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ÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Ê. Þ. ÎÑÈÏÅÍÊÎ

Ðàññìàòðèâàþòñÿ çàäà÷è íàèëó÷øåãî âîññòàíîâëåíèÿ

ôóíêöèîíàëà Lu = λ0u(x) + . . .+ λku
(k)(x), x ∈ (−1, 1), â ïðî-

ñòðàíñòâå ãàðìîíè÷åñêèõ ôóíêöèé hp ïðè p =∞, 2 ïî çíà÷åíè-
ÿì ôóíêöèé è èõ ïðîèçâîäíûõ â òî÷êàõ èç èíòåðâàëà (−1, 1).
Â ïðîñòðàíñòâå h∞ ðåøàþòñÿ çàäà÷è ïîñòðîåíèÿ íàèëó÷øèõ

êâàäðàòóðíûõ ôîðìóë. Äîêàçàíî ñóùåñòâîâàíèå îïòèìàëüíîé

êâàäðàòóðíîé ôîðìóëû è ïðè íåêîòîðûõ óñëîâèÿõ åäèíñòâåí-

íîñòü îïòèìàëüíûõ óçëîâ.

� 1. Ïîñòàíîâêè çàäà÷ è íåêîòîðûå îáùèå òåîðåìû î
âîññòàíîâëåíèè

Äëÿ ïðîèçâîëüíûõ ìíîæåñòâ A è B ÷åðåç F (A,B) îáîçíà÷èì
ìíîæåñòâî âñåõ îïåðàòîðîâ f : A → B. Ïóñòü X, Y � ëèíåéíûå
ïðîñòðàíñòâà, à Z � ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî. Ðàñ-
ñìîòðèì çàäà÷ó âîññòàíîâëåíèÿ îïåðàòîðà L ∈ F (W,Z), W ⊂ X,
ïî çíà÷åíèÿì èíôîðìàöèîííîãî îïåðàòîðà I ∈ F (W,Y ). Â êà÷å-
ñòâå ìåòîäîâ âîññòàíîâëåíèÿ áóäåì ðàññìàòðèâàòü âñåâîçìîæíûå
îïåðàòîðû S ∈ F (Y, Z).
Ïîãðåøíîñòüþ íàèëó÷øåãî âîññòàíîâëåíèÿ îïåðàòîðà L íàçûâà-

åòñÿ âåëè÷èíà

(1.1) E(L, I) = inf
S∈F (Y,Z)

sup
x∈W
‖Lx− SIx‖.

Ìåòîä S0 íàçûâàåòñÿ íàèëó÷øèì, åñëè íà íåì äîñòèãàåòñÿ íèæíÿÿ
ãðàíü â (1.1), ïðè ýòîì ýëåìåíò x0 ∈ W ýêñòðåìàëüíûé, åñëè èìååò
ìåñòî ðàâåíñòâî

sup
x∈W
‖Lx− S0Ix‖ = ‖Lx0 − S0Ix0‖.

Ìíîãî÷èñëåííûå êîíêðåòíûå ïðèìåðû ðàññìàòðèâàåìîé çàäà÷è è
ñîîòâåòñòâóþùèå ññûëêè ìîæíî íàéòè â îáçîðíûõ ñòàòüÿõ [1], [2]
è êíèãå [3].
Åñëè èìåþòñÿ íåêîòîðûå ìíîæåñòâà M ⊂ F (W,Z) è U ⊂

F (W,Y ), òî ïîä çàäà÷åé îïòèìàëüíîãî âîññòàíîâëåíèÿ áóäåì ïî-
íèìàòü çàäà÷ó î íàõîæäåíèè âåëè÷èíû

(1.2) R(M,U) = inf
I∈U

sup
L∈M

E(L, I)

1
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è îïåðàòîðà I0, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü. Îïåðàòîð
I0 è ñîîòâåòñòâóþùèé åìó íàèëó÷øèé ìåòîä áóäåì íàçûâàòü îïòè-
ìàëüíûìè.

Òåîðåìà 1.1. Ïóñòü ñóùåñòâóþò òàêèå x0 ∈ W è S0 ∈ F (Y, Z),
÷òî −x0 ∈ W , L(−x0) = −Lx0, I(−x0) = I(x0) è

sup
x∈W
‖Lx− S0Ix‖ = ‖Lx0‖.

Òîãäà S0 ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ, x0 � ýêñ-

òðåìàëüíûì ýëåìåíòîì, à

(1.3) E(L, I) = ‖Lx0‖.

Äîêàçàòåëüñòâî. Èç (1.1) èìååì

(1.4) E(L, I) ≤ sup
x∈W
‖Lx− S0Ix‖ = ‖Lx0‖.

Äëÿ ëþáîãî ìåòîäà S ñïðàâåäëèâî íåðàâåíñòâî

(1.5) ‖Lx0 − SIx0‖+ ‖L(−x0)− SI(−x0)‖ ≥ 2‖Lx0‖.
Îòñþäà

sup
x∈W
‖Lx− SIx‖ ≥ ‖Lx0‖.

Òåì ñàìûì

(1.6) E(L, I) ≥ ‖Lx0‖.
Èç ñîîòíîøåíèé (1.4) è (1.6) ñëåäóåò, ÷òî S0 � íàèëó÷øèé ìåòîä
âîññòàíîâëåíèÿ è èìååò ìåñòî ðàâåíñòâî (1.3).
Â ñèëó (1.4)

‖Lx0 − S0Ix0‖ ≤ ‖Lx0‖, ‖L(−x0)− S0I(−x0)‖ ≤ ‖Lx0‖,
÷òî âìåñòå ñ íåðàâåíñòâîì (1.5) äëÿ S = S0 äàåò

‖Lx0 − S0Ix0‖ = ‖Lx0‖.
Ñëåäîâàòåëüíî, x0 � ýêñòðåìàëüíûé ýëåìåíò. Òåîðåìà äîêàçàíà.

�

Ðàññìîòðèì íåêîòîðîå ìíîæåñòâî Ω ∈ C è ïîëîæèòåëüíóþ ìåðó
µ íà íåì. ×åðåç Lp(Ω, µ) îáîçíà÷èì ïðîñòðàíñòâî êîìïëåêñíîçíà÷-
íûõ (èëè âåùåñòâåííûõ) ôóíêöèé, äëÿ êîòîðûõ

‖f‖p =

(∫
Ω

|f(z)|p dµ(z)

)1/p

<∞, 1 ≤ p <∞,

‖f‖∞ = vrai sup
z∈Ω

|f(z)| <∞, p =∞.

Ïóñòü Xp � íåêîòîðîå ëèíåéíîå ïîäïðîñòðàíñòâî Lp(Ω, µ), à
BXp = {f ∈ Xp : ‖f‖p ≤ 1}. Ïîëîæèì â çàäà÷å (1.1) X = Xp,
W = BXp è Z = C(R).
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Òåîðåìà 1.2. Ïóñòü ñóùåñòâóåò g ∈ Xp, ‖g‖p 6= 0, è S0 òàêèå,

÷òî äëÿ g0 = g/‖g‖p L(−g0) = −Lg0, I(−g0) = Ig0, S00 = 0 è ïðè

âñåõ f ∈ BXp èìååò ìåñòî ðàâåíñòâî

(1.7) Lf − S0If =


α

∫
Ω

g(z)|g(z)|p−2f(z) dµ(z), 1 ≤ p <∞,∫
Ω

g(z)|ϕ(z)|f(z) dµ(z), p =∞,

ãäå α ∈ C (R), ϕ ∈ L1(Ω, µ), à |g(z)| = 1 ïî÷òè âñþäó, åñëè p =
∞. Òîãäà ìåòîä âîññòàíîâëåíèÿ S0 ÿâëÿåòñÿ íàèëó÷øèì, g0 �

ýêñòðåìàëüíàÿ ôóíêöèÿ, à

E(L, I) = |Lg0| =

{
|α|‖g‖p−1

p , 1 ≤ p <∞,
‖ϕ‖1, p =∞.

Äîêàçàòåëüñòâî. Ïóñòü 1 ≤ p <∞. Èç ðàâåíñòâà (1.7), ïîëüçóÿñü
íåðàâåíñòâîì Ã¼ëüäåðà, ïîëó÷àåì

sup
f∈BXp

|Lf − S0If | ≤ |α|‖g‖p−1
p = |Lg0| = |Lg0 − S0Ig0|.

Îòñþäà ñëåäóåò, ÷òî

(1.8) sup
f∈BXp

|Lf − S0If | = |Lg0|.

Àíàëîãè÷íî äîêàçûâàåòñÿ ðàâåíñòâî (1.8) ïðè p = ∞. Òåïåðü äî-
êàçûâàåìîå óòâåðæäåíèå ñëåäóåò èç òåîðåìû 1.1. Òåîðåìà äîêàçà-
íà. �

Òåîðåìû 1.1 è 1.2 ÿâëÿþòñÿ îáîáùåíèÿìè òåîðåìû 1 èç ðàáîòû
[4].
Èç î÷åâèäíûõ ñîîòíîøåíèé

sup
f∈BXp
If=0

|Lf | ≥ |Lg0| = E(L, I) = sup
f∈BXp

|Lf − S0If | ≥ sup
f∈BXp
If=0

|Lf |

ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1.2 èìååò ìåñòî ðà-
âåíñòâî

(1.9) E(L, I) = sup
f∈BXp
If=0

|Lf |.

Ýòî ðàâåíñòâî äëÿ âûïóêëîãî óðàâíîâåøåííîãî ìíîæåñòâà W , ëè-
íåéíîãî ôóíêöèîíàëà L è ëèíåéíîãî îïåðàòîðà I îòìå÷àëîñü â ðà-
áîòå [5], à ðàíåå ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ äîêàçû-
âàëîñü ìíîãèìè àâòîðàìè (ñì. [1�3]).
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� 2. Âîññòàíîâëåíèå çíà÷åíèé ãàðìîíè÷åñêèõ ôóíêöèé è
èõ ïðîèçâîäíûõ

Ïóñòü hp � ïðîñòðàíñòâî ãàðìîíè÷åñêèõ â D = {z ∈ C : |z| < 1}
ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

(2.1)
‖u‖hp := sup

0<r<1

(
1

2π

∫ 2π

0

|u(reiθ)|p dθ
)1/p

<∞, 1 ≤ p <∞,

‖u‖h∞ := sup
z∈D
|u(z)|, p =∞.

Ðàññìàòðèâàÿ âìåñòî ãàðìîíè÷åñêèõ àíàëèòè÷åñêèå â D ôóíêöèè,
óäîâëåòâîðÿþùèå óñëîâèþ (2.1), ïîëó÷àåì ïðîñòðàíñòâî Õàðäè Hp.
Îáîçíà÷èì ÷åðåç

(2.2) Zν =

(
x1, . . . , xn, x
ν1, . . . , νn, l

)
ñèñòåìó ðàçëè÷íûõ òî÷åê xj, x ∈ (−1, 1) ñ êðàòíîñòÿìè νj, l. Ïîëî-
æèì â çàäà÷å (1.1) W = Bhp,

Iu =
{
u(x1), . . . , u(ν1−1)(x1), . . . , u(x), . . . , u(l−1)(x)

}
,

Lu = Lλxu = λ0u(x) + . . .+ λku
(k)(x),

ãäå λ = (λ0, . . . , λk) ∈ Rk+1, l < k. Âåëè÷èíó E(L, I) îáîçíà÷èì â
ýòîì ñëó÷àå ÷åðåç Ep(x, λ, Zν).
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

W (z) =
n∏
j=1

(
z − xj
1− xjz

)νj
, ωj(z) = W (z)

(
1− xjz
z − xj

)νj
,

W0(z) =

(
z − x
1− xz

)l
W (z),

P (β, γ) =


γ

1 +
√

(γ − β)2 + 1− β2
, |β| < 1,

sign β

|β|+
√
β2 − 1

, |β| ≥ 1,

G(β) =

{
1 + β2, |β| < 1,

2|β|, |β| ≥ 1,

β(x) =
1− x2

2

(
W ′(x)

W (x)

1−W 2
0 (x)

1 +W 2
0 (x)

+
λk−1

kλk

)
+
k − 1

2
x,

γ(x) = 2β(x) + (1− x2)
W 2

0 (x)

1 +W 2
0 (x)

(
W ′(x)

W (x)
− λk−1

kλk

)
,

D1 = {x ∈ (−1, 1) : |β(x)| < 1 }, D0 = (−1, 1) \ (D1 ∪ {x1, . . . , xn}),
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b =

{
P (β(x), γ(x)), λk 6= 0,

0, λk = 0,
, a =

x− b
1− xb

,

ux(z) =

1, x ∈ D1,
z − a
1− az

, x ∈ D0,
W1(z) =

z − a
1− az

W0(z)

ux(z)
,

α(x) =


k!λkW (x)

ux(x)(1− ax)2(1− x2)k−3(1 +W 2
1 (x))

, λk 6= 0,

(k − 1)!λk−1W (x)

(1− x2)k−2(1 +W 2
1 (x))

, λk = 0.

Òåîðåìà 2.1. Ïóñòü l = k − 1, k ≥ 1. Òîãäà ìåòîä

(2.3) S0Iu =
n∑
j=1

νj−1∑
m=0

cjm(x)u(m)(xj) +
l−1∑
m=0

dm(x)u(m)(x),

cjm(x) = − α(x)

m!(νj −m− 1)!

× ∂νj−m−1

∂zνj−m−1

[
ux(z)(1− az)2(1− xz)k−3(1− xjz)νj

(z − x)k+1ωj(z)

] ∣∣∣∣
z=xj

,

dm(x) = λm −
α(x)

m!(k −m)!

× ∂k−m

∂zk−m

[
ux(z)(1− az)2(1− xz)k−3

W (z)
(1 +W 2

1 (z)

] ∣∣∣∣
z=x

,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà Lλx
íà êëàññå Bh∞. Ïðè ýòîì ôóíêöèÿ

g(z) =
4

π
Re arctgW1(z)

ÿâëÿåòñÿ ýêñòðåìàëüíîé, à

(2.4)

E∞(x, λ, Zν) =



4

π

k!|λk|
(1− x2)k

|W (x)|G(β(x)), k ≥ 2, λk 6= 0,

4

π

(k − 1)!|λk−1|
(1− x2)k−1

|W (x)|, k ≥ 2, λk = 0,

4

π

∣∣∣∣λ0 arctgW1(x) + λ1
W ′

1(x)

1 +W 2
1 (x)

∣∣∣∣ , k = 1.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îòìåòèì, ÷òî ïðè âñåõ β, γ ∈ R
P (β, γ) ∈ [−1, 1], ïîýòîìó a ∈ [−1, 1]. Ïîëîæèì

Jf = α(x)
1

2πi

∫
|z|=1

(z − a)(1− az)(1 +W 2
1 (z))

(z − x)2(1− xz)2W1(z)
f(z) dz.
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Ñ ïîìîùüþ òåîðåìû î âû÷åòàõ ìîæíî óáåäèòüñÿ, ÷òî äëÿ ëþáîé
ôóíêöèè f ∈ Hp, 1 ≤ p ≤ ∞, èìååò ìåñòî ðàâåíñòâî

Lλxf − S0If = Jf.

Ïîñêîëüêó λj, cjm(x), dm(x) ∈ R è ïðè z = eiθ ñïðàâåäëèâû ñîîòíî-
øåíèÿ

z(z − a)(1− az)

(z − x)2(1− xz)2
≥ 0, W−1

1 (z) = W1(z), g(z) = sign ReW1(z),

òî, îáîçíà÷èâ ÷åðåç u = Re f , áóäåì èìåòü

(2.5) Lλxu− S0Iu = Re Jf

= α(x)
1

2π

∫ 2π

0

∣∣∣∣ z(z − a)(1− az)

(z − x)2(1− xz)2
2 ReW1(z)

∣∣∣∣ g(z)u(z) dθ.

Åñëè u ∈ h∞ ⊂ h2, òî ñîïðÿæåííàÿ ôóíêöèÿ v ∈ h2 (ñì. [6, ñ. 380])
è, ñëåäîâàòåëüíî, u + iv ∈ H2. Òàêèì îáðàçîì, ðàâåíñòâî (2.5)
ñïðàâåäëèâî ïðè âñåõ u ∈ h∞. Òàê êàê g ∈ h∞, |g(eiθ)| = 1 ïî÷òè
âñþäó è Ig = 0, òî èç òåîðåìû 1.2 ñëåäóåò, ÷òî ìåòîä S0 ÿâëÿåòñÿ
íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ, ôóíêöèÿ g � ýêñòðåìàëüíîé,
à

E∞(x, λ, Zν) = |Lλxg|.
Îòñþäà ñëåäóåò ðàâåíñòâî (2.4) ïðè k = 1. Ïóñòü k ≥ 2. Òîãäà

Lλxg = Lλxf
∗ = Jf ∗,

ãäå

f ∗(z) =
4

π
arctgW1(z) =

4

π
W1(z) +W 3

1 (z)w(z), w ∈ H2.

Èìååì

Jf ∗ =
4

π
α(x)

1

2πi

∫
|z|=1

(z − a)(1− az)

(z − x)2(1− xz)2
dz

=
4

π
α(x)

1 + b2

(1− x2)(1− xb)2
.

Ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèÿ âåëè÷èí α(x) a è b, ïîëó÷àåì
ðàâåíñòâî (2.4). Òåîðåìà äîêàçàíà. �

Ïîëîæèì

Zk(h) =

(
−h, h, 0
1, 1, k − 1

)
, h ∈ (0, 1), ek = (0, . . . , 0, 1, 0) ∈ Rk+1.

Èç òåîðåìû 2.1 ñëåäóåò, ÷òî íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ
çíà÷åíèÿ u′(0) ïî èíôîðìàöèè î çíà÷åíèÿõ â ñèñòåìå Z2(h) íà êëàñ-
ñå Bh∞ ÿâëÿåòñÿ ìåòîä

(2.6) u′(0) ≈ (1− h4)
u(h)− u(−h)

2h
,
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à çíà÷åíèÿ u′′(0) ïî èíôîðìàöèè â ñèñòåìå Z3(h) � ìåòîä

(2.7) u′′(0) ≈ (1− h4)
u(h)− 2u(0) + u(−h)

h2
,

Ïðè ýòîì

E∞(0, ek, Zk(h)) =
4(k − 1)

π
h2, k = 2, 3,

à ôóíêöèÿ

4

π
Re arctg

[
zk−1 z

2 − h2

1− h2z2

]
ÿâëÿåòñÿ ýêñòðåìàëüíîé. Îòìåòèì, ÷òî â íàèëó÷øåì ìåòîäå (2.6)
íå èñïîëüçóåòñÿ çíà÷åíèå u(0), à â (2.7) � u′(0).
Ïóñòü òåïåðü λ = (0, 1). Òîãäà èç (2.4) ìîæíî ïîëó÷èòü, ÷òî

E∞(x, (0, 1), Zν) =
4

π

|W ′(x)|
1 +W 2(x)

c2 + 1

2c
,

ãäå

c = min

{
1,

|γ(x)|
1 +

√
1 + γ2(x)W 2(x)

}
, γ(x) =

W ′(x)

W (x)

1− x2

1 +W 2(x)
.

Åñëè Zν = Z0
n =

(
0
n

)
, n ≥ 1, òî

β(x) = n
1− x2

2x

1− x2n

1 + x2n
,

à óðàâíåíèå β(x) = 1 ïðè x ∈ (0, 1) èìååò åäèíñòâåííûé êîðåíü,
êîòîðûé îáîçíà÷èì ÷åðåç rn. Íåòðóäíî óáåäèòüñÿ, ÷òî c = 1 äëÿ
|x| ≤ rn è c ∈ (0, 1) äëÿ rn < |x| < 1. Òàêèì îáðàçîì,

(2.8) E∞(x, (0, 1), Z0
n)

=


4

π

n|x|n−1

1 + x2n
, |x| ≤ rn,

2

π|x|n

√n2x2n−2 +

(
1 + x2n

1− x2n

)2

− 1− x2n

1− x2

 , |x| > rn.

Â ñèëó ðàâåíñòâà (1.9)

E∞(x, (0, 1), Z0
n) = sup

u∈Bh∞
u(0)=...=u(n−1)(0)=0

|u′(x)|.
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Ïîýòîìó ïðè n = 1 èç (2.8) èìååì

(2.9) sup
u∈Bh∞
u(0)=0

|u′(x)| =


4

π(1 + x2)
, |x| ≤ r1,

2

π|x|

√1 +

(
1 + x2

1− x2

)2

− 1

 , |x| > r1,

ãäå r1 =

√
5 + 1

2
−
√√

5 + 1

2
. Ðàâåíñòâî (2.9) ÿâëÿåòñÿ àíàëîãîì

òåîðåìû Äüåäîííå [7] äëÿ ãàðìîíè÷åñêèõ ôóíêöèé.

Ñëåäñòâèå 2.1. Ïóñòü z, z1 ∈ D, Lu = u(z), Iu = u(z1) è W =
Bh∞. Òîãäà ìåòîä

(2.10) S0Iu =
1− ρ2

1 + ρ2
u(z1), ρ =

∣∣∣∣ z − z1

1− z1z

∣∣∣∣
ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà L, à
äëÿ åãî ïîãðåøíîñòè ñïðàâåäëèâî ðàâåíñòâî

(2.11) E(L, I) =
4

π
arctg ρ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîíôîðìíîå ïðåîáðàçîâàíèå åäè-
íè÷íîãî êðóãà D, ïåðåâîäÿùåå òî÷êó z1 â íóëü, à z � â òî÷êó
x ∈ [0, 1). Äëÿ çàäà÷è íàèëó÷øåãî âîññòàíîâëåíèÿ çíà÷åíèÿ u(x)
ïî çíà÷åíèþ u(0) èç òåîðåìû 2.1 èìååì

inf
S

sup
u∈Bh∞

|u(x)− S(u(0))| = sup
u∈Bh∞

∣∣∣∣u(x)− 1− x2

1 + x2
u(0)

∣∣∣∣ =
4

π
arctg x.

Ïîëüçóÿñü èíâàðèàíòíîñòüþ ðàññìàòðèâàåìîé çàäà÷è îòíîñèòåëü-
íî êîíôîðìíîãî ïðåîáðàçîâàíèÿ êðóãà D è ó÷èòûâàÿ, ÷òî ïñåâäî-
ãèïåðáîëè÷åñêîå ðàññòîÿíèå ρ íå ìåíÿåòñÿ ïðè ýòîì (ò. å. ρ = x),
ïîëó÷àåì óòâåðæäåíèå ñëåäñòâèÿ. Ñëåäñòâèå äîêàçàíî. �

Ïóñòü òåïåðü îïåðàòîð I ñòàâèò â ñîîòâåòñòâèå u ∈ Bh∞ åå ñëåä
íà èíòåðâàëå (−1, 1): Iu = u0, ãäå u0 � ôóíêöèÿ, îïðåäåëåííàÿ íà
èíòåðâàëå (−1, 1) è ñîâïàäàþùàÿ òàì ñ u.

Ñëåäñòâèå 2.2. Ìåòîä (2.10), â êîòîðîì

z1 =
2 Re z

1 + |z|2 +
√

(1 + |z|2)2 − 4(Re z)2
,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà

Lu = u(z) äëÿ Iu = u0 íà êëàññå Bh∞, à äëÿ åãî ïîãðåøíîñòè

èìååò ìåñòî ðàâåíñòâî (2.11).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ

v(ξ) =
4

π
Re arctg

(
i
ξ − z1

1− z1ξ

)
.
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Ëåãêî ïðîâåðèòü, ÷òî Re
z − z1

1− z1z
= 0, ïîýòîìó |v(z)| =

4

π
arctg ρ.

Òàêèì îáðàçîì, èç ñëåäñòâèÿ 2.1 èìååì

sup
u∈Bh∞

∣∣∣∣u(z)− 1− ρ2

1 + ρ2
u(z1)

∣∣∣∣ = |v(z)|.

Ïîñêîëüêó v ∈ Bh∞ è Iv = 0, òî, ïðèìåíÿÿ òåîðåìó 1.1, ïîëó÷àåì
óòâåðæäåíèå ñëåäñòâèÿ. Ñëåäñòâèå äîêàçàíî. �

Îáîçíà÷èì ÷åðåç Bh∞(G) êëàññ ôóíêöèé, ãàðìîíè÷åñêèõ â îä-
íîñâÿçíîé è ñèììåòðè÷íîé îòíîñèòåëüíî âåùåñòâåííîé îñè îáëàñòè
G, óäîâëåòâîðÿþùèõ óñëîâèþ

sup
z∈G
|u(z)| ≤ 1.

Ðàññìîòðèì çàäà÷ó (1.2) äëÿ W = Bh∞(G)

M = {L : Lu = u(x), x ∈ [a, b] }, [a, b] ⊂ G,

U = { I : Iu = (u(x1), . . . , u(xn)), xj ∈ R ∩G }.
Ñîîòâåòñòâóþùóþ âåëè÷èíó R(M,U) îáîçíà÷èì â ýòîì ñëó÷àå ÷å-
ðåç Rn(G, [a, b]). Òåì ñàìûì

(2.12) Rn(G, [a, b]) = inf
xj∈R∩G

sup
x∈[a,b]

E(L, I).

Òî÷êè, íà êîòîðûõ äîñòèãàåòñÿ íèæíÿÿ ãðàíü â ðàâåíñòâå (2.12),
áóäåì íàçûâàòü îïòèìàëüíûìè óçëàìè.

Ñëåäñòâèå 2.3. Ïðè âñåõ k ∈ (0, 1) èìåþò ìåñòî ðàâåíñòâà

(2.13) Rn(D, [−
√
k,
√
k]) =

4

π
arctg

√
λ =

4

π
hn/4 +O(h3n/4),

ãäå

(2.14)
√
λ = kn/2

[n/2]∏
j=1

sn2

(
2j − 1

n
K, k

)

= 2hn/4

∞∑
m=0

hnm(m+1)

1 + 2
∞∑
m=1

hnm
2

, h = e−πK
′/K .

Òî÷êè

(2.15) x0
j =
√
k sn

[(
2j − 1

n
− 1

)
K, k

]
, j = 1, . . . , n,

ÿâëÿþòñÿ îïòèìàëüíûìè óçëàìè. Çäåñü è äàëåå ÷åðåç K, L è Λ
îáîçíà÷àþòñÿ ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû ïåðâîãî ðîäà äëÿ

ìîäóëåé k, l è λ, à ÷åðåç K ′, L′ è Λ′ � äëÿ äîïîëíèòåëüíûõ ìîäó-

ëåé.



10 ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÍÀ ÊËÀÑÑÀÕ ÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Äîêàçàòåëüñòâî. Èç òåîðåìû 2.1 äëÿ

Z1 =

(
x1, . . . , xn
1, . . . , 1

)
èìååì

E∞(x, 1, Z1) =
4

π
arctg

∣∣∣∣ n∏
j=1

x− xj
1− xjx

∣∣∣∣.
Îòñþäà â ñèëó ìîíîòîííîãî âîçðàñòàíèÿ àðêòàíãåíñà

Rn(D, [−
√
k,
√
k]) =

4

π
arctg

[
inf

xj∈(−1,1)

sup
x∈[−

√
k,
√
k]

∣∣∣∣ n∏
j=1

x− xj
1− xjx

∣∣∣∣].
Òåïåðü ðàâåíñòâà (2.13) è îïòèìàëüíîñòü óçëîâ (2.15) ñëåäóþò èç
ðàáîòû [8]. Ñëåäñòâèå äîêàçàíî. �

Çàäà÷à (2.12) ÿâëÿåòñÿ êîíôîðìíî èíâàðèàíòíîé. Èíûìè ñëîâà-
ìè, åñëè ϕ(z) � êîíôîðìíîå îòîáðàæåíèå îáëàñòè G íà åäèíè÷íûé
êðóã, ïåðåâîäÿùåå òî÷êè âåùåñòâåííîé îñè â òî÷êè âåùåñòâåííîé
îñè, à îòðåçîê [a, b] � â îòðåçîê [−

√
k,
√
k], òî

Rn(G, [a, b]) = Rn(D, [−
√
k,
√
k]),

ïðè÷åì îïòèìàëüíûìè óçëàìè áóäóò òî÷êè zj = ϕ−1(x0
j), ãäå x

0
j

îïðåäåëåíû ðàâåíñòâàìè (2.15).
Îáîçíà÷èì ÷åðåç Ýc âíóòðåííîñòü ýëëèïñà ñ ôîêóñàìè â òî÷êàõ
±1 è ñóììîé ïîëóîñåé c. Ôóíêöèÿ

(2.16) z =
√
k sn

(
2K

π
arcsinw, k

)
,

K ′

π
=

4

π
ln c,

êîíôîðìíî îòîáðàæàåò îáëàñòü Ýc íà åäèíè÷íûé êðóã, ïðè ýòîì
îòðåçîê [−1, 1] ïåðåõîäèò â îòðåçîê [−

√
k,
√
k], à òî÷êè

(2.17) z0
j = cos

2j − 1

2n
π, j = 1, . . . , n,

ïåðåõîäÿò â òî÷êè (2.15). Òàêèì îáðàçîì, ïîëó÷àåì

Ñëåäñòâèå 2.4. Ïðè âñåõ c > 1 èìåþò ìåñòî ðàâåíñòâà

Rn(Ýc, [−1, 1]) =
4

π
arctg

c−n
∞∑
m=0

c−4nm(m+1)

1 + 2
∞∑
m=1

c−4nm2

 =
4

π
c−n +O

(
c−3n

)
.

Òî÷êè (2.17) ÿâëÿþòñÿ îïòèìàëüíûìè óçëàìè.
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Ðàññìîòðèì òåïåðü çàäà÷ó âîññòàíîâëåíèÿ íà êëàññå Bh2. Ïîëî-

æèì ψ1(z) = W−1(z), ψ2(z) = (1− xz)lz−1ψ1(z), α(z) =
k+1−l∑
j=0

αj(z −

x)j, β(z) = α(z−1)zk+1−l, ãäå ïðè x = 0 α0 = 0,

αj = W (0)

[
(k + 1− j)!λk+1−j −

j−1∑
m=1

αm
(j −m)!

ψ
(j−m)
1 (0)

]
,

j = 1, . . . ,min(k, k + 1− l),

αk+1 :=
W (0)

1 +W 2(0)

[
λ0 −

k∑
m=1

αm
(k + 1−m)!

ψ
(k+1−m)
1 (0)

]
, åñëè l = 0,

à ïðè x 6= 0

αj =
xW (x)

(1− x2)l

[
(k − j)!λk−j −

j−1∑
m=0

αm
(j −m)!

ψ
(j−m)
2 (x)

]
,

j = 0, . . . , k − l,

αk+1−l =
(−1)k−l

xk+1−l(1 + x2lW 2(0))

k−l∑
j=0

(−1)jxjaj.

Òåîðåìà 2.2. Ïóñòü Zν � ñèñòåìà (2.2) ïðè 0 ≤ l ≤ k. Ìåòîä

(2.3), â êîòîðîì

(2.18)

cjm(x) = − 1

m!(νj −m− 1)!

× ∂νj−m−1

∂zνj−m−1

[
α(z)(1− xz)l(1− xjz)νj

z(z − x)k+1ωj(z)

]∣∣∣z=xj ,
dm(x) = λm −

1

m!(k −m)!

∂k−m

∂zk−m
[α(z)ψ2(z)]|z=x ,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà Lλx
íà êëàññå Bh2. Ïðè ýòîì ôóíêöèÿ

g0(z) =
2√
ε

Re

[
W (z)β(z)

(z − x)l

(1− xz)k+1

]
,

ãäå

ε =



2

(k − l)!
∂k−l

∂zk−l

[
α(z)β(z)

z(1− xz)k+1−l

]∣∣∣z=x , x 6= 0,

2
k+1−l∑
j=1

α2
j , x = 0, l 6= 0,

2

[ k∑
j=1

α2
j + (1 +W 2(0))α2

k+1

]
, x = l = 0,
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ÿâëÿåòñÿ ýêñòðåìàëüíîé, à

E2(x, λ, Zν) =
√
ε.

Äîêàçàòåëüñòâî. Ïîëîæèì

W0(z) =

(
z − x
1− xz

)l
W (z), f0(z) = W0(z)

β(z)

(1− xz)k+1−l ,

g(z) = 2 Re f0(z), Jf =
1

2πi

∫
|z|=1

g(z)f(z)
dz

z
.

Ïîñêîëüêó ïðè |z| = 1

g(z) = f0(z) + f0(z) = f0(z) +
α(z)

W0(z)(z − x)k+1−l ,

òî, ïðèìåíÿÿ òåîðåìó î âû÷åòàõ, ìîæíî óáåäèòüñÿ, ÷òî

Jf = Lλxf − S0If,

ãäå S0 � ìåòîä (2.3) ñ êîýôôèöèåíòàìè (2.18). Åñëè u ∈ h2, òî
f = u + iv ∈ H2 (v � ñîïðÿæåííàÿ ôóíêöèÿ). Ïîýòîìó ïðè âñåõ
u ∈ h2 èìåþò ìåñòî ðàâåíñòâà

(2.19) Lλxu− S0Iu = Re Jf =
1

2π

∫ 2π

0

g(eiθ)u(eiθ) dθ.

Òàê êàê g ∈ h2 è Ig = 0, òî èç òåîðåìû 1.2 ñëåäóåò, ÷òî ìåòîä
S0 ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ, ôóíêöèÿ g0 =
g/‖g‖2 � ýêñòðåìàëüíàÿ, à E2(x, λ, Zν) = |Lλxg0|. Â ñèëó ðàâåíñòâà
(2.19)

Lλxg = ‖g‖2
2 = 2 Re Jf0

= 2 Re

[
1

2πi

∫
|z|=1

(
f 2

0 (z) +
α(z)β(z)

[(z − x)(1− xz)]k+1−l

)
dz

z

]
= ε.

Òàêèì îáðàçîì,

E2(x, λ, Zν) =
Lλxg

‖g‖2

=
√
ε.

Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 2.5. Ìåòîä

S0Iu =
1

1 +W 2(0)

n∑
j=1

ωj(x)

ωj(xj)

1− x2
j

1− xjx
(1 + xjω

2
j (0)x)u(xj)

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà

L1
xu = u(x) íà êëàññå Bh2 äëÿ ñèñòåìû Z1, ôóíêöèÿ

g0(z) =

√
2

1 +W 2(0)

1− x2

1 + x2W 2(0)
Re

[
W (z)

1 + xW 2(0)z

1− xz

]
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ÿâëÿåòñÿ ýêñòðåìàëüíîé è

E2(x, 1, Z1) =

√
2

1 +W 2(0)

1 + x2W 2(0)

1− x2
|W (x)|.

Îáîçíà÷èì ÷åðåç a2 ïðîñòðàíñòâî ãàðìîíè÷åñêèõ â D ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèþ

‖u‖ =

(
1

π

∫
D

|u(z)|2 dσ
)1/2

<∞

(σ � ïëîñêàÿ ìåðà Ëåáåãà). Ïðè çàìåíå ãàðìîíè÷åñêèõ íà àíàëè-
òè÷åñêèå â D ôóíêöèè ïîëó÷àåì ïðîñòðàíñòâî Áåðãìàíà A2.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

a =
1 + xy2n+1

n((1− y2) + 1− yx
, α(x) =

(x− y)n

(a+ y2n)(1− yx)n+1
,

ψ(z) =
1− yz
1− xz

(a+ xy2nz),

ϕ(z) = (n+ 1)
1− y2

(1− yz)2
ψ(z) +

z − y
1− yz

ψ′(z).

Òåîðåìà 2.3. Ïóñòü x, y � ðàçëè÷íûå òî÷êè èç èíòåðâàëà

(−1, 1), à Iu = (u(y), . . . , u(n−1)(y)). Òîãäà ìåòîä

(2.20) S0Iu =
n−1∑
m=0

cm(x)u(m)(y),

ãäå

cm(x) =
α(x)

m!(n−m− 1)!

∂n−m−1

∂zn−m−1

[
(1− yz)n+1(az + xy2n)

(x− z)z

]∣∣z=y ,
ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì âîññòàíîâëåíèÿ ôóíêöèîíàëà

Lu = u(x) íà êëàññå Ba2, ôóíêöèÿ

(2.21) g0(z) =

√
2

(1− yx)(a+ y2n)ϕ(x)
Re

[(
z − y
1− yz

)n
ϕ(z)

]
ÿâëÿåòñÿ ýêñòðåìàëüíîé, à äëÿ ïîãðåøíîñòè íàèëó÷øåãî âîññòà-

íîâëåíèÿ ñïðàâåäëèâî ðàâåíñòâî

(2.22) E(L, I) =

∣∣∣∣ x− y1− yx

∣∣∣∣n
√

2ϕ(x)

(1− yx)(a+ y2n)
.

Äîêàçàòåëüñòâî. Äëÿ f ∈ H∞ ðàññìîòðèì èíòåãðàë

Jf = α(x)
1

2πi

∫
|z|=1

[
(1− yz)n+1(az + xy2n)

(z − y)n(z − x)z

+
1

z

(
z − y
1− yz

)n
ϕ(z)

]
f(z) dz.
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Ïîëüçóÿñü òåîðåìîé î âû÷åòàõ, ìîæíî ïîêàçàòü, ÷òî

Jf = f(x)− S0If.

Ñ äðóãîé ñòîðîíû, ïî ôîðìóëå Ñòîêñà

Jf = α(x)
1

2πi

∫
|z|=1

[(
z − y
1− yz

)n+1

ψ(z)

+z

(
z − y
1− yz

)n
ϕ(z)

]
f(z) dz

= α(x)
1

π

∫
D

[(
z − y
1− yz

)n
ϕ(z) +

(
z − y
1− yz

)n
ϕ(z)

]
f(z) dσ.

Òåì ñàìûì ïðè âñåõ f ∈ H∞ èìååò ìåñòî ðàâåíñòâî

(2.23) f(x)− S0If = α(x)
1

π

∫
D

g(z)f(z) dσ,

ãäå

g(z) = 2 Re

[(
z − y
1− yz

)n
ϕ(z)

]
.

Â ñèëó òîãî, ÷òî ôóíêöèè èç H∞ ïëîòíû â A2, ðàâåíñòâî (2.23)
ñïðàâåäëèâî äëÿ âñåõ f ∈ A2. Ïîëîæèì u = Re f , èç (2.23) ïîëó-
÷àåì

(2.24) u(x)− S0Iu = α(x)
1

π

∫
D

g(z)u(z) dσ.

Åñëè u ∈ a2, òî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 4 ïðè p = 2 èç
ðàáîòû [7, ñ. 380] äîêàçûâàåòñÿ, ÷òî ñîïðÿæåííàÿ ôóíêöèÿ v ∈ a2.
Òîãäà u+iv ∈ A2 è, ñëåäîâàòåëüíî, ðàâåíñòâî (2.24) èìååò ìåñòî äëÿ
âñåõ u ∈ a2. Ïîñêîëüêó g ∈ a2 è Ig = 0, òî èç òåîðåìû 1.2 ñëåäóåò,
÷òî ìåòîä (2.20) ÿâëÿåòñÿ íàèëó÷øèì, à ôóíêöèÿ g0 = g/‖g‖ �
ýêñòðåìàëüíîé. Èç ðàâåíñòâà (2.24) ïðè u = g ïîëó÷àåì

α(x)‖g‖2 = g(x).

Òàêèì îáðàçîì,

g0 =

√
α(x)

g(x)
g, E(L, I) = |α(x)|‖g‖ =

√
α(x)g(x).

Ïîäñòàâëÿÿ â ýòè ðàâåíñòâà âûðàæåíèÿ äëÿ α(x) è g(x), ïîëó÷èì
ðàâåíñòâà (2.21) è (2.22). Òåîðåìà äîêàçàíà. �

� 3. Íàèëó÷øèå êâàäðàòóðíûå ôîðìóëû

Ðàññìîòðèì çàäà÷ó (1.1) äëÿ W = BH∞(G),

Lu =

∫ b

a

u(x)p(x) dx,(3.1)

Iu =
{
u(x1), . . . , u(ν1−1)(x1), . . . , u(xn), . . . , u(νn−1)(xn)

}
,(3.2)
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ãäå xj � ðàçëè÷íûå âåùåñòâåííûå òî÷êè èç îáëàñòè G, (a, b) ⊂ G,
à p � íåîòðèöàòåëüíàÿ è íåýêâèâàëåíòíàÿ íóëþ âåñîâàÿ ôóíêöèÿ.
Ñîîòâåòñòâóþùóþ ïîãðåøíîñòü íàèëó÷øåãî âîññòàíîâëåíèÿ (èíòå-
ãðèðîâàíèÿ) îáîçíà÷èì ÷åðåç r(G,Zν , p), ãäå

(3.3) Zν =

(
x1, . . . , xn
ν1, . . . , νn

)
.

Â ñëó÷àå, êîãäà ν1 = . . . = νn = q, áóäåì îáîçíà÷àòü ýòó ñèñòåìó
÷åðåç Zq.

Òåîðåìà 3.1. Ïðè ÷åòíûõ νj, j = 1, . . . , n, êâàäðàòóðíàÿ ôîðìóëà

(3.4) S0Iu =
n∑
j=1

νj−1∑
m=0

ajmu
(m)(xj),

ãäå

ajm =

∫ b

a

cjm(x)p(x) dx,

cjm(x) =
W (x)(1− x2)

m!(νj −m− 1)!(1 +W 2(x)

× ∂νj−m−1

∂νj−m−1

[
(1− xjz)νj

ωj(z)(1− xz)(x− z)

]∣∣z=xj ,
ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì èíòåãðèðîâàíèÿ íà êëàññå Bh∞.
Äëÿ åå ïîãðåøíîñòè èìååò ìåñòî ðàâåíñòâî

r(D,Zν , p) =
4

π

∫ b

a

arctgW (x)p(x) dx.

Äîêàçàòåëüñòâî. Èç òåîðåìû 2.1 ñëåäóåò, ÷òî ïðè âñåõ u ∈ Bh∞ è
âñåõ x ∈ (−1, 1) ñïðàâåäëèâî íåðàâåíñòâî∣∣∣∣u(x)−

n∑
j=1

νj−1∑
m=0

cjm(x)u(m)(xj)

∣∣∣∣ ≤ 4

π
arctgW (x).

Îòñþäà

r(D,Zν , p) ≤ sup
u∈Bh∞

∣∣∣∣∫ b

a

u(x)p(x) dx− S0Iu

∣∣∣∣
≤ 4

π

∫ b

a

arctgW (x)p(x) dx.

Ñ äðóãîé ñòîðîíû,
4

π
arctgW (z) ∈ Bh∞ è â ñèëó ðàâåíñòâà (1.9)

r(D,Zν , p) ≥
4

π

∫ b

a

arctgW (x)p(x) dx.

Òåîðåìà äîêàçàíà. �



16 ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÍÀ ÊËÀÑÑÀÕ ÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Îáîçíà÷èì ÷åðåç Z0
ν ñèñòåìó (3.3) äëÿ óçëîâ, îïðåäåëåííûõ ðà-

âåíñòâàìè (2.15).

Òåîðåìà 3.2. Ïóñòü [a, b] = [−
√
k,
√
k], k ∈ (0, 1). Òîãäà ïðè âñåõ

÷åòíûõ q äëÿ ñèñòåìû Z0
q è âåñà

(3.5) s(x) = [(k − x2)(1− kx2]−1/2,

â êâàäðàòóðíîé ôîðìóëå (3.4)

(3.6) aj,q−1 = 0, j = 1, . . . , n.

Ýòà êâàäðàòóðíàÿ ôîðìóëà ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì èíòå-

ãðèðîâàíèÿ äëÿ ñèñòåìû Z0
ν íà êëàññå Bh∞ ïðè âñåõ q−1 ≤ νj ≤ q.

Èìåþò ìåñòî ðàâåíñòâà

(3.7) r(D,Z0
ν , s) =

8K

πΛ
Jq(λ) =

8K

π

2q/2(q − 1)!!

(q/2)!
hqn/4 +O

(
hqn/4+n

)
,

ãäå λ îïðåäåëåíî ðàâåíñòâàìè (2.14), à

Iq(λ) =

∫ 1

0

arctan(λq/2xq)√
(1− x2)(1− λ2x2)

dx.

Äîêàçàòåëüñòâî. Èç òåîðåìû 3.1 èìååì

aj,q−1 =
[1− (x0

j)
2]q

(q − 1)!ωj(x0
j)
Aj,

ãäå

Aj =

∫ √k
−
√
k

W (x)

1 +W 2(x)

1− x2

(1− x0
jx)(x− x0

j)
s(x) dx.

Ñäåëàåì çàìåíû

(3.8) t =
x+
√
k

1 +
√
kx
, tj =

x0
j +
√
k

1 +
√
kx0

j

.

Ïîëó÷àåì

(3.9) Aj =
(1−

√
ktj)

2

1− k2

∫ l

0

Φq(t)

1 + Φ2q(t)

1− t2

(1− tjt)(t− tj)
s1(t) dt,

ãäå

Φ(t) =
n∏
j=1

t− tj
1− tjt

, s1(t) = [t(l − t)(1− lt)]−1/2, l =
2
√
k

1 + k
.

Ïîëüçóÿñü ïðåîáðàçîâàíèåì Ãàóññà ýëëèïòè÷åñêèõ ôóíêöèé è ïåð-
âûì ãëàâíûì ïðåîáðàçîâàíèåì 2n-é ñòåïåíè [9, ññ. 134, 136], ìîæíî
óáåäèòüñÿ, ÷òî

(3.10)

tj = l sn2 2j − 1

2n
L, j = 1, . . . , n,

Φ(l sn2 y) =
√
λ sn

[(
2ny

L
+ 1

)
Λ, λ

]
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(çäåñü è äàëåå çàâèñèìîñòü ýëëèïòè÷åñêèõ ôóíêöèé îò ìîäóëÿ íå
îòìå÷àåòñÿ, åñëè îí ðàâåí l). Ñäåëàåì â èíòåãðàëå (3.9) çàìåíó

t = l sn2 y. Òîãäà, ïîëîæèâ f(x) = λq/2xq(1 +λqx2q)−1, yj =
2j − 1

2n
L,

áóäåì èìåòü

Aj =
(1−

√
ktj)

2

(1− k)
√
k

∫ L

0

f

(
sn

[(
2ny

L
+ 1

)
Λ, λ

])
× 1− l2 sn4 y

(1− l2 sn2 yj sn2 y)(sn2 y − sn2 yj)
dy.

Èç ëåììû 2.2 ðàáîòû [10] ñëåäóåò òåïåðü, ÷òî Aj = 0.
Ðàññìîòðèì ñèñòåìó Z0

ν ïðè q − 1 ≤ νj ≤ q. Èìååì

r(D,Z0
ν , s) ≤ sup

u∈Bh∞

∣∣∣∣∫
√
k

−
√
k

u(x)s(x) dx−
n∑
j=1

q−2∑
m=0

ajmu
(m)(x0

j)

∣∣∣∣
= r(D,Z0

q , s) ≤ r(D,Z0
ν , s).

Òåì ñàìûì

r(D,Z0
ν , s) = r(D,Z0

q , s) =
4

π

∫ √k
−
√
k

arctgW (x)s(x) dx.

Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî èíòåãðàëà âîñïîëüçóåìñÿ òåìè æå çà-
ìåíàìè ïåðåìåííûõ, ÷òî è ïðè âû÷èñëåíèè Aj. Òîãäà

r(D,Z0
ν , s) =

8L

π(1 + k)

∫ L

0

arctg

{
λ
q
2 snq

[(
2ny

L
+ 1

)
Λ, λ

]}
dy

=
8K

π

∫ 1

0

arctg
[
λ
q
2 snq(tΛ, λ)

]
dt =

8K

πΛ
Jq(λ).

Â ñèëó ðàâåíñòâ

Jq(λ) = λ
q
2

∫ 1

0

xq√
1− x2

dx+O
(
λ
q
2

+2
)
, Λ =

π

2
+O

(
λ2
)
,

èìååì

r(D,Z0
ν , s) =

8K

π

(
λ

2

) q
2 (q − 1)!!(q

2

)
!

+O
(
λ
q
2

+2
)
.

Èç ðàâåíñòâ (2.14) ñëåäóåò, ÷òî

(3.11) λ = 4h
n
2 +O

(
h

3n
2

)
.

Îòñþäà âûòåêàþò ðàâåíñòâà (3.7). Òåîðåìà äîêàçàíà. �

Îáîçíà÷èì ÷åðåç Tν ñèñòåìó (3.3) äëÿ óçëîâ (2.17).
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Òåîðåìà 3.3. Ïóñòü [a, b] = [−1, 1], q � ÷åòíîå ÷èñëî è

(3.12) p0(t) = (1− t2)−1/2.

Òîãäà ïðè âñåõ q − 1 ≤ νj ≤ q è c > 1 èìåþò ìåñòî ðàâåíñòâà

(3.13) r(Ýc, Tν , p0) =
4

Λ
Jq(λ) = 2

q
2

+2 (q − 1)!!(q
2

)
!
c−qn +O

(
c−(q+4)n

)
,

ãäå λ îïðåäåëÿåòñÿ èç ðàâåíñòâà

Λ′

Λ
=

4n

π
ln c.

Äëÿ âñåõ νj ≤ 2 è c > 1 êâàäðàòóðíàÿ ôîðìóëà

(3.14)

∫ 1

−1

u(t)
dt√

1− t2
≈ π

1− dn(c)

n

n∑
j=1

u

(
cos

2j − 1

2n
π

)
,

ãäå

(3.15)

dn(c) =
2λ2

Λ

∫ 1

0

x4 dx

(1 + λ2x4)
√

(1− x2)(1− λ2x2)
= 12c−4n +O

(
c−8n

)
,

ÿâëÿåòñÿ íàèëó÷øèì ìåòîäîì èíòåãðèðîâàíèÿ íà êëàññå

Bh∞(Ýc).

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ êîíôîðìíîãî îòîáðàæåíèÿ (2.16),
ïåðåâîäÿùåãî âíóòðåííîñòü ýëëèïñà Ýc íà åäèíè÷íûé êðóã, à îò-
ðåçîê [−1, 1] â îòðåçîê [−

√
k,
√
k], çàäà÷à ïîñòðîåíèÿ íàèëó÷øåãî

ìåòîäà èíòåãðèðîâàíèÿ íà êëàññå Bh∞(Ýc) äëÿ ñèñòåìû Tν è âåñà
p0 ñâîäèòñÿ ê ñîîòâåòñòâóþùåé çàäà÷å íà êëàññå Bh∞ äëÿ ñèñòåìû

Z0
ν è âåñà

π

2K
s. Òåì ñàìûì

(3.16) r(Ýc, Tν , p0) =
π

2K
r(D,Z0

ν , s).

Èç ðàâåíñòâ (2.14) ñëåäóåò, ÷òî
Λ′

Λ
= n

K ′

K
(ñì. [9, ñ. 284]). Ñëåäî-

âàòåëüíî, h = c−4. Ðàâåíñòâà (3.13) âûòåêàþò òåïåðü èç (3.16) è
(3.7).
Çàìåòèì, ÷òî êîýôôèöèåíòû cjm(x) èç òåîðåìû 3.1 ëèøü ìíî-

æèòåëåì [1 +W 2(x)]
−1

îòëè÷àþòñÿ îò êîýôôèöèåíòîâ Djm(x), ïî-
ÿâëÿþùèõñÿ â àíàëîãè÷íîé çàäà÷å äëÿ êëàññà BH∞ â ðàáîòå [10].
Ïîýòîìó, ïðèíèìàÿ âî âíèìàíèå (3.6), èç ëåììû 2.1 ðàáîòû [10] äëÿ
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ñèñòåìû Z0
2 ïîëó÷àåì ðàâåíñòâà

n∑
j=1

aj0 =
π

2K

∫ √k
−
√
k

1−W 2(x)

1 +W 2(x)
s(x) dx,

aj0 =
π

2K

∫ √k
−
√
k

gj(x)
1 +W (x)

1 +W 2(x)
s(x) dx,

ãäå

gj(x) =
ϕj(x)

ϕj(x0
j)

(1− x2)[1− (x0
j)

2]

(1− x0
jx)2

, ϕj(x) =
n∏

m=1
m 6=j

x− x0
m

1− x0
mx

.

Ñäåëàâ çàìåíû (3.8), áóäåì èìåòü

aj0 =
π

2K(1 + k)

∫ l

0

ψj(t)

ψj(tj)

(1− t2)(1− t2j)
(1− tjt)2

1 + Φ2(t)

1 + Φ4(t)
s1(t) dt,

ψj(t) =
n∏

m=1
m 6=j

t− tm
1− tmt

.

Â ñèëó ðàâåíñòâ (3.10)

ψj(tj) = Φ′(tj)(1− t2j) = (−1)j
√
λ
nΛ

lL

1− t2j
sn yj cn yj dn yj

.

Îòñþäà, ïðîèçâåäÿ çàìåíó t = l sn2 y è îáîçíà÷èâ ÷åðåç f1(x) =
x(1 + λx2)(1 + λ2x4)−1, ïîëó÷èì

aj0 = (−1)j+1 π

nΛ

∫ L

0

f1

(
sn

[(
2ny

L
+ 1

)
Λ, λ

])
× sn yj cn yj dn yj(1− l2 sn4 y)

sn2 yj − sn2 y)(1− l2 sn2 yj sn2 y)
dy.

Èç ëåììû 2.2 ðàáîòû [10] ñëåäóåò, ÷òî a10 = . . . = an0. Òàêèì
îáðàçîì,

aj0 =
1

n

π

2K

∫ √k
−
√
k

1−W 2(x)

1 +W 2(x)
s(x) dx.

Ïðîâåäÿ ñåðèþ çàìåí, èñïîëüçóåìûõ â òåîðåìå 3.2 äëÿ âû÷èñëåíèÿ
âåëè÷èíû r(D,Z0

ν , s), íàõîäèì

aj0 =
π

nΛ

∫ Λ

0

1− λ2 sn4(t, λ)

1 + λ2 sn4(t, λ)
dt =

π

n
[1− dn(c)].

Ðàâåíñòâî (3.15) ïîëó÷àåòñÿ èç ðàçëîæåíèÿ dn(c) ïî ñòåïåíÿì λ è
òîãî, ÷òî âñëåäñòâèå ðàâåíñòâà (3.11) λ = 4c−2n +O(c−6n). Òåîðåìà
äîêàçàíà. �
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� 4. Îïòèìàëüíûå êâàäðàòóðíûå ôîðìóëû

Ðàññìîòðèì çàäà÷ó (1.2) äëÿ ñëó÷àÿ, êîãäà W = Bh∞(G), M ñî-
ñòîèò èç îäíîãî ôóíêöèîíàëà (3.1), a U ñîñòîèò èç îïåðàòîðîâ âèäà
(3.2) äëÿ ôèêñèðîâàííûõ êðàòíîñòåé ν = (ν1, . . . , νn) è ðàçëè÷íûõ
âåùåñòâåííûõ òî÷åê x1 < . . . < xn èç îáëàñòè G. Ñîîòâåòñòâóþùóþ
âåëè÷èíó R(M,U) îáîçíà÷èì â ýòîì ñëó÷àå ÷åðåç R(G, ν, p), ò. å.

(4.1) R(G, ν, p) = inf
α<x1<...<xn<β

r(G,Zν , p),

ãäå (α, β) = G ∩ R. Òî÷êè x1 < . . . < xn, íà êîòîðûõ äîñòèãàåòñÿ
íèæíÿÿ ãðàíü â (4.1), íàçîâåì îïòèìàëüíûìè óçëàìè.
Ïðåæäå âñåãî äîêàæåì ñóùåñòâîâàíèå îïòèìàëüíûõ óçëîâ. Íå

îãðàíè÷èâàÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî G = D.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

W (x, y) =
n∏
j=1

(
x− yj
1− yjx

)νj
, Φ(x, y) = W (x, y)w(x),

ϕ(y) =
4

π

∫ b

a

arctg Φ(x, y)p(x) dx, ϕj(y) =
∂ϕ(y)

∂yj
;

çäåñü w(x) � íåïðåðûâíàÿ, íåîòðèöàòåëüíàÿ è íå ðàâíàÿ òîæäå-
ñòâåííî íóëþ íà [a, b] ôóíêöèÿ.

Ëåììà 4.1. Ïóñòü −1 ≤ a < b ≤ 1 è ν1, . . . , νn � ÷åòíûå íàòó-

ðàëüíûå ÷èñëà. Òîãäà ñóùåñòâóåò ñèñòåìà òî÷åê x = (x1, . . . , xn),
ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è

(4.2) ϕ(y)→ inf, −1 ≤ y1 ≤ . . . ≤ yn ≤ 1.

Ïðè÷åì âñÿêàÿ òàêàÿ ñèñòåìà óäîâëåòâîðÿåò íåðàâåíñòâàì

(4.3) a < x1 < . . . < xn < b.

Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (4.2) î÷åâèäíûì
îáðàçîì âûòåêàåò èç íåïðåðûâíîñòè ôóíêöèè ϕ(y). Îñòàåòñÿ äîêà-
çàòü, ÷òî äëÿ ëþáîé òî÷êè ìèíèìóìà x = (x1, . . . , xn) âûïîëíåíû
íåðàâåíñòâà (4.3). Äîêàæåì, ÷òî x1 > a. Åñëè a = −1, òî ýòî
ñëåäóåò èç ñîîòíîøåíèé

1 =

∣∣∣∣ x− a1− ax

∣∣∣∣ > ∣∣∣∣ x− y1− yx

∣∣∣∣ ,
ñïðàâåäëèâûõ ïðè âñåõ x, y ∈ (−1, 1). Ïóñòü −1 < x1 = . . . =
xm ≤ a è xm < xm+1, åñëè m < n. Ðàññìîòðèì ñèñòåìó xξ :=
(ξ, . . . , ξ, xm+1, . . . , xn) è ôóíêöèþ α(ξ) = ϕ(xξ). Ïîñêîëüêó

α′(xm) = −4(ν1 + . . .+ νm)

π

∫ b

a

Φ(x, x)

1 + Φ2(x, x)

× 1− x2

(1− xmx)(x− xm)
p(x) dx < 0,
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òî ñóùåñòâóåò ξ ∈ (xm, xm+1) òàêîå, ÷òî ϕ(xξ) = α(ξ) < α(xm) =
ϕ(x), à ýòî ïðîòèâîðå÷èò ýêñòðåìàëüíîñòè x. Àíàëîãè÷íî äîêàçû-
âàåòñÿ, ÷òî xn < b.
Ïóñòü òåïåðü xj = xj+1 = . . . = xm = c è xj−1 < xj, åñëè j > 1,

à xm < xm+1, åñëè m < n. Ðàññìîòðèì äëÿ äîñòàòî÷íî ìàëûõ
ε > 0 ñèñòåìó xε = (x1, . . . , xj−1, c1, c, . . . , c, c2, xm+1, . . . , xn), ãäå c1 =
c− νmε, c2 = c+ νjε. Ïîëîæèì β(ε) = ϕ(xε). Èìååì

β′(ε) = −ε4νjνm(νj + νm)

π

∫ b

a

Φ(x, xε)

1 + Φ2(x, xε)

× 1− [2c+ (νj − νm)ε]x+ x2

(1− c1x)(x− c1)(1− c2x)(x− c2)
(1− x2)p(x) dx.

Îòñþäà

β′′(0) = −4νjνm(νj + νm)

π

∫ b

a

Φ(x, xε)

1 + Φ2(x, xε)

× 1− 2cx+ x2

(1− cx)2(x− c)2
(1− x2)p(x) dx < 0.

Òàêèì îáðàçîì, ïðè äîñòàòî÷íî ìàëûõ ε > 0 ϕ(xε) = β(ε) < β(0) =
ϕ(x), ÷òî ïðîòèâîðå÷èò ýêñòðåìàëüíîñòè x. Ëåììà äîêàçàíà. �

Òåîðåìà 4.1. Ïóñòü −1 ≤ a < b ≤ 1. Äëÿ ëþáûõ êðàòíîñòåé

µ = (µ1, . . . , µn) îïòèìàëüíûå óçëû ñóùåñòâóþò è óäîâëåòâîðÿ-

þò óñëîâèÿì (4.3). Åñëè ν1, . . . , νn � ÷åòíûå íàòóðàëüíûå ÷èñëà,

òî ïðè âñåõ νj−1 ≤ µj ≤ νj îïòèìàëüíûå óçëû x = (x1, . . . , xn) ñîâ-
ïàäàþò ñ ðåøåíèåì ýêñòðåìàëüíîé çàäà÷è (4.2) äëÿ w(x) ≡ 1; ïðè
ýòîì êâàäðàòóðíàÿ ôîðìóëà (3.4) ÿâëÿåòñÿ îïòèìàëüíûì ìåòî-

äîì èíòåãðèðîâàíèÿ íà êëàññå Bh∞ äëÿ âñåõ νj − 1 ≤ µj ≤ νj,
à

R(D,µ, p) =
4

π

∫ b

a

arctgW (x, x)p(x) dx.

Äîêàçàòåëüñòâî. Èç ëåììû 4.1 ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (4.2)
ñóùåñòâóåò è âñÿêîå ðåøåíèå óäîâëåòâîðÿåò óñëîâèþ (4.3). Ïóñòü
x = (x1, . . . , xn) � êàêîå-ëèáî èç ýòèõ ðåøåíèé äëÿ w(x) ≡ 1. Ðàñ-
ñìîòðèì êâàäðàòóðíóþ ôîðìóëó (3.4) äëÿ ñèñòåìû (3.3). Èç òåî-
ðåìû 3.1 èìååì

(4.4) aj,νj−1 = −
π(1− x2

j)
νj

4νj!ωj(xj)
ϕj(x).

Ñ äðóãîé ñòîðîíû, â ñèëó íåîáõîäèìîãî óñëîâèÿ ýêñòðåìóìà

(4.5) ϕj(x) = 0
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è, ñëåäîâàòåëüíî, aj,νj−1 = 0. Òàêèì îáðàçîì, ïðè âñåõ νj − 1 ≤
µj ≤ νj ñïðàâåäëèâû ñîîòíîøåíèÿ

r(D,Zν , p) = sup
u∈Bh∞

∣∣∣∣∫ b

a

u(x)p(x) dx−
n∑
j=1

νj−1∑
m=0

ajm(x)u(m)(xj)

∣∣∣∣
≥ r(D,Zµ, p) ≥ R(D,µ, p) ≥ R(D, ν, p) = r(D,Zν , p).

Îòñþäà

R(D,µ, p) = r(D,Zµ, p) =
4

π

∫ b

a

arctgW (x, x)p(x) dx.

Ïóñòü òåïåðü x � ñèñòåìà îïòèìàëüíûõ óçëîâ äëÿ êðàòíîñòåé µ.
Òîãäà

inf
−1≤y1≤...≤yn≤1

ϕ(y) = R(D,µ, p) = r(D,Zµ, p) ≥ r(D,Zν , p) = ϕ(x).

Òåì ñàìûì x ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4.2). Òåîðåìà äîêàçàíà.
�

Îêàçûâàåòñÿ, ÷òî â îáùåì ñëó÷àå îïòèìàëüíûå óçëû ìîãóò áûòü
íååäèíñòâåííûìè. Ðàññìîòðèì â êà÷åñòâå ïðèìåðà ñëó÷àé, êîãäà
n = 1, ν1 ≤ 2 è [a, b] = [−

√
k,
√
k]. Èç òåîðåìû 4.1 ñëåäóåò, ÷òî

îïòèìàëüíûå óçëû ñîâïàäàþò â ýòîì ñëó÷àå ñ òî÷êàìè, ìèíèìèçè-
ðóþùèìè ôóíêöèþ

ϕ(y) =
4

π

∫ √k
−
√
k

arctg

(
x− y
1− yx

)2

p(x) dx.

Ïîêàæåì, ÷òî ïðè âñåõ k ∈ (2−
√

3, 1] ñóùåñòâóåò âåñîâàÿ ôóíêöèÿ,
äëÿ êîòîðîé ϕ èìååò áîëåå îäíîãî ìèíèìóìà.
Ïîëîæèì p(x) = |x|α(1 + x4)2, α > 0. Ôóíêöèÿ ϕ ÿâëÿåòñÿ â

äàííîì ñëó÷àå ÷åòíîé, ïîýòîìó, åñëè y = 0 íå ÿâëÿåòñÿ ìèíèìóìîì,
òî ìèíèìóìîâ áîëåå îäíîãî. Èìååì

ϕ′′(0) =
8

π

∫ √k
−
√
k

(1− x4)(x4 − 4x2 + 1)|x|α dx

=
16k

α+1
2

π(α + 1)(α + 3)(α + 7)(α + 9)
[(1− k2)(1− 4k + k2)α3

+ (19− 68k + 52k3 − 11k4)α2 + a1(k)α + a2(k)].

Îòñþäà âèäíî, ÷òî ïðè k ∈ (2 −
√

3, 1] äëÿ äîñòàòî÷íî áîëüøèõ α
ϕ′′(0) < 0 è, ñëåäîâàòåëüíî, y = 0 íå ÿâëÿåòñÿ ìèíèìóìîì.
Òåì íå ìåíåå ìû äîêàæåì, ÷òî ïðè íåêîòîðûõ óñëîâèÿõ, êîòîðûå

ôàêòè÷åñêè îçíà÷àþò äîñòàòî÷íóþ ìàëîñòü îòðåçêà [a, b] (ëèáî äî-
ñòàòî÷íî áîëüøóþ îáëàñòü ãàðìîíè÷íîñòè ïðè ôèêñèðîâàííîì îò-
ðåçêå èíòåãðèðîâàíèÿ), åäèíñòâåííîñòü åñòü.
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Áóäåì ñ÷èòàòü â äàëüíåéøåì, ÷òî [a, b] = [−
√
k,
√
k], k ∈ (0, 1).

Ïîëîæèì

J(y1, . . . , yn, w, p, k) =
D(ϕ1, . . . , ϕn)

D(y1, . . . , yn)
,

γm(p, k) = inf
tj

∫ 1

−1

m∏
j=1

(t− tj)2p∗(
√
kt) dt,

ãäå

p∗(
√
kt) = p(

√
kt)

[ ∫ 1

−1

p(
√
kt) dt

]−1

.

Ëåììà 4.2. Ïóñòü ν1, . . . , νn � ÷åòíûå íàòóðàëüíûå ÷èñëà, N =
n∑
j=1

νj, ν = min
1≤j≤n

νj è 0 ≤ w(x) ≤ 1, x ∈ [−
√
k,
√
k]. Òîãäà åñëè

âûïîëíåíî íåðàâåíñòâî

(4.6) N2N−1γ−1
N
2
−1

(wp, k)k(1− k2) ≤ ν − 1− (9ν − 7)k,

òî äëÿ âñåõ òî÷åê −
√
k < x1 < . . . < xn <

√
k, óäîâëåòâîðÿþùèõ

ðàâåíñòâàì (4.5), J(x1, . . . , xn, w, p, k) > 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ýëåìåíòû ÿêîáèàíà J(x1, . . . , xn, w, p,
k) ÷åðåç ajm. Òîãäà

ajj =
4νj
π

∫ √k
−
√
k

Φ(x, x)(1− x2)

[1 + Φ2(x, x)](1− xjx)2(x− xj)2

×
[
νj

1− Φ2(x, x)

1 + Φ2(x, x)
(1− x2)− 1 + 2xjx− x2

]
p(x) dx.

Â ñèëó ðàâåíñòâ (4.5)

ajj = ajj+
2xj

1 + x2
j

ϕj(x) =
4νj
π

∫ √k
−
√
k

Φ(x, x)(1− x2)

[1 + Φ2(x, x)](1− xjx)2(x− xj)2

×
[
νj

1− Φ2(x, x)

1 + Φ2(x, x)
(1− x2)−

1− x2
j

1 + x2
j

(1 + x2)

]
p(x) dx.

Ïîëîæèì λ = [2
√
k/(1 + k)]N . Èç íåðàâåíñòâ (4.6) ñëåäóåò, ÷òî

k ≤ (ν − 1)(9ν − 7) < 1/9. Ñëåäîâàòåëüíî, λ < (0, 6)2. Ïîëüçóÿñü

ýòèìè íåðàâåíñòâàìè è òåì, ÷òî Φ(x, x) ≤ λ ïðè x ∈ [−
√
k,
√
k],

ïîëó÷àåì

νj
1− Φ2(x, x)

1 + Φ2(x, x)
(1− x2)−

1− x2
j

1 + x2
j

(1 + x2)

≥ ν
1− λ2

1 + λ2
(1− k)− 1− k > ν

16

27
− 10

9
> 0.
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Îòñþäà ñëåäóåò óòâåðæäåíèå ëåììû ïðè n = 1. Ïóñòü òåïåðü n >
1. Èìååì

ajj >
4νj
π

[
ν

1− λ2

1 + λ2
(1− k)− 1− k

]
1− k

(1 + k)N+2(1 + λ2)

×
∫ √k
−
√
k

(x− xj)νj−2

n∏
m=1
m 6=j

(x− xm)νmw(x)p(x) dx.

Ñäåëàâ çàìåíó x =
√
kt, áóäåì èìåòü

(4.7) ajj >
4νj
π

[
ν

1− λ2

1 + λ2
(1− k)− 1− k

]
k
N−1

2 (1− k)

(1 + k)N+2(1 + λ2)

× γN
2
−1(wp, k)

∫ 1

−1

w(
√
kt)p(

√
kt) dt.

Ïðè m 6= j

ajm =
4νjνm
π

∫ √k
−
√
k

1− Φ2(x, x)

[1 + Φ2(x, x)]2

× Φ(x, x)(1− x2)2

(1− xjx)(x− xj)(1− xmx)(x− xm)
p(x) dx.

Îòñþäà

ajm = ajm +
νm(1 + x2

j)ϕj(x)− νj(1 + x2
m)ϕm(x)

(xj − xm)(1− xmxj)
= −8νjνm

π

×
∫ √k
−
√
k

Φ(x, x)(1− x2)[x2 + Φ2(x, x)]

[1 + Φ2(x, x)]2(1− xjx)(x− xj)(1− xmx)(x− xm)
p(x) dx.

Èç íåðàâåíñòâ

1

1− yx
≤ 1

1− k
,

1− x2

(1− yx)2
≤ 1

1− k
,

x2 + Φ2(x, x)

[1 + Φ2(x, x)]2
≤ k + λ2

(1 + λ2)2
,

ñïðàâåäëèâûõ ïðè âñåõ x, y ∈ [−
√
k,
√
k], ñëåäóåò, ÷òî

|ajm| ≤
8νjνm
π

(
2
√
k

1 + k

)N−2
k + λ2

(1 + λ2)2(1− k)2

∫ √k
−
√
k

w(x)p(x) dx.

Òåì ñàìûì

(4.8)
n∑

m=1
m 6=j

|ajm| <
4νj
π
N2N−1 k

N−1
2 (k + λ2)

(1 + k)N−2(1 + λ2)2(1− k)2

×
∫ 1

−1

w(
√
kt)p(

√
kt) dt.



ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÍÀ ÊËÀÑÑÀÕ ÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ 25

Äëÿ ïîëîæèòåëüíîñòè ÿêîáèàíà J(x1, . . . , xn, w, p, k) äîñòàòî÷íî ïî-
òðåáîâàòü âûïîëíåíèÿ íåðàâåíñòâ

ajj >

n∑
m=1
m6=j

|ajm|, j = 1, . . . , n

(ñì., íàïðèìåð, [11, ñ. 415]), êîòîðûå â ñèëó (4.7) è (4.8) áóäóò âû-
ïîëíåíû, åñëè

(4.9) α
k + λ2

1 + λ2
≤
[
ν

1− λ2

1 + λ2
(1− k)− 1− k

](
1− k
1 + k

)4

,

ãäå α = N2N−1γ−1
N
2
−1
. Íåðàâåíñòâî (4.9) ýêâèâàëåíòíî íåðàâåíñòâó

(4.10)

αk +
λ2(1− k)

1 + λ2

[
2ν

(
1− k
1 + k

)4

+ α

]
≤ [ν − 1− k(ν + 1)]

(
1− k
1 + k

)4

.

Ìîæíî ïîêàçàòü, ÷òî äëÿ k ∈ [0, 1)
(4.11)

[ν − 1− k(ν + 1)]

(
1− k
1 + k

)4

≥ ν − 1− (9ν − 7)k

1− k2
+

39(ν − 1)k2

(1− k)(1 + k)4
.

Èç óñëîâèÿ (4.6) è òîãî, ÷òî ïðè n > 1 N ≥ 2ν ≥ 4, èìååì

k ≤ ν − 1

9ν − 7 + α(1− k2)
, λ2 ≤

(
2
√
k

1 + k

)8

≤ 28k4

(1 + k)4
.

Ïîëüçóÿñü ýòèìè íåðàâåíñòâàìè, ïîëó÷àåì

(4.12)
λ2(1− k)

1 + λ2

[
2ν

(
1− k
1 + k

)4

+ α

]
≤ λ2(2ν + α)

≤ 28k2

(1 + k)4

(ν − 1)2(2ν + α)

[9ν − 7 + α(1− k2)]2

≤ 28k2(ν − 1)2

(1− k2)(1 + k)4[9ν − 7 + α(1− k2)]
≤ 39(ν − 1)k2

(1− k)(1 + k)4
.

Ñïðàâåäëèâîñòü íåðàâåíñòâà (4.10) âûòåêàåò òåïåðü èç (4.11), (4.12)
è (4.6). Ëåììà äîêàçàíà. �

Òåîðåìà 4.2. Ïóñòü µ1, . . . , µn � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñ-

ëà, νj = 2

[
µj + 1

2

]
, N =

n∑
j=1

νj, ν = min
1≤j≤n

νj. Òîãäà ïðè âûïîëíåíèè

óñëîâèÿ (4.6) äëÿ w(x) ≡ 1 îïòèìàëüíûå óçëû ñ êðàòíîñòÿìè

µ1, . . . , µn åäèíñòâåííû, à íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì

îïòèìàëüíîñòè óçëîâ x1 < . . . < xn ÿâëÿåòñÿ âûïîëíåíèå äëÿ íèõ
ðàâåíñòâ (4.5).
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Äîêàçàòåëüñòâî. Èç òåîðåìû 4.1 ñëåäóåò, ÷òî äîñòàòî÷íî äîêà-
çàòü åäèíñòâåííîñòü òî÷åê x1 < . . . < xn, óäîâëåòâîðÿþùèõ ðà-
âåíñòâàì (4.5). Äîêàæåì, ÷òî äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè
0 ≤ w(x) ≤ 1, íå ðàâíîé òîæäåñòâåííî íóëþ, ðåøåíèå ñèñòåìû
(4.5) ïðè âûïîëíåíèè óñëîâèÿ (4.6) åäèíñòâåííî. Äëÿ n = 1 ýòî
óòâåðæäåíèå ñëåäóåò èç òîãî, ÷òî ïî ëåììå 4.2 âî âñåõ òî÷êàõ, â
êîòîðûõ ϕ1(x1) = 0, ϕ′1(x1) > 0. Ïðåäïîëîæèì, ÷òî åäèíñòâåííîñòü
äîêàçàíà äëÿ n− 1. Ïîëîæèì

wξ(x) =

(
x− ξ
1− ξx

)νn
w(x).

Ïðè ëþáîì ξ ∈ [−
√
k,
√
k] ñïðàâåäëèâû íåðàâåíñòâà∫ 1

−1

wξ(
√
kt)p(

√
kt) dt ≤

(
2
√
k

1 + k

)νn ∫ 1

−1

w(
√
kt)p(

√
kt) dt,

inf
tj

∫ 1

−1

m∏
j=1

(t− tj)2wξ(
√
kt)p(

√
kt) dt

≥

( √
k

1 + k

)νn

inf
tj

∫ 1

−1

m+
νn
2∏

j=1

(t− tj)2w(
√
kt)p(

√
kt) dt.

Òåì ñàìûì

(4.13) γm(wξp, k) ≥ 2−νnγ
m+

νn
2

(wp, k).

Ïóñòü ν ′ = min
1≤j≤n−1

νj. Òîãäà èç íåðàâåíñòâà (4.13) è òîãî, ÷òî ν
′ ≥ ν,

à k < 1/9, èìååì

(N − νn)2N−νn−1γ−1
N−νn

2
−1

(wξp, k)k(1− k2)

≤ N2N−1γ−1
N
2
−1

(wp, k)k(1−k2) ≤ ν−1−(9ν−7)k ≤ ν ′−1−(9ν ′−7)k.

Îòñþäà â ñèëó ïðåäïîëîæåíèÿ èíäóêöèè âûòåêàåò, ÷òî â çàäà÷å ñ
êðàòíîñòÿìè ν1, . . . , νn−1 è ôóíêöèåé wξ(x) ïðè âñåõ ξ ∈ [−

√
k,
√
k]

ñóùåñòâóåò åäèíñòâåííàÿ ñèñòåìà òî÷åê −
√
k < x1(ξ) < . . . <

xn−1(ξ) <
√
k, óäîâëåòâîðÿþùàÿ ðàâåíñòâàì (4.5). Äàëåå, ïîâòî-

ðÿÿ ñõåìó ðàññóæäåíèé èç ðàáîò [12], [10], äîêàçûâàåòñÿ ñóùåñòâî-

âàíèå åäèíñòâåííîé òî÷êè ξ òàêîé, ÷òî ñèñòåìà −
√
k < x1(ξ) <

. . . < xn−1(ξ) < ξ <
√
k óäîâëåòâîðÿåò ðàâåíñòâàì (4.5). Òåîðåìà

äîêàçàíà. �

Òåîðåìà 4.3. Ïóñòü q � ÷åòíîå ÷èñëî. Òîãäà ïðè âñåõ

(4.14) k ≤ q − 1

9q − 7 + nq4nq−2
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óçëû, îïðåäåëåííûå ðàâåíñòâîì (2.15), ÿâëÿþòñÿ åäèíñòâåííûìè

îïòèìàëüíûìè óçëàìè äëÿ âåñà (3.5) è âñåõ q − 1 ≤ µj ≤ q, j =
1, . . . , n, íà êëàññå Bh∞.

Äîêàçàòåëüñòâî. Èìååì∫ 1

−1

s(
√
kt) dt =

1√
k

∫ 1

−1

dt√
(1− t2)(1− k2t2)

=
1√
k
K.

Äëÿ íîðìèðîâàííîãî âåñà ïîëó÷àåì

s∗(
√
kt) =

1

2K
√

(1− t2)(1− k2t2)
≥ 1

2K
√

(1− t2)
.

Ïîýòîìó ïðè m ≥ 1

γm(s, k) ≥ 1

2K
inf
tj

∫ 1

−1

m∏
j=1

(t− tj)2 dt√
(1− t2)

=
1

2K

π

22m−1
.

Ñ ïîìîùüþ ðàçëîæåíèÿ ýëëèïòè÷åñêîãî èíòåãðàëà K ïî ñòåïåíÿì
ìîäóëÿ k (ñì. [9, ñ. 152]) ëåãêî ïîëó÷èòü îöåíêó

K ≤ π

2
(1− k2)−1.

Òàêèì îáðàçîì, ïðè m ≥ 1

(4.15) γ−1
m (s, k) ≤ 22m−1(1− k2)−1.

Ïóñòü n > 1. Òîãäà óñëîâèå (4.6) äëÿ w(x) ≡ 1 è ν1 = . . . = νn = q
ñ ó÷åòîì (4.15) áóäåò âûïîëíåíî, åñëè

nq2nq−4k ≤ q − 1− (9q − 7)k,

÷òî ýêâèâàëåíòíî íåðàâåíñòâó (4.14). Ïðè n = 1, êàê ñëåäóåò èç
äîêàçàòåëüñòâà ëåììû 4.2, óñëîâèå (4.6) ìîæåò áûòü çàìåíåíî íà
ìåíåå ñèëüíîå � k < 1/9, êîòîðîå î÷åâèäíûì îáðàçîì ÿâëÿåòñÿ
ñëåäñòâèåì (4.14). Â ñèëó òåîðåìû 4.2 îñòàåòñÿ äîêàçàòü, ÷òî óçëû,
îïðåäåëåííûå ðàâåíñòâîì (2.15), óäîâëåòâîðÿþò ñèñòåìå (4.5). Èç
ðàâåíñòâ (4.4) è (3.6) ïîëó÷àåì

ϕj(x) = −
4q!ωj(x

0
j)

π[1− (x0
j)

2]q
aj,q−1 = 0.

Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 4.1. Ïóñòü [a, b] = [−1, 1], q � ÷åòíîå ÷èñëî. Òîãäà

äëÿ âñåõ

(4.16) c ≥ 2

√
9q − 7 + nq4nq−2

q − 1
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ñèñòåìà óçëîâ (2.17) ÿâëÿåòñÿ åäèíñòâåííîé îïòèìàëüíîé ñèñòå-
ìîé óçëîâ äëÿ âåñà (3.12) ïðè âñåõ q − 1 ≤ µj ≤ q, j = 1, . . . , n, íà
êëàññå Bh∞(Ýc). Â ÷àñòíîñòè, ïðè

c ≥
√

44 + n24n−1

êâàäðàòóðíàÿ ôîðìóëà (3.14) ÿâëÿåòñÿ îïòèìàëüíûì ìåòîäîì

èíòåãðèðîâàíèÿ äëÿ âñåõ µj ≤ 2 íà êëàññå Bh∞(Ýc).

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ êîíôîðìíîãî îòîáðàæåíèÿ (2.16) çà-
äà÷à íàõîæäåíèÿ îïòèìàëüíûõ óçëîâ äëÿ âåñà (3.12) íà êëàññå

Bh∞(Ýc) ñâîäèòñÿ ê ñîîòâåòñòâóþùåé çàäà÷å äëÿ âåñà
π

2K
s íà êëàñ-

ñå Bh∞, ðåøåíèå êîòîðîé ïðè âûïîëíåíèè óñëîâèÿ (4.14) íàéäåíî
â òåîðåìå 4.3. Èç èçâåñòíûõ â òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé ðà-
âåíñòâ

√
k = 2h

1
4

∞∑
m=0

hm(m+1)

1 + 2
∞∑
m=1

hm
2

, h = e−
πK′

K ,

ñëåäóåò, ÷òî
√
k < 2h1/4 = 2c−1. Òåì ñàìûì íåðàâåíñòâî (4.14)

áóäåò âûïîëíåíî, åñëè

4c−2 ≤ q − 1

9q − 7 + nq4nq−2
,

÷òî ýêâèâàëåíòíî (4.16). Ñëåäñòâèå äîêàçàíî. �
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