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Àííîòàöèÿ. Â ðàáîòå ñòðîèòñÿ îïòèìàëüíûé ìåòîä âîññòà-
íîâëåíèÿ àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé, ïåðâàÿ
ïðîèçâîäíàÿ êîòîðûõ îãðàíè÷åíà, ïî èíôîðìàöèè î çíà÷åíè-
ÿõ ýòèõ ôóíêöèé â ðàâíîìåðíîé ñåòêå íà îêðóæíîñòè |z| = ρ,
0 < ρ < 1.

Îáîçíà÷èì ÷åðåç Hr
∞, r ∈ Z+, ìíîæåñòâî ôóíêöèé, àíàëèòè÷å-

ñêèõ â åäèíè÷íîì êðóãå êîìïëåêñíîé ïëîñêîñòè D = {z ∈ C : |z| <
1}, óäîâëåòâîðÿþùèõ óñëîâèþ |f (r)(z)| ≤ 1, z ∈ D. Ïîä çàäà÷åé
îïòèìàëüíîãî âîññòàíîâëåíèÿ ôóíêöèè f ∈ Hr

∞ â òî÷êå ξ ∈ D ïî
åå çíà÷åíèÿì â ñèñòåìå òî÷åê z1, . . . , zn ∈ D ïîíèìàåòñÿ çàäà÷à î
íàõîæäåíèè âåëè÷èíû

(1) E(ξ,Hr
∞, z1, . . . , zn) = inf

ϕ : Cn→C
sup
f∈Hr

∞

|f(ξ)− ϕ(f(z1), . . . , f(zn))|,

íàçûâàåìîé ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ, à òàê-
æå ôóíêöèè ϕ, íà êîòîðîé äîñòèãàåòñÿ íèæíÿÿ ãðàíü â (1), íàçû-
âàåìîé îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.
Ïðè r = 0 çàäà÷à (1) áûëà ïîñòàâëåíà è ðåøåíà â ðàáîòàõ [1, 2].

Ñëó÷àé r > 0 ÿâëÿåòñÿ áîëåå ñëîæíûì è çäåñü èçâåñòíû ðåçóëüòàòû
ëèøü ïðè ξ, z1, . . . , zn ∈ (−1, 1) (ñì. [3]) è z1 = . . . = zn = 0 [4].
Äàííàÿ ðàáîòà ïîñâÿùåíà ñëó÷àþ r = 1, ξ ∈ D è zj = τj =

ρei(j−1)2π/n, j = 1, . . . , n, 0 < ρ < 1. Îïòèìàëüíûé ìåòîä âîññòà-
íîâëåíèÿ äëÿ ýòîãî ñëó÷àÿ ïðèâîäèëñÿ â ðàáîòå [4] áåç äîêàçàòåëü-
ñòâà (ïðè ýòîì äëÿ åãî ïîñòðîåíèÿ ýâðèñòè÷åñêè ïðèìåíÿëñÿ ïðèí-
öèï Ëàãðàíæà). Çäåñü ïðèâîäèòñÿ ïîñòðîåíèå îïòèìàëüíîãî ìåòîäà
âîññòàíîâëåíèÿ ñ ïîëíûì äîêàçàòåëüñòâîì, èñïîëüçóÿ ìåòîä ïàðà-
ìåòðèçàöèè ýêñòðåìàëüíîé ôóíêöèè, ïðåäëîæåííûé â ðàáîòå [3].
Íà÷íåì ñ îäíîãî ïðîñòîãî âñïîìîãàòåëüíîãî ðåçóëüòàòà.

Ëåììà 1. Ïóñòü êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ f(z) äèôôåðåíöè-

ðóåìà â òî÷êå z0 ∈ C êàê ôóíêöèÿ âåùåñòâåííûõ ïåðåìåííûõ x, y

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû �02-01-39012 è �02�01�00386) è ïðîãðàì-
ìû �Óíèâåðñèòåòû Ðîññèè"(ÓÐ.04.03.013).
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(z = x + iy). Òîãäà åñëè |f(z)| èìååò ýêñòðåìóì â òî÷êå z0, òî â

ýòîé òî÷êå âûïîëíÿåòñÿ ðàâåíñòâî

f
∂f

∂z
+ f

∂f

∂z
= 0.

Äîêàçàòåëüñòâî. Ïóñòü f(z) = u(z)+ iv(z). Òîãäà èç íåîáõîäèìîãî
óñëîâèÿ ýêñòðåìóìà âûòåêàåò, ÷òî â òî÷êå z0

u
∂u

∂x
+ v

∂v

∂x
= 0,

u
∂u

∂y
+ v

∂v

∂y
= 0.

Îòñþäà

1

2
(f + f)

∂u

∂x
+

1

2i
(f − f)∂v

∂x
= 0,

1

2
(f + f)

∂u

∂y
+

1

2i
(f − f)∂v

∂y
= 0.

Óìíîæèâ âòîðîå ðàâåíñòâî íà i è ñëîæèâ åãî ñ ïåðâûì, áóäåì èìåòü

f

(
1

2

(
∂u

∂x
+
∂v

∂y

)
− i

2

(
∂v

∂x
− ∂u

∂y

))
+ f

(
1

2

(
∂u

∂x
− ∂v

∂y

)
+
i

2

(
∂v

∂x
+
∂u

∂y

))
= f

∂f

∂z
+ f

∂f

∂z
= 0.

�

Èç îáùèõ ðåçóëüòàòîâ î çàäà÷àõ âîññòàíîâëåíèÿ (ñì. [2], [5]) âû-
òåêàåò, ÷òî â çàäà÷å (1) ñóùåñòâóåò ëèíåéíûé îïòèìàëüíûé ìåòîä
âîññòàíîâëåíèÿ

(2) f(ξ) ≈
n∑
j=1

Cjf(zj),

à äëÿ ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ èìååò ìåñòî ðà-
âåíñòâî

(3) E(ξ,Hr
∞, z1, . . . , zn) = sup

f∈Hr
∞

f(z1)=...=f(zn)=0

|f(ξ)|.

Òåîðåìà 1. Ïóñòü ξ ∈ D, 0 < ρ < 1, ξj = ei(j−1)2π/n è τj = ρξj,
j = 1, . . . , n. Òîãäà

(4) E(ξ,H1
∞, τ1, . . . , τn) =

|ξn − ρn|
n

,

à åäèíñòâåííûì ëèíåéíûì îïòèìàëüíûì ìåòîäîì âîññòàíîâëå-

íèÿ ÿâëÿåòñÿ ìåòîä

f(ξ) ≈ 1

n

n∑
j=1

(
n−1∑
k=0

bkξ
−k
j

)
f(τj),
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ãäå b0 = 1,

bk =
ρn(qkξ

n−k − ξn+k) + ξk(rk − qk|ξ|2(n−k))
ρk(rk − ρ2n)

,(5)

qk =
n+ k

n− k
, rk =

(2n− k)(n+ k)

k(n− k)
, k = 1, . . . , n− 1.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ïðîèçâåäåíèåì Áëÿøêå ïîðÿäêà
n íàçûâàåòñÿ ôóíêöèÿ âèäà

B(z) = λ
n∏
j=1

z − αj
1− αjz

,

ãäå |λ| = 1, à |αj| < 1, j = 1, . . . , n. Â ðàáîòå [6] áûëî äîêàçàíî,
÷òî åñëè ôóíêöèÿ f0 òàêîâà, ÷òî f0(z1) = . . . = f0(zn) = 0 è f ′0 �
ïðîèçâåäåíèå Áëÿøêå ïîðÿäêà n−1, òî îíà ÿâëÿåòñÿ ýêñòðåìàëüíîé
â çàäà÷å (3) ïðè r = 1. Îòñþäà âûòåêàåò, ÷òî äëÿ r = 1 è zj = τj, j =
1, . . . , n, ýêñòðåìàëüíîé ôóíêöèåé â çàäà÷å (3) ÿâëÿåòñÿ ôóíêöèÿ

f0(z) =
zn − ρn

n
.

Òåì ñàìûì äîêàçàíî ðàâåíñòâî (4).
Çàéìåìñÿ òåïåðü ïîñòðîåíèåì îïòèìàëüíîãî ìåòîäà. Ïîëîæèì

B0(z) ≡ 1 è

Bk(z) =
zBk−1(z) + εk
1 + εkzBk−1(z)

, k = 1, . . . , n− 1,

ãäå |εk| < 1, k = 1, . . . , n− 1. Ëåãêî óáåäèòüñÿ, ÷òî Bn−1 ∈ H∞. Äëÿ
P = (ε0, ε1, . . . , εn−1) ∈ Dn ðàññìîòðèì ôóíêöèþ

fP (z) = ε0 +

∫ z

0

Bn−1(z) dz.

Î÷åâèäíî, ÷òî fP ∈ H1
∞ è fP0 = f0, ãäå P0 = (−ρn/n, 0, . . . , 0). Ïóñòü

ìåòîä (2) ÿâëÿåòñÿ îïòèìàëüíûì â çàäà÷å (1) ïðè r = 1. Òîãäà ïðè
âñåõ P ∈ Dn èìååò ìåñòî íåðàâåíñòâî∣∣∣∣fP (ξ)− n∑

j=1

CjfP (τj)

∣∣∣∣ ≤ |fP0(ξ)|.

Ñëåäîâàòåëüíî, ìîäóëü ôóíêöèè

g(ε0, ε1, . . . , εn−1) = fP (ξ)−
n∑
j=1

CjfP (τj)

â òî÷êå P0 äîñòèãàåò ñâîåãî ìàêñèìóìà. Èç ëåììû 1 âûòåêàåò, ÷òî
â òî÷êå P0 äîëæíû âûïîëíÿòüñÿ ðàâåíñòâà

(6) g
∂g

∂εj
+ g

∂g

∂εj
= 0, j = 0, 1, . . . , n− 1.
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Â ñèëó òîãî, ÷òî

∂Bn−1

∂εj
∣∣∣P=P0

= zn−j−1
∂Bj

∂εj
∣∣∣P=P0

= zn−j−1, j = 1, . . . , n− 1,

èìååì

∂fP
∂εj

∣∣∣P=P0

=
zn−j

n− j
, j = 1, . . . , n− 1,

∂fP
∂ε0

= 1.

Àíàëîãè÷íûå âû÷èñëåíèÿ äàþò

∂fP
∂εj

∣∣∣P=P0

= − zn+j

n+ j
, j = 1, . . . , n− 1,

∂fP
∂ε0

= 0.

Òåì ñàìûì

∂g

∂εj
∣∣∣P=P0

=
1

n− j

(
ξn−j −

n∑
k=1

Ckτ
n−j
k

)
,

∂g

∂εj
∣∣∣P=P0

=
1

n+ j

(
ξn+j −

n∑
k=1

Ckτ
n+j
k

)
, j = 1, . . . , n− 1,

è, êðîìå òîãî,

∂g

∂ε0
= 1−

n∑
j=1

Cj,
∂g

∂ε0
= 0.

Ó÷èòûâàÿ, ÷òî τnk = ρn, k = 1, . . . , n, èç óðàâíåíèÿ (6) áóäåì èìåòü

(7)
ξn − ρn

n− j

(
ξ
n−j − ρn−j

n∑
k=1

Ckξ
−j
k

)

− ξ
n − ρn

n+ j

(
ξn+j − ρn+j

n∑
k=1

Ckξ
j
k

)
= 0, j = 1, . . . , n− 1,

è
n∑
j=1

Cj = 1.

Ïîëîæèì

(8) bj =
n∑
k=1

Ckξ
j
k.

Òîãäà
n∑
k=1

Ckξ
−j
k =

n∑
k=1

Ckξ
n−j
k = bn−j.

Ïîëîæèâ α = arg(ξn − ρn), ðàâåíñòâî (7) ìîæíî ïåðåïèñàòü â âèäå
e2iα

n− j

(
ξ
n−j − ρn−jbn−j

)
=

1

n+ j

(
ξn+j − ρn+jbj

)
, j = 1, . . . , n− 1.
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Ââåäÿ îáîçíà÷åíèÿ

pj = e2iα
n+ j

n− j
ρ−2j, τ =

ξ

ρ
,

ïîëó÷àåì ñèñòåìó

bj − pjbn−j = τn+j − pjτn−j, j = 1, . . . , n− 1.

Âçÿâ èç ýòîé ñèñòåìû ðàâåíñòâî, ñîïðÿæåííîå ê ðàâåíñòâó, ïîëó-
÷àåìîìó ïðè j = n− k, è ðàâåíñòâî ïðè j = k, áóäåì èìåòü

−pkbk + bn−k = τ 2n−k − pn−kτ k,
bk − pkbn−k = τn+k − pkτn−k, k = 1, . . . , n− 1.

Îòñþäà

bk =
pkτ

n−k(τn − 1) + τ k(τn − pkpn−k)
1− pkpn−k

.

Ýòî âûðàæåíèå äëÿ bk ëåãêî ïðèâåñòè ê âèäó (5). Èç ðàâåíñòâ (8)
è òîãî, ÷òî b0 = 1, ïîëó÷àåì

Cj =
1

n

n−1∑
k=0

bkξ
−k
j .
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