OPTIMAL RECOVERY OF LINEAR FUNCTIONALS
AND OPERATORS

K. YU. OSIPENKO

1. INTRODUCTION

In this paper we give a short history of optimal recovery problems
and some general results. There are several surveys and monographs
devoted to the theory of optimal recovery [1]-[6]. Here we try to pay
special attention to the construction of optimal recovery methods.

One of the first example of optimal recovery problem is the problem
of the best quadrature. Let W be some class of functions integrable on
the interval [a,b]. The problem is to find

Lf=1lbf@»da

knowing the information about function values at the system of knots
a<x <...<x, <b. Thus, using the vector

we have to give an approximate value of Lf. Any linear method of
approximation

o(If) = ijf(%‘)

is called quadrature formula.
The quadrature formula

PULS) = Bif())
j=1
is called the best quadrature formula if

(1) swlLf—@Uf)l= inf sup
fEW Pla-n,pnGR feW

Lf=> pif(x;)
j=1
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The first setting of such problems were given by A. Sard [7] and
S. M. Nikolskii [8]. The development of these problems may be found
in [9].

S. A. Smolyak [10] considered the following generalization of (1). Let
X be a linear space and L be a linear functional on X. Put

Iz = (liz,...,l,x), =€ X,

where [;, 7 = 1,...,n, are linear functionals on X. For W C X we
consider the problem of optimal recovery of L on W by the information
operator I. Any method of recovery is a mapping ¢: R" — R. For a
given method ¢ we define the error of this method by

We want to find the optimal error of recovery
E(L,W,I)= inf e(L,W,I,p)
@: R"—=R
and an optimal method @ for which
e(L,W,1,p)=E(LW,I).

Theorem 1 ([10]). If W is a convex and centrally-symmetric set, then
among all optimal methods there exists a linear optimal method and
(2) E(L,W,I) = sup |Lz|.

zeW
Tx=0

Thus, if W is a convex and centrally-symmetric set, then there exist
D1, ..., Pn such that the method

PIz) =) pilj
j=1

is optimal method of recovery.
Any element xy € W for which Ixqg = 0 and
| Lao| = sup | La|

zeW
Tx=0

we call extremal. The problem of finding an extremal element often
turns out more simple than the problem of finding an optimal recovery
method.

Let us consider a simple example. Let H% be the space of functions
analytic in the unit disk

D:={zeC:|z| <1},
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bounded, and real in the interval (—1,1). As the set W we consider
HE which is the set of functions from HE satisfying the condition

sup [f(2)] < 1.
zeD

For the problem of optimal recovery of functions from HE at the
point 7 € (—1,1) by their values at zero the dual problem (2) may be
solved immediately using the Schwarz lemma:

sup [f(T)| = 7|
feHE
f(0)=0

Thus the function fo(z) = z is extremal for the considered problem.
However the problem of finding an optimal method of recovery is not
so evident.

2. METHOD OF PARAMETRIZATION

In [11] we offer an approach allowing to obtain an optimal method
of recovery using some parametrization of extremal element.

Theorem 2 ([11]). Let X be a real linear space, W a convez centrally
symmetric set from X, and xo an extremal element in the problem of
optimal recovery of a linear functional L on the set W by the values of
linear functionals Lz, ... l,x. Assume that for all M = (t1,...,t,) €
R™ from some neighborhood of My € R™ there exist x(M) € W such
that x(My) = xo. Then if the functions w(M) = Lx(M), w;(M) =
Lix(M), j =1,...,n, have continuous partial derivatives with respect
to all variables in a neighborhood of My and the determinant of the
matriz

&ul 8&)”
JM)= |
&ul &un
Aty Oty

does not vanish at My, then the method

3) PIa) =Y Cilya,
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where C1,...,C, are solutions of the system
Ow
c, a—tl(Mo)
J(Mo) | 1] = : ,
C, Oow
8tn(M0)

is the unique linear optimal method of recovery.

It is sometimes convenient to use another form of optimal method of
recovery.

Corollary 1. Let conditions of Theorem 2 are fulfielled. Then the
unique linear optimal method of recovery is

n

~ Ow
Pllz) =Y Yig, (Mo),
j=1 !

where yy, ..., Yy, are the solutions of the system
- 8wk

4 —(My) =1 k=1,...,n.
g > gy (o) = b "
Proof. For

aq b1

a= , b=1|":

an, by,

put

7=1
Set
Oow
8_151<M0) Iz
W = : , Z= :
ow l,x
M n
6tn( 0)

Then optimal method (3) has the form
PIz) = (J7 (Mo)B, 2) = (@, (" (Mp))~2).

Put y = (J¥(My))~ 2. Then the coordinates of y = (y1,...,9,)7
satisfy system (4). O
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Now let us construct the optimal recovery method of functions from
HE at the point 7 € (—1,1) by their values at zero. Put

z+t
,t) = .
fl(z ) 1+tz

It is easy to see that fi(z,t) € HE for all t € (—1,1). Moreover,
fi1(2,0) = fo(z) = z and f1(0,t) = t.

Thus, here M =t € R, My = 0, z(t) = fi(z, 1), w(t) = fi(1,1),
wl(t) = fl(O,t) =t.

From Corollary 1 we obtain that the unique linear optimal method of
recovery has the form @(f(0)) = y1¢'(0), where y; satisfies the equality
y1wi(0) = f(0). Consequently, it has the form

a0 = (50.0) G070 = (1= )70,

More general results concerning the considered problem may be found
in [12] and [13] (they also can be obtained by the proposed method).

3. OPTIMAL INTERPOLATION OF SMOOTH FUNCTIONS

Denote by W’ ([—1,1]), r € N, the Sobolev class of functions z(t),
t € [~1,1], for which (" is absolutely continuous on [—1,1] and

esssup |z ()| < 1.
te[—1,1]
Let
1<t <...<t, <1, yyeN, 1<y;<r, j=1,...,n,

m=w+...+vy,>r.

(5)

Assume that for any x € W ([-1,1]) we know
(6) Fo=(x(ty),...,2" V), ... z(ty), ..., 2" D(t,)).

Consider the problem of optimal recovery of z(7), 7 € [-1,1], z €
W2 ([-1,1]), by the information Fz. In other words, we would like to
interpolate a function x € W ([—1, 1]) at the point 7 using values of x
and its derivatives at some system of points tq,...,t,. In this case we
put

B(r, W ([-1,1]),F) = inf sup |z(7) — p(Fx)l.
p: RNSR zeWZ ([-1,1])

To obtain the solution of this optimal recovery problem we recall
some definitions and results about splines.
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A perfect spline of degree r € N with knots s; < ... < sy is a
function of the form

() = poa )+ & (t’” 23 (1P~ ij;),

where p,_1 is a polynomial of degree r — 1, « = —1 or @ = 1, and
Lot
7)o, t<o.

A polynomial spline of degree r — 1, r € N, with N knots s; < ... <
sy 1s a function of the form

r—1 N
St) = a;t! + Y bt —s;)"
j=0 j=1

Suppose that conditions (5) are fulfilled. Then, it is known (see, for
example, [14]) that there exists a perfect spline s of degree r with m—r
knots

(7) —l<s <. .<Sppr <1
such that
s(t) =0, v=0,1,...,0;—1, j=1,...,n.

Moreover, for any z;, v = 0,1,...,v; — 1, j = 1,...,n, there exists
the unique polynomial spline S of order r — 1 with knots (7) for which

SVt =25, v=01,...,0;—1, j=1,...,n

Theorem 3 ([15],[16]). Assume that conditions (5) are fulfilled and
$1 < ...< Sm_r are the knots of a perfect spline s such that

s(t) =0, v=0,1,...,0;—1, j=1,...,n.
Then for any T € [—1,1]

(8) E(Ta W;([—l,l]),F) - |S(T)|7
and the unique linear optimal recovery method is the polynomaial spline
S of order r — 1 with knots sy, ..., Sm_, satisfying conditions

9 St =2"(t), v=0,1,...,0;,—1, j=1,...,n

We give a simple proof of this theorem using the method of
parametrization which was described in the previous section. More-
over, using this method we can prove the uniqueness of linear optimal
method (which was not done in [15] and [16]).
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Proof. 1t follows from (2) that
E(r WL (-1,1)),F)= sup |z(7)].

zeWZ ([-1,1])
Fx=0
Assume that there exists © € WZ([—1,1]) such that Fz = 0 and
|Z(7)| > |s(7)|. Put

y=s—pr, p==-
(7)

Then y has m+ 1 zeros with multiplicities and consequently y") has at
least m—r+1 sign changes. On the other hand, taking into account that
|p| < 1 on every interval (—1,s1), (s1,52), ..., (Sm_p, 1) the function ¢
has the same sign as s (-). Thus, ™ has exactly m — r sign changes.
The obtained contradiction proves (8).

Assume that the perfect spline s has the form

r—1
:Zajtj (tr+2z t—sj )
3=0

For points M = (bo,...,by_1,u1,...,Uy,_,) € R™ sufficiently close to
the point My = (ag,...,ar_1,51,- -, Sm—r) € R™ consider functions

r—1 m—r
. o . r
= bit! + ] (t’“ +2) (1)t - uj)+).
j=0 ’ j=1

It is clear that sy € WZ([—1,1]) for all M from sufficiently small
neiborhood of Mj. Moreover, s;;, = s. We have

—asM(t) =t, 7=0,...,r—1
ob; |MO
Osy(t)  2a(—1)*

= (t—s) i=1,....m—r.
My |ag o s mer

Putting
r—1 m—r
=Y yt'+ >yt —s)i
=0 j=1

we obtain that system (4) has the same form as (9). Thus, by Corol-
lary 1 the value of interpolation spline S at the point 7 is the unique
linear optimal method of recovery. U
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4. OPTIMAL RECOVERY OF LINEAR FUNCTIONALS FROM
INACCURATE INFORMATION

Let X be a linear space, L be a linear functional on X, Iz =
(hz,... l,x), v € X, where [;, j = 1,...,n, are linear functionals
on X, and W C X. Now assume that for all x € W instead of exact
values of Iz we know approximate values y € R™ such that ||[[z—y|| < 4,
where || - || is any norm in R™ and § > 0 is the error of approximate
values. In this case the error of a recovery method ¢ is defined as
follows

e(L,W.1,6,¢) = sup |Lz—(y)|.

zeW, yeR"™
[Tz—y|<d

Again, we are interested in the optimal error of recovery
E(L,W,1,6)= inf e(L,W,1,0,¢)
p: RP R
and in an optimal method ¢ for which
e(L,W,1,0,p)=FE(L,W,I,0).
It was proved in [17] an analog of Smolyak’s result.

Theorem 4 ([17]). If W is a convex and centrally-symmetric set, then
among all optimal methods there exists a linear optimal method and

E(L,W,I,§) = sup |Lz|.
xeW
[1z]|<s
We consider a more general problem of optimal recovery. Let X and
Y be linear spaces, L be a linear functional on X, and W C X. Let
F: W —Y be a multi-valued mapping. It means that for any x € W
F(x) is a subset of Y. The problem is to recover Lz, z € W by the

information F'(z). The multi-valued mapping F' is modeling inaccurate
information. Usually F' has the form

(10) F(z)={yeY :|lz -yl <},

where I: X — Y is a linear operator, Y is a normed linear space, and
0 > 0. In this case we speak about optimal recovery of L on W by
inaccurate values of operator 1.

For any recovery method ¢: Y — R we define the error of the method

¢ by

(11) e(L,F,p) = sup |Lz —p(y)l,
(z,y)Egr F

where

gri'={(z,y):z €W, y€ F(z) }.
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The optimal error of recovery is defined as follows
(12) E(L,F)= inf e(L,F, ).
p: YR

Let A C X. Denote by bco A the convex centrally-symmetric hull of

A
bcoA:{x:x:Z)\jxj, zj € A, Z|/\j|§1’ nGN}.
j=1 =1

For any multi-valued mapping F: W — Y we define the convex
centrally-symmetric multi-valued mapping bco F': bcoW — Y by

beco F(z) ={y €Y :(z,y) € bcogr F }.
Let y € F(W). The value

r(L,F,y) =inf sup |Lz — ¢
ceR xeF_l(y)

is called the Chebyshev radius of the set L(F~!(y)). The value
R(L,F) = sup r(L,F,y)

yeF(W)
is called the radius of information in problem (12).

Theorem 5 ([18]). For the existence of linear optimal recovery method
in (12) it is necessary and sufficient that

R(L,F) = R(L,bco F).
Moreover, in this case

E(L,F)= sup | Lx|.
xz€(bco F)—1(0)

For F' defined by (10) we put
e(L,F,p)=e(L,W,I,6,¢), E(L F)=FE(LW,I,S?).

If W is a convex and centrally-symmetric set, then bco F' = F'. Conse-
quently, from Theorem 5 we immediately obtain that Theorem 4 holds
in this general multi-dimensional case.

5. OPTIMAL RECOVERY METHODS FOR INACCURATE INFORMATION

Consider problem (12) for F' defined by (10).

Theorem 6. Let W be a convex and centrally-symmetric set and 'Y be
a normed linear space. Assume that there exist such linear continuous
functional  and T € W that

(i) sup |[La — @(Iz)| = LT — ¢(I%),
zeW
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(i) p(I7) = o[|&],
(zi1) || Iz|| < 9.
Then @ is an optimal method of recovery and
(13) E(L,W,I,6) = Lz.
Proof. Tt follows from generalization of Theorem 4 that
E(L,W,1,0) = sup |Lz| > |Lz|= LZ.
zeW
(Pedli)
On the other hand, using conditions (i)—(iii), for all z € W and y € Y
such that ||[Ix — y|| < § we have
Lz —@(y)| = |Le — §(Ix) + P(Iz —y)| < [La — p(1x)| + [@(1z — y)]
< L3 — 3(I3) + |80 = L3 < B(L, W, 1.6).
Thus,
e(L,W,1,6,p) < Lx < E(L,W,I,6) <e(L,W,I,6,9).
Consequently, ¢ is an optimal method of recovery and (13) holds. O

We apply this result to optimal recovery of function values from their
Fourier coefficients. Let Lo(T) be the space of 27 periodic functions
defined on the interval T = [—7, 7] with identified endpoints with the

norm
1 1/2
loll = (3 [Jatopat)
T

Denote by W3 (T) the Sobolev class of 27 periodic functions defined on
T with absolutely continuous "~V and ||2("|| < 1. For any = € W3 (T)
and all ¢ € T we have

x(t) = % + Z(ak cos kt + by sin kt).
k=1

We consider the problem of optimal recovery of xz(7), 7 € T, on the
class WJ(T) from the information about inaccurate values of Fourier
coefficients ay, k € A, and by, k € B, where A and B some finite
subsets of Z, = {0,1,...}. More precisely, instead of aj, k € A, and
br, k € B, we know ay, by, such that

lax — x| <6, k€A |bp—bl <5 keB,
Set N = card A + card B and

Fapr = ({ar}rea, {br}ren)-
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Denote by Y the space of vectors y = (y1,...,yy) with the norm

ylly = max ysl.

Thus, for every x € W3 (T) we know the vector

y = ({@}rea, {On}res)
such that
|Fase —ylly <6
In accordance with (11) and (12) we put
e(W3(T), Fap,6,0) = sup [z(7) — o(y)l,

2()EWS(T), yell
| Fa.sa—yll, <0

E(WQT(T),FA’B,(;) = IIlf G(Wg(T),FAB,&(p).

o: IN SR
We say that ¢ is optimal method of recovery if
E(W3(T), Fa,p,0) = e(W5(T), Fa5,6,9).
It is easy to show that if 0 ¢ A, then E(WJ(T), Fap,0) = oo (for

the proof it suffices to consider only constant functions from W3 (T)).

Therefore, in what follows, we assume that 0 € A. Set A = A\ {0}
and consider the vector

<{coskr} {sinlm'} >
k2 keA~’ k2 keB '
Let

(14) Iv2| > ... > |l

be the modules of the elements of this vector, sorted in descending or-
der. If v, = k;?" cos ks, then the corresponding index will be denoted
by ks(A), and if 7, = k" sin k,7, then the corresponding index will be
denoted by ks(B). For every 2 < s < N we denote by A, and B; the
subsets of indexes ky(C), ..., ks(C) for C = A and C' = B respectively.
For convenience we put A; = B; = (). We also assume that the sum
over the empty set equals 0.
Put

p=p(0) = max{s : %2(1 D> kzr)

ke AsUBg

]{;2r k2r
keEN\A, keN\B;

2 i 02
S L M’K%N}
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(we assume that p = 1, if the set of such s is empty),

cos® kT sin? k7 \ /2
Z k-?r + Z k?r
\ kEN\A, keN\B,
1— 52 Z k2r ’
kEA,UB,

and
As =k (C)(|vs| = M), & = {
Theorem 7. For all d >0
T 5 4
E(WJ(T), Fap,0) = 5+ 5; As + A
and the method
~ P
~ ap ~
(15) ply) =5 + ; AsCs
1s optimal method of recovery.

Proof. We define the sequences a; and Ek as follows

dsigncoskr, ke A,U0; 0 sign sin kT,
Uk = S coskt bk = 9 sinkr
—_— k¢ A,U0. —_—
)\k2'r ) ¢ 14 )\kQT. )
It is easy to check that the following equality
(16) S ET@+b) =1
k=1
holds.
Put

. Ao~ ~
z(t) = ?0 + ;(ak cos kt + by sin kt).
It follows from (16) that ||Z™| = 1. Thus, 7 € W3 (T).

Sign 75@/%(0)7 C= A7
sign v b, ¢y, C = B.

ke B,;

k¢ B,.

We will apply Theorem 6. It suffices to check conditions (z)—(ii).
We begin with condition (i4i). Let us show that [|[FpZ|;x < 6. In

other words, we should show that [@;| < & for all k € A and [b| < 6 for
all £k € B. If p = N then it is obvious. Let p < N. If for some k£ > 0
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and k € A\ A, the inequality |aj| > ¢ holds or for some k € B\ B, the
inequality |bg| > d holds, then there exists 75, 2 < s < N, for which

72> §%N%
In view of (14) it implies that
(17) Vo > 60N
Assume that

2 cos? kp1(A)T
" ki (A)

Then (17) may be written in the form

cos? ky 1 (A)T ( )
2 e 52 k2r
i 2,

o 52 Z cos® kT > Z sin? k?T.

k2r er
keN\A, keN\B,

Since A,41 = A, U {k,11}, and B,y = B,, the last inequality may be
rewritten in the form

= 2, )

p+1 kEAp+1UBp+1
cos? kT sin? kr
2 2
>0 E + 0 E _
k27‘ k2r
keN\Ap11 keN\Bp11

But this contradicts the definition of p. The case when
2 sin k,11(B)T
r ki1 (B)
may be considered analogously.

Let us prove that for all sequences {ax}, £k = 0,1,..., and {bx},
k=1,2,..., such that

[e.e]

Z E* (ai + b7) < oo,

k=1
the equality

o0

p 00
(18) Z(ak cos kT + by sinkt) = Z AsCs + A Z E*" (@pay, + byby,)
k=1

k=1 s=2
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holds, where

Y

A
B.

_ {Sign Vs Ay (C)

C
Sigﬂ Vs bks (C)>» C
Indeed, we have

p

P [e'¢)
D oA+ AR @rar + biby) = Y K2 .

p
Cs— A Z ke,

5=2 k=1 5=2
k k
+A52k2fcs+A SRS arac A Y kZTS‘;; "
kEN\ A, kEN\B,,

[
WE

(ay, cos kT + by sin k).
k=1

It follows from (18) that for any z € Wj(T)

2(7) — (Fapr) = XY k¥ (apax + brby).

k=1

Using the Cauchy—Schwarz inequality we obtain

2(r) — B(Fap2)] < A(fj K@+ b?))m (fj K (a} + bi)) Y

k=1 k=1
On the other hand,

B(7) — B(Fap®)| = XY k¥ (@ +5}) = A
k=1

Consequently, condition (i) holds.
It follows from the definition of p that A, > 0. In view of (14) we
obtain that Ay > 0 for all s =2,...,p— 1. We have

o) =55+ 3 ) = ol
It means that condition (i7) is fulfilled. Now the assertion of the theo-

rem follows from Theorem 6. O

The case when Fourier coefficients are known with different errors,
that is,

|ak—2ik| §5k7 kGA, |bk_gk| Sék, k’GB,

may be considered in a similar way (see [19]).
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6. OPTIMAL RECOVERY OF LINEAR OPERATORS

Let Yp,Yi,...,Y, be normed linear spaces and [;: X — Y;, j =
0,1,...,n, be linear operators. We consider the problem of optimal
recovery of the operator Iy on the set

W:{ZEGXHIJZ)L’H}/]SéJ, (SjZO, jzl,...,]{?,}

where 0 < k < n, from inaccurate values of Iy 1, ..., I, (if k = 0 we set
W = X). More precisely, we assume that for every x € W we know a
vector ¥ = (Yrt1, - - > Yn) € Yag1 X ... X Yy, such that ||z —y;lly, < 05,
0; >0,5=k+1,...,n.

By the analogy with the previous setting we define the error of a
recovery method ¢: Yy 1 X ... x Y, = Y as follows

e(l,0,¢) = sup [ oz = o(y) [lvs-
€W, y€Yp41X... XYy
Ijz—=yjlly; <6j, j=k+1,...,n

The value
(19) E(1,0) = inf e(1,4,¢)
@: Y1 X...xYn—=Yy
is called the optimal error of recovery (here I = (Ip,Iy...,1,), § =

(01,...,0,)). Methods for which the lower bound in (19) is attained
we call optimal methods of recovery.

For the problem of optimal recovery of linear operators there are no
such general results similar to Theorem 4 or Theorem 5. Moreover,
sometimes there is no linear optimal method even for the problem
of optimal recovery from exact information and with Hilbert spaces
Yo, Y1, ..., Y,. Let us consider the corresponding example.

Let X = R3 Yy = 12 (I3 is the space R" with the usual Euclidean
metric), Y1 =Y, = Y3 =Y, = 1}. For = (21, 79, 13) € R? we set

]0{[' = (l‘l,l'g), ]11‘ =T + 2[172, IQ$ =T — 21‘2,
]313 = I3, I4ZE =z + x3.

Let k = 3, 6 = d = 1, 03 = 2/15, 0, = 0. Thus, we consider the
problem of optimal recovery of Iy on the set

W={zeR: |Lz| <1, |Lz| <1, x| <2/15}

from exact values of the functional I. It is easy to see that the set W
is the parallelepiped

W={2 R |z)| +2|zo| <1, |z3] <2/15}.



16 K. YU. OSIPENKO

Consider the method

_ )0, ly] < 4/15,
Poly) = {<y,o>, > 4/15.

If |21 + 23] < 4/15, then

sup  [|(z1,2) — polz1 + $3)||l§ = sup |[|(z1, x2)||zg-
(.Z‘1,I2,1‘3)€W (Il,xz,xg)ew
|$1+1‘3|S4/15 |I1+3}3‘§4/15
Since 5
x| = |21 + 23 — 23] < |21 + 23] + |23] < 5
we have
1
sup |[(z1,22) —wolz1 +a3)llig < sup [[(z1, 22|z = >
(I1,12,13)€W (Il,xz,a:g)EW
|x142x3|<4/15 |z1|<2/5

If ((L’l,xg,xg) € W and |£U1 +ZL’3| > 4/15, then |ZL’1| Z |I1 +l‘3| — |l’3| >
2/15. Consequently, |xq| < 13/30. Therefore

sup |[(21, 22) — o1 Jr5153)||z§ < sup ||(—a73a902)||l§
(wl,mg,mg)GW (I1,x2,x3)€W
|z1+23]>4/15 22| <13/30
4 n 169 < 1
225 900 2
Thus,
1
E(I75) < 6(]757900) < 5
On the other hand, for any linear method ¢(y) = (1, c2y), c1,c2 € R,
we have
e(I,6,0) =  sup /(w1 — cr(wr 4 23))? + (12 — ca(1 + 73))2.

(w1,22,03)EW

If ¢; <0, considering the point (1,0,0) € W, we obtain
e(I,0,0) >/ (1—c1)2+c3 > 1.
If ¢; > 0, considering the point (0,1/2,2/15signcy) € W, we obtain

4 1 2\? 1
) > 2__ — — ] > =.
el ,¢>_\/c115+(2+|c2115) :

Consequently, for any linear method ¢

e1,5,¢) > 5 > E(L.0).
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Nevertheless we prove a result which sometimes helps to construct a
family of linear optimal methods.

Theorem 8. Assume that there exist such A\; > 0, j =1,....,n, and
an element T € W, for which || I;Z|ly, < d;, j =1,...,n, and

oy, > (ZA ) -

Moreover, assume that linear operators S;:Y; — Yy satisfy the condi-
tions

(@) To=>_ 58I
=1

n 2 n
Zszj SZ)\j||zj||§/j, forallz; €Y;, j=1,...,n
j=1

Yo =1

Then for any such operators the method

O(Y) = Sk1Yh1 + - -+ SnYn, Y E Vg1 X ... X Yy,

18 optimal and
n 1/2
E(I,8) = (Z Ajaj?) .

Proof. Let ¢: Yiiq1 X ... xY, = Y be an arbitrary method of recovery.
Then

2| 1o7]lv, = [[ 167 = ©(0) = (Lo(=Z) — ¢ (0))l;
< Mo = 2(0)llyy + [ Ho(=7) = (0)lly, < 2e(1,0, ).

In view of the arbitrariness ¢ we have

n 1/2
(20) E(I,6) > || IoZ]|y, > (Z Aja;’) .
j=1

To estimate the error of the method @(-) consider the following ex-
tremal problem

I()CC— Z S]y]

j=k+1

— max, ||I]a:||§/J <67, j=1,...k,

Yo

Hljx—yjH%/j <6, j=k+1,....n, zelX
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Set z; = Lix, j = k,zj =1ljx—vy;, 7 =Fk+1,...,n. Then, taking
into account (a), thls problem may be rewritten in the form

(21) — max, szﬂg/jg(%?,j:l,...,n, r e X.

Yo
In view of (b) we obtain

n
§ S;zj
=1

2

n n
<D oAl < DA
j=1 j=1

Yo

Thus,

E(I,8) < e(1,0,p) < (Z)\ )/2.

These inequalities together with (20) prove the theorem. O

We apply this theorem to construct a family of optimal recovery
methods of the k-th derivative, 1 < k < r, for functions from the
Sobolev class W3 (T) knowing a finite number of their Fourier coeffi-
cients given inaccurately. To simplify calculations we will consider the
complex case.

Assume that we have the Fourier series for some 27-periodic function

xZ.
—+00
_ et
- J

j=—o0

Suppose that we know only a finite number of Fourier coefficients which

are given with an error. That is, we know Z = (Z_y, ..., Zx) such that
(22) Dl =P <o
l71<N

Using the information & we want to recover the k-th derivative of z.
One of the simplest methods of recovery is the following

W) = Y (i) e

lil<N

But it is not very good because the error of terms (ij)*Z; in |j|* times
larger than the error of ;.

In practice this effect are known very well. Those who deal with such
problems simply cut the terms with high frequencies and smooth other
terms by some filter. Such filter was constructed in a similar problem
in Theorem 7.
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The problem which we would like to pose is: what is a best method
of recovery? In other words, what is a best possible filter? Now we
give the exact setting of the problem.

Define Lo(T) as the space of square integrable real-valued or
complex-valued functions z on T with the norm

loll = (5- [ |x<t>|2dt)1/2.

The Sobolev space W5 (T) is the set of all 2r-periodic real-valued or
complex-valued functions = for which the (r — 1)-st derivative is abso-
lutely continuous and ||z || < co. The Sobolev class WJ(T) is the set
of all functions 2 € Wj(T) for which ||z7| < 1.

Denote by I3V N € Z,, the space of vectors y = (y_n,...,yn)

with the norm
N 1/2
ol = (3 i)
j=—N

We consider problem (19) for X = Wj(T), Yy = Y1 = Lo(T), Yo =
BN Lyr = 2W) ) Lo = 20, Lx = {ZL‘j};V:_N,

1

=— t)e 9" dt
3 | ene

Lj

01 =1, and 95 = 6 > 0. The appropriate error of optimal recovery we
denote by E(D* Wi (T),?).
Set

12k_ 2k 1
(23) sozmin{s€Z+:(S+) < }

<S+ 1)27" — g2r — (N_|_ 1)2(r7k)
It is easy to prove that so < N. We will consider three cases:
1.

1
<od<—, 1<s<s9—1.

1
(s+1)r — s"

So > 1,

1
so0>0, 0<o<—.
S0
3.5=0o0rd>1.

In case 1 we put

N (s 4 1)% — % N — (s+ 1)2rs — g% (s+ 1)
L= (s+1)2r — g2’ 2= (s+1)2r — s2r ’
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in case 2 we put
1 Ao = 2k S(Z)T
(N + 1)20=k)” 2= % (N + 1)20=k)

and in case 3 we put A\ =1, Ay = 0.

A=

Theorem 9. For alld >0

E(D*F, W3 (T),68) = v/ A1 + Aad2.

If so > 0 and § < 1, then for all §;, 160;| <1, 0 < |j| < N, the methods
(24) @) = Y (i) raEe,

0<|jI<N

where

(25) o

are optimal.
If so =0 ord > 1, then the method p(Z)(t) = 0 is optimal.

_ A2 + ijr_k\//\1>\2()\2 + Mg — j2)
Ao + A g%

Y

Proof. In case 1 put

52<$+1)2r_1 1/2 1_52827" 1/2
= (B ()"

(s+ 1) — g2 (s+ 1) — g2

B(t) = Tee™t + Fopp DL,
We have
IZON? = 87 (@2 + (s + D [Tl = 1,
H[2/f||12§1v+1 = ’@’2 + |§s+1‘2 =%,
Moreover,

1Z]|* = 7P = s™ @] + (s + 1) [T = A1+ Aod”.

In case 2 we put

N

R B(t) = Tug™™ + By 1V HIE,

(N+1)r "’
We have
[FON = 1l + (N + D [ExalP = 1, [B s = [l = &
and

1Tz ||* = [|ZW]]? = sg¥[Ts > + (N + D |Znpa | = M+ A6
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In case 3 we consider Z(t) = €. Then

1, N>0,

||§7\("")|| = ]_7 ||]2/$\||Z§N+1 = {O’ N = O’

and
||IO£||2 = ||f(k)||2 =1=)\ + \0%

Now to apply Theorem 8 we will construct operators S; and Ss. Let

+oo
u(t) = Z uje’
j=—00

c lgNJrl

and v = (v_p,...,0N) . We will search operators S; and Sy in

the forms

+00
Siu = Z Biuet,  Syv = Z (i) ajv et
j=—o00 l7I<N
Jj#0
From condition (a) of Theorem 8 we obtain
5 Jwra-a) o<y,
S (2 gl > N

First we consider case 3 (A = 1, Ay = 0). Put o; = 0 for all
j=—N,...,N. Then by virtue of the Parseval equality we have

+00 +oo

1Svu + Spol* = [|Syul* = Y 2 < Y ful?
j=—00 j=—o00
j#0 J#0

S Hu”2 = )\1HUH2 + )\QHUH%NJrl.

Now consider cases 1 and 2. We have
(26) (ISt + Savl> = > By + (i) azu + > (81wl
0<ljI<N l7]>N
Using the Cauchy—Schwarz inequality we obtain
(27) |Bju; + (i) v < Aj(Mlug]? + Aalv; ),
where
O P ¥ O ¥
;=

A\ Ao =Ry Ao
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Assume that we find a; such that A; <1 for all 0 < |j| < N. Then
from (26), (27), taking into account that A\; > (N +1)"2%) we obtain

I1S1u+ Sovl> < A > gl + Y PP+ X D ol

0<|j|I<N l7|I>N lj|<N
+o0

<Y gl 2 DT fogl = Aallull® + dallol
J=—o0 jI<N

It remains to show that there exist ; such that

1 — oy]? + 7% a)?

28
( ) j2(r—k’))\1 )\2

<1

for all 0 < |j| < N. This inequality may be rewritten in the form

00) oy - [ MR PO N )
T g A (A2 + Apj?)?
It suffices to prove that
(30) Ao+ AjP =% >0
for all j = 1,..., N. Consider the set of points on the plane R?
2r
Ty =7, .

(31) {yj':j% j=0,1,....
If we plot the function

T = tQT’
(32) {y — tQk te [07 —I—OO),

then points (31) belong to the plot of this function. The function
defined by (32) can be written in the form

k
y=2" 0<=<1.
r

It is a concave function. In case 1 the line y = Ay + Ay x passes through
the points (5?7, s?%) and ((s + 1)*, (s + 1)?*)). In view of concavity
inequality (30) holds for all j > 0.

In case 2 the line y = Ay + Az passes through the point (s2", s2%)
and

(sg+ 1)%F — g2k <>
(so+ 1) —sg7 ="
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It means that inequality (30) holds for all j > sy. On the other hand,
in view of definition of s
s — (59— 1)%k
s3m — (s — 1)%r
Consequently, inequality (30) holds for all 0 < j < s,.

Now it remains to note that the set of all a; satisfying (29) may be
written in the form (25) with |6;] < 1. O

> A\

Among the family of optimal methods (24) we find the ones that use
minimal information about the input data. If in (24) a; = 0 for some
J, then the information about Z; is not used. So we would like to find

1
all such j. It follows from (28) that if a; = 0, then |j| > A7, It
is interesting to find also those j for which a; = 1 (that is, for such j
we don’t smooth the information). From (28) we see that we may take

1
a; =1 for [j| < A*. Thus we obtain the following result.

Corollary 2. Ifsy > 0 and § < 1, then for all;, 10;] < 1,0 < |j| < N,
the methods

PE) = > )fEe+ Y (i) raEen

a1 1 1
0<|jl<Az* AZF <|jl<n] )

where «; are defined by (25) are optimall.

More results on optimal recovery of functions and their derivatives
in the periodic case and in the case when functions defined on the real
line may be found in [20]-[24].
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