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Abstract. Let h̃r∞,β and H̃r
∞,β denote those 2π-periodic, real-

valued functions on R that are analytic in the strip | Im z| < β
and satisfy the restrictions |Re f (r)(z)| ≤ 1 and |f (r)(z)| ≤ 1,
respectively. We determine the Kolmogorov, linear, and Gel'fand

widths of h̃r∞,β in Lq[0, 2π], 1 ≤ q ≤ ∞, and H̃r
∞,β in L∞[0, 2π].

Introduction

The Kolmogorov n-width of a subset A of a normed linear space X
is de�ned by

dn(A,X) := inf
Xn

sup
x∈A

inf
y∈Xn

‖x− y‖,

where Xn runs over all n-dimensional subspaces of X. The linear n-
width of A in X is de�ned by

λn(A,X) := inf
Pn

sup
x∈A
‖x− Pnx‖,

where Pn varies over all bounded linear operators mapping X into itself
whose range has dimension n or less. The Gel'fand n-width is given by

dn(A,X) := inf
Xn

sup
x∈A∩Xn

‖x‖,

where the in�mum is taken over all subspaces Xn of X of codimension
n (here we assume that 0 ∈ A).
Set Sβ := {z ∈ C : | Im z| < β}. For integer r ≥ 0 denote by

h̃r∞,β (H̃r
∞,β) the set of 2π-periodic functions, real-valued on R and

analytic in the strip Sβ which satisfy the conditions |Re f (r)(z)| ≤ 1
(|f (r)(z)| ≤ 1). For r = 0 we shall omit the upper index in the notation
of these classes. In this paper we determine the exact values of the
Kolmogorov, linear, and Gel'fand widths of h̃r∞,β in Lq := Lq[0, 2π],

1 ≤ q ≤ ∞, and H̃r
∞,β in L∞. We also show that the n-widths of the

subset of analytic functions on [0, 2π) from the Sobolev class W̃ r
∞ are

the same as for W̃ r
∞.

For q = ∞ the n-widths of the class h̃∞,β were obtained by
V. M. Tikhomirov [11]. For 1 ≤ q ≤ ∞ the exact values of the even

n-widths of the classes h̃∞,β and H̃∞,β were determined in [9] and [7].

AMS Classi�cation: 41A46, 30D55
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In the nonperiodic case for the functions which are analytic on the
open unit disk, real-valued on (−1, 1), and which satisfy the restriction
|f (r)(z)| ≤ 1, the n-widths were obtained in [4]. The results concerning
the n-widths of the classes of analytic functions of several variables
whose rth radial derivative is bounded may be found in [3] and [8].

1. Exact n-Widths of h̃r∞,β

If f ∈ h̃∞,β, then (see [1, p. 269])

f(z) =
1

2π

∫ 2π

0

Kβ(z − t) Re f(t+ iβ) dt,

where

Kβ(z) = 1 + 2
∞∑
k=1

cos kz

cosh kβ
.

Set

(f ∗ g)(z) :=
1

2π

∫ 2π

0

f(z − t)g(t) dt,

Dr(t) := 2
∞∑
k=1

cos(kt− πr/2)

kr
, r = 1, 2, . . . .

Using the representation

f(z) =
1

2π

∫ 2π

0

f(t) dt+ (Dr ∗ f (r))(z),

for r ≥ 1 we have

h̃r∞,β = { a+Gr,β ∗ h : ‖h‖∞ ≤ 1, h ⊥ 1, a ∈ R } ,
where Gr,β := Dr ∗Kβ.
We say that a real, 2π-periodic, continuous function G satis�es Prop-

erty B (cf. [10, p. 129]) if for every choice of 0 ≤ t1 < . . . < tm < 2π
and each m, the subspace

Xm :=

{
b+

m∑
j=1

bjG(· − tj) :
m∑
j=1

bj = 0

}
is of dimension m, and for every f ∈ X2m+1, f 6≡ 0, the number of
cyclic sign changes Sc(f) ≤ 2m.
Set

Λ2n := { ξ : ξ = (ξ1, . . . , ξ2n), 0 ≤ ξ1 < . . . < ξ2n < 2π } .
For each ξ ∈ Λ2n we de�ne

hξ(t) := (−1)j, t ∈ [ξj−1, ξj), j = 1, . . . , 2n+ 1,

where ξ0 := 0, ξ2n+1 := 2π. Denote by hn(t) the function hξ for ξj =
(j − 1)π/n, j = 1, . . . , 2n.
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To calculate the exact n-widths of h̃r∞,β we need the following theo-
rem of A. Pinkus [10, p. 180, 182].

Theorem 1. Let G satisfy Property B. Set

B̃∞ := { a+G ∗ h : ‖h‖∞ ≤ 1, h ⊥ 1, a ∈ R } .
Then:

(i)

d2n−1(B̃∞, L∞) = λ2n−1(B̃∞, L∞) = d2n−1(B̃∞, L∞) = ‖G ∗ hn‖∞;

(ii) for each 1 ≤ q ≤ ∞

d2n(B̃∞, Lq) = λ2n(B̃∞, Lq) = d2n(B̃∞, Lq) = ‖G ∗ hn‖q.

We say that a real, 2π-periodic, continuous function K ∈ NCVD
(nondegenerate cyclic variation diminishing) if Sc(K ∗ f) ≤ Sc(f) for
all real, 2π-periodic, piecewise continuous functions f , and

dim span {K(t1 − ·), . . . ,K(tn − ·) } = n

for every choice of 0 ≤ t1 < . . . < tn < 2π and all n. It is known
(see [10, p. 128, 133]) that Kβ ∈ NCVD and for each r ≥ 2, Dr

satis�es Property B (D1(x) also satis�es all conditions of Property B
except that it is not continuous at x = 0). Therefore, Gr,β satis�es
Property B for every r ≥ 1.
The Euler perfect splines are de�ned by

ϕn,r(t) :=
4

πnr

∞∑
k=0

sin((2k + 1)nt− πr/2)

(2k + 1)r+1
, r = 0, 1, . . . .

Several properties of this splines may be found, for example, in [6,
p. 104]. In particular,

ϕn,0 = hn, ϕn,r = Dr ∗ hn, r = 1, 2, . . . .

Put

ϕβn,r(t) := (Kβ ∗ ϕn,r)(t) =
4

πnr

∞∑
k=0

sin((2k + 1)nt− πr/2)

(2k + 1)r+1 cosh((2k + 1)nβ)
.

It was proved in [9] that

(1) ϕβn,0(t) = (Kβ ∗ hn)(t) =
4

π
arctan

(√
λ sn

(
2nΛ

π
t, λ

))
,

where Λ is the complete elliptic integral of the �rst kind with modulus

(2) λ = 4e−2βn

( ∑∞
k=0 e

−4βnk(k+1)

1 + 2
∑∞

k=1 e
−4βnk2

)2

.

By analogy to the Euler perfect splines it can be shown that

Kβ
n,r := ‖ϕβn,r‖∞ =

4

πnr

∞∑
k=0

(−1)k(r+1)

(2k + 1)r+1 cosh((2k + 1)nβ)
.
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For r ≥ 1, ϕβn,r = Gr,β ∗ hn. Thus from Theorem 1 (r ≥ 1) and
Theorems 4.8 and 4.9 of [10, p. 179, 180] (r = 0) we obtain the following
result.

Theorem 2. Let r ≥ 0. Then:

(i)

d2n−1(h̃r∞,β, L∞) = λ2n−1(h̃r∞,β, L∞) = d2n−1(h̃r∞,β, L∞) = Kβ
n,r;

(ii) for each 1 ≤ q ≤ ∞

d2n(h̃r∞,β, Lq) = λ2n(h̃r∞,β, Lq) = d2n(h̃r∞,β, Lq) = ‖ϕβn,r‖q.

For integer r ≥ 1 denote by W̃ r
∞ the class of real, 2π-periodic func-

tions whose (r−1)st derivative is absolutely continuous and whose rth

derivative satis�es the condition |f (r)(t)| ≤ 1. Let Ãr∞ be the set of

functions from W̃ r
∞ which are analytic on [0, 2π).

Theorem 3. Let r ≥ 1. Then:

(i)

(3) d2n−1(Ãr∞, L∞) = λ2n−1(Ãr∞, L∞) = d2n−1(Ãr∞, L∞) =
Kr

nr
,

where

Kr :=
4

π

∞∑
k=0

(−1)k(r+1)

(2k + 1)r+1
;

(ii) for each 1 ≤ q ≤ ∞

(4) d2n(Ãr∞, Lq) = λ2n(Ãr∞, Lq) = d2n(Ãr∞, Lq) = ‖ϕn,r‖q.

Proof. For the class W̃ r
∞ the equations analogous to (3) and (4) are a

well-known fact (the details and references may be found in [10] and

[6]). Since Ãr∞ ⊂ W̃ r
∞ it is su�cient to prove the lower bound. For

all β > 0, h̃r∞,β ⊂ Ãr∞. Therefore, the lower bound follows from
Theorem 2 and the obvious equations

lim
β→0

Kβ
n,r =

Kr

nr
, lim

β→0
‖ϕβn,r‖q = ‖ϕn,r‖q.

The theorem is proved. �

2. Exact n-Widths of H̃r
∞,β

To calculate the exact n-widths of H̃r
∞,β we shall need some prelim-

inary results.

Proposition 4. Let ϕ be a continuous, odd, and strictly increasing

function de�ned on [−1, 1]. Put

Λϕ
2n := { ξ ∈ Λ2n : ϕ(Kβ ∗ hξ) ⊥ 1 } .
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Then

inf { ‖a+Dr ∗ ϕ(Kβ ∗ hξ)‖∞ : a ∈ R, ξ ∈ Λϕ
2n } = ‖Dr ∗ϕ(Kβ ∗hn)‖∞.

Proof. Let ξ ∈ Λϕ
2n. Set

fξ := Dr ∗ ϕ(Kβ ∗ hξ), fn := Dr ∗ ϕ(Kβ ∗ hn).

Suppose that there exists an a ∈ R and a ξ ∈ Λϕ
2n for which ‖a +

fξ‖∞ < ‖fn‖∞. As fn(t+ π/n) = −fn(t) there exist at least 2n points
0 ≤ t1 < . . . < t2n < 2π such that

fn(tj) = ε(−1)j‖fn‖∞, j = 1, . . . , 2n,

where ε = 1 or −1. Denote by Z(f) the number of distinct zeros of a
function f on [0, 2π). We have

Z
(
fn(·+ α)± a± fξ(·)

)
≥ 2n

for every α ∈ R. By Rolle's Theorem

Sc
(
f (r)
n (·+α)± f (r)

ξ (·)
)

= Sc
(
ϕ ((Kβ ∗ hn)(·+ α))±ϕ ((Kβ ∗ hξ)(·))

)
≥ 2n.

Since ϕ is an odd and strictly increasing function,

Sc
(
(Kβ ∗ hn)(·+ α)± (Kβ ∗ hξ)(·)

)
≥ 2n.

From the fact that Kβ ∈ NCVD it follows that

Sc
(
hn(·+ α)± hξ(·)

)
≥ 2n.

Using Lemma 4.1 of [10, p. 170], we obtain the existence of an α ∈ R
and ε = 1 or −1 for which

Sc
(
hn(·+ α)− εhξ(·)

)
≤ 2(n− 1).

This contradiction proves the proposition. �

Set ϕ0(z) := tan π
4
z,

Φβ
n,0 := ϕ0(Kβ ∗ hn), Φβ

n,r := Dr ∗ ϕ0(Kβ ∗ hn), r = 1, 2, . . . .

In view of (1) and the representation (see [2, p. 266])

sn

(
2nΛ

π
t, λ

)
=

π

λΛ

∞∑
k=0

sin((2k + 1)nt)

sinh((2k + 1)2nβ)

we have

Φβ
n,r(t) =

π√
λΛnr

∞∑
k=0

sin((2k + 1)nt− πr/2)

(2k + 1)r sinh((2k + 1)2nβ)
, r = 0, 1, . . . .

It also follows from (1) that

Φβ
n,0(t) =

√
λ sn

(
2nΛ

π
t, λ

)
.
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Using the same arguments as for ϕβn,r, we obtain

‖Φβ
n,r‖∞ =

π√
λΛnr

∞∑
k=0

(−1)k(r+1)

(2k + 1)r sinh((2k + 1)2nβ)
.

Put

t(j)n,r :=


π(j − 1)

n
, r = 2m,

π(j − 1)

n
+

π

2n
, r = 2m+ 1,

j = 1, . . . , 2n.

It is easily seen that Φβ
n,r(t

(j)
n,r) = 0, j = 1, . . . , 2n.

Proposition 5. For all t ∈ [0, 2π) and r ≥ 0

sup
{
|f(t)| : f ∈ H̃r

∞,β, f(t(j)n,r) = 0, j = 1, . . . , 2n
}

= |Φβ
n,r(t)|.

Proof. Suppose there exists a t∗ ∈ [0, 2π) and a function f0 ∈ H̃r
∞,β for

which f0(t
(j)
n,r) = 0, j = 1, . . . , 2n, and |f0(t∗)| > |Φβ

n,r(t
∗)|. Set

ρ := Φβ
n,r(t

∗)/f0(t∗), F := Φβ
n,r − ρf0.

The function F has at least 2n + 1 distinct zeros at the points t
(j)
n,r,

j = 1, . . . , 2n, and t∗. By Rolle's Theorem

F (r)(t) =
√
λ sn

(
2nΛ

π
t, λ

)
− ρf (r)

0 (t)

has at least 2n+ 1 zeros on [0, 2π).
Denote by H∞(∆β) the set of functions which are analytic on the

annulus

∆β :=
{
z ∈ C : e−β < |z| < eβ

}
and which satisfy the condition |f(z)| ≤ 1, z ∈ ∆β. If f(z) ∈ H̃∞,β,

then f

(
1

i
log z

)
∈ H∞(∆β). It is easy to check that the function

G(z) :=
√
λ sn

(
2nΛ

πi
log z, λ

)
has exactly 2n zeros on ∆β. Since on ∂∆β∣∣∣∣G(z)− F (r)

(
1

i
log z

)∣∣∣∣ =

∣∣∣∣ρf (r)
0

(
1

i
log z

)∣∣∣∣ ≤ |ρ| < 1 ≡ |G(z)|,

Rouche's Theorem implies that F (r)(t) has 2n or fewer zeros on [0, 2π).
We thus reach a contradiction, which proves the proposition. �
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Theorem 6. For all integers r ≥ 0

d2n(H̃r
∞,β, L∞) = λ2n(H̃r

∞,β, L∞) = d2n(H̃r
∞,β, L∞)

=
π√
λΛnr

∞∑
k=0

(−1)k(r+1)

(2k + 1)r sinh((2k + 1)2nβ)
,

where Λ is the complete elliptic integral of the �rst kind with modulus

λ de�ned by (2).

Proof. The case r = 0 follows from [7] where the equalities

d2n(H̃∞,β, Lq) = λ2n(H̃∞,β, Lq) = d2n(H̃∞,β, Lq) = ‖Φβ
n,0‖q,

1 ≤ q ≤ ∞,
were proved. So we shall assume that r ≥ 1.
We shall �rst prove the lower bound for the Kolmogorov widths. Set

S2n :=

{
x = (x1, . . . , x2n+1) ∈ R2n+1 :

2n+1∑
k=1

|xk| = 2π

}
,

τ0(x) := 0, τj(x) :=

j∑
k=1

|xk|, j = 1, . . . , 2n+ 1.

For each x ∈ S2n put

gx(t) := sign xj, τj−1(x) ≤ t < τj(x), j = 1, . . . , 2n+ 1,

fx := Dr ∗ ϕ0(Kβ ∗ gx).
Let X2n be any 2n-dimensional subspace of Lq, 1 < q < ∞, such that
1 ∈ X2n. Suppose that X2n = span{f1, . . . , f2n} and f1(t) ≡ 1. Let
a1(x), . . . , a2n(x) be the coe�cients of f1, . . . , f2n, respectively, in the
best approximation to fx from X2n. The mapping

A(x) := (b(x), a2(x), . . . , a2n(x)),

where

b(x) :=

∫ 2π

0

ϕ0

(
(Kβ ∗ gx)(t)

)
dt,

is a continuous map of S2n into R2n. By Borsuk's Theorem there exists

an x∗ ∈ S2n for which A(x∗) = 0. As the function ϕ0(z) = tan
π

4
z

maps the strip |Re z| < 1 conformally onto the open unit disk, for all

x ∈ S2n, fx ∈ H̃r
∞,β. Thus,

(5) sup
f∈H̃r

∞,β

inf
g∈X2n

‖f − g‖q ≥ sup
x∈S2n

inf
g∈X2n

‖fx − g‖q ≥ ‖fx∗ − a1(x∗)‖q

≥ inf { ‖a+Dr ∗ ϕ0(Kβ ∗ hξ)‖q : a ∈ R, ξ ∈ Λϕ0

2n } .
If 1 /∈ X2n, then the left-hand side of (5) is equal to +∞. Hence,

d2n(H̃r
∞,β, Lq) ≥ inf { ‖a+Dr ∗ ϕ0(Kβ ∗ hξ)‖q : a ∈ R, ξ ∈ Λϕ0

2n } .
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By passing to the limit q →∞ we obtain

d2n(H̃r
∞,β, L∞) ≥ ‖Φβ

n,r‖∞.

Let us now prove the lower bound for the Gel'fand widths. Suppose
that

X2n := { f ∈ L∞ : 〈lj, f〉 = 0, j = 1, . . . , 2n, lj ∈ L′∞ } .

If 〈lj, 1〉 = 0, j = 1, . . . , 2n, then

sup
f∈H̃r

∞,β∩X2n

‖f‖∞ =∞.

Assume that 〈l1, 1〉 6= 0. Set

Lj := lj −
〈lj, 1〉
〈l1, 1〉

l1, j = 2, . . . , 2n.

For each x ∈ S2n denote by A1 the mapping

A1(x) := (b(x), 〈L2, fx〉, . . . , 〈L2n, fx〉).

Since A1 : S2n → R2n is an odd and continuous map, by Borsuk's The-
orem there exists an x∗ for which A1(x∗) = 0. Then

f ∗ := fx∗ −
〈l1, fx∗〉
〈l1, 1〉

∈ X2n.

Consequently,

sup
f∈H̃r

∞,β∩X2n

‖f‖∞ ≥ ‖f ∗‖∞

≥ inf { ‖a+Dr ∗ ϕ0(Kβ ∗ hξ)‖∞ : a ∈ R, ξ ∈ Λϕ0

2n } ≥ ‖Φβ
n,r‖∞.

Thus,

d2n(H̃r
∞,β, L∞) ≥ ‖Φβ

n,r‖∞.

Now let us prove the upper bound for the linear widths. We shall use
a modi�cation of the proof for the nonperiodic case from [4]. Denote
by Ep the set of functions 2π-periodic and analytic on Sβ which satisfy

‖f‖Ep := sup
0<ρ<1

(
1

4π

∫
Γ

|f(ρz)|p|dz|
)1/p

<∞, 1 ≤ p <∞,

‖f‖E∞ := sup
z∈Sβ
|f(z)| <∞, p =∞,

where Γ := [2π + iβ, iβ] ∪ [−iβ, 2π − iβ]. If the 2π-periodic functions

ω(z), ω1(z) ∈ C(Γ) then, using the mapping z =
1

i
logw, it can be
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proved (see [5]) that for all 1 < p ≤ ∞

(6) sup

{ ∣∣∣ 1

4π

∫
Γ

f(z)ω(z) dz
∣∣∣ : ‖f‖Ep ≤ 1,

∫
Γ

f(z)ω1(z) dz = 0

}
= inf

{(
1

4π

∫
Γ

|ω(z)− cω1(z)− χ(z)|q|dz|
)1/q

: c ∈ C, χ ∈ Eq

}
= ‖ω‖Lq(Γ)/Eq,1 ,

where 1/p+ 1/q = 1, Eq,1 := Eq |Γ + span{ω1}, and Eq |Γ is the space of

boundary values on Γ of functions from Eq.

By the same mapping z =
1

i
logw and the Residue Theorem we

obtain

(7) f(t) =
1

2π

∫
Γ

f(z)eiz

eiz − eit
dz, t ∈ Sβ,

for all f ∈ E∞. For x, t1 ∈ [0, 2π) we de�ne

K(z, x) :=
1

π

∫ 2π

0

Dr(x− t)eiz

eiz − eit
dt, V (z, x) := K(z, x)−K(z, t1).

From (7) it follows that all functions 2π-periodic and analytic on Sβ
whose rth derivative lies in E∞ satisfy the following equation

(8) f(x)− f(t1) =
1

4π

∫
Γ

V (z, x)f (r)(z) dz.

Set

ω1(z) :=

{
1, z ∈ [2π + iβ, iβ],

0, z ∈ [−iβ, 2π − iβ].

Then the condition f ⊥ 1 can be written in the form∫
Γ

f(z)ω1(z) dz = 0.

For distinct points t1, t2, . . . , t2n ∈ [0, 2π) put

Dq(x) := inf
c2,...,c2n

∥∥∥V (·, x)−
2n∑
j=2

cjV (·, tj)
∥∥∥
Lq(Γ)/Eq,1

.

Since Lq(Γ)/Eq,1 is uniformly convex for 1 < q <∞ there are continu-
ous functions on [0, 2π], c2(x), . . . , c2n(x), such that

Dq(x) =
∥∥∥V (·, x)−

2n∑
j=2

cj(x)V (·, tj)
∥∥∥
Lq(Γ)/Eq,1

.



10 K. YU. OSIPENKO

It follows from (6) and (8) that

sup
x∈[0,2π]

Dq(x)

= sup
‖f‖Ep≤1, f⊥1

∥∥∥ 1

4π

∫
Γ

(
V (z, ·)−

2n∑
j=2

cj(·)V (z, tj)
)
f(z) dz

∥∥∥
∞

≥ sup
‖f (r)‖E∞≤1

∥∥∥ 1

4π

∫
Γ

(
V (z, ·)−

2n∑
j=2

cj(·)V (z, tj)
)
f (r)(z) dz

∥∥∥
∞

≥ sup
f∈H̃r

∞,β

∥∥∥f(·)− f(t1)−
2n∑
j=2

cj(·)(f(tj)− f(t1))
∥∥∥
∞
≥ λ2n(H̃r

∞,β, L∞).

The function Dq is continuous on [0, 2π], 1 ≤ q < ∞, and Dq ↘ D1

uniformly as q ↘ 1. Letting q decrease to 1, we obtain

λ2n(H̃r
∞,β, L∞) ≤ sup

x∈[0,2π]

D1(x)

=
∥∥∥ inf
c2,...,c2n

sup
‖f (r)‖E∞≤1

∣∣∣ 1

4π

∫
Γ

(
V (z, ·)−

2n∑
j=2

cjV (z, tj)
)
f (r)(z) dz

∣∣∣∥∥∥
∞

= sup
x∈[0,2π]

σ(x),

where

(9) σ(x) := sup

{ ∣∣∣ 1

4π

∫
Γ

V (z, x)f (r)(z) dz
∣∣∣ : ‖f (r)‖E∞ ≤ 1,∫

Γ

V (z, tj)f
(r)(z) dz = 0, j = 2, . . . , 2n

}
.

Using the same methods as in [5], it can be shown that the solution
of (9) is unique up to a factor eiα, α ∈ R. By (8) we have

σ(x) = sup
{
|f(x)− f(t1)| : ‖f (r)‖E∞ ≤ 1, f(tj)− f(t1) = 0,

j = 2, . . . , 2n } .

Therefore, if f ∗(z) is a solution of (9), then f ∗(z̄) is also a solution of
(9). Consequently, there exists an extremal function which is real on
R. Thus,

σ(x) = inf
c2,...,c2n

sup
f∈H̃r

∞,β

∣∣∣f(x)− f(t1)−
2n∑
j=2

cj(f(tj)− f(t1))
∣∣∣.

Put

σ1(x) := inf
c1,...,c2n

sup
f∈H̃r

∞,β

∣∣∣f(x)−
2n∑
j=1

cjf(tj)
∣∣∣.
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Obviously, σ1(x) ≤ σ(x). On the other hand, if
∑2n

j=1 cj 6= 1, then

sup
f∈H̃r

∞,β

∣∣∣f(x)−
2n∑
j=1

cjf(tj)
∣∣∣ ≥ sup

c∈R

∣∣∣c(1−
2n∑
j=1

cj

)∣∣∣ =∞.

Hence, σ1(x) = σ(x). Now we have

λ2n(H̃r
∞,β, L∞) ≤ sup

x∈[0,2π]

σ1(x)

= sup
x∈[0,2π]

sup
{
|f(x)| : f ∈ H̃r

∞,β, f(tj) = 0, j = 1, . . . , 2n
}
.

For tj = t
(j)
n,r, j = 1, . . . , 2n, it follows from Proposition 5 that

λ2n(H̃r
∞,β, L∞) ≤ ‖Φβ

n,r‖∞.
Since λ2n ≥ d2n and λ2n ≥ d2n we obtain

d2n(H̃r
∞,β, L∞) = λ2n(H̃r

∞,β, L∞) = d2n(H̃r
∞,β, L∞) = ‖Φβ

n,r‖∞.
The theorem is proved. �
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