

π
|C(x)| 1

m!

[∏m
j=1(1− αjz)(z − αj)

(1− xz)m+1

](m)∣∣∣
z=x

.

Òåîðåìà äîêàçàíà. �
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