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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ òî÷íûå íåðàâåíñòâà òèïà Êàðë-
ñîíà âèäà

‖w(·)x(·)‖Lq(T ) ≤ K‖w0(·)x(·)‖γLp(T )

(
max

1≤j≤n
‖wj(·)x(·)‖Lr(T )

)1−γ
,

ãäå T � êîíóñ â Rd, à âåñà wj , j = 1, . . . , n, îáëàäàþò íåêîòîðûì ñâîéñòâîì
ñèììåòðèè.

1. Ââåäåíèå

Ïóñòü T � íåêîòîðîå íåïóñòîå ìíîæåñòâî, Σ � σ-àëãåáðà ïîäìíîæåñòâ T è
µ � íåîòðèöàòåëüíàÿ σ-àääèòèâíàÿ ìåðà íà Σ. ×åðåç Lp(T, µ) îáîçíà÷èì ñîâî-
êóïíîñòü âñåõ Σ-èçìåðèìûõ ôóíêöèé ñî çíà÷åíèÿìè â R èëè C, äëÿ êîòîðûõ

‖x(·)‖Lp(T,µ) =


(∫

T

|x(t)|p dµ
)1/p

<∞, 1 ≤ p <∞,

vraisup
t∈T

|x(t)| <∞, p =∞.

Äëÿ T ⊂ Rd è dµ = dt, t ∈ Rd, ïîëîæèì Lp(T ) = Lp(T, µ).
Íåðàâåíñòâî Êàðëñîíà [1]

‖x(t)‖L1(R+) ≤
√
π‖x(t)‖1/2L2(R+)‖tx(t)‖1/2L2(R+), R+ = [0,+∞),

îáîáùàëîñü ìíîãèìè àâòîðàìè (ñì. [2, 3, 4, 5, 6, 7, 8]). Â ðàáîòå [7] áûëà íàéäåíà
òî÷íàÿ êîíñòàíòà â íåðàâåíñòâå âèäà

(1) ‖w(·)x(·)‖Lq(T,µ) ≤ K‖w0(·)x(·)‖γLp(T,µ))‖w1(·)x(·)‖1−γLr(T,µ),

ãäå T � êîíóñ â ëèíåéíîì ïðîñòðàíñòâå, w(·), w0(·) è w1(·) � îäíîðîäíûå ôóíê-
öèè, µ � îäíîðîäíàÿ ìåðà è 1 ≤ q < p, r < ∞ (ïðè T = Rd òî÷íàÿ êîíñòàíòà
áûëà ïîëó÷åíà â ðàáîòå [5]). Íàïîìíèì, ÷òî êîíñòàíòà K íàçûâàåòñÿ òî÷íîé,
åñëè åå íåëüçÿ çàìåíèòü íà ìåíüøóþ. Ñàìî íåðàâåíñòâî â òàêîì ñëó÷àå íàçû-
âàåòñÿ òî÷íûì.

Íàõîæäåíèå òî÷íîé êîíñòàíòû â íåðàâåíñòâå (1) òåñíî ñâÿçàíî ñî ñëåäóþùåé
ýêñòðåìàëüíîé çàäà÷åé:

‖w(·)x(·)‖Lq(T,µ) → max, ‖w0(·)x(·)‖Lp(T,µ)) ≤ δ, ‖w1(·)x(·)‖Lr(T,µ) ≤ 1,

ãäå δ > 0. Â ýòîé ðàáîòå èçó÷àåòñÿ ýêñòðåìàëüíàÿ çàäà÷à

(2) ‖w(·)x(·)‖Lq(T,µ) → max, ‖w0(·)x(·)‖Lp(T,µ)) ≤ δ,
‖wj(·)x(·)‖Lr(T,µ) ≤ 1, j = 1, . . . , n,
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ãäå w(·), w0(·) è wj(·), j = 1, . . . , n, � îäíîðîäíûå ôóíêöèè ñ íåêîòîðûìè äîïîë-
íèòåëüíûìè ñâîéñòâàìè ñèììåòðèè íà ôóíêöèè wj(·), j = 1, . . . , n. Ïîëó÷åííûå
ðåçóëüòàòû ïðèìåíÿþòñÿ äëÿ ïîëó÷åíèÿ òî÷íûõ íåðàâåíñòâ òèïà Êàðëñîíà ñî
ìíîãèìè âåñàìè.

2. Îäíîðîäíûå âåñîâûå ôóíêöèè íà êîíóñå â ëèíåéíîì

ïðîñòðàíñòâå

Ïóñòü T � êîíóñ â ëèíåéíîì ïðîñòðàíñòâå, µ(·) � îäíîðîäíàÿ ìåðà ïîðÿäêà
d, |w(·)|, |w0(·)| � îäíîðîäíûå ôóíêöèè ïîðÿäêîâ θ, θ0, à |wj(·)|, j = 1, . . . , n,
� îäíîðîäíûå ôóíêöèè ïîðÿäêà θ1. Áóäåì ïðåäïîëàãàòü, ÷òî w(t), w0(t) 6= 0 è∑n
j=1 |wj(t)| 6= 0 äëÿ ïî÷òè âñåõ t ∈ T . Åñëè 1 ≤ q < p, r < ∞, òî ïðè k ∈ [0, 1)

ôóíêöèÿ k
1
p−q (1 − k)−

1
r−q ìîíîòîííî âîçðàñòàåò îò 0 äî +∞. Ñëåäîâàòåëüíî

ñóùåñòâóåò ôóíêöèÿ k(·) òàêàÿ, ÷òî äëÿ ïî÷òè âñåõ t ∈ T

(3)
k

1
p−q (t)

(1− k(t))
1
r−q

=

∣∣∣∣ w(t)

w0(t)

∣∣∣∣
q(p−r)

(p−q)(r−q)
( n∑
j=1

∣∣∣∣wj(t)w0(t)

∣∣∣∣r)− 1
r−q

.

Ïîëîæèì

(4) γ =
θ1 − θ − d(1/q − 1/r)

θ1 − θ0 + d(1/r − 1/p)
.

Òåîðåìà 1. Ïóñòü 1 ≤ q < p, r <∞ è θ0−θ1+d(1/p−1/r) 6= 0. Ïðåäïîëîæèì,

÷òî

I1 =

∫
T

∣∣∣∣ w(z)

w0(z)

∣∣∣∣
pq
p−q

k
p
p−q (z) dµ(z) <∞,

Ij+1 =

∫
T

|w(z)|
qr
p−q

|w0(z)|
pr
p−q
|wj(z)|rk

r
p−q (z) dµ(z) <∞, j = 1, . . . , n,

è, êðîìå òîãî, I2 = . . . = In+1. Òîãäà äëÿ âñåõ x(·) 6= 0 òàêèõ, ÷òî w0(·)x(·) ∈
Lp(T, µ) è wj(·)x(·) ∈ Lr(T, µ), j = 1, . . . , n, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

(5) ‖w(·)x(·)‖Lq(T,µ) ≤ K‖w0(·)x(·)‖γLp(T,µ)

(
max

1≤j≤n
‖ωj(·)x(·)‖Lr(T,µ)

)1−γ

,

ãäå

(6) K = I
−γ/p
1 I

−(1−γ)/r
2 (I1 + nI2)1/q.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû íàì ïîòðåáóþòñÿ äâå ëåììû. Ïåðâàÿ èç
íèõ ïî ñóòè ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ýêñòðåìóìà èç òåîðåìû Êàðóøà�
Êóíà�Òàêêåðà (ñì., íàïðèìåð, [9, ñ. 39] (â ñèëó ïðîñòîòû åå äîêàçàòåëüñòâà,
ñîñòîÿùåãî èç îäíîé âûêëàäêè, îíî ïðèâåäåíî).

Ïóñòü fj : A → R, j = 0, 1, . . . , k, � ôóíêöèè, îïðåäåëåííûå íà íåêîòîðîì
ìíîæåñòâå A. Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

(7) f0(x)→ max, fj(x) ≤ 0, j = 1, . . . , k, x ∈ A,

è åå ôóíêöèþ Ëàãðàíæà

L(x, λ) = −f0(x) +

k∑
j=1

λjfj(x), λ = (λ1, . . . , λk).
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Ëåììà 1. Ïóñòü ñóùåñòâóþò λ̂j ≥ 0, j = 1, . . . , k, è äîïóñòèìûé â çàäà÷å

(7) ýëåìåíò x̂ ∈ A, äëÿ êîòîðûõ

(a) min
x∈A
L(x, λ̂) = L(x̂, λ̂), λ̂ = (λ̂1, . . . , λ̂k),

(b) λ̂jfj(x̂) = 0, j = 1, . . . , k.

Òîãäà x̂ � ýêñòðåìàëüíûé ýëåìåíò â çàäà÷å (7).

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî äîïóñòèìîãî â çàäà÷å (7) ýëåìåíòà x ∈ A èìååì

−f0(x) ≥ L(x, λ̂) ≥ L(x̂, λ̂) = −f0(x̂).

�

Âòîðàÿ ëåììà � ÷àñòíûé ñëó÷àé ëåììû 3 èç ðàáîòû [7].

Ëåììà 2. Äëÿ âñåõ a, b ≥ 0 òàêèõ, ÷òî a + b > 0, è âñåõ 1 ≤ q < p, r < ∞
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå û > 0 óðàâíåíèÿ

q + paup−q + rbur−q = 0.

Ïðè ýòîì äëÿ âñåõ u ≥ 0

−ûq + aûp + bûr ≤ −uq + aup + bur.

Äîêàçàòåëüñòâî òåîðåìû 1. Ïîëîæèì

x̂(t) = |w0(t)|−
p
p−q

(
q|w(t)|q

pλ0

) 1
p−q

k
1
p−q (ξt),

ãäå ïàðàìåòðû λ0, ξ > 0 ïîäáåðåì òàê, ÷òîáû âûïîëíÿëèñü ðàâåíñòâà

(8)

∫
T

|w0(t)|px̂p(t) dµ(t) = δp,

∫
T

|wj(t)|rx̂r(t) dµ(t) = 1, j = 1, . . . , n.

Ñäåëàâ çàìåíó z = ξt è ó÷èòûâàÿ îäíîðîäíîñòü ôóíêöèé w(·), w0(·), wj(·),
j = 1, . . . , n, à òàêæå ìåðû µ(·), ïîëó÷àåì∫

T

|w0(t)|px̂p(t) dµ(t) =

(
q

pλ0

) p
p−q

I1ξ
(θ0−θ) qp

p−q−d.

Àíàëîãè÷íî íàõîäèì∫
T

|wj(t)|rx̂r(t) dµ(t) =

(
q

pλ0

) r
p−q

Ij+1ξ
(θ0−θ) qr

p−q+r(θ0−θ1)−d, j = 1, . . . , n.

Òàêèì îáðàçîì, ðàâåíñòâà (8) èìåþò âèä(
q

pλ0

) p
p−q

I1ξ
(θ0−θ) qp

p−q−d = δp,(
q

pλ0

) r
p−q

Ij+1ξ
(θ0−θ) qr

p−q+r(θ0−θ1)−d = 1, j = 1, . . . , n.

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè

ξ =
(
δI
−1/p
1 I

1/r
2

) 1
θ1−θ0+d(1/r−1/p)

,

λ0 =
q

p
I

1−q/p
1 ξ(θ0−θ)q−d(1−q/p)δq−p,

ýòè ðàâåíñòâà âûïîëíÿþòñÿ.
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Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó, ýêâèâàëåíòíóþ çàäà÷å (2)

(9)

∫
T

|w(t)|q|x(t)|q dµ(t)→ max,

∫
T

|w0(t)|p|x(t)|p dµ(t) ≤ δp,∫
T

|wj(t)|r|x(t)|r dµ(t) ≤ 1, j = 1, . . . , n.

Ôóíêöèÿ Ëàãðàíæà äëÿ ýòîé çàäà÷è èìååò âèä

L(x(·), λ)) =

∫
T

L(t, x(t), λ) dµ(t), λ = (λ0, λ1, . . . λn),

ãäå

L(t, x(t), λ) = −|w(t)|q|x(t)|q + λ0|w0(t)|p|x(t)|p + |x(t)|r
n∑
j=1

λj |wj(t)|r.

Èç îïðåäåëåíèÿ ôóíêöèè x̂(·) ïîëó÷àåì
(10) pλ0|w0(t)|px̂p−q(t) = q|w(t)|qk(ξt)

è

r

n∑
j=1

|wj(t)|rx̂r−q(t) = r

n∑
j=1

|wj(t)|r|w0(t)|−
p(r−q)
p−q

(
q|w(t)|q

pλ0

) r−q
p−q

k
r−q
p−q (ξt).

Èç (3) è îäíîðîäíîñòè ôóíêöèé |w(·)|, |w0(·)|, wj(·), j = 1, . . . , n, âûòåêàåò, ÷òî

k
r−q
p−q (ξt) =

∣∣∣∣ w(ξt)

w0(ξt)

∣∣∣∣
q(p−r)
p−q

( n∑
j=1

∣∣∣∣wj(ξt)w0(ξt)

∣∣∣∣r)−1

(1− k(ξt))

= ξ(θ−θ0)
q(p−r)
p−q −(θ1−θ0)r

∣∣∣∣ w(t)

w0(t)

∣∣∣∣
q(p−r)
p−q

( n∑
j=1

∣∣∣∣wj(t)w0(t)

∣∣∣∣r)−1

(1− k(ξt)).

Òàêèì îáðàçîì,

r

n∑
j=1

|wj(t)|rx̂r−q(t) = r

(
q

pλ0

) r−q
p−q

ξ(θ−θ0)
q(p−r)
p−q −(θ1−θ0)r|w(t)|q(1− k(ξt)).

Ïîëîæèì

λ =
q

r

(
q

pλ0

)− r−qp−q

ξ(θ0−θ) q(p−r)p−q +(θ1−θ0)r.

Òîãäà

(11) rλ

n∑
j=1

|wj(t)|rx̂r−q(t) = q|w(t)|q(1− k(ξt)).

Ñêëàäûâàÿ (10) è (11), ïîëó÷àåì

(12) pλ0|w0(t)|px̂p−q(t) + rλ

n∑
j=1

|wj(t)|rx̂r−q(t) = q|w(t)|q.

Èç ëåììû 2 âûòåêàåò òîãäà, ÷òî äëÿ âñåõ äîïóñòèìûõ â (9) ôóíêöèé x(·) è
ïî÷òè âñåõ t ∈ T ïðè λ = (λ0, λ, . . . , λ) èìååò ìåñòî íåðàâåíñòâî

L(t, x̂(t), λ) ≤ L(t, x(t), λ).
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Ñëåäîâàòåëüíî,

L(x̂(·), λ)) ≤ L(x(·), λ)).

Ó÷èòûâàÿ âûïîëíåíèå ðàâåíñòâ (8), èç ëåììû 1 ïîëó÷àåì, ÷òî x̂(·) � ýêñòðå-
ìàëüíàÿ ôóíêöèÿ â çàäà÷å (9). Ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâà (12) è (8),
íàõîäèì

(13) sup
‖w0(·)x(·)‖Lp(T,µ)≤δ

‖wj(·)x(·)‖Lr(T,µ)≤1, j=1,...,n

‖w(·)x(·)‖qLq(T,µ) =

∫
T

|w(t)|q|x̂(t)|q dµ(t)

= q−1

∫
T

(
pλ0|w0(t)|px̂p(t) + rλ

n∑
j=1

|wj(t)|rx̂r(t)
)
dµ(t)

=
pλ0δ

p + nrλ

q
= I

1−q/p
1 ξ(θ0−θ)q−d(1−q/p)δq + n

(
pλ0

q

) r−q
p−q

ξ(θ0−θ) q(p−r)p−q +(θ1−θ0)r

= I
1−q/p
1 ξ(θ0−θ)q−d(1−q/p)δq + nI

r/p−q/p
1 ξ(θ0−θ)q−d(r/p−q/p)+(θ1−θ0)rδq−r

= δqγKq.

Ïóñòü x(·) 6= 0, w0(·)x(·) ∈ Lp(T, µ) è wj(·)x(·) ∈ Lr(T, µ), j = 1, . . . , n. Ïîëî-
æèì

A = max
1≤j≤n

‖wj(·)x(·)‖Lr(T,µ), δ = A−1‖w0(·)x(·)‖Lp(T,µ).

Òîãäà èç (13) âûòåêàåò, ÷òî

A−q‖w(·)x(·)‖qLq(T,µ) ≤ δ
qγKq.

Îòñþäà âûòåêàåò íåðàâåíñòâî (5). Åñëè ïðåäïîëîæèòü, ÷òî ñóùåñòâóåò ïîñòî-
ÿííàÿ K1 < K, äëÿ êîòîðîé òîæå âûïîëíÿåòñÿ íåðàâåíñòâî (5), òî òîãäà

sup
‖w0(·)x(·)‖Lp(T,µ)≤δ

‖wj(·)x(·)‖Lr(T,µ)≤1, j=1,...,n

‖w(·)x(·)‖qLq(T,µ) ≤ K
q
1δ
qγ < Kqδqγ ,

÷òî ïðîòèâîðå÷èò (13). �

Ïðè n = 1 óòâåðæäåíèå òåîðåìû 1 áûëî äîêàçàíî â [7].

3. Îäíîðîäíûå âåñîâûå ôóíêöèè íà êîíóñå â Rd

Ïóñòü T � êîíóñ â Rd, dµ(t) = dt, |w(·)|, |w0(·)| � îäíîðîäíûå ôóíêöèè
ïîðÿäêîâ θ, θ0, à |wj(·)|, j = 1, . . . , n, � îäíîðîäíûå ôóíêöèè ïîðÿäêà θ1. Áóäåì
ïî-ïðåæíåìó ïðåäïîëàãàòü, ÷òî w(t), w0(t) 6= 0 è

∑n
j=1 |wj(t)| 6= 0 äëÿ ïî÷òè

âñåõ t ∈ T . Ðàññìîòðèì ñôåðè÷åñêóþ ñèñòåìó êîîðäèíàò

t1 = ρ cosω1,
t2 = ρ sinω1 cosω2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
td−1 = ρ sinω1 sinω2 . . . sinωd−2 cosωd−1,
td = ρ sinω1 sinω2 . . . sinωd−2 sinωd−1.

Ïîëîæèì ω = (ω1, . . . , ωd−1). Äëÿ ëþáîé ôóíêöèè f(·), çàäàííîé íà Rd, ââåäåì
ñëåäóþùåå îáîçíà÷åíèå

f̃(ω) = |f(cosω1, . . . , sinω1 sinω2 . . . sinωd−2 sinωd−1)|.
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Çàìåòèì, ÷òî åñëè |f(·)| îäíîðîäíàÿ ôóíêöèÿ ïîðÿäêà κ, òî f(ω) = ρ−κ|f(t)|.
Îáîçíà÷èì ÷åðåç Ω îáëàñòü èçìåíåíèÿ ω, êîãäà t ∈ T . Èç òîãî, ÷òî T � êîíóñ,
ñëåäóåò, ÷òî Ω íå çàâèñèò îò ρ. Ïîëîæèì

J(ω) = sind−2 ω1 sind−3 ω2 . . . sinωd−2.

Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì, äëÿ ôóíêöèè k(·) áóäåì èìåòü ðà-
âåíñòâî

(14)
k

1
p−q (ρ, ω)

(1− k(ρ, ω))
1
r−q

= ρ
(θ−θ0)q(p−r)−(θ1−θ0)r(p−q)

(p−q)(r−q)
w̃

q(p−r)
(p−q)(r−q) (ω)w̃

p
p−q
0 (ω)(∑n

j=1 w̃
r
j (ω)

) 1
r−q

.

Ïðåäïîëîæèì, ÷òî γ ∈ (0, 1), ãäå γ îïðåäåëåíî ôîðìóëîé (4). Ïîëîæèì

1

q∗
=

1

q
− γ

p
− 1− γ

r
.

Íåòðóäíî óáåäèòüñÿ, ÷òî q∗ > q ≥ 1. Êðîìå òîãî,

q∗ =
pqr(θ1 − θ0 + d(1/r − 1/p))

(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)
.

Òåîðåìà 2. Ïóñòü 1 ≤ q < p, r <∞ è γ ∈ (0, 1). Ïðåäïîëîæèì, ÷òî

I =

∫
Ω

w̃q
∗
(ω)

w̃q
∗γ

0 (ω) (
∑n
k=1 w̃

r
k(ω))

q∗(1−γ)/r
J(ω) dω <∞

è I ′1 = . . . = I ′n, ãäå

I ′j =

∫
Ω

w̃q
∗
(ω)w̃rj (ω)

w̃q
∗γ

0 (ω) (
∑n
k=1 w̃

r
k(ω))

q∗(1−γ)/r+1
J(ω) dω, j = 1, . . . , n.

Òîãäà äëÿ âñåõ x(·) 6= 0 òàêèõ, ÷òî w0(·)x(·) ∈ Lp(T ) è wj(·)x(·) ∈ Lr(T ),
j = 1, . . . , n, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

‖w(·)x(·)‖Lq(T ) ≤ K̃‖w0(·)x(·)‖γLp(T )

(
max

1≤j≤n
‖ωj(·)x(·)‖Lr(T )

)1−γ

,

ãäå

(15) K̃ = γ−
γ
p

(
1− γ
n

)− 1−γ
r

(
B (q∗γ/p, q∗(1− γ)/r) I

|θ1 − θ0 + d(1/p− 1/r)|(γr + (1− γ)p)

)1/q∗

,

à B(·, ·) � B-ôóíêöèÿ Ýéëåðà.

Äîêàçàòåëüñòâî. Âû÷èñëèì âåëè÷èíó I1 èç òåîðåìû 1 ñ ïîìîùüþ ïåðåõîäà ê
ñôåðè÷åñêèì êîîðäèíàòàì. Èìååì

I1 =

∫
T

∣∣∣∣ w(z)

w0(z)

∣∣∣∣
pq
p−q

k
p
p−q (z) dz

=

∫
Ω

(
w̃(ω)

w̃0(ω)

) qp
p−q

J(ω) dω

∫ +∞

0

ρ
(θ−θ0)qp
p−q +d−1k

p
p−q (ρ, ω) dρ.

Èç (14) ñëåäóåò, ÷òî

ρ(θ1−θ0)r(p−q)−(θ−θ0)q(p−r) =
(1− k(ρ, ω))p−q

kr−q(ρ, ω)

w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q .
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Çàôèêñèðóåì ω ∈ Ω. Òîãäà

dρ
(θ−θ0)qp
p−q +d =

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ

d
(1− k)(p−q)ζ

k(r−q)ζ

= −ζ

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ

(1− k)(p−q)ζ−1

k(r−q)ζ+1
(r − q + (p− r)k) dk,

ãäå

ζ =
(θ − θ0)qp+ d(p− q)

(p− q)((θ1 − θ0)r(p− q)− (θ − θ0)q(p− r))
=
q∗(1− γ)

r(p− q)
.

Åñëè ρ ìåíÿåòñÿ îò 0 äî +∞, òî k áóäåò ìåíÿòüñÿ îò 0 äî 1 ïðè (θ1 − θ0)r(p−
q)− (θ − θ0)q(p− r) < 0 è îò 1 äî 0 ïðè (θ1 − θ0)r(p− q)− (θ − θ0)q(p− r) > 0.
Ïîýòîìó

∫ +∞

0

ρ
(θ−θ0)qp
p−q +d−1k

p
p−q (ρ, ω) dρ

=
p− q

(θ − θ0)qp+ d(p− q)

∫ +∞

0

k
p
p−q (ρ, ω) dρ

(θ−θ0)qp
p−q +d

=
1

|(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)|

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ

×
∫ 1

0

k
p
p−q

(1− k)(p−q)ζ−1

k(r−q)ζ+1
(r − q + (p− r)k) dk

=
1

|(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)|

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ

(K1 +K2),

ãäå

K1 = (r − q)
∫ 1

0

kp̂(1− k)q̂−1 dk = (r − q)B(p̂+ 1, q̂),

K2 = (p− r)
∫ 1

0

kp̂+1(1− k)q̂−1 dk = (p− r)B(p̂+ 2, q̂)

= (p− r) p̂+ 1

p̂+ q̂ + 1
B(p̂+ 1, q̂),

p̂ =
(θ1 − θ)qr − d(r − q)

(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)
= q∗

γ

p
,

q̂ =
(θ − θ0)qp+ d(p− q)

(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)
= q∗

1− γ
r

.
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Òàêèì îáðàçîì,

K1 +K2 = p
(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)

(θ1 − θ0)pr + d(p− r)
B(p̂+ 1, q̂) =

pq

q∗
B(p̂+ 1, q̂)

=
qγ

q∗

(
γ

p
+

1− γ
r

)−1

B(p̂, q̂).

Îòñþäà

I1 =
γ

pr|θ1 − θ0 + d(1/r − 1/p)|

(
γ

p
+

1− γ
r

)−1

B(p̂, q̂)I.

Òåïåðü íàéäåì I2. Èìååì

I2 =

∫
T

|w(z)|
qr
p−q

|w0(z)|
pr
p−q
|w1(z)|rk

r
p−q (z) dz

=

∫
Ω

w̃
qr
p−q (ω)

w̃
pr
p−q
0 (ω)

w̃r1(ω)J(ω) dω

∫ +∞

0

ρ
(θ−θ0)qr
p−q +(θ1−θ0)r+d−1k

r
p−q (ρ, ω) dρ.

Çàôèêñèðóåì ω ∈ Ω. Òîãäà

dρ
(θ−θ0)qr
p−q +(θ1−θ0)r+d =

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ1

d
(1− k)(p−q)ζ1

k(r−q)ζ1

= −ζ1

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ1

(1− k)(p−q)ζ1−1

k(r−q)ζ1+1
(r − q + (p− r)k) dk,

ãäå

ζ1 =
(θ − θ0)qr + ((θ1 − θ0)r + d)(p− q)

(p− q)((θ1 − θ0)r(p− q)− (θ − θ0)q(p− r))
=
q∗(1− γ)

r(p− q)
+

1

p− q
.

Èìååì∫ +∞

0

ρ
(θ−θ0)qr
p−q +(θ1−θ0)r+d−1k

r
p−q (ρ, ω) dρ

=
p− q

(θ − θ0)qr + ((θ1 − θ0)r + d)(p− q)

∫ +∞

0

k
r
p−q (ρ, ω) dρ

(θ−θ0)qr
p−q +(θ1−θ0)r+d

=
1

|(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)|

 w̃q(p−r)(ω)w̃
p(r−q)
0 (ω)(∑n

j=1 w̃
r
j (ω)

)p−q

ζ1

(L1 + L2),

ãäå

L1 = (r − q)
∫ 1

0

kp̂−1(1− k)q̂ dk = (r − q)B(p̂, q̂ + 1),

L2 = (p− r)
∫ 1

0

kp̂(1− k)q̂ dk = (p− r)B(p̂+ 1, q̂ + 1)

= (p− r) p̂

p̂+ q̂ + 1
B(p̂, q̂ + 1).
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Òàêèì îáðàçîì,

L1 + L2 = r
(θ1 − θ0)r(p− q)− (θ − θ0)q(p− r)

(θ1 − θ0)pr + d(p− r)
B(p̂, q̂ + 1) =

qr

q∗
B(p̂, q̂ + 1)

=
q(1− γ)

q∗

(
γ

p
+

1− γ
r

)−1

B(p̂, q̂).

Ñëåäîâàòåëüíî,

I2 =
1− γ

pr|θ1 − θ0 + d(1/r − 1/p)|

(
γ

p
+

1− γ
r

)−1

B(p̂, q̂)I ′1.

Èç òîãî, ÷òî
I ′1 + . . .+ I ′n = I,

âûòåêàåò, ÷òî I ′j = I/n, j = 1, . . . , n. Òåì ñàìûì

I2 =
1− γ

pr|θ1 − θ0 + d(1/r − 1/p)|

(
γ

p
+

1− γ
r

)−1

B(p̂, q̂)
I

n
.

Îñòàåòñÿ ïîäñòàâèòü âûðàæåíèÿ äëÿ I1 è I2 â ôîðìóëó (6). �

Ïðè n = 1 óòâåðæäåíèå òåîðåìû 2 áûëî äîêàçàíî â [5].
Ïðèâåäåì ïðèìåð âåñîâ, äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ òåîðåìû 2. Ïóñòü

T = Rd+,
(16)

w(t) = (t21 + . . .+ t2d)
θ/2, w0(t) = (t21 + . . .+ t2d)

θ0/2, wj(t) = tθ1j , j = 1, . . . , d.

Áóäåì ñ÷èòàòü, ÷òî γ ∈ (0, 1). Ýòî ýêâèâàëåíòíî òîìó, ÷òî θ1 + d(1/r − 1/q) >
θ > θ0 + d(1/p− 1/q) èëè θ1 + d(1/r − 1/q) < θ < θ0 + d(1/p− 1/q).

Íåòðóäíî óáåäèòüñÿ, ÷òî w̃(·) = w̃0(·) = 1, à w̃j(ω) = t̃j
θ1

(ω), j = 1, . . . , d, ãäå

t̃1(ω) = cosω1,

t̃2(ω) = sinω1 cosω2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t̃d−1(ω) = sinω1 sinω2 . . . sinωd−2 cosωd−1,

t̃d(ω) = sinω1 sinω2 . . . sinωd−2 sinωd−1.

Çàìåòèì, ÷òî
d∑
k=1

t̃2k(ω) = 1.

Äëÿ âåëè÷èíû I èç òåîðåìû 2 èìååì

(17) I =

∫
Πd−1

+

J(ω) dω(∑d
k=1 t̃k

rθ1
(ω)
)q∗(1−γ)/r

, Πd−1
+ = [0, π/2]d−1.

Åñëè rθ1 ≤ 2, òî

(18)

d∑
k=1

t̃k
rθ1

(ω) ≥
d∑
k=1

t̃k
2
(ω) = 1.

Åñëè æå rθ1 > 2, òî ïî íåðàâåíñòâó Ãåëüäåðà

1 =

d∑
k=1

t̃k
2
(ω) ≤

( d∑
k=1

t̃k
rθ1

(ω)

) 2
rθ1

d1− 2
rθ1 .
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Òåì ñàìûì

(19)

d∑
k=1

t̃k
rθ1

(ω) ≥ d1− rθ12 .

Èç (18) è (19) âûòåêàåò, ÷òî I <∞.
Äëÿ I ′j èìååì

I ′j =

∫
Πd−1

+

t̃j
rθ1J(ω) dω(∑d

k=1 t̃k
rθ1

(ω)
)q∗(1−γ)/r+1

, j = 1, . . . , d.

Ðàññìîòðèì èíòåãðàëû

Mj =

∫
Rd+∩Bd

(∑d
k=1 t

2
k

)θ1q∗(1−γ)/2

trθ1j(∑d
k=1 t

rθ1
k

)q∗(1−γ)/r+1
dt, j = 1, . . . , d,

ãäå Bd � åäèíè÷íûé øàð â Rd. Åñëè ñäåëàòü çàìåíó ïåðåìåííûõ â èíòåãðàëå
Mj , ïîìåíÿâ ìåñòàìè ïåðåìåííûå tj è tk, òî èíòåãðàë Mj ïåðåéäåò â èíòåãðàë
Mk. Ñëåäîâàòåëüíî, M1 = . . . = Md. Ïåðåõîäÿ ê ñôåðè÷åñêèì êîîðäèíàòàì,
ïîëó÷èì, ÷òî Mj = I ′j/d, j = 1, . . . , d. Òàêèì îáðàçîì, I ′1 = . . . = I ′d.

Äëÿ ðàññìàòðèâàåìîãî ñëó÷àÿ èç òåîðåìû 2 ïîëó÷àåì

Ñëåäñòâèå 1. Ïóñòü 1 ≤ q < p, r <∞ è âûïîëíåíî íåðàâåíñòâî θ1 + d(1/r −
1/q) > θ > θ0 + d(1/p− 1/q) èëè θ1 + d(1/r− 1/q) < θ < θ0 + d(1/p− 1/q). Òîãäà
äëÿ âåñîâ (16) è âñåõ x(·), äëÿ êîòîðûõ w0(·)x(·) ∈ Lp(Rd+) è wj(·)x(·) ∈ Lr(Rd+),
j = 1, . . . , d, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

‖w(·)x(·)‖Lq(Rd+) ≤ K̃‖w0(·)x(·)‖γ̃
Lp(Rd+)

(
max

1≤j≤d
‖ωj(·)x(·)‖Lr(Rd+)

)1−γ̃

,

ãäå âåëè÷èíà K̃ îïðåäåëåíà ðàâåíñòâîì (15), â êîòîðîì çíà÷åíèå I îïðåäåëåíî
ðàâåíñòâîì (17).

Ïðèâåäåì åùå îäíî ðåçóëüòàò äëÿ âåñîâ (16).

Ñëåäñòâèå 2. Ïóñòü 1 ≤ q < p, r <∞. Âåñà (16) òàêîâû, ÷òî θ = d(1− 1/q),
θ0 = d− (λ+ d)/p, θ1 = d+ (µ− d)/r, ãäå λ, µ > 0. Ïîëîæèì

α =
µ

pµ+ rλ
, β =

λ

pµ+ rλ
.

Òîãäà äëÿ âñåõ x(·), äëÿ êîòîðûõ w0(·)x(·) ∈ Lp(Rd+) è wj(·)x(·) ∈ Lr(Rd+),
j = 1, . . . , d, èìååò ìåñòî òî÷íîå íåðàâåíñòâî

‖w(·)x(·)‖Lq(Rd+) ≤ C‖w0(·)x(·)‖pα
Lp(Rd+)

(
max

1≤j≤d
‖wj(·)x(·)‖Lr(Rd+)

)rβ
,

ãäå

C =
dβ

(pα)α(rβ)β

(
I

λ+ µ
B

(
α

1/q − α− β
,

β

1/q − α− β

))1/q−α−β

,

à

I =

∫
Πd−1

+

J(ω) dω(∑d
k=1 t̃k

r(d−1)+µ
(ω)
) β

1/q−α−β
.
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Ïðè d = 1 è q = 1 óòâåðæäåíèå ñëåäñòâèÿ 2 áûëî ïîëó÷åíî â [2].
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