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1. Introduction. Let

Bn =

{
z = (z1, . . . , zn) ∈ Cn : |z|2 =

n∑
l=1

|zl|2 < 1

}
be the unit ball of Cn. Remind that H2(Bn) is a space of holomorphic
in Bn functions which satisfy the inequality

‖f‖2 = sup
0<r<1

(∫
S2n−1

|f(rz)|2 dσn(z)

)1/2

<∞

where σn is a positive normalized measure on S2n−1 = ∂Bn which is in-
variant with respect to orthogonal group O2n (see Rudin [1]). The unit
ball of the Hilbert space H2(Bn) we denote BH2(Bn). Let L∞,r(Bn)
(0 < r < 1) be the space H2(Bn) supplied with the following norm

‖f‖∞,r = max
|z|=r
|f(z)|.

The purpose of this work is �nding the precise values of Gelfand
and linear N -width of the class BH2(Bn) in L∞,r(Bn) metrics for some
values of N . In the case n = 1 we shall �nd N -width for arbitrary
N ∈ Z+. There are a number of works devoted to calculating of precise
values of N -width of Hardy classes BHp in integral q-metrics (see, for
example, [2�5]). All of them considered the case p ≥ q only and in all
these works n = 1. In our case the situation is opposite.
2. Main results. Remind de�nitions of Gelfand and linear N -width.

Let A be the subset of Banach space X.

dN(A,X) = inf
LN

sup
x∈A∩LN

‖x‖

where LN is a subspace of X, codimLN = N , is the Gelfand N -width
of A.

λN(A,X) = inf
ΛN

sup
x∈A
‖x− ΛNx‖,

where ΛN is a linear continuous operator mapping X into it's N -
dimensional subspace, is the linear N -width of A. It is easy to verify
that

(1) dN(A,X) ≤ λN(A,X).

For m ∈ Z+ put

Nm =


0, m = 0,
m−1∑
l=0

(
n+ l − 1

n− 1

)
, m > 0.

Note that Nm is equal to dimension of the space of polynomials of n
variables which degree is no more than m− 1.
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Theorem.

dNm(BH2(Bn), L∞,r(Bn)) = λNm(BH2(Bn), L∞,r(Bn))

=


1

(1− r2)n/2
, m = 0,√√√√ 1

(1− r2)n
−

m−1∑
l=0

(
n+ l − 1

n− 1

)
r2l, m > 0.

Before proving this theorem we shall prove two lemmas.

Lemma 1. Let f ∈ BH2(Bn), w ∈ Bn, f =
∞∑
l=0

Fl is a homogeneous

expansion of f . Then

∣∣∣∣f(w)−
s∑

l=0

Fl(w)

∣∣∣∣ ≤
√√√√ 1

(1− |w|2)n
−

s∑
l=0

(
n+ l − 1

n− 1

)
|w|2l.

Proof. Recall that that the Caushy's kernel for Bn is

K(w, z) =
1

(1− 〈w, z〉)n

where 〈w, z〉 =
n∑

l=1

wlzl is the hermitian binary product. Put

Ks(w, z) =
1

(1− 〈w, z〉)n
−
∑
|p|≤s

(n+ |p| − 1)!

(n− 1)!p!
wpzp

(for multyindex p = (p1, . . . , pn) |p| = p1 + . . . + pn, a
p = ap11 . . . apnn ,

p! = p1! . . . pn!).
For f ∈ BH2(Bn) we have

(2)

∫
S2n−1

Ks(w, z)f(z) dσn(z) = f(w)−
s∑

l=0

Fl(w).

We use that monomials are orthogonal in H2(Bn) and

‖zp‖2
2 =

∫
S2n−1

|z1|p1 . . . |zn|pn dσn(z) =
(n− 1)!p!

(n+ |p| − 1)!



4

(see Rudin [1]). Now it follows from (2) and H�older inequality that for
f ∈ BH2(Bn)∣∣∣∣f(w)−

s∑
l=0

Fl(w)

∣∣∣∣ ≤ (∫
S2n−1

|Ks(w, z)|2 dσn(z)

)2

=

√√√√ 1

(1− |w|2)n
−
∑
|p|≤s

(n+ |p| − 1)!

(n− 1)!p!
|w1|2p1 . . . |wn|2pn

=

√√√√ 1

(1− |w|2)n
−
∑
|p|≤s

(
n+ |p| − 1

n− 1

)
|w|2|p|.

The lemma is proved. �

Remark. In fact, it follows from (2)and Theorem 1 from [6] that
the Taylor's series is an optimal recovery algorithm for functions from
BH2(Bn) if the Taylor's information in the origin is at the disposal. In
case n = 1 this fact is well-known (see [7]).

Lemma 2. Let s ∈ N, Nm ≤ s < Nm+1, f1, . . . , fs be the orthonormal

set of functions of H2(Bn), 0 < r < 1. Then

(3)

∫
S2n−1

s∑
l=1

|fl(rz)|2 dσn(z) ≤
m−1∑
l=0

(
n+ l − 1

n− 1

)
r2l + (s−Nm)r2m.

Proof. Let Fl be the homogeneous polynomial of degree l. It is obvious
that

(4)

∫
S2n−1

|Fl(rz)|2 dσn(z) = r2l‖Fl‖2
2.

If f ∈ H2(Bn) and f(z) =
∞∑
l=k

Fl(z) is a homogeneous decomposition

of f , then it follows from (4) and the orthogonality of monomials that

(5)

∫
S2n−1

|f(rz)|2 dσn(z) ≤ r2k‖f‖2
2.

Let U be a unitary transformation of Cs andu11 . . . u1s

. . . . . . . . . . . .
us1 . . . uss


is the matrix of this transformation. The mapping U transforms the

orthonormal set {f1, . . . , fs} into the set {g1, . . . , gs}, gl =
s∑

k=1

ulkfk

which is the orthonormal one (in H2(Bn)) too. Besides that for every
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w ∈ Bn we have
s∑

l=1

|gl(w)|2 =
s∑

l=1

|fl(w)|2 because U is the unitary

transformation. Hence∫
S2n−1

s∑
l=1

|fl(rz)|2 dσn(z) =

∫
S2n−1

s∑
l=1

|gl(rz)|2 dσn(z).

It is easy to check that there exists the unitary transformation U such
that for Nq < k ≤ Nq+1 the homogeneous expansion of gk has no poly-
nomials of degree less than q + 1. Indeed, let U1 be the unitary trans-
formation of Cs which transforms (f1(0), . . . , fs(0)) into (a1, 0, . . . , 0)

where a1 =

(
s∑

l=1

|fl(0)|2
)1/2

. Transformation U1 maps (f1, . . . , fs) into

(g1
1, . . . , g

1
s) and g1

2(0) = . . . = g1
s(0) = 0. Let Ũ2 be the unitary trans-

formation of Cs−1 which maps

{
∂g1

2

∂z1

∣∣∣∣
0

, . . . ,
∂g1

s

∂z1

∣∣∣∣
0

}
into (a2, 0, . . . , 0),

and

U2 =


1 0 . . . 0
0
... Ũ2

0

 , U2 : {g1
1, . . . , g

1
s} → {g1

1, g
2
2 . . . , g

2
s}.

Then
∂g2

3

∂z1

∣∣∣∣
0

= . . . =
∂g2

s

∂z1

∣∣∣∣
0

= 0. Iterating this process we shall

construct the sequence of transformations U3, . . . , Us. The transfor-
mation U = Us ◦ Us−1 ◦ . . . ◦ U1 satis�es our requirement. We have
U : {f1, . . . , fs} → {g1

1, . . . , g
s
s}, for every Nq < k ≤ Nq+1∫

S2n−1

|gkk(rz)|2 dσn(z) ≤ r2q.

The lemma is proved. �

Proof of the Theorem. In view of (1) it is su�cient to prove that

λNk
(BH2(Bn), L∞,r(Bn)) ≤

√√√√ 1

(1− r2)n
−

k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l,(6)

dNk(BH2(Bn), L∞,r(Bn)) ≥

√√√√ 1

(1− r2)n
−

k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.(7)

The upper evaluation (6) follows from Lemma 1. Operator ΛNk
is

the one which maps a function of H2(Bn) into its Taylor's series of
order Nk.
The lower bound (7) will be proved by using Lemma 2. Consider

some subspace LNk of H2(Bn) which codimension is equal to Nk. Let
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f1, . . . , fNk
be an orthonormal basis in (LNk)⊥. For w ∈ Bn de�ne the

following function

hw(z) =
1

(1− 〈z, w〉)n
−

Nk∑
l=1

fl(w)fl(z).

It is easy to check that for every w ∈ Bn

hw ∈ LNk .

Therefore

sup
g∈BH2(Bn)∩LNk

‖g‖∞,r ≥ sup
|w|=r

‖hw(·)‖∞,r

‖hw(·)‖2

≥ sup
|w|=r

|hw(w)|
‖hw(·)‖2

= sup
|w|=r

1

‖hw(·)‖2

(
1

(1− r2)n
−

Nk∑
l=1

|fl(w)|2
)
.

The direct computation shows that

‖hw(·)‖2 =

(
1

(1− |w|2)n
−

Nk∑
l=1

|fl(w)|2
)1/2

.

Hence

sup
g∈BH2(Bn)∩LNk

‖g‖∞,r ≥ sup
|w|=r

√√√√ 1

(1− r2)n
−

Nk∑
l=1

|fl(w)|2

=

√√√√ 1

(1− r2)n
− inf
|w|=r

Nk∑
l=1

|fl(w)|2.

In accordance with Lemma 2

inf
|w|=r

Nk∑
l=1

|fl(w)|2 ≤
∫
S2n−1

Nk∑
l=1

|fl(rw)|2 dσn(w) ≤
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l.

Theorem is proved. �

If n = 1 then Nk = k, the series
k−1∑
l=0

(
n+ l − 1

n− 1

)
r2l converts into

k−1∑
l=0

r2l and we obtain the following corollary.

Corollary 1.

dk(BH2, L∞,r) = λk(BH2, L∞,r) =
rk√

1− r2
.
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