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O BOCCTAHOBJIEHVN PEIITEHNA 3AJAYN
AVNPUXJIE ITO HETOYHBIM MNCXO/IHBIM /IAHHBIM

K. 0. OCUIIEHKO

AHHOTALIMA. B pabore ncciaemyercs 3amada ONTUMAJIBHOTO BOC-
CTAHOBJIEHUS pereHus 3aaa9n Jupuxmie i e IMHUIHOTO KPyTa,
Korga uHGOpPMAINKS 0 TPAHUYHON (DYHKIMY 33/1aHa B BAIE KOHEU-
HOro Habopa ee KOapdunmenToB Oypbe, BEITUCTIEHHBIX C (PUKCHPO-
BAHHOW MOTI'PEITHOCTHIO B CPeJHEe KBAAPATUYHON UM PABHOMEPHON!
MeTpUKE.

BOJIBIMTMHCTBO KOHKPETHBIX PE3YJIbTATOB, KACAIONIMXCSA 339 ONTH-
MAJIBHOTO BOCCTAHOBJICHHUS, MOJTYIEHO TSl BOCCTAHOBJICHUS JIHHEHHBIX
dbyHKIIOHATIOB — 9TO, HAIPHMED, 33a9H ONTUMAIBHOIO BOCCTAHOB-
JeHnst 3HaUYeHuit DYHKIM, UX TPOU3BOJHBIX WM HHTEIPATIOB OT HUX
(0BIIYI0 TOCTAHOBKY 38129 ONTHMATBHOTO BOCCTAHOBIECHHSI W COOTBET-
CTBYIOIIHE Pe3yJIbTaThl JIJI1 KOHKPETHBIX 3aJa4 MOKHO Haiitu B [1]-[5]
U nuTHpyeMoilt TaM Jureparype). OnTnManbHOe BOCCTAHOBJIEHHE Olle-
pPaTOPOB M3YUYEHO 3HAYUTEIHHO MeHbIe. OTMETHM B CBSI3U C 3TUM Da-
6orer [6]-]9]. B manHoit pabore ncmoab3yeTcss MeTOJ, MpeIoKeHHBIH B
pabore [7]. DToT METON yKe MPUMEHSAICS K ONTUMAIBHOMY BOCCTAHOB-
JICHUIO PEIeHns] YPaBHEHUs ¢ YaCTHLIME mpoussoanbivu (cM. [10]), a
HMEHHO, K 33/[a4e ONTHMAJILHOI0 BOCCTAHOBJICHUS PEITCHUs] Y PABHEHUS
TEIIOMPOBOHOCTH [0 HETOYHON HHGMOPMAIMH O HAYAJIBHON TeMIepa-
Type. I1006HBIM 00PA30M MOIYT HMCCIEJI0BATHLCSI MHOTHE KPAeBbIe 3a-
Jlaun MareMaTu4deckoit ouzuku. B jannoit pabore Mbl paccmaTpuBaeM
OJIHY W3 TaKWX 33Jad — 3ajgady upuxie.

Pacemorpum 3a1aay lupuxie B eqununanom kpyre D = {(z,y) €
R?: 22 +y? < 1}

Au =0,
(1) -
u(cost,sint) = f(t).

XOpOITo U3BECTHO, YTO PeIleHne 3TOH 3a/1a4n /TaeTCad paBeHCTBOM
a(f) | <

ulpeost, psint) = “0LL 437 0 (ay(f) cos kt + by(f) sin kt),
k=1

rae ag(f) u bi(f) — xkoadbduruentsr Pypne dynkmun f. Hac Gyner un-
TepecoBaTh BOIPOC KaK HAWIYUIINM 00Pa30M BOCCTAHOBHUTH DEIICHUE

Pabora seimonmena mpu ¢uHaHCOBOI momaep:xkke Poccuiickoro ¢orma dymma-
MeHTaIbHbIX ucciaenoBanuii (rpanrer Ne02-01-00386 u Ne02-01-39012), uporpammbi
TOCYJAPCTBEHHOM ITOAEPKKU BEAYIUX HAydIHbIX IMKOJ Poccuiickoit @enepanmm
(rpant HIII-304.2003.1) u nporpammbl “Yuusepcurerst Poccun" (YP.04.03.067).
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samaun (1), ecau BBIUMCJIEHO JHITH KOHEYHOE Y0 KO3(hHUINEHTOB

Dypwe ao(f),ar1(f),...,an(f),01(f),...,bn(f) n BeaUCIEHUST TIPOBE-
JIEHBI ¢ HEKOTOPOI IOrPeNIHOCTDIO.

11 KOppeKTHOH OCTAHOBKHY 9TOH 3a/1a9i HEOOXOIMMO HMETH allpH-
OPHYIO HH(MOPMAIIHIO O TOM, KAaKOH MOKeT ObITh HCXoaHas (pyHKIus f.
[Tomoxum

Wi ={f: f(r_l) — abc. nenp. Ha T, Hf(r)||L2(T) < o0},

rae T — orpe3ok [—7, 7] ¢ uaeHTHDUIMPOBAHHBIMU KOHIIAMH, &

1 1/2
ol = (5 [lo0R dr)
T

Mp1 GyaeM IIpeanoaaraThb, 9To
fews={fews |fwm<1}

YTO4HUM, 9TO MOHUMAETCs I10J1, HOIPEITHOCTHIO BBIYUC/ICHUST KO-
dunuentos Pypre. Ml cunraem, 4yro jis jawoboit Gyuknuu f € Wi
HAM M3BECTEeH BEKTOD a = (ag,aq,. .., an, b1, ..., by) Takoii, aTo

[a¥(£) = all s <
rae aN(f> = (QO(f>>a’1<f)7 s >aN(f)7bl(f>7"'7bN(f))= a
N 1/p
(X jar) " 1sp<x
k=—N

lrkr|12]>\<f|ckl, p = 00,

||c||l§zv+1 = c=(c_n,.--,CN).

B KadecTBe MeTOIOB BOCCTAHOBJICHHA OYIeM PacCMaTpPHBATDL ITPOU3-
BoJIbHBIE onepaTopsl ¢: R2VHL — [y (D), rae

1 1/2
lll o) = (— // |u<x,y>12dxdy) |
™ D

[TorpemntHOCTBIO BOCCTAHOBIEHUS 7SI JAHHOTO METOJAa (p HA30BEM Be-
JIMYUHY

enp(Wy,0,¢) = sup sup |u = ¢(a)||L.p)-
fewsy a€R2N+1
IItZN(f)—aHl%NH <4

HOFpeIHHOCTbIO OIITUMAJIBbHOI'O BOCCTAHOBJICHUA Ha3bIBacTCd BEJIMYNHA

En,(W3,0) = inf en (W5, 0,9)
V2 N, 2,9, )
P ’ ¢ RINF1 (D) T
Meros, Ha KOTOPOM JIOCTHIAETC HUYKHsSI IPDAHb HA3bIBAETCS ONTH-
MaJIBHBIM.
Haunewm co cayyasa p = 2.
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Teopema 1. Ilpu scex 6 > 0

, 52 1
Ena(W3.0) = \/Z AN N T

a memod

(2) @(a)(pcost, psint) = %

al 2k.27“ —1
k(1 ‘
+;p ( i (N+2)(N+1)2r) (a cos kt + by sin kt)

ABAACTNCA ONITNMUMASAOHBIM.

Zlokasamenavcmeo. 113 oOMIMX pe3yabTATOB 0 331a9aX BOCCTAHOBJICHUS
(eM., Hampumep, lemMy 1 w3 paboTsl [7]) BEITeKaeT cieryoast OleHKa
CHU3Y
(3) Ena(W3,0) = su [ ull 2 ()-
fews
||aN(f)||l§N+1 <6

DKcTpeMasbHasl 3ajada, CTOAMAs B IPABOH YacTh HepaBeHCTBa (3),
MOZKeT OBITH [epenucata B Buje (/s ya00CTBa Mbl IEPEXOIUM K KBa/I-
paTy ee 3HAYEHHUS)

ag(f) + D (@ () + () <% > (@i (f) + (MK < 1.

[onoxum uy = a3(f), ux = ai(f) + bi(f). Torna samaua (4) npumer
BUL

(5)
o 1 [e) wp, N ) 00 ,
— 4+ = — <9 k<1 > 0.
4 +2;k’+1 max, ;Uk_ ) Euk =~ 1, U =

J11sa pertienust 3Toi 3a1a4Uud paccMOTpuM ee pyuknuio Jlarpanzxa

1
£({uk}807 >\17 )\2) — <_Z + )\1) Uo

> 1
— A Aok?"
+;( St At )uk
e

f1, 1<k<N,
=0, k>N



4 K. I0. OCUIIEHKO

HeTpy/iHO NMpOBEPUTH, YTO €CJIM CYIECTBYeT Jgomycrumas B (5) moce-
JIOBATEJILHOCTD {Uy }0° n Takme A, Ay > 0, 410

(6) min £({ur ki, A o) = LE@YE A o)

n

N 00
(7) Al (Z iy — 52) + X (Z Tk — 1) =0,
k=0 k=1

To {Uy}5° — pemenue 3amaqdu (5).
[Honoxnm
1
(N + 1)’
s _1 o5 _ 1
T PN+ (N 4+ 1)

U():52, aN—&-l: ﬁk:O,]{#O,N—l—l,

JIerko MpoOBEpHUTD, YTO JJIsl TAK ONPEIeTeHHBIX { Uk }o° 1 A1, Ay BBITIOJ-
uenbl pasercta (6) u (7). CiuenoBaresnbho, permenne 3a1a4du (5) ecThb
Be€JINYNHA
&2 1
4 2(N+2)(N+1)*
OrMernm, 9TO U3 TeX Ke coobpazKkeHuii BeITeKaeT, 9To {uy }o° — pe-
IIeHne 331391

()
UO 1

4 2

N o)
MY g A Y upk™ < A6+ g,
=1 k=0 k=1

BajiMeMca Temepb MOCTPOEHUEM ONTHMAJLHOIO METOIA BOCCTAHOB-
nenns. Ilpu dukcuposannom a = (ag, ay, ..., ay,bi,...,by) € REVH
PACCMOTPHUM CJICYIONLYIO SKCTPEMATLHYIO 331ady

(8) Mlla® (f) = allfovr + Aol f L ) — min,  f €W,

Herpyano ybeaurbest, 910 perieHneM 3Toil 3a1a4u siBjsieTcst OyHKITHST
N A~

-~ Qo )\1
flt)y=—+ ~——=—(ag cos kt + by sin kt
=3 ;A1+A2k (o kSl t).

I3 toro, ato f — perrenne 3ama4u (8), BEITEKAET CIPABEINBOCTD MTPH
Bcex [ € WY paBeHcTBa (KOTOpOE MOZKET OBITH IIPOBEPEHO U HEIOCPE/I-
CTBEHHO)

Adlla™ (f) = ™ (F)lfover + el f7) FONZ sy + Mlla™ () = al v

~

+ )\2\|Jm ”LQ(T) = Ml (f) - angNH + )\2Hf(r)|’%2(1r)
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Ecmn f € Wi ||a™ (f) —al[;gv+1 < 6, TO U3 ITOrO PABEHCTBA, TONOKUE

g=1f— ﬁ HOJTydaeM

-~

Mlla® (@) v+ A2llg N2 m < Mlla®(F) = allfaven + Aol F N7 )
2 2
< M6+ .
OmennM morpermHocTs Meroga (2). Vmeem
2(

~ ) _ao 100@ +bz)
Ju — @), = +§; i

‘N Zuk + o Zuklﬁr < A0+ Ao,

=1 k=1

Tak Kak 3Ha9eHUe MOCICIHEH 3812491 COBIAIACT CO 3HAYCHUEM 3a1a49u
(5), TO MOMyUEHHAs ONEHKA CBEPXY /ISl MOTPENTHOCTH ONTHMAJIbHOTO
BOCCTAHOBJICHNSI COBIAJAET C OIEHKOH CHH3Y U MeTOf (2) sB/sfeTcs

ontuMabHbIM. [TocTaBisist B HErO BBIPAXKEHUSI JJIsI A\; U Ao, IOy IaeM
yTBepAKJIeHNEe TEOPEMBI. U

PacemorpuMm Teneph caydait p = oo.

Teopema 2. [losoocum

m:max{nEZ+:52Zk2"<1, OSnSN}.

|k|<n
Toeda
02 i (67 1
Eno (W5, 0)=,|— + 02
Neo(W2,9) i — KAl 2mt D(m 1 0¥
2de )
kE+1 k "
=1- k=1
Qg m+2 (TTL+1) ) ) , T,
a memod

N
9) P(a)(pcost, psint) = % + Z o p® (ay, cos kt + by sin kt)

ABAACTNCA ONITNMUMAABHBIM.

Jloxazamenvemeo. Anaioruano HepaseHcTBy (3) mMeeM

Eno(W3,0) >  sup |l
fews
lla™ ()] 2N+150
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DKCTpeMaIbHas 33/a4a, CTOAMASA B MPABOI 9aCTH 3TOT0 HEPABEHCTBA
MOZKeT OBITH Mepernncana B Buje (3/1ech st yaI06CTBa Mbl TaK7Ke mepe-
XOJIUM K KBAJIPATy ee 3HAYEHHs)

0<u, <6 k=—N,...,N,

Z Uk/{?2r < 1,

|k[>1

|k|>1

e up = az(f), k=0,1,...,uu_y =b2(f), k =1,2,.... Paccmorpum
dbyuknuio Jlarpanrka 1ol 3a1a9n

L{ur ) A) = (—— + AO> uo+ Y ( |k:| ey ANHkQT) m

k|>1
N
+ Z )\kuk7
lk|=1
A= (AN, s AN, Any1). st perennst 3amaun (10) mocrarodno Haii-

T gomycrumyio B (10) mociesoBarenbHOCTD {Ug }° U TaKO# BEKTOD A
C HEOTPHUIATEIHLHBIME KOMIIOHEHTAMH, YTO

(11) gi%ﬁ({uk}ﬁoax) = L({@}e. V)
u
(12 S R - +)\N+1<Z Bk ) —o.
k=—N Ik|>1
[Tpu s1om {uy}5° — perenne 3amaan (10).
Homoxnm
~ 1 =~ 1
VA N
T N T o (m+ 2)(m+ 1)
1 ~
~ ———— = Ay kT, 1< k] < m,
N =< 20k +1) T
0, m+1<|k[ < N.

[MocemoBaTesbHOCTD {Uy }0° Ompeie UM PABEHCTBOM

62, k| <m,
1— 52 ZTZ|:1 k,?r
20m+ 1) 7’

|k =m+1,
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U3 onpenenennss m caenyer, aro {ux}e® — momycruma. Kpome Toro,
npu Bcex ug > 0

L"({uk}goa/):) = Z (_m +XN+1k2r) u, > 0

|k|>m+2

= L({@ 3, N).

Tem campim ycaosue (11) Bbrmosnero. Jlerko y6eauTbesi, 9To yCIOBHE
(12) Toxe Buimostneno. CreoBaresbHo, { Uy }o° — pemenue 3ama4an (10).
Orcrona

U 1 ﬂk
Enoo(W5,0) > | — 4=
Neo(Ws,0) 2 4+221k1+1
|k|>1
02 "« 1
R\ k:1+2(m+1)(m+1)2r'
k=1

OTMeTHuM, 9TO U3 TeX Ke cOoOparKeHuil, KOTopble ObLIN HCIIOJIH30Ba-
HBI BBIIIE, BHITEKACT, UTO {U }0° — peIleHne 33/ a9n

N

U 1 U, N N 2r

<73 E RS — max, E AeUg + ANt1 § ugk
|k|>1 k=—N [k|>1

N
< § Z }\\k‘i‘/)\\N—Hy up 2> 0.

k=—N

BaiimMemcss Tenepb MOCTPOCHUEM ONTHMAILHOTO METOAA BOCCTAHOBJIE-
uusg. [pu dukcuposannom a = (ag,ay,...,ay,by,...,by) € RV
PACCMOTPHUM CJIEIYIONLYIO SKCTPEMATLHYIO 331aMy

N
(13) Nolao(f) — aol® + D (Aelar(f) — axl* + A4[bx(f) — bil*)
k=1
+/XN+1Hf(T)”%2(T) —min, feW,.

Herpyano ybeaurbes, 9T0 peleHneM 3TOi 3a/1a4u ABJsseTcs (PyHKIAA

= ap - Ak .
flt)y=—+ ~—————(ax cos kt + by sin kt).
(t) 23 (a sin kt)
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13 Toro, uro f — pemrenne 3agadun (13), BEITEKAET CIPABEITHBOCTD
upu Beex f € WJ paBencTsa (OHO MOXKeT OBITH IIPOBEPEHO U HEIIOCPE/I-
CTBEHHO)

(14)

Alao(f) = ao(F)? + > Aklan(f) — ax(HP + Aelbw(f) = b(H)P)

k=1
+ A1l FO = FOU, ) + Nolao(f) — aof?

=2

N

+ > Owlaw(F) = ax? + Ailbe(F) = bel?) + Avaa | 7713, 0m)
k=1
= Nolao(f) — aol? +Z Nelaw(f) = ag|® + A_gbw(f) = bil?)

+XN+1Hf(T)HL2(T)
Ecan f - WQT u |ak(f) —ak| < 5, k = O,l,...,N, |bk(f) —bk| < 5,

k=1,...,N, 10 u3 paBercra (14), mogoxus g = f — f, momydaem
—~ N A~ ~ ~
Nolao(9)* + > Aelar(9)* + Ailbr(9)*) + Avsallg” N1 Zoem)
k=1

N
< X0|‘10(f) — agl® + Z(Xﬂak(f) — a|? +:\\—k:|bk:(f) — bl?)

+)\N+1||f(r | £am) < 02 Z e+ >\N+1

k=—N

o
N 2r
kUK + AN+1 E upk

k=—N k|>1

AN
)

jan
to]
—N
|

+
N | —
ES)
RE
—_
[~]=
>)

N
< §? Z /):k:“‘/):N-i-la Uk ZO}-

k=—N

Tak Kak 3HaYeHue MOCaeTHEH 330291 COBIIAIACT CO 3HAUCHUIEM 33, IaUN
(10), To mosryueHHas OIEHKA CBEPXY JJIsl IIOTPEITHOCTH ONTHMAIbHOTO
BOCCTAHOBJICHUST COBIIQJIALT ¢ OIEHKON cHu3y 1 MeTos (9) ABJACTCH OII-
TUMaJIbHBIM. [lo/icTaB/Isis B HErO BbIPpAYKEHUS JIJIs /):,N, .. )\N, )\N+1>
TMOJYYaeM YTBEPXKIEHNE TEOPEMHI. ]
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[lycts puxcupoBana nmorperHocTsh 0 > 0 BhrancaeHus kodghduim-
entoB Pypre rpanndnoit pyukiun f B 3amade Hupuxie. [losmoxnm

N(;:max{nEZ+:522k2T<1}.

lk|<n

U3 Teopembl 2 BBITEKAET, UTO JIJIsT MAKCUMAJIBHO TOYHOTO BOCCTAHOBJIE-
HUs pertenus 3agadn Jupuxie mo npubJIuKeHHbBIM 3HAYeHUIM KO-
dunuentoB Pypoe pyuknun f tpedyercs 3nanue 2Ny + 1 mepBbIX KO-
adpdunuento Pypobe. Boraucienne ciepyomnmux koadduruentop Py-
pbe (IIpH yCJIOBHUU, 9TO OHU BHIUUC/IAIOTCS C TO¥ JKe MOrPENTHOCTHIO)
HE TTPUBOANAT K YMEHBITEHUIO MOTPENTHOCTH ONMTUMAIHHOTO BOCCTAHOB-
JIeHUs.

AnamornuHeiil 3¢deKT HACHIIEHN HAOII0IaeTCs B 3a7a9aX OITH-
MaJTbHOTO BOCCTAHOBJIEHWS MPOW3BOIHBIX 110 HETOYHBIM KOy duiimen-
tam @ypbe (cMm. [7]) ¥ TpH ONTUMATBLHOM BOCCTAHOBJICHWH DEITCHUS
yPaBHEHHSI TeIJIONPOBOJHOCTU 110 HETOYHONH MHMOPMAIMKA O HAYAJIb-
Hoit Temueparype (cm. [10]).
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MATU — POCCUCKNl TOCYJAPCTBEHHBINT TEXHOJIOTUYECKNN YHUBEP-
CUTET uM. K. 9. IIMOJIKOBCKOI'O



