EXACT VALUES OF N-WIDTHS AND OPTIMAL
QUADRATURES ON CLASSES OF BOUNDED
ANALYTIC AND HARMONIC FUNCTIONS

K. YU. OSIPENKO

ABSTRACT. In this paper we find some exact values of n-widths
in the integral metric with the Chebyshev weight function for the
classes of functions that are bounded and analytic or harmonic in
the interior of the ellipse with foci +1 and sum of semiaxes c¢. We
also construct optimal quadrature formulas for these classes.

INTRODUCTION

The Kolmogorov n-width of a subset A of a normed linear space is

defined by
d,(A, X) :=infsup inf ||z —yl,
Xn z€AyeX,

where X,, runs over all n-dimensional subspaces of X,,. If the infimum
is attained by some X, then X, is called an optimal subspace for
d,(A, X).

We will also study the linear n-width defined by

A (A, X) :=infsup ||z — Py,
P, z€cA
where P, runs over all bounded linear operators mapping X into X
whose range has dimension n or less, and the Gel’fand n-width defined
by
d"(A,X) :=inf sup |z,

X" xe ANX™
where the infimum is taken over all subspaces X™ of X of codimension
n. In the last definition we assume that 0 € A. (The usually considered
case is when A is a convex and balanced set.) A detailed bibliography
and history of the subject can be found in the book of A. Pinkus [1].
Let G be a domain in the complex plane. Let H..(G) be the space
of bounded analytic functions on G with the norm

[/l Foe(e) = sup [ f(2)]
zeG

The analogous space of harmonic functions we denote by h.(G). We
shall write Hy, and ho, if G = D :={z € C: |z| < 1}. Denote by BX
the closed unit ball of the normed space X.

Let E C (—1,1) be a compact set and let L,(E, ) be the Lebesgue

space with positive measure 4 on E and 1 < g < oo. In Section 1 we
1
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obtain the values of the n-widths of Bh., in L,(E, ). We also find the
exact value and two different optimal spaces for d,,(Bho (&), C[—1, 1]),
where &, is the interior of the ellipse with foci at the points +1 and
sum c of its semiaxes.

In section 2 we find the exact values of n-widths of BH(&.) and
Bhoo(E:) in Ly([—1,1], ) for du(x) = dz/v/1—2%, 1 < ¢ < co. To
obtain this result we solve some minimization problem with Blashke
products. The solution of this problem allows us to construct opti-
mal quadrature formulas for the classes BH(&.) and Bhoo(&.) and to
improve the results of |2, 3], where we proved that these formulas are
optimal for sufficiently large c.

1. n-wWIDTHS OF HARMONIC FUNCTIONS IN Ao

A Blashke product of degree n is a function of the form

- 1—Oéj .
B(z)zo-jl:[ll—ajz’ |aj|<17 jzla"'7n7 |U|:1

Denote by B,, the set of all Blashke products of degree n or less and
by B the ones with a; € (—1,1), 0 = £1. Let E be a compact subset
of D and p a positive measure on E such that p(EF) < oco. Denote by
L, = L,(E, ) the Lebesgue space of functions on E with the usual
norm || - .

It was proved by Fisher and Micchelli [4] that

(1) du(BHa, Ly) = M(BHa, L) = &"(BH., L) = inf [|Bll,

We obtain a similar result for the class Bh.

Theorem 1. Let E C (—1,1). Then for all1 < ¢ < oo
4
dy(Bhoo, Ly) = Ay (Bhoo, Ly) = d"(Bhs, Ly) = — inf || arctan B|,.
T BeBY,

Proof. We use the scheme of proof from [4]. Let zi,...,z, be any
points in (—1,1) and let B(z) be the Blashke product with the zeros
at these points. In [3] an optimal recovery method was obtained for
the functional u(z), u € Bhe, € (—1,1), based on the information
w(zy), ..., u(r,). It was also proved that the error of this method is
equal to (4/m)|arctan B(x)|. Thus there exist functions gi,..., 9, €
C(FE) such that for all u € Bho, and all x € (—1,1)

4
< —|arctan B(x)|,
T

u(w) = 3 g;(u(z)
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where successive derivatives of u at x; through order r — 1 will appear
if some z; coincide with order r. Hence

4 .
(2) dn(Bheo, Ly) < Ay(Bhoo, Ly) < - Blngg | arctan B||,.

To obtain the reverse inequality we use the Borsuk Theorem (see, for
example, [1]). Fix points zg,...,z, € (—=1,1). Let y = (yo,...,Yn €
S*i={y e R : 37" jy7 = 1}. Set

p(y) = ienf 1l -

According to the classical Pick-Nevanlinna Theorem there is a unique
Blashke product B € B, such that

(3) p(y)B(z;) =vy;, j=0,...,n

Since B(Z) satisfies the Eqs. (3), it follows that B is real on the real
axis. Denote by BY the set of all Blashke products B € B,, which are
real on the real axis and by T the mapping

4
(Ty)(z) := — arctan B(z),
7r
where B satisfies (3). The function

w = — arctan z
™

is a conformal mapping of D on the strip |Rew| < 1. Therefore
ReTy € Bhy for every y € S”. The continuity of p(y) implies that T
is a continuous and odd map of S" into L,.

Let 1 < ¢ < oo. Suppose that X, = span{fi,..., f,} is an n-
dimensional subspace of L,. For each f € L, let c1(f),...,c.(f) be
the coefficients of fi,..., f,, respectively, in the best approximation
to f from X,,. The mapping Sf := (c1(f),...,c.(f)) is a continuous
odd mapping of L, into R". Thus S o 7" is an odd, continuous map of
S™ into R™. By the Borsuk Theorem there exists a y* € S for which
¢j(Ty*)=0,j=1,...,n. Hence

4
sup inf [[u—vl||, > inf [|[Ty*—v||, = ||Ty*||, > — inf || arctan B]|,.
supnf u=vl, > inf [Ty ol = [Ty, > - int | aretan B,
Since X,,, is arbitrary we have

4
dy(Bha, L,) > — inf tan B),.
(Bhooi Ly) = — inf |[arctan B,

n

For every a+if € D and z € (—1,1)

(4)

r—«

’ r—a—1if3

1 —(a—if)x

1—oax
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Thus
4
dn(Bheo, Ly) > - Blgzgg || arctan B||,.

The cases ¢ = 1,00 are established by passing to the limit as either

g\ 1orq "oo.

Now consider the case of d". Let X" be any subspace of L, of
codimension n. Thus

X"={ue€ly:(fj,u)=0,j=1,...,n}

for some linearly independent and continuous functionals f; on L.
Denote by 77: S" — R™ the mapping

T/y = (<f{7Ty>7 SRR <f7/wTy>)

T’ is an odd and continuous map. By the Borsuk Theorem there exists
a y* € S§" for which T'y* = 0. Since Ty* € Bh,, we have

4
> ||Ty*|lg = — inf tan B
Sup lully > 1Ty, > - BIQB§ || arctan B|,

4
= — inf ||arctan B||,.
T BeB?

As X™ is arbitrary we find
4
d"(Bheo, L,) > — inf tan B||,.
( a2 An, | arctan B,

The reverse inequality follows from the well-known inequality (see, for
example, [1])

An(4, X) = d"(A, X)
and (2). The theorem is proved. O

We shall use the standard notation for the Jacobi elliptic function
w = sn(z, k), which is defined from the equation

_/w dt
T Va-ea-ree)

Besides that we shall deal with the elliptic functions

en(z, k) :=1\/1— 3211(2, k), dn(zk):= \/1 — k2 3211(2, k)

(en(0,k) = dn(0,k) = 1) and complete elliptic integrals of the first
kind with moduli £ and ¥ = V1 — k2,

! dt . dt
K::/o Joen e "/0 VI - 21— k)
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From [5] it follows that for every k € (0,1)

i hnm(m+1)

inf sup |B(z)|= sup |Zn(z)] = 2n"/* =2
BeB, IE[\/E,\/E} IE[\/E,\F] 1+2Zhnm
where h = e ™K'/K
ﬁ z—
1— zz
7j=1
. :@[( ) } R

As the function arctan z is monotone we have from Theorem 1

(5) dy (Bhoo, C | ~VE,VE] ) = Ay (Bhoo, C |-V, VE] )

i Jyrm(m1)
=d" (Bhoo,C[ Vk, \/_D = —arctan opn/4 m=0

7r
142 Z prm
To rewrite the right hand side of (5) we need the follovvmg lemma.

Lemma 1. For all h € (0,1)

o0

Z h4m(m+1)
4 0 m h2m+1
- arctan 2h— Z: 2m + 11+ p2emin

1+2Zh4’“

Proof. Determine k by the equation
e KK —

Then for real x (see [6])

Kz T O —
dn(?k>——z< fZ_

4K /2 Kz 1)m h?m—i—l
il e —1
7r/0 dn(ﬂ,k)d e Z2m—|—11—l—h22m+1

It is easy to obtain that

COS max.

Hence

sn(t, k)
en(t, k)

/dn(t, k) dt = arctan + C.
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Using the well-known equations from the theory of elliptic functions
(see, for example, [6])

Vi
SH(K/Q,k) = W, CH(K/2,]€) = \/ﬁ,
1+2) (=1)mhm
N |

142 i p™
m=1

we have by (6)

8 o0 (_1)m h2m+1 4 K/2
— = — dn(t, k)dt — 1
W2)2m+11—|—h2(2m+1) 7T/0 n(t, k)

4 sn(t, k) K/2 4 1
= —arctan — 1= — [ arctan — — arctan 1
T en(t, k) |, s VK
h4m(m+1)
L 1-VE 4 >
= — arctan e = arctan | 2h =
s
* 142 pe
m=1
Il
The function
2K
(7) d(w) :== VEsn (— arcsin w, k:)
s

maps &, conformally on the unit disk D, and carries the interval [—1, 1]
to the interval [—v/k, vk], where k satisfies

K 4

Note that the map ¢ carries the Chebyshev points
25 —1

(9) x?:cos jZn T j=1,...,n,

to Z?. We obtain the following corollary by using this map, (5) and
Lemma 1.

Corollary 1. For all ¢ > 1

dn (Bhao(E.), C[—1,1]) = A (Bhoo(E.), C[~1,1])

. 8 ) (_1)m C—(2m+1)n
=d (Bhoo(gc)vc[_lv 1]) =~ Z Im+ 11+ 672(2m+1)n'

T
m=0
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Denote by Ag(&.) the class of functions f which are analytic in &,
real on the real axis and satisfy

Ref(2)| <1, z€é&.
It was proved by N. I. Akhiezer [7] that

(10) En(Ao(&))) == sup inf |If —pllor-1y
feAo(Ec) PEPr—1

8 0 (_1)m C—(2m+1)n
T Z om + 11+ ¢—2@mtn’

m=0

where P,,_; is the set of all polynomials of degree n — 1 or less.

It is easy to show that the restrictions on the real axis of Ay(E.)
and Bhe (&) coincide. Thus Eq. (10) is valid for Bhe(&.) and the
space P,,_1 is optimal subspace for d,, (Bhe(&.), C|—1, 1]). By proving
Theorem 1 we see that the space

X, = span{ 91(¢<w))7 cee agn(¢<w>) }’

where the functions g1, ..., g, are determined by the points z?, is also
an optimal subspace. Akhiezer’s result was brought to the author’s
attention by to V. M. Tikhomirov. He also conjectured that there is
a sequence of optimal subspaces, like in the case of smooth functions
(see [8]).

2. EXACT VALUES OF n-WIDTHS IN L, AND OPTIMAL
(QUADRATURE FORMULAS

We first formulate a generalization of one result obtained by
A. Pinkus |9] (see also |1, p. 174]). Let h(t) be a piecewise continuous,
2m-periodic function. Denote by S.(h) the number of sign changes of
h. For a real, continuous, 2m-periodic function £ set

1 2m
(k*h)(x) = —/ k(x —t)h(t) dt.
2m Jo
The kernel k is nondegenerate cyclic variation diminishing (NCV D)
if S.(k*h) < S.(h) for all h, and
dimspan{k(z; —-),...,k(z, — )} =n

for every choice of 0 < 2y < ... <z, < 27 and all n. The kernel k is
said to be strictly sign consistent of order 2 + 1 (SSCy44) if

odet (k(z; — ym))t, >0

j:mzl
whenever 0 < 27 < ... < 291 <2m, 0 <y < ... < Yy < 2w, and
c=1or —1.
Set,

Agm::{€I€:<€1,...,£2m>, O§£1§§£2m<2’ﬂ'}
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For each £ € Ay, we define

he(t) == (1), tel§o1.&), j=1,....2m+1,
where & = 0, &mq1 = 2m. Denote by h,,(t) the function he for
E=0—-1r/m,j=1,...,2m.

Theorem 2. Let k be an NCV D kernel and ¢ a nonnegative function
defined on [0, C], where

1 2
= % ;
Suppose that ¢’ is an nonnegative, continuous, and strictly increasing

function. Then
2

inf w (|(kx he)(2)]) dt—/oﬁsa(l(/f*hn)(t)l) dt.

£€A2n 0

Furthermore, if k is SSCyy1, | = 0,1,...,n, and the infimum s at-
tained by £ € Aoy, then &y =& =m/n, j=1,...,2n -1,

Ik(t)] dt.

This theorem was proved by A. Pinkus for p(z) = 27, 1 < g < oc.
The general case is proven in a similar way. To count sign changes we
only need to use the equation

sign(a + b) = sign(¢'(|al) sign a + ©'(|b]) sign b)
instead of
sign(a + b) = sign(|a|? ' signa + |b|? 'signb), 1< ¢ < co.

Set Dy = {z € C: |Imz| < H}. Denote by Ay the class of all
functions analytic in Dy, real and w-periodic on the real axis which
satisfy

|Re f(2)| <1, z€ Dy.

Each function f € Ay has the representation

1 2w
f(z)= %/0 Ky(z—t)Re f(t+iH) dt,

where
Cos jz

Kz = 1—i_zzcost
j=1

and Ky is NCVD on [0,27) (see [1]). Moreover, it was proved by
W. Forst [10] that Ky is SSCyq forall [ =0,1,....

By Theorem 2 with £ = K we solve some extremal problems which
allow us to obtain exact values of n-widths and to construct optimal
quadratures for BH..(&.) and Bhy(E,).

For k € (0,1) set

s dz
dl/k(z) . 2K \/(k — 22)(1 — kz2) .
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Theorem 3. Let ¢ be a function defined on [0, 1] which satisfies the
assumptions of Theorem 2. Then for all k € (0,1)

(11) inf /\/Ego(%arctan|B(z)|) dvy ()

BeB J_\/k
4
L (— arctan(\/Xt)) dt
T

:K/o AP xee)

where
2

i hnm(m+1)

(12) A =4pn/? [ 220 . h=e KK
142 Z prm?
m=1

and N is the complete elliptic integral of the first kind with modulus
A. Moreover, the functions +Z, are the only functions for which the
infimum is attained.

Proof. Let B € BY. Set
4 2K
f(t) == —arctan B (\/Esn (—t,k)) :
77

™

From the properties of the elliptic function sn(z, k) it follows that f €
Ap, where H = 1K'/(4K). For z = € we have

1—x2 T z
j=1 J 1 J =1
n 1 n
:O‘H—2 g c; cos j0,
bl Ll 2 s
j= j=

where ¢; € R, 0 = 1 or —1. Thus the function Re B(e?) has at most
2n zeros in (0,27). As ¢ runs from 0 to 27 the point

> = Vksn (%(t +iH), k)

™

makes one rotation around the unit circle. Since for all |z| = 1 and
z # £

4
Re (— arctan z) = sign Re z,

™

we have for almost all ¢ € [0, 27]

™

(13) Re f(t +iH) = sign Re B (\/Esn (%(t +iH), k;)) .
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Consequently there exists a £ € Ay, for which

[F@O)] = (K *he) (1]

By using the first fundamental transformation of degree n (see [6]) we
can find

Zn | VEsn Lai
( (W’))

2nA\
(—1)™vAsn Lt—I—A,)\ , n=2m,
T
- 2nA
(—1)"/Asn Lt,A), n=2m+l1,
T
where ) is determined by the equation
ANoK
S

(A’ is the complete elliptic integral of the first kind with modulus X' =
V1 —A?%). From the standard equation

i hT(m+1)

VA== e,
1+2)  hy
m=1

in the theory of elliptic functions, we obtain (12). Set

folt) = %arctan [Zn (x/Esn (%t k))} .

Let n = 2m + 1. Then from the equation
(1+ A)sn(w, )

Resn(w +iA'/2,\) = 22w, )

and (13) it follows

2nA
Re f(t +iH) = (—1)™ signsn <Lt, )\) :
T
Hence
fu(t) = (=1)™ (K * ha) (2).
It can be proved similarly that for n = 2m
m T
Falt) = (=1 (K + ha) (145 )

Thus

(14) (K # h) () = 2 arctan [ﬁ on (@t A)} |

7
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Now from Theorem 2 we have

T4 2K
inf / ") (— arctan | B (\/Esn <—t, k;)> D dt
BEB?L 0 m m

2

> int [ e (0 = he) (1) dt:/0”¢<|<KH*hn> (1)) dt

_ / "o (a0 dr.

In view of the equation sn(2K — w, k) = sn(w, k) we will have

T2 4 2K
inf / ") (— arctan | B (\/Esn (—t, k:)) D dt
BGB% —/2 ™ m

/2

—/ o (1K # o) () dt

—7/2

_ %/OAQD (% arctan (\/Xsn(z,A))> dz.

Making the change of variables
2K

(15) z=Vksn (—t, k) :
T

in the first integral and ¢ = sn(z, A) in the last one, we obtain (11).
If the infimum in (11) is attained by any B* € BC then from Theo-
rem 2 there exists an a € [0,7/n) and o =1 or —1 for which

%arctan B* <\/Esn (%t k)) = o(Ky % hy)(t + )
— o2 arctan [\/Xsn <@(t + ), A)} .

™ ™

B* (\/Esn (%tk)) = oV Asn (@(t + oz),A) .

™

Thus

In view of the formula for sn(u + w, \) we have

(16) B* <\/Esn (%t k))

asn <@t, )x) + bcen (@t, /\) dn (%t, A)
_ T T T

A )
1 — c¢sn? (2Lt, )\)

where

b= oV Asn (@a, )\)

7
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(the numbers a and c are irrelevant). Let n = 2m + 1. If we make the
change of variable (15), the left hand side of (16) and sn((2nA/m)t, \)
become rational functions. On the other hand, it is not difficult to

show that
e <@t7 A) dn (@t A)
T T

is not a rational function (as a function of z). Therefore b = 0 and
consequently @ = 0. This means that Bx = Z,, or —Z,,. The case
n = 2m can be considered similarly. The theorem is proved. O

Set
Io(\) :z/o1 N _;q)zlf —\2)
Ia(\) = 01 ;(Tt_a?;)((}/x_t )Aittz)’
Ip(\) == 01 f(i(:t_a?2<)\(?t_>q;i;)'

Considering in Theorem 3 the functions

0T T \¢ 0T
tan Z:L‘, <1x> , arctan <tan Zm), 1<q < o0,

as ¢, we have
Corollary 2. For all k € (0,1) and 1 < ¢ < oo

vk T
ot [ 1B () = TR0

vk 7r
Bigzgg /\/E arctan? | B(z)| dvy(z) = K]ql()\)’

vk -
inf tan |B(z)|?d = —1I;(N).
ot [ swetan B (2) = $1a()
Furthermore, in every case the infimum s attained only by +2,.

Now we can prove the following result.

Theorem 4. Let L, = L,([-1,1],p), du(z) = dz/v/1—22. For all
1<g<ooandc>1

du (BHw(E2), Ly) = M (BHw(E2), Ly) = d" (BHw(E.), L,)

F<q+1) Ha
T 1/q 2 . _5n
_ A(KIqO(A)) —9 ﬁl“(%—+1> 4O (¢,



EXACT VALUES OF N-WIDTHS AND OPTIMAL QUADRATURES 13

Qo (Bhoo (), L) = An (Bhool£2), Ly) = d" (Bhao!E2), Ly)

1/q
4 rm g 8 F(%) . _5n
:;<qul>\) =— ﬁm c +O(c ),
2

where A is the complete elliptic integral of the first kind with modulus

o 2
E C—4nm(m+ 1)
m=0

142 i ¢ Anm?
m=1

Proof. Let z = ¢(w) be a conformal mapping of &, on the unit disk D
determined by (7). It is easy to show that

dw
VI—w?
Therefore by the mapping ¢, the original problem reduces to one
of finding the exact values of the n-widths of BH, and Bh. in
L,([-=Vk,Vk], ). From (1) we have

% 1/q
d, (BHOO,LQ([—\/E, \/E],yk)) ~ inf (/f ’B(z)|qdyk(z)> .

B \J -k

(17) A =4c ™

dv(2) =

It follows from (4) that we can change B, by BY in the last equation.
Thus by Corollary 2

dn (BH (&), Lg) = VA (%Iq()(/\)>1/q :

For the class Bhy (&) from Theorem 1 and Corollary 2 we obtain

NG 1/q
dy (Bhoo(E:), Ly) = 4 inf </ arctan? | B(z)| dl/k(z))

T BeBY, —Vk
4 /7 1/q
(REa) ™

T
The asymptotic equations follow from (17) and the well-known equa-
tions

r (q + 1)
. kS
/ 29(1 — 952)—1/2 dr = ﬁq—Q
9 q )
0 F(2+1>

oo 2
_7T m? _ —LA/_ —4n
A—§(1—|—2m21h ), h=e & = *,
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The theorem is proved. Il

The n-widths of periodic functions, which are represented as a con-
volution with some kernel & € NCV D, was studied by A. Pinkus [9]
(see also [1]). In particular, it follows from [9], that for all 1 < ¢ < oo

(18)  dan(Ap, Lq) = Aon(Anr, Lg) = d* (Apr, Lg) = || (K  hng,

where || - ||, is the usual norm in the space L, := L,[0,2x]. Since the
function Ky * h, is found in direct form (see (14)) we can calculate the
exact values of these n-widths.

Theorem 5. Forall 1 < g < o0

4 (2r Y
d?n(AHa ) )\Qn(AHa ) - dzn(AHa Lq) = ; (K[ql()‘))

. (q + 1) 1/a
8 9
== |ovri——=% | a0,
@ r (5 + 1)

oo 2

E —4Hnm(m+1)

\ = 4e2Hn | m=0
+9 Z 6—4Hnm2
m=1

For ¢ = oo we have from (14) and (18)

where

4
don(Amr, Loo) = don(An, Leo) = d*"(Apy, Lso) = — arctan V/A.
T
Now from Lemma 1 and (17)

dQn(AH7 Loo) = /\Qn(AH7 Loo) - d2n<AH7 LOO)

_ )" 1
om mZ:O 2m + 1 cosh[(2m + 1)Hn]

These equations were previously calculated by V. M. Tikhomirov [11]
(the complete proof was given by W. Forst [10]).

Let us consider some applications of Theorem 3 to optimal quadra-
ture formulas. We are interested in the problem of approximate calcu-

lation of the integral
I
J= / f@ 1— x2
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where f € W = BH(E.) or Bhy(&.), in terms of the values of f and
its derivatives at a system of knots. Denote by

L T1yeooy Iy
Ta = ’
A1,y ...,0p

a system of distinct knots zq,...,x, € [—1,1] with multiplicities
Apy...,0p.

The error of the best quadrature formula for a given system 7, is the
number

e(To, W) := inf ?gvl‘)/
Ajm

IfF =2 amf™ ().
7j=1 m=0
If f € Bhoo(E.) we mean by f™ the partial derivative 9™ f/0x™. A
quadrature formula is said to be best for a given system 7, if it realizes
the infimum.
Set

e(a, W) := inf e(Ta, W).

—1<z1<...<xp<1

If the infimum is attained at the points —1 < 29 < ... < 2% <1, then
the best quadrature formula for this system of points, with multiplici-
ties a = (@, ..., ), is said to be optimal for the given a. The points
2% < ... <20 are also called optimal.

It was proved in [2, 3| that

Vi
e(a, BH (&) = inf B(z)|dvg(2),
( €)=, mf - _\/E\ (2)| dvi(2)
4 vk
e(a, Bhoo(E)) = — inf arctan | B(z)| dvg(2),
T —VEk<zi<..<zn<Vk J_\/k

where

B(z) = H1 (12__:2)% oy = 2[(a +1)/2]

(here the brackets denote the integral part) and k is determined by
(8). Using Corollary 2 and the results of |2, 3| we obtain the following
theorem.

Theorem 6. Let q be an even positive integer. Then for all ¢ > 1:
(i) forallg—1<a; <gq

— Dl
= TN L0()) = 2(’/2”%/2)),—(:(1” +0 (¢ latomy,
4

e(a, Bhao(£2) = T (M) = 2q/2+2—<q(q ‘/21){”0—w +0 (trm)

where \ is determined by (17), and the unique system of optimal knots
is the Chebyshev system (9);

e(o, BHy(E.)) !
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(ii) for a; <2 the quadrature formulas
! da 1—Ane) & 2j —1
/_lf(m) —1—952N7T - ;f(cos—Qn 7T),
- 1=0n(c) & 25 — 1
/f 1—3:2 L E— Zlf(cos o 7T),

AZ
An(c) = K%(A) =6c "+ 0 (™),
2 4
5u(c) = /\ t*dt — 1274 L O (CfSn) :
X o (14 22t4)/(1 = A2)(1 — \2¢2)

are optimal for the classes BH(E:) and Bhoo(E.), respectively.

where
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