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Introduction. Let €2 be a subset of C" and u is a nonnegative measure
on . For 1 <p < oo let L,(£2, 1) be the Lebesgue space of complex-
valued functions on 2 with the usual norm

1/p
1l = ( / |f(2)|pdu(2)> Cl<p<oo,
Q
1Flloe = vrai sup | £(2)

z€eQ

Denote BX the closed unit ball of the normed space X. Consider a
linear subspace X, C L,(€2, u) with the induced norm. We define an
information operator as a mapping /: BX, — Y where Y is some set.
Let L be a functional on X, and S: Y — C is a function on Y. The
function S defines a recovery algorithm Lf ~ SIf.

Consider the following problem of optimal recovery
(1) E(L,I,X,)=1inf sup |Lf— SIf|.

S

fEBX,

E(L,I,X,) is called the intrinsic error of recovery. If
B(L1X,) = sw [Lf=S.0f|=|LL.~ S0/ ([ €B,)
EBAp

then S, is said to be an optimal algorithm and f, is a worst function.

There are a lot of papers devoted to the recovery problems. The
detailed bibliography and the history of the subject can be found in
Micchelli and Rivlin [1], [2] and also in Traub and Wozniakowski [3].

In this paper we solve some recovery problems in the Hardy and
Bergman spaces in the unit ball of C". In particular, some variants of
the Schwartz Lemma follow. In the unit disk the similar results were
previously obtained for the Hardy spaces in Fisher and Micchelli [4]
and for the Bergman spaces in Osipenko and Stessin [5].

In Section 1 we prove the general theorem which connects the worst
functions with reproducing kernels in some weighted spaces, where
weights are associated with an information operator. In Section 2 this
theorem is applied to the recovery problem in the Hardy spaces H,(B,)
(B, is the unit ball of C") when the information operator is the oper-
ator of restriction on some affine subset of B,. Here there arises the
astonishing fact that the case n <5 differs from n > 6.

The last section is devoted to proving the analogous results for the
Bergman spaces.

1. Optimal recovery and reproducing kernels. Let Q be a simply
connected domain in C", X, be the space of holomorphic in {2 functions,
which belong to L,(€2, 1) (it supposes that for holomorphic function
f#£0 ||fll, #0). If n(092) # 0, only those holomorphic functions are
considered which have boundary values almost everywhere with respect
to measure p. Let ¢ € X,,. Suppose that there exists the reproducing
kernel K,(z,w) with the weight |¢[P~2, i.e., for every f € X, the next
equality holds




/ R, (o) f () oo (w) P2 dpa(ao)

and K,(z,-) € X, for every z € Q. Note that for every z € 2 we have
K,(z,-) € Xo(p,p), where X5(¢p, p) is the Hilbert space of holomorphic
in ) functions, which satisfy

11Xy = (/QIf(w)|2|90(w)|1”‘2 alu(w))l/2 < oo.

Let A C €. Define the information operator I as the operator of
restriction on A: If = f,. Put Lf = f(a), where a € Q\ A. In this
case denote E(a, A, X,) the intrinsic error from (1). Let M, be the
closed linear subspace of Xs(p,p), which contains K,(z,-) for every
z € A

{0},

I

M, — {cl(span{Kw(z, ), z € A}), i g)),

and Pr, be the orthogonal projection: Pra: Xs(p,p) — My. It follows
from the Riesz theorem that for every f € Xs(p, p) there exists complex
measure my such that

(Praf)(- /K ) dmy(z).

Denote m, the appropriate measure for f = K,(a,-) and put
(2) ¢(w) = Ky(a, w)—PraK,(a,w) = K]p(a,w)—/ K, (z,w) dmg(z).
A

We call ¢ to be regular with respect to pair (a, A) if

}) Io =, =0;
i) x =9¢/p € Xeo, X ' =¢/¢ € Xw.

Theorem 1. Let a € 2, A C €2, and ¢ is regular with respect to pair
(a,A). Put a = [x(a)]® PP g=x*Pp. Then

i) fla) = SAf = a[,[x(2)]®2/Pf(2)dm.(z) is an optimal re-
covery algorithm,
i) f*(w) = |¢(a)|"Pg(w) is a worst function,
i) E(a, A, X,) = [¢(a)]?|p(a)| =277,
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Proof. Since ¢ is regular we have g € X, and xP2/Pf ¢ X, for every
f € X,. Hence

(3) o / (@) g (w) P f (w) dja(ww)
—a / () ()] ®~27 £ () () P2 dpa(ao)

—o [ | - / R o) i () (] )
< )P du(w) = (o) — S.TF.

It immediately follows from (3) that
E<a’7A7Xp) < sup ’f(a’> - S*If|
feBX,

= sup
feEBX,

o [ Slatu) 5w du(uﬂ\ < lofllgll™

1/p
and ofg|[p = g(a). Thus [g[l, = ‘ = |p(a)]'’?, and || f*[|, = 1

(i.e., f* € BX,). As If* = [, = 0 we have for every algorithm S

/(@) =STf[+[=f(a)=ST(=f")| = |f*(a)=S(0)[+] = f"(a) = 5(0)]
> 2[f*(a)]

g(a)

and, therefore sup |f(a) — SIf| > |f"(a)l,

feBXp

Ba,A,%,) 2 | (@] = 15 = fallgl ! = o) #lota) -2

The theorem is proved. Il

Corollary 1. Let K(z,w) is a reproducing kernel for functions from
Xy, a € Q, and for every w € Q K(a,w) # 0. Then

sup | f(a)| = (K(a,a))".

feBXp

Proof. Put p(w) = 1. As K(a,w) # 0, ¢ is regular with respect to
(a,0). It follows from Theorem 1 that

e [K(aPh
oo V= (e, )T,

Now, note that

1/p
1K (a, )27, = ( [ KR du(w)> _ (K(a, )"
O



Remark 1. If the conditions of Theorem 1 hold, then

(4) E(a,A,X,) = sup |f(a)l
feBX,
f14=0
Indeed,
sup |f(a)| = [f*(a)| = E(a, A, X,) = sup [f(a) — S.If|
feEBX, feEBX,
flAEO
> sup |f(a)l
feBX,
J14=0

Remark 2. If p = 2 the regularity condition is unnecessary because
xP=2/P =1, and \?/? is correctly defined even in the case when y has
zeros in (). More precisely, let K(z,w) be a reproducing kernel with
weight 1 for functions from X5, A is a subset of €2, a € Q). By analogy
with (2) we define

o(w) = K(a,w) — PraK(a,w) = K(a,w) — /AK(zgw) dmg(z).

The next theorem holds.

Theorem 1’

fA dma 15 an optimal algorithm in the recovery
pmblem in X2,
i) f* = |¢p(a)|""%¢ is a worst function;
iii) the intrinsic error is

E(a, A, X2) = |¢(a)|'%.

The meaning of Theorem 1 is that, in some cases, it reduces the
problem of finding a worst function and an optimal algorithm to the
problem of finding the divisor of a worst function, which connects with
the information operator. In fact, the divisor of the worst function is
the largest extension of the information set, which does not lead to
decreasing the intrinsic error.

2. Recovery in H,(B,,). Let B, be the unit ball of C"

Bn:{z:(zl,..., n) €C" 1z Z!zk\2<1}

The Hardy space H,(B,) is the set of holomorphic in B, functions,
which satisfy the condition

0<r<1

1/p
Iy = e ([ =)o) <o 1<p<oc

[ flloe = sup [f(z)] < o0,
z2€By,
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where o, is the probability measure on sphere S?"~! which is invariant
with respect to the orthogonal group O(2n). It is known (see Rudin
[6]) that functions from H,(B,) have finite boundary values almost
everywhere and so H,(B,) can be considered as a subspace of L, (B, )
where p is supported on 9B, = S?"! and coincides with o, in S**~!
Let L be an affine plane in C", A = L N B,,. In this section we deal
with the recovery of functions from H,(B,,) at some point a € B, \ A
in the case when If = f,. At the beginning let us consider the case

L={z=(z1,...,2,) €C": 2, =0}

Let u € C, |u] < 1, @ > 1, m is a nonnegative integer. Put

Fo(a,u) =
k=0

'm+k+a) 4
L(k+a)

We can easily prove that

Q, U _(@—Da...(a+m-1) . u®
(5)  Falo,u) (1_um+1 koa—l—k—l( > '

M

Proposition 1. Let 1 < p < oco. Then

(6)

1 P ZnWh,
KZ b) — Fn_ _7 - 7 7\ b
(o) = T = (e 1(21—«%¢9)

where ) = (z1,...,2,-1,0) for x = (z1,...,2,), is the reproducing
kernel for functions from H,(B,) with the weight |z,[P~2.

Proof. As polynomials are dense in H,(B,) it is sufficient to prove that
(6) is the reproducing kernel for the polynomials of the special kind
f(2) = fi(2})2F, where fi(z}) is a polynomial, which depends only on
21y ..., 2n_1. Let v, be the normalized Lebesgue measure on B,. We
have

[ FGainwheludow)

|z|=1

! / (L= i )P 22 f )
Bn—1

(G o oo (1)

(n—1)!

" L/ kZ L(n—1+p/24+m)zl"w,™ dw,
2700 = (1 2172 P(p/2+m)(1 = (=1, wi))™ wn
F(n+( —2)/2+k) .
T h-DI((p-2)24k+1) "

L et
Bn_1 (1

— (2], wy)) =2/ dvy—1(wy) = fi(z1) 2,




In the last equality we used that
L(n+s+1) (1—|wl?)®
Fn+ DI (s+1) (1 = (z,w))ntst!

is the reproducing kernel in H,(B,,) (see Rudin [6]). The proposition
is proved. U

In view of K, (a},w) € M, and
<K2n (b’ ')7 Kzn(a> ) - Kzn (alh ')>X2(Zn,p) = Kzn (b’ CL) - Kzn (b7 all) =0
for every b = (by,...,b,-1,0), we have

PI‘AKZ"(CZ,U)) = K, (a,hw)?

(1) ¢(w) = K., (a,w) = K, (a7, w)
1 anwn p anfwn
= Foalz+lL, — |-
(n =D)L = {wp,aq))e2 7" (2+ 1—<w’1,a’1>)
It follows from the last expression that ¢(w) = w, is regular with

respect to pair (a, {w, = 0}) if and only if F,,_; (g +1, %)
does not turn into zero in B,. It is not valid in general, nevertheless
we shall find the domain (for a), where the regularity holds, for every

n and p.

Proposition 2.

i) If n < 5, then for every 1 < p < oo and a € B, function
P Qn W,
Foailz+1,—mFm—
1 (2 (1= {wh, ap))
ii) For everyn > 5 there exist a € B, and p, 1 < p < 0o, such that
p (nWy
zero set of Fr,_1 | = +1, ———
1 (5
We shall prove this proposition at the end of this section, because
the proof is quite technical.
Now we note that

does not turn into zero in B,,.

> s not empty in B,.

Ap W,

sup
wEBn

I <w/1a CL/1>

and, therefore, in view of (5), the zero-set of F,,_; is empty in B, if
and only if polynomial

n—1
p . (—1)k n—1\
P (2 * 1’“) Y YA ¢

has no zeros in the disk {]u| < L}




Put
An(p) = min{ lu| : Py (g + 1,u> =0 } :
An(p) = {a € By : fan> < A (p)(1 — |d1]*) }.
It follows from Proposition 2 that Al(p) = B, if n < 5.

The next lemma immediately follows from theorem 1, proposition 1,
and (7).

Lemma 1. Let 1 < p < oo and a € AL(p). Then
i) the algorithm

p—2

f(a) = (Dm(p,a)) » f(ai),

where

Dnl(pa (l) _ (1 - |a|2)n

— (=D -1\ .
S i (M il ey

k=0

18 an optimal one;
ii)
1/p

r (n + g) Dy (p,a)
Fn)'(p/2+1)

(1 = (w, a}))(1 = (w, a))>/»

k kj/j k <wll’ /1>

E(a7 {Zn = 0}7 Hp(Bn))

p
(1= Jay )" 2

fi(p a,w) =

X

p 1/p
C(n+3) ]
T(n)T(p/2 + 1) D1 (p, a) A= [ p)/ri2’

When proving proposition 2 we shall see that A, (2) = 2sin T (n>1).
n

Now we shall provide a lower estimate A, (p) for every n and p. Though
being inaccurate this estimation will give us the opportunity to show
that for every n and a € B, there exists py such that a € Al(p) if
P > Po-

Proposition 3.
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Proof. In view of (5) we must prove that F,_; (g +1, u) has no zeros

2
in the disk {|uy <Pt
p+2n

B T'(n+k+p/2) ((p+2 k_ >
#v) = “—~ D(k+p/2+1) (p+ 2nv) B ;dkvk'

}. Counsider the function

We have
diyr  (n+k+p/2)(p+2)

de — (k+p/2+1)(p+2n) ~

It is well known (see Khavinson [7]) that dj being positive and dy1 <
d, ¢(v) has no zeros in the unit disk {|v| < 1} and required statement
follows. The proposition is proved. Il

n|l =V 1 —a}|?
nlan o] then a € Al (p).
V1= [ah]? = fan]

Corollary 2. Ifp > py = 2

Indeed,
+ 2 + 2 Qp,
)\n(p) > P > Po = ’ ’

Tp+2n T po+2n L\ J1— a2

Lemma 2. Let a € B, and p =o00. Then

i) the algorithm

fay~ 221

Tl af?

flay)
18 an optimal one;
V1—layPwn

s a worst function;
1 - <w/1a a'll> 7

iit) E(a, {w, =0}, Hu(B,)) =

11) f1*<OO, a, w) =

Proof. Let f € BH,(B,). Consider the function ¢(u) = f(ay,...,
ap—1,u). ¢ is holomorphic in the disk {|u|] < /1 —]a}|?} and
sup |¢(u)| < 1. Tt follows from Osipenko [8] that

1—|af?

W) —1——— 0)| = — ————f(d]
) = (1= 750 ) w00)| = | @) - {15 e
< |an|
ERVART
and so the error of the algorithm

1—|af?

fla) ~ 1_—W1|2f(a/1)
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. a

is not greater than \/1’—ni|’/|2 On the other hand, f;(co,a,w) €
BHoo(By), 1fi = [f{|y,—0 = 0, and hence the intrinsic error can be
evaluated as

Pl i = 0}, HuB) 2 fi(oe,0] = %
The proof is complete. O
Now consider the case
A={z=(2,...,2) €EBy:znpr1=...=2,=0}.
For w = (wy,...,w,) € C" put wy, = (wy,...,Wy—4,0,...,0), w =

w—w, = (0,...,0,Wy_ji1,...,w,). Denote Ak(p) ={z € B, : |2} <

M(p)\/1 — |22}, Ak (00) = B,,. Asin the case k = 1, we have AF(p) =

B,, for every pif n < 5.
Lemma 3. Let a € AF(p)\ A. Then
i) the algorithm

(Dui(p,a))P=2/P f(a}), 1<p< o0,

fla)~q 1—laf?
1_—Wf(a§g)7 D = 00,
k

where

(1~ Jafy"
n—1 ; 1
125 1— 1 12\n—j
jZWH( P [TRIETR

1$ an optimal one;

an(pu CL)

ii)

1/p
r (TL + g) an(p7 CL)

Fn)l(p/2 +1)

) (wf, af)
ra" (1= (wh ) (1 = {w, )7

(nzl / (n — 1> < (wg, Clllc/ )]) o 1<p<

) (e , 1<p<oo,
2P+ 1\ 1= (wy, @)
VI a? (v ap)

|ay 1 — (wy, az)

p
(1= Jag[*)"" 2

fi(p,a,w) =

fi (00, a,w) =

s a worst function;
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iii)

E(a, A, Hy(B,))

T 92 1/p "
(n+p/2) |aj, 1< p< oo,
_ ) \T()L(p/2+ 1) Dur(p,a) ) (1= |ag[?)n/p 12
- "
Ul , p = 00.
V1=l
Proof. Let U be the n x n matrix,
1
0
1
U= ,
0 C
where C'is the unitary & x k matrix which transforms (a,_xi1,--.,an)
into (0,...,0,|a}|). Since the measure o,, being invariant with respect

to U, the mapping f(z) — f(Uz) is an isometry of H,(B,). Using
the unitary transformation with matrix U we reduce the problem of
recovering f(a) to the one of recovering f(Ua), using the information,
provided by operator Iy, Iy f = flua = fla = If. (Iy coincides with
I because A is a U-invariant set). Let I be the information operator
If= fiwzn=0- As {(Uz), =0} D A, we evidently have

B(a, A, Hy(B,)) > E(Ua, {(U2), = 0}, Hy(B,)).

Note that (Ua)} = aj, € A. In accordance with the statement of
Lemmas 1 and 2, the optimal algorithm in the recovery problem with
the information operator I is const f((Ua)}) = const f(a},). This al-
gorithm uses only information If = f4, and so it is an optimal
one in the recovery problem with information operator I. To fin-
ish the proof we note that {((Uw);, (Ua)}) = (w},a}), (Uw),(Ua), =
(Uw,Ua) — ((Uw)i, (Ua)y) = (w,a) — (wj, ap) = (wi,ay). Now the
required statements immediately follow from Lemmas 1 and 2. Il

By analogy with Corollary 2 a € A¥(p) if

nlag| = 1~ |a?
V1=la,? —laf|

p>2
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Now let A be an arbitrary linear affine subset of B,,. In the appro-
priate Hermitian coordinate system A has the following form

(8) A:{ZGBTL:Zn—k’—l—l:Cn—k—i-la"'azn:cn}a 1§k§nv
(9)

Z la|* = |¢/)* < 1, where ¢ = (0,...,0,Chps1,.--,Cn) € By.
l=n—k+1

Recall (see Rudin [6]) that every automorphism ¢ of B, determines
the isometry @, of H,(B,),

2 — [p|2 /P
w) e = TEE S =),

and every automorphism of B, is the superposition of some unitary
transformation and special mapping o,

b— Pyz—+/1—1b|?
_ bR HQbZ be B,

) EE .
where
(z,b)
—=b, b#0
Pyz =< (b,b) 70, Qvz = 2z — Pyz.
0, b=0,

Proposition 4. Let a € B,, A C B, ¢ € Aut(B,), D = ¢(A), d =
@(a), I and I, are the information operators: If = fia, Iif = fip. If

the algorithm f(a) ~ / f(w)dp*(w) is an optimal one in the recovery
A

problem

B(a, A, Hy(B,) =inf sup  |f(a) = SIf|
S feBH,(Bn)

and f*(w) is a worst function in this problem, then

ﬂ@wéﬂwwmm
where

( 1 —{a,¢7'(0))
dpi(w) = < \1 = (p~H(w), p=1(0
d(p o p~t)(w), p =00,

2n/p
») a0 p(w), 1<p < oo,

15 an optimal algorithm in the problem

E(daD7Hp(Bn)) = inf sup |f(d) _S[1f|>
S feBHp(By)
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Frle™ (w) (1 = [(0) )"

Jiw) = = )

problem, and

15 a worst function for the last

(1= le(0)[*)"
E(d, D, Hy(By)) = {1 —lo(a), O PSP
E(a, A, Hy(B,) p = 0.

);
Proof. Let f € Hy(B,), 1 < p < co. Put g(
(10) we have ||g[[, = [|f||, and

(e~ (2)) (1 — () )"
(1= (2, ¢(0)))/7

because for every ¢ € Aut(B,,)
(=1 O = (z w))

1 - <90(Z)= cp(w)) - (1 _ <Z,(,0_1(0)>)(1 - <90_1(0)’w>)

(see Rudin [6]). Let S be some algorithm for the information operator
I, then

2) = (P, f)(2). In view of

f(z) =

(L—le(0)[*)™?

fd) = Shf =g omzs W@ — 519);
where
37, (L= (p(a), 0(0)))"
S U
Hence

(1= lp(0)[*)"/
E(d,D,Hp(Bn))>( ). O —E(a, A, Hy(B,)).

On the other hand,

E(d,D,H,(B,)) < feBSI:IlEBn / F(w) dyit ‘
_ qp | 2@ =0 )"
reBry By (1 = (p(a), p(0)))2n/p

)
[ O S G (U A
S () @)
__=leoprr
=TT o), NP e " /Ag ‘
_ (e
11— (p(a), p(0))[>/

The case p = oo may be worked out in the same way. The proof is
over. U

E(a, A, Hy(B,)).
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Now we shall apply the last proposition to the recovery problem
corresponding to information operator, which is one of the restriction
on the set (8). Note, that ¢, (c is defined in (9)) transforms the set
D={z€B,:2zkt1=...= 2z, =0} into the set (8).

Put

Ak (p,c) = @c(AL(p))

"
(2,0)
=< zeB,: ||Vv]1—|c?z—c+ ——c
{ |( g 14 /1 —|c|?

k

<wam¢u—@@w+u—wa%v}

1_ 2 1_ 2
’)—soc< Vi a;>=—‘c‘ i +e

Qc = ¢C(a)v ac = wc((ac)k o 11— <CL C> 11— <a C>

It follows from Proposition 2 that Ak (p,c) = B, if n < 5.

Theorem 2. Let a € A¥(p,c)\ A. Then
i) the algorithm

1—{a,c

’ 2

1— |C|2 2n/p - N
(———7) (Dur(p. ae) P2/ (@), 1<p < oo,
flay =N
_ |ac
T J(a)?

1$ an optimal one;

i)

f(ac)7 b = o0,

(L= le)™” .,
f(epa,w) = { (1 {w, ik (P, e, pe(w)), 1 <p < oo,

f,j(oo,ac,goc(w)), b =00,
18 a worst function;
iii)

E(a, A, Hy(B))

1/
(1= leP)yr (n+2) ’
‘1 - <(I, c)P”F(n)F(p/Q + 1)an(p> ac)
- X [(ac)il 1<p<
/o ﬂ + %7 e — )
(] (1 = |(ac),l*)»
—,2’ p = Q.
V1= [(ac)]
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Proof. As p.op. = id (see Rudin [6]), we have ¢.(p.(a)) = a, ¢ 1(0) =
©:(0) = ¢. By Proposition 4 we can reduce the problem of recovery
at the point d = ¢.(a) and information operator to be If = fip to
recovery at the point a and information set to be A. We obtain from
Proposition 4 that an optimal algorithm is

F(a) = """ (Dyi(p, ac)) P27 f (@),

where
1 (pa) 9 1(0)
1 — (¢! (a, )soc (0))
and
_ n/p
Bl A H(B2) = 1 s Bl D (B.)
Note that

1— <Qpc(a)’ SOC(O» 1 - |C|2
T T (et e O = T
1 —Jp(0) = 1 —c?, 1 = (pela), p.(0)) = 1 — (a,c) and now the
required statement follows for 1 < p < oo. The case p = oo is quite
analogous. The theorem is proved. O

The following theorem is a generalization of the Schwartz Lemma for
functions from H,(B,,).

Theorem 3. Let f € BH,(B,), f(0) =0, 1 <p < o0, a € A%p) =
{z € B, :|z] <A\u(p)}. Then

(@)
F<n+p> nt j — 1\, v
<IN\ FrGR T D~ TP n;mm( ;)

Remark. The case p = oo is obviously trivial: |f(a)| < |a| is the
classical Schwartz Lemma.

Proof. From (4) we have

< )
" 2

T'(n)D(p/2 + 1) Dy (p, a)

Now the required statement follows from the definition of D,,,,(p,a). O

lal.

|[f(a)] < E(a, {0}, Hy(Bn)) =

Using Theorem 1’ instead of Theorem 1 in the case p = 2 we can
eliminate the condition a € A¥(2,¢). The following two theorems may
be proved using the same arguments as in Theorems 2 and 3, respec-
tively.

Theorem 2'. Let a € B, and p = 2. Then
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i) the algorithm

s an optimal one;
ii) a worst function is
(1= Je)"

Wﬁ:(?,ac,%(’w))’

fe(c2,a,w) =
where

PP ek Y0 il ek 111 )

V=T = A=)

iii)

MmAHx&»:¢u—mmn—(llﬁﬁf—mw).

L= ef?
Theorem 3'. Let a € B, f € BHy(B,), f(0) =0. Then
[f(@)] < V(1= o)™ 1.

Now we can easily demonstrate the difference between the cases n >
6 and n < 6. Let us consider recovery in Hy(B,,), when the information
operator is, for example, I f = fr.,—oy. If n < 6 the set {2, = 0} is the
zero-set of the worst function, but if n > 6 there are extra sets: the
divisor of the worst function f;(2,a,w) in B, is (see Lemma 1)

D,= |J {weB.: (wa)— ™/ "W, d) =1/},

kEZ
|k|<n/6

It means that in the case n < 6 any additional information leads to
decreasing of the intrinsic error. On the contrary if n > 6 there exists
extension of information operator, which does not decrease the intrinsic
error of recovery.

Now we shall prove Proposition 2.

Proof of Proposition 2. To prove i) we must prove that Py(c,u), k =
3
1,2, 3,4, has no zeros in the unit disk, if o > 7 We have

1 U 1 2u u?
P _ _t p _ _ ="
evw) =073 — 5 Blaw) =g =4 o
1 3u 3u? ud
P. = - — —
s(a ) a—1  « +oz—i—l a+2’
1 4 6u’ 4u? 4
Pu(on ) = _ Au U U U

a—-1 o a+l1 a+2 o+3
It is easy to see that P;(«, u) and Py(«, u) have no zeros in the unit disk.
Next we observe that Ps(«,u) has only one real zero which belongs to
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the interval (1, (o +2)/(a+1)), and so the modulus of each other zero
of P3(a,u) is greater than 1.
Now let us consider Py(c,u). We can easily check that

1
Fﬂmuyi/t”%l—mfﬁ
0

which yields that Py(c,u) has no real zeros. Let x1, T, z2, To be the
roots of Py(a,u). In view of the Viete theorem,

( 3
Rex; + Rexs = 2ﬂ

a—+2’
+3
2 2 L 4Rex; Rexy = 62
|l'1‘ +’$2‘ + Cr1 e Ty Og—|—17
3
|x1\2Rex2+|:c2]2Re:c1:2a+ :
a
9 2_a+3
|21 |*| 72| = a1

Suppose |z1| = 1. From the first, third, and fourth equations of this
system we find that Rez; = (a — 1)(a + 3)a (o + 2)7!, Rexzy =
(a + 1)(a + 3)a (a + 2)7" and then from the second equation we
obtain o? 4+ 2a + 3 = 0. This contradiction shows that P,(a,u) has no

roots, which modulus is equal to 1. Let a = 3 In this case,
18

77
54
’1’1|2 + ’l’2|2 +4Rexi Rexy = 37

.
Rex; + Rexy =

|z1|? Rezg + |22 Rexy = 6,

|z1[?|z2]* = 9.

It follows from the first, third, and fourth equations of last system
that Rex; = 6 (|z2|*> — 27/7) /(Jz2|* — 9). If |z1| < 1, then |z5]* > 9

and therefore, Rex; > 0, Rexy > = = |z1] > 0. Now |z1] < 1 yields

9 1
|21 >+ |22 = |21]*+—— > 10,0 < Rex; Rexy < = AsRez; Rexy >

|z1]?
9 o4 27T - 6V14

0 we have |x]* + EE <5 and hence |z1]* > — > 0.9,
1

|z9|> < 10, Rexy + 10Rex; > |21 Rexy + |72/ Rez; = 6. Combining
this equality with the equation Rexs + Rex; = 18/7, we find

18
Rexy = - —Rex; > 1

which contradicts Rez; Rexy <
Py (3/2,u) has no roots in the unit disk.

Thus we have proved that
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Finally, suppose the set of those a > 3/2 that Py(«,u) has zeros
inside the unit disk is not empty. Let oy be the infimum of those
a. One can easily check that Py(a,u) has no multiple zeros and hence
zeros of Py(«,u) depend on « differentially. Therefore Py(cv, u) has the
root, which modulus is equal to 1, but we proved before it is impossible
and 1) is proved.

To prove (ii) note that

- n—l L 1—(1—w)n
Thus u, ;1 = 1 — e2>™/™ is the root of P, 1(2,u). As |l — /| =
2sin(mw/n), |u,—1| < 1if n > 7, and we must only prove that Ps(c,u)
has zeros inside the unit disk for some o > 3/2. Let u(«) be the root
of Ps(a,u) so Ps(a,u(a)) =0 and hence

u’(a) u'(a)

we) o wl)

du(@) _1(a+4P @+3P ' la+2f  fat1p
fe 5 ulla)  wd(a)  u*(a) ula) 1
a+4 _4a+3 +6a+2 _4a+1 *
5u(a) B 1
1 a? (a—1)?

* 5 u*(a) B 4u3(a) +6u2(a) 4 u(a) N 1
a+4 a+3 a+2 a+1
us = e™/3 is a root, of P5(2,u). Substituting u(a) = e ™3 a =2 in
the last expression we obtain
du(«)
do

1194 56iv/3
B 360

a=2

and, therefore, if & > 2, « is sufficiently close to 2 then |o| < 1. The
proposition is proved. Il

3. Recovery in the Bergman space. The Bergman space A,(B,) is
the set of holomorphic in B,, functions which satisfy

1/p
||f||Ap=(/ If(Z)Ipan(Z)> <o, 1<p<oo,

where v, is the normalized Lebesgue measure in B,. Ay (B,) is the
same as H.(B,). In this section we shall extend the results of the
previous section to the Bergman space A,(B,). Let the linear affine
plane M has equations z, i1 = Ch_ga1,---,2n = Cp, 1 < k < n, where
c=1(0,...,0,¢hts1,---,Cn) € By.

Let us consider the recovery problem (1), where X, = A,(B,), Lf =
f(a), a € By, and I f = fja, where A = M N B,. Let e be the standard



19

embedding e: C* — C™™, ez = (0,2). Denote Af(p,¢) = {z € B, :
ez € A (p,ec)}. Note that Ak(p,c) = B, if n < 4.

Theorem 4. Let a € Ak (p,c) then
i) an optimal algorithm is

f(a) ~ SOf(ac)a
where
A >
Sy = (m) (Dn+1,k(p> gpec(e(l))> )

ii) a worst function is

I PRI
g (w) = (1(1_ <ILC"C>))2(”H) 751 (P, peclea), pec(ew));

iii) the intrinsic error is

E(a, A, Ap(By))

1/p
(1= |e?)™T (n+ s+ 1)
B |1 - <a7 C>|2(n+l)1”(n + 1)F(p/2 + 1)Dn+1,k’(p7 9060(6(1))
"
SO (R

Proof. Recall (Rudin [6]) that there exists the linear isometric embed-
ding
E: A,(B,) — Hy(Bpi1),
(Eg)(20,2) = g(2), 20€C, z€B,, |=*+z*<1
If g € BA,(B,) then Eg € BH,(Bn11). As €aee = pec((eac.)},) =
L — |

1—{a,c)
(11) E(a, A, Ap(Bn)) < lg(a) = sog(ac)| = [Eg(ea) — soLg(eaec)|

< E(ea,eA, Hy(By+1)).

(eaj, + ec = (0,a.)) we have (using Theorem 2)

On the other hand, Fg* turns (11) in the equality and in view of
Eg*(eae.) = g*(a.) = 0 we have
Bla, A, A(B,) > |9°(a)| = (Eg")(ea)| = E(ea, eA, Hy(Buir)).

Now all required statements follow from Theorem 2. The theorem is
proved. Il

The following theorem is the variant of the Schwartz Lemma for the
Bergman spaces. Its proof is analogous to the proof of Theorem 3.
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Theorem 5. Let g € BA,(B,), 1 < p < o0, g(0) = 0, a € B,
la| < Ans1(p). Then

|9(a)l
1/p
<l r (n + g + 1> i (—1) <n) al? .

L(n+1D0(p/2+ 1)1 = |al?)+ 4= 2j/p+1

J=0 J

In particular, if n < 4 this inequality holds for every a € B,.

Note that using Theorem 1’ instead of Theorem 1, we can obtain the
results analogous to Theorems 2’ and 3’ in the case of Ay(B,,).
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