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On Optimal Recovery
of Heat Equation Solutions*
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V.M. TIKHOMIROV

We devote this article to Borislav Bojanov who was one of the first mathematicians
to undertake the study of optimal recovery problems

In this paper, we consider some optimal recovery problems which are
representatives of a vast number of problems in numerical analysis. We
focus on the so called cleaning phenomenon, where only a part of the
given information is used for the construction of an optimal recovery
method in the uniform norm.

There are a lot of results concerning the optimal recovery of linear
functionals (see, for example, [1]-[5] and the references therein). How-
ever, the problems of optimal recovery of linear operators are not studied
that extensively (see [6]-[8]). Here, we present some results about op-
timal recovery of solutions to differential equations and illustrate our
approach in the case of solutions to the heat equation u; = uzz.

1. Periodic Case
We consider the following problem for the heat equation:

Ut = Ugy,

u(0,¢) = u(m, t) =0, u(z,0) = f(z). (L.1)
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It is well known that the solution to this problem is given by the series
> 2
u(z,t) = Zbk(f)e_k bsin kz,
k=1
with
2 ™
bi(f) = f/ f(x)sin kx dx.
T Jo
We denote by W3[0, 1] the Sobolev space
W3[0, 7] == {f € La[0,7] : fr=Y—abs. cont. on [0,7], f) € L,[0, 7},
and by W0, 7] the set
W0, 7] = {f € W3[0,7) + 1/ lLajo,m < 1},

where the usual definition of the L[0, 7] norm is

9 [T 1/2
ol = (2 [ lota)de) "

We are interested in the recovery of the solution to problem (1.1) at some
fixed time t = T, provided that u(0,-) = f € WJ0,7] and we know with
some accuracy d the vector bV (f) = (b1(f),...,bn(f)) of the first N Fourier
coefficients of f, namely, a vector y = (y1, ..., yn) for which ||bY (f) —y||e;y <4

is available. Here the E;,V norm of a = (ay,...,an) is given by

al 1/p
(Z|ak|p> , 1<p<oo
k=1

1§2XN\ak|, p=o0.

HaHe;V =

This type of information is denoted by Foury s, and the corresponding recov-
ery problem is denoted by R(u(-,T), W3[0, 7], Foury s,). An arbitrary map-
ping ¢ : RN — L,[0, 7] generates a recovery method, the value

e(R,p) = sup sup [u(,T) = o) Lyf0,x
fewglom]  yerM

6™ (F)=yll oy <6
p
is called the error of the method o, the value

E(R) = inf e(R, )

RN —Lo[0,7]

is called the error of the R-recovery problem, and a method for which the
infimum is attained is called an optimal method.
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1.1. Casep =2

We denote by Ry the recovery problem in the case p = 2. The following
theorem is true.

Theorem 1. For all 0 < § < 1, the error of the recovery problem Ry is

_ 52

and the method

N
k2r —1 27
u(z,T) %Z (1—!— (N £ 1)2 TN 72) _1> Yre sin kx

[

k
s optimal. For § > 1,
E(Ry)=eT,

and u(z,T) = 0 is an optimal method.

Proof. From general results on recovery problems (see, for example [7,
Lemma 1]), one can obtain the lower bound

EMRi) = sup u(,T)|Lyp0.m- (1.2)
FEW; [0.7]
INGIFE;

Using the Parseval’s identity, the extremal problem in the right hand-side of
(1.2) (with [Ju(-,T)||L,[0,) replaced by ||u(~,T)||2Lz[O 7T]) can be rewritten as

oo N [e’)
STR(NHe T smax, DB <® Y BHKT <L (13)
k=1 k=1

k=1

We set u = b2(f), write (1.3) in the form
9] , N o0
Zuke*% T 5 max, Zuk < 62, ZukaT <1, wug>0, (1.4)
k=1 k=1 k=1
and consider the Lagrange function of (1.4):
E({uk}‘fo, A1, )\2) = Z ( — B_kaT 4+ Aixk + )\QkQT)uk,

where
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It is easy to check that if there exists an admissible (in (1.4)) sequence {uy }3°
and numbers A1, Ao > 0, such that

min £({ur}77, A Ae) = L{@I T, Ar, de), (1.5)
Uk 2

and if the conditions of complementary slackness

Xl(éakaz) +X2(I§:lakk2r 1) -0, (1.6)

are satisfied, then {U}5° is a solution to (1.4).
For 0 < § < 1, we choose

~ - 1—462 N
U1:52, UJ\/'_;,_lzm7 Ukzo, k;él,N—i—l,
) —2T e—2(N+1)°T 5 e—2(N+1)°T
R G U YT 2T N+

and for § > 1, we select
up =1, u, =0, k=23,...,

Xl =0, :\\2 =e 2T,

It is clear that for such {u}5° and A, As, (1.5) and (1.6) hold. Consequently,
the extremal value to problem (1.4) is

— (52 N 1— 42 €_2TN(N+2))
(N+ 1)27“ )

for 0 < 6 < 1, and e~27 for § > 1.
Note that analogous arguments show that {u}$° is a solution to

oo N oo

2 ~ ~ o~ ~
E Uk€_2k T _ max, A E Uk + Ao E ukk27 < )\1(52 + Ao, ugx > 0.
k=1 k=1 k=1

Next, we construct an optimal method of recovery. We consider the following
extremal problem for a given y € RV:

MDY () = wllzy + 2l f 7200 — min,  f € Wi[0,7]. (1.7)

Direct calculations show that the function

N o~

~ Al
; N+ Aok?r
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is a solution to (1.7), and hence for all f € W3[0, 7] the following identity holds:

MY () = N2y + Aol £ = FOUT o + Allb™ () = w7y
+ Al F N 0, = MIBN () = 92y + AellF N 0.m-

If f € Wio, ], |6 (f) —Ylley <90, 9= f — F, we obtain

MDY @2 +Rellg 1200 < MY () = 9l + Rl F 012 00 < M0+ e

At the same time, the error of the method

N ~
w(x,T) ~ Z w(f)e " T sin kx

k=1

is estimated by

H Z bk T sin kx‘ Lalon] i bi(9) e 2K T
k=1

<sup{Zuke 20T Alzuk+)\22ukkzr<)\ 82 + Ao, Uk>0}
— k=1 k=1

Since this supremum coincides with the minimum value of problem (1.4), the
estimates from above and from below are equal, and therefore this method is
optimal. Substituting A; and A in (1.8) gives the required result. O

1.2. Case p = o0

We denote by Ro the recovery problem for p = co. The following theorem
holds.

Theorem 2. If m := max {n €EZ4y 0% k" <1,0<n< N}7 then
the error of the recovery problem R is

E(Rg) = |02 ape 2T 4 e=2m+1°T (mp 4 1)=2
k=1

where oy, :=1— (k/(m+ 1))2r672T(m+k+1)(m7k+1), k=1,...,m. The method
T) =~ Z akyke_sz sin kx

s optimal.
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Proof. As in (1.2), we have

E(Rz) 2 sup  lu(, T)llLyfo,q-
fFeEW;[0,x]

16N ()l <6

Similarly to the proof of Theorem 1, we rewrite the extremal problem in the
right hand-side of this inequality in the form

Zuke_%ZT —max, 0<wu, <062 k=1,...,N, ZukaT <1, (1.9
k=1

where uj, = b2(f), and we consider the Lagrange function of (1.9)

oo N
L({ur}®, A Z ( 2T )\N+1k2r) ug + Z AUk,
k=1

k=1

A:=(M1,...,An+1). Tosolve problem (1.9), it is sufficient to find an admissible
sequence {Uy}7° and a vector A > 0, such that

min £({u}7",3) = L({@}5,3) (1.10)

and

i (G — 0 +ANH(Zukk2T—)=0. (1.11)

k=1
Then {uy}7° will be a solution to (1.9). Let

Avi1 = (m+ 1)_2r6_2(m+1)2T,

/): . B_kaT—:\\N_HkQT, 1<k<m
"o, m+1<k<N,

and let us define the sequence {uy}{° as follows:

52, 1<k<m,

T = (1—52Zk2r)(m+1)*2’", k=m+1,
k=1

0, k>m+1.

If follows from the definition of m that {uy}$° is an admissible sequence. More-
over,

o0

LN = D (=T 4+ Rk ) un 2 0= LE@IEN), w2 0,
k=m-+2
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and thus condition (1.10) is satisfied. One can verify that (1.11) is also satisfied,
and therefore {uy }$° is a solution to (1.9). Hence,

E(Ry) > Z 2T, = | §2 Z e 2K T 4 e=2(m+1)2T (1 4 1)-2
k=1

Likewise, one can prove that {u}$° is a solution to the problem

[ N ) N
2 ~ ~ ~ ~
E upe ** T — max, E AkUg+ANf1 E upk® < 67 g AktANt1, uk > 0.
k=1 k=1 k=1

Next, we construct an optimal method of recovery. For every y € RY, we
consider the extremal problem

N
Z>Vc|bk(f) —yl® + )\N+1||f(r)\|%2[o,7r] — min, fewso,n].  (1.12)

It is easy to show that the function

/\

m

Yk sin kx (1.13)
231 Ak + >\N+1k27’
is a solution to (1.12), and hence for each f € W3[0, ] the identity

N N
D Mlbr () = bk (D + Anall £ = FOUZ 0.0 + D Melbr(F) — wil?

k=1 k=1

Z

+ AN 1PN 0.0 :Z klok(F) = unl® + ANl £ 0 (114)

holds. If f € W3[0, 7] and |bg(f) —yx| <9, k=1,..., N, then from (1.14) for
g = f — f, we obtain

N

N
Z sl (@)1 + An1llg ™13 0.0 < Z klok(F) = yil? + An 2 11 0.m
k=1 k—1

<4’ Zxk +ANg1.
k=1

For the error of the method

uw(z,T) ~ Zbk(f)e_sz sin kz, (1.15)
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k=1

[e) N o) N
< sup { Z uke_%QT: Z /\kuk+)\N+1Z upk?" < 622 A FANT+1, Ug > 0}.
k=1 k=1 k=1 k=1

Since this supremum coincides with the minimum value of problem (1.12), the
estimate from above is equal to the estimate from below, and hence (1.15) is an
optimal method of recovery. Substituting Xl, e 7/>:N+1 in the definition (1.13)
of f gives the required result. 0

Let us set
n —
Op = (Zk%) 1/2.
k=1

If 641 < 0 < 6p, Theorem 2 gives that for all £k > n the error of the
recovery problem R(u(-,T), W3[0, n],Foury 5) is the same as the error of
R(u(-,T), W3[0, 7], Four,, 500). Therefore, if § is fixed and d,41 < § < 4,
knowing more Fourier coefficients with the same accuracy § does not decrease
the error of optimal recovery.

2. Non-periodic Case
Now, we consider the problem of recovery of the solution to the problem

Ut = Ugyg,

u(z,0) = f(z), z€R, (2.1)

at time ¢ = T, knowing the Fourier transform F'f of f on the interval A, :=
(—0,0) with accuracy ¢ in the Lo(Ay)-norm. Similarly to the periodic case,
we denote by W3 (R) the Sobolev space

W3(R) = {f € Ly(R) : fr=Y ~loc. abs. cont. on R, ||f(r)||L2(R) < oo},
and by W (R) the set

W3 (R) = {f € Wi(R) : [|f | o) <1},

1/2
lollaey = ( [ lot)Par) "

where
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2.1. Casep =2

We denote by Rg the recovery problem R(u(-,T), W3 (R), Four, 52) of find-
ing the value

E(Rs) = sup lu(, T) — @)l L2 m)-

inf sup
pila(Ac)=L2(R) fewr(R)  yeLa(A,)
IFf=yllLya,) <o

The following theorem is true.

Theorem 3. The error of the recovery problem Rs is

52
E(R3) = \/2 + o 2re=207T, o >0,
s
and

. 1
u(z, T) =~ m(y) := Py

/ ef)‘QT(l + 072T672"2T)\2T)_1y()\)e”‘x dx  (2.2)
Ao
1 an optimal method.

Proof. Similarly to (1.2), we have

ER3) = sup  u(,T)lr,w)- (2.3)
FEWS (R)
1FfllLyag)<d

Using Plancherel’s theorem and the fact that Fu(-, T)(A) = e=>TF f()), (see,
for example, [9, p. 406]), the extremal problem in the right-hand side of (2.3)
can be rewritten in the form (for convenience we consider squares)

1

o [ PTIE O i max, [ IFsO)PaN< 5
2w R Ay

1 '
%/R/\Z PR <1 (2.4)

We extend this problem, replacing (27)~*|F f(\)|? d\ by nonnegative measures.
Then problem (2.4) can be extended to

/6_2’\2T dp(N\) — max, 27r/ du(\) < 62,
R Ao

/)\QTdu()\)gl, dp(\) >0, (2.5)
R

with corresponding Lagrange function

Ll A As) = / (= e 2T 4 2mhxo (A) + AoA?7) du(),
R
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where

1, e A
O_A: b) o
Xa(M) {0, A A,

It is easy to prove that if there exists a measure dp, admissible for (2.5), and
A1, A2 > 0, such that

ngin E(dﬂ,xl,}:g) = ﬁ(dﬁ, /):17}:2) (26)
1

and

N (27r/ di(\) — 52) +X2(/ A di(\) — 1) —0, (2.7)
A, R
then dfi is a solution to problem (2.5). We select

~ 1 - 52
M=\ A=o e 2T gu(\) = 50N + 07N~ 0),

where ¢ is the d-function at zero. One can verify that for these di and Xl, /):2,
conditions (2.6) and (2.7) are fulfilled. Thus, the solution to (2.5) is

2

5
/ T i) = O 4 g 27T (2.8)
R 271'

It can be shown, approximating J-functions by corresponding d-type sequences,
that the solution (2.8) is also a solution to problem (2.4). Thus, we have proved
that

52
> —2r 720'2T'
E(R3) > \/271_ + o0~ 2re

Following the same arguments as above, one can prove that the solution to
(2.4) is also a solution to the following problem

1 2
—/ e M TIFF(N)? d\ — max,
2 R

~ ~ 1 ~ N
)\1/ |Ff(A)|2dA+A2—/A27“|Ff(A)|2dAgA152+A2.
A, 2m Jr

Now, we construct an optimal method of recovery. For a given y € Lo(A,),
we consider the extremal problem

MIFFf = yli a0 + 22l f 77 ,@ — min,  feWs(R).  (2.9)

The solution fto this problem is given by

o~

AL

Ff\) = —
e AL+ Ao(2m) 12

“or —20°T 20\ "
y() = (1+072e 2 TN) (), A <o,
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and

~

Ff(A)=0, [M\>o.
Then, for all f € Wi (R), we have

/\IHFf_FfH%z(Aa)+/\2Hf(r)_J/C\(T)H%Q(]R)+/\1||Ff_y||%2(Ag)+)‘2||J?(T)H%2(R)
= MIFf = yll7,a) + Ml F N7, @)-

If fe WSR), |Ff—yllr,a,) <9J,and g:= f — £ this equality gives

MIFglZ, a0+ 2209712, @) < MIFF =yl a0 22l F 707, @) < A6+ A2

Now, we estimate the error of method (2.2). We have
R 1 [ e
D) = A = 5 [ T IFGNP i
™ JR
1 ~
< sup {7 / e 2T IFF(N)[2dA )\1/ IFF(\)[2 A
2 R Ay
~ 1 ~ ~
+ /\2—/ AT IFF(N)2dA < A62 + AQ}.
2 R

Since the supremum coincides with the solution to (2.4), the estimate from
above is equal to the estimate from below, and hence (2.2) is an optimal method
of recovery. O

2.2. Case p = o©

Next, we consider the same problem of optimal recovery as before, but this
time the Fourier transform of f is given with accuracy §, measured in the
Lo (A, )-norm. We denote by Wi__(R) the set

Wi (R) :={f: f""Y-loc. abs. cont. on R, [|f")||p,m) < 1,Ff € Loo(R)}.

We are interested in the recovery problem Ry := R(u(-, T), Wi (R), Four, s o0 ),
that is, in finding the error

E(R4) = sup sup [u(T) = (W) La®),

inf
¢iloo(Ao)=L2(R) fewy (R) YE€Loo(As)
1Ff=yllLoo (ag) <O

and in finding an optimal method of recovery. Similarly to the cases considered,
one can prove the following theorem.

Theorem 4. Let o >0, § > 0, and 09 = min(o, ) where

- (REr Dy
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Then the error of the recovery problem Ry is

1/2
52 [oo , 6—20'2T §252r+1
E(R,) = e —2X°T d\ - (1= “ %
(Ra) ( ™ /0 ¢ + o?r ( w(2r + 1))

and
27 .
u(z, T) ~ i/ e NT (1 - (i) 62(/\20§)T> y(\)e ™ dX
A

is an optimal method.

It follows from this theorem that for ¢ > &

82 7 1/2
E(R4) = (;/0\ 6—2)\ Td)\) .

It means that for a given ¢, starting from &, further extension of the interval on
which the Fourier transform of a function from Wi__(R) is given with accuracy
0 in the uniform metric does not result in a decrease in the recovery error. In
other words, if the relation 6202 < 7(2n + 1) between the input data and
the size of the interval on which the data is measured is violated, then the
available information turns out to be redundant. This phenomenon of cleaning
also appears in problems of optimal recovery of derivatives when inaccurate
Fourier transform are available (see [8]).
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