EXACT n-WIDTHS OF HARDY-SOBOLEV CLASSES

K. YU. OSIPENKO

ABSTRACT. Let ﬁgoﬁ and Hgoﬁ denote those 2m-periodic, real-
valued functions on R that are analytic in the strip |[Imz| < 8
and satisfy the restrictions |Re f()(z)| < 1 and |f")(2)| < 1,
respectively. We determine the Kolmogorov, linear, and Gel’fand
widths of A% in Ly[0,27], 1 < q < 0o, and HZ, 4 in Leo|0,27].

INTRODUCTION

The Kolmogorov n-width of a subset A of a normed linear space X
is defined by

d,(A, X) :=infsup inf |z —vyl,
Xn z€AyeX,

where X, runs over all n-dimensional subspaces of X. The linear n-
width of A in X is defined by
(A, X) :=infsup ||z — P,z||,
P, z€A
where P, varies over all bounded linear operators mapping X into itself
whose range has dimension n or less. The Gel’fand n-width is given by
d"(A,X) :=inf sup |z,
Xn zeANXn

where the infimum is taken over all subspaces X™ of X of codimension
n (here we assume that 0 € A).

Set Sz := {# € C: |Imz| < B}. For integer r > 0 denote by
EQO”B (ﬁgoﬁ) the set of 2m-periodic functions, real-valued on R and
analytic in the strip Sg which satisfy the conditions |Re f(2)| < 1
(|f™(2)| < 1). For r = 0 we shall omit the upper index in the notation
of these classes. In this paper we determine the exact values of the
Kolmogorov, linear, and Gel’fand widths of B’;Oﬁ in L, := L,[0,27],

1 <q < oo, and ﬁgoﬂ in L,. We also show that the n-widths of the

subset of analytic functions on [0,27) from the Sobolev class Wgo are
the same as for WZ_.

For ¢ = oo the n-widths of the class ho s were obtained by
V. M. Tikhomirov [11]. For 1 < ¢ < oo the exact values of the even

n-widths of the classes ho s and Ho, 3 were determined in [9] and [7].
AMS Classification: 41A46, 30D55
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In the nonperiodic case for the functions which are analytic on the
open unit disk, real-valued on (—1, 1), and which satisfy the restriction
|f™(2)] < 1, the n-widths were obtained in [4]. The results concerning
the n-widths of the classes of analytic functions of several variables
whose rth radial derivative is bounded may be found in [3] and [8].

1. EXACT n-WIDTHS OF hl_ 4

If fe Booﬁ, then (see [1, p. 269|)

1 27
f(z)=— Kg(z —t)Re f(t +ip) dt,
2m Jo
where
=, coskz
K =14+2
5(2) + ; cosh kf3
Set

Using the representation

f6) =g | FOde+ (Do fO)02)

0
for r > 1 we have

Wop={a+Gusxh:|lhle<1 hLll acR},

where G, 3 := D, * Kz.

We say that a real, 2m-periodic, continuous function G satisfies Prop-
erty B (cf. [10, p. 129]) if for every choice of 0 < ¢; < ... < t, < 27w
and each m, the subspace

X, 1= {b+§:bjc(-—tj):ibjzo}

Jj=1

is of dimension m, and for every f € Xs,,11, f #Z 0, the number of
cyclic sign changes S.(f) < 2m.
Set

Agniz{figz(gl,...,fgn),0§§1<...<£Qn<2ﬂ'}.
For each £ € Ay, we define
he(t) := (—1)j, tel&o1,é), j=1,....2n+1,

where & = 0, &p41 := 27. Denote by h,(t) the function he for & =
(j—Dm/n,j=1,...,2n.
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To calculate the exact n-widths of iL’;o 5 we need the following theo-
rem of A. Pinkus [10, p. 180, 182].

Theorem 1. Let G satisfy Property B. Set
B ={a+Gx*xh:|hl|x<1, hLl1l acR}.
Then:
(¢)
dan—1(Bae, Loo) = Aan1(Boo; Loo) = A" H(Boo, L) = |G Il oo;
(17) for each 1 < g < o0
d2n(goov L) = /\2n(goov L) = dzn(gom L) = |G * hnlq-
We say that a real, 27-periodic, continuous function K € NCV D

(nondegenerate cyclic variation diminishing) if S.(IC x f) < S.(f) for
all real, 2m-periodic, piecewise continuous functions f, and

dimspan{ K(t; —),...,.K(t, — )} =n
for every choice of 0 < t; < ... < t, < 2w and all n. It is known
(see [10, p. 128, 133]) that K3 € NCVD and for each r > 2, D,
satisfies Property B (D;(x) also satisfies all conditions of Property B
except that it is not continuous at © = 0). Therefore, G, s satisfies

Property B for every r > 1.
The Euler perfect splines are defined by

4 =sin((2k + Dnt — 71 /2)
Z (2k + 1)+t ’

On,r(t) = r=0,1,....

"
k=0

Several properties of this splines may be found, for example, in [6,
p. 104]. In particular,

Spn,(]:hna gpn,T:Dr*hn, T:1,2,... .

4

> sin((2k + 1)nt — 7r/2
gpgﬂ,(t) 1= (K * pn)(t) = Z ) /2
0

(2k + 1)+ cosh((2k + 1)nB)

n?"

It was proved in [9] that

(1) ol o(t) = (K5 % ha)(t) = %arctan (\/X on (@t A))

where A is the complete elliptic integral of the first kind with modulus

—48n 2
(2) A=4e—2ﬂ”< Lipe M ) .

14277 e 4ok
By analogy to the Euler perfect splines it can be shown that
4 0 (_1)k(r+1)
™’ kz (2k + 1)1 cosh((2k + 1)nB)"

KP = leh o =
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For r > 1, ¢f = = G, * h,. Thus from Theorem 1 (r > 1) and
Theorems 4.8 and 4.9 of [10, p. 179, 180] (r = 0) we obtain the following
result.

Theorem 2. Let r > 0. Then:
(4)
d2n71<’ilgo”87 Loo) = Aanl(;lgoyﬁ7 LOO) - d2ﬂ*1(~7;o75’ LOO) - Kg,r;
(17) for each 1 < g < o0

d2n(h;o,ﬁv Lq) = /\Qn(h;o,ﬁ: Lq) = d%(ﬁgoﬁa Lq) = HSOE,THQ'

For integer r > 1 denote by Wgo the class of real, 2m-periodic func-
tions whose (r — 1)st derivative is absolutely continuous and whose rth

derivative satisfies the condition |f™)(t)] < 1. Let A7 be the set of
functions from W2 which are analytic on [0, 27).

Theorem 3. Let r > 1. Then:
(i)
(3)  don_1(A7,, Loo) = Aan_1(A%,, L) = d?" (AL, Lo) = —,

where
0 (_1)k(r+1)

4
Ky =—->
T % (2k + 1)1

(1) for each 1 < ¢ < o0
(4)  dea( AL, L) = Aan( AL, Ly) = (AL, Lg) = pnslo-

Proof. For the class W', the equations analogous to (3) and (4) are a
well-known fact (the details and references may be found in [10] and

[6]). Since Zgo C W&Jt is sufficient to prove the lower bound. For

all B >0, hl, 5 C AL. Therefore, the lower bound follows from
Theorem 2 and the obvious equations

: K :
tim K7, = 2t 68l = el

The theorem is proved. Il

2. EXACT n-WIDTHS OF H_ 4

To calculate the exact n-widths of H .5 We shall need some prelim-
inary results.

Proposition 4. Let ¢ be a continuous, odd, and strictly increasing
function defined on [—1,1]. Put
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Then
inf{|la+ D, * p(Kg*he)|lw:a €R, £ € A} = || Dy o(Ks%hy)loo-
Proof. Let £ € AY,. Set

Je =D xp(Kgxhe), fo:=Drxp(Kgx*hy).

Suppose that there exists an ¢ € R and a £ € A}, for which ||a +
felloo < || fulloo- As fult +7/n) = —f,(t) there exist at least 2n points
0<t; <...<ty, <27 such that

falty) = (=1 fulls, 7 =1,...,2n,

where ¢ = 1 or —1. Denote by Z(f) the number of distinct zeros of a
function f on [0,27). We have

Z(ful +a) at f()) > 20
for every a € R. By Rolle’s Theorem
S(F0 ) £ 10 ()) = Sulip (5 % h) (- + ) 0 (K ) ()
> 2n.
Since @ is an odd and strictly increasing function,
Se((Kp * hn)(- + @) £ (Kg % he)(+)) > 2n.
From the fact that K3 € NCV D it follows that
Se(hn(-+ ) £ he(+)) > 2n.

Using Lemma 4.1 of [10, p. 170|, we obtain the existence of an o € R
and € = 1 or —1 for which

Se(ha(- + @) —ehe(r)) < 2(n—1).
This contradiction proves the proposition. Il
Set @o(z) := tan §z,
<I>§70 = @o(Kp * hy), CIDQ,T =D, xpo(Kgx*hy,), r=12....
In view of (1) and the representation (see [2, p. 266])

2nA sin((2k + 1)nt)
o ( > AN Z sinh((2k + )Qnﬁ)

we have

s T = sin((2k+ )nt —7r/2) B
Pnrlf) = VAAnT ; (2k + 1) sinh((2k + 1)2np)’ r=01...

It also follows from (1) that

o (1) = Vsn (@t A)
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Using the same arguments as for gpﬁm, we obtain

8 T > (_1)k(r+1)
H(I)n,rHOO = Z ool .
VAR = (2k + 1)" sinh((2k + 1)2n/3)
Put
) — 1
by = 1 j=1,...,2n.
n,r —1 ) )
n 2n

It is easily seen that ®f ( 9)=0,j=1,...,2n.

Proposition 5. For allt € [0,27) and r >0
sup { |F(O]: £ € Hipppo D) =0, j=1,....20 | = [@] (1)

Proof. Suppose there exists a t* € [0,27) and a function f, € ﬁ[goﬁ for
which fo(t9)) =0, 5 =1,...,2n, and |fo(t*)] > |®F,(t*)]. Set

pi=n, () fo(t"), F =@, —pfo.
The function F' has at least 2n + 1 distinct zeros at the points t%{’r,
J=1,...,2n, and t*. By Rolle’s Theorem

FO(t) = VAsn (@t A) — pf7)

has at least 2n + 1 zeros on [0, 27).
Denote by Ho(Ap) the set of functions which are analytic on the
annulus

Ag:={z€C:ef<z|<e}
and which satisfy the condition |f(2)] < 1, z € Ag. If f(2) € Huop,
1
then f <—, log z) € Hoo(Ap). It is easy to check that the function
i

2nA
G(2) := VAsn (L_log z, )\)
i
has exactly 2n zeros on Ag. Since on 0Ag
(7‘) 1 T') ]_ .
G(z) = F'7 | Zlogz || = |pfe"” | Zlogz || < [pl < 1=]G(2)],

Rouche’s Theorem implies that F(")(¢) has 2n or fewer zeros on [0, 27).
We thus reach a contradiction, which proves the proposition. Il
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Theorem 6. For all integers r > 0

dQn(Hgo,Bv LOO) = /\2n(H<:o,Bv LOO) = dzn(ﬁgo,ﬁy LOO)
T i (_1)k(r+1)

= A § (2k + 1)" sinh((2k + 1)2n3)"

where A is the complete elliptic integral of the first kind with modulus
A defined by (2).

Proof. The case r = 0 follows from [7] where the equalities
don(Hoo 5, Lg) = Mon(Hoc g, Lg) = 7 (Hoc 5, Lg) = @0l
I <gq< o0,

were proved. So we shall assume that » > 1.
We shall first prove the lower bound for the Kolmogorov widths. Set

2n+1
S = {x = (z1,...,Tn41) € R, Z |z | = 27 } ,
k=1

J
To(z) := 0, Tj<$>2:Z|l’k|, j=1,...,2n+1.
k=1

For each x € S?" put
g:(t) :==signz;, 714(x) <t<7Ti(x), j=1,...,2n+1,
fo =D, *xoo(Kp * gs).
Let X5, be any 2n-dimensional subspace of L,, 1 < ¢ < oo, such that
1 € Xs,. Suppose that Xy, = span{fi,..., fon} and fi(t) = 1. Let

ai1(x),...,as,(x) be the coefficients of fi,..., fa,, respectively, in the
best approximation to f, from X5,. The mapping

A(z) := (b(z),as(x), ..., am(T)),
where

b@%ZAW¢MM%HMG»ﬁ,

is a continuous map of S?"* into R?". By Borsuk’s Theorem there exists
T
an z* € S? for which A(z*) = 0. As the function ¢y(2) = tan 1

maps the strip |Re z| < 1 conformally onto the open unit disk, for all
re s f, € HZ, 5. Thus,

() swp inf |f—glo= swp inf fs— gl = fe — (o)l
fEH, 5 9€Xan €S2 ge Xon

>inf{|la+ D, * go(Kg*he)|l,:a €R, £ € AL}
If 1 ¢ Xy, then the left-hand side of (5) is equal to +o0o. Hence,
don(HZ, 5, Lg) > inf { la + Dy % go(Ks  he)llg: a €R, £ € A5}
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By passing to the limit ¢ — oo we obtain
d2n(Hgo,BaL00> > H‘I’Q,rHoo-

Let us now prove the lower bound for the Gel’fand widths. Suppose
that

X" :={f€Llyw:(;f)=0,7=1,....2n, ;€L }.
If (1;,1) =0, j=1,...,2n, then

sup [ fllee =00
feHT, jnx2n

Assume that (ly,1) # 0. Set
<lj7 1> .
Lj:=1; — -1 =2,...,2n.
J J <l17 1> 1, J ) , 4l
For each x € S?" denote by A; the mapping
Al(l’) = (b(ﬂf), <L2a fx)a sy <L2na fx))

Since A;: S?® — R?" is an odd and continuous map, by Borsuk’s The-
orem there exists an z* for which A;(z*) = 0. Then

<l1>.fg*>
<ll, 1>

Fri= o — c X,

Consequently,
sup|[fllee = (1o
feHT, snx2n
> inf {la+ D, * go(Ks * ho)ll s a €R, £ € AZ} > 92, ]
Thus,
A (HZ, g, Loo) = (| []oc-

Now let us prove the upper bound for the linear widths. We shall use
a modification of the proof for the nonperiodic case from [4]. Denote
by E, the set of functions 2m-periodic and analytic on Sz which satisfy

1flls, = sup ( / F(p |p|dz|) coo, 1<p<oo,

0<p<1

[/l 5o == sup |f(2)] <00, p=o0,
ZESB

where I" := [27 4+ if,i8] U [—i8, 2m — if3]. If the 2m-periodic functions
1

w(z),wi(z) € C(I') then, using the mapping z = = logw, it can be
i
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proved (see [5]) that for all 1 < p < oo

© sw{ | [ 1w @] 1l <1 [ fowe =0}
1/q

- inf{ (i/rku(z) — cw (2) —X(z)|q|dz|) ceC, x € Eq}

= [|wllzy)/ B

where 1/p+1/q =1, Ey1 := Ey_+span{w:}, and Ey is the space of
boundary values on I' of functions from £,.

1
By the same mapping z = —logw and the Residue Theorem we
i
obtain
1 1z
™) = [TEC g es,

T or r e — et
for all f € E,,. For x,t; € [0,27) we define

1 [*" D (z —t)e™
K(z,1):= - (,x—?fdt, Viz,2) = K(z,2) — K(z,t).
T Jo e —e¢t
From (7) it follows that all functions 27-periodic and analytic on Sp
whose rth derivative lies in F, satisty the following equation
1
® f@) = ) = o= [ Vo)
T Jr
Set
]-7 z € [27T+7’5726]7
wi(z) = , :
0, z¢€[—ip,2r—if].

Then the condition f L 1 can be written in the form

/F F(2)un(2)dz = 0.

For distinct points ty,ts,. .., ts, € [0,27) put

V() - ZCJV('J%‘)

C2,...,Con, Lq(F)/EqJ‘

Since L,(I")/E,1 is uniformly convex for 1 < ¢ < oo there are continu-
ous functions on [0, 27|, ca(x),. .., can(x), such that

2n

Dy(@) = [V(2) = Y i@V ()

=2

Lo(T)/Eq1
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It follows from (6) and (8) that
sup D,(z)

z€[0,27]

= sup
£l B, <1, fL1

e [V - eoven) e

> sup
1" Boo

2n

> sup Hf f(tl)—zcj(-)(f(tj)—f(tl))H > Nan(H g L)

feH j=2

The function D, is continuous on [0,27], 1 < ¢ < oo, and D, \, D,
uniformly as g N\, 1. Letting ¢ decrease to 1, we obtain

Aon ( OOB,L ) < sup Di(x)

z€[0,27]
1 2n
= || inf ”f(:rp , E/(V(Z’ = chV(z,tj)>f(r)(z) dz N
C2,...,Con E 7j=2
= sup o(x),
z€[0,27]
where
1
© o) =sw{ | [ Ve ds] 15, < 1
r

/V(z,tj)f(”(z)dz:(), j:2,...,2n}.
r

Using the same methods as in [5], it can be shown that the solution
of (9) is unique up to a factor e’*, & € R. By (8) we have

z) =sup{|f(x) = f(t)] : | f e 1, f(t;) — f(t2) =0,
j=2,....20}.

Therefore, if f*(z) is a solution of (9), then f*(2) is also a solution of
(9). Consequently, there exists an extremal function which is real on
R. Thus,

o(x) = inf sup ]f = flt) = e (flt) - f(1)|
C2,y.eny CaneH ]:2
Put

oi(z) == inf  sup ‘f chf(tj) :

C1yensCan FEHT, j=1
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Obviously, o1(z) < o(x). On the other hand, if 23211 ¢; # 1, then

2n 2n
sup ’f(x)—chf(tj) > sup c(l—Zq)’ = 0.
fefr_ j=1 ceR j=1

Hence, o1(z) = o(z). Now we have

Aon(H2 5, Loo) < sup o1()
’ z€[0,27]
= s[lolg]sup{|f(x)|:feﬁgoﬁ, f(t;) =0, jzl,...,Qn}.
x€|0,2m

For t; = t,(f}, j=1,...,2n, it follows from Proposition 5 that
Non(HZ s Loo) < (1))l oo-

00,3
Since Ay, > do, and \g, > d*™ we obtain
dQn(Hgo,,B7LOO) = )‘Qn( (:o,ﬁv LOO) = dQn( go,f}vLOO) = ||¢)£,r||00'
The theorem is proved. Il

Acknowledgement. The research was supported in part by Grant
93-01-00237 from Russian Foundation of Fundamental Research and
by Grant MP 1300 from the ISF&RG.

REFERENCES
[1] Akhiezer, N. I.: Lectures on the Theory of Approximation. Nauka, Moscow
1965
[2] Akhiezer, N. L.: Elements of the Theory of Elliptic Functions. Nauka, Moscow
1970

[3] Farkov, Yu. A.: The N-widths of Hardy—Sobolev spaces of several complex
variables. J. Approx. Theory 75 (1993) 183-197
[4] Fisher, S. D.: Envelopes, widths, and Landau problems for analytic functions.
Constr. Approx. 5 (1989) 171-187
[5] Khavinson, S. Ya.: Two Papers on Extremal Problems in Complex Analysis.
Amer. Math. Soc. Translations, Ser. 2, No. 129 1985
[6] Korneichuk, N. P.: Exact Constants in the Theory of Approximation. Nauka,
Moscow 1987
[7] Osipenko, K. Yu.: On n-widths, optimal quadrature formulas, and optimal
recovery of functions analytic in a strip. Izv. Russian Akad. Nauk Ser. Mat.
58 (1994) 55-79
[8] Osipenko, K. Yu.: On N-widths of holomorphic functions of several variables.
J. Approx. Theory (to appear)
[9] Osipenko, K. Yu.: Exact values of n-widths and optimal quadratures on classes
of bounded analytic and harmonic functions. J. Approx. Theory (to appear)
[10] Pinkus, A.: n-Widths in Approximation Theory. Berlin, Springer-Verlag 1985
[11] Tikhomirov, V. M.: Diameters of sets in function spaces and the theory of
best approximations. Uspekhi Mat. Nauk 15 (1960) 81-120; English transl. in
Russian Math. Surveys 15 (1960) 75-111



