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ÂÂÅÄÅÍÈÅ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä âû÷èñëåíèÿ èíòå-
ãðàëîâ Ôðåíåëÿ âèäà:

C(x) =
1√
2π

∫ x

0

cos t√
t
dt,

S(x) =
1√
2π

∫ x

0

sin t√
t
dt.

Ïðåäëîæåííûé ìåòîä, îñíîâàííûé íà ðàçëîæåíèè èíòåãðàëîâ Ôðå-
íåëÿ ïî ìíîãî÷ëåíàì ×åáûøåâà, óñîâåðøåíñòâóåòñÿ â äàëüíåéøåì
ñ ïîìîùüþ äðîáíî-ðàöèîíàëüíûõ ïðèáëèæåíèé.

Ñóùåñòâóþùèå ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ Ôðåíåëÿ èñ-
ïîëüçóþò ïðè ìàëûõ x ðàçëîæåíèÿ C(x) è S(x) â ðÿäû Òåéëî-
ðà, à ïðè áîëüøèõ x � àñèìïòîòè÷åñêèå ðàçëîæåíèÿ C(x) è S(x).
Òðóäíîñòè âîçíèêàþò ïðè âû÷èñëåíèè èíòåãðàëîâ â ïðîìåæóòî÷-
íûõ òî÷êàõ. Çäåñü èìåþòñÿ ðàçëè÷íûå ïîäõîäû.

Ñóùåñòâóåò ìåòîä, ñâîäÿùèé âû÷èñëåíèÿ C(x) è S(x) ê ñèñòå-
ìå ðàçíîñòíûõ óðàâíåíèé, êîòîðàÿ â äàëüíåéøåì ðåøàåòñÿ ìåòî-
äîì ñòðåëüáû è ïðîãîíêè. Íåäîñòàòîê ýòîãî ìåòîäà â òîì, ÷òî îí
äîâîëüíî ñëîæåí è òðåáóåò áîëüøîãî ÷èñëà îïåðàöèé.

Äðóãîé ìåòîä èñïîëüçóåò äëÿ âû÷èñëåíèÿ C(x) è S(x) êâàäðà-
òóðíûå ôîðìóëû Ãàóññà. Íåäîñòàòîê ýòîãî ìåòîäà â òîì, ÷òî îí
òðåáóåò ìíîãîêðàòíîãî âû÷èñëåíèÿ ôóíêöèé cos t è sin t.

Èíòåðåñåí ìåòîä, èñïîëüçóþùèé ðàçëîæåíèÿ èíòåãðàëîâ Ôðå-
íåëÿ ïî ôóíêöèÿì Áåññåëÿ

C(x) =
∞∑
k=0

J
2k+

1
2
(x),

S(x) =
∞∑
k=0

J
2k− 1

2
(x).

Îäíàêî îí òðåáóåò áîëüøåãî ÷èñëà îïåðàöèé, ÷åì ìåòîä ðàññìàò-
ðèâàåìûé â ðàáîòå, äëÿ äîñòèæåíèÿ òîé æå òî÷íîñòè.

Ïðåèìóùåñòâà ïðåäëàãàåìîãî àëãîðèòìà â òîì, ÷òî îí èñïîëü-
çóåò òîëüêî äâà ïðîìåæóòêà [0, 8) è [8,∞) è èìååò ñðàâíèòåëüíî
ìàëîå ÷èñëî îïåðàöèé.
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�1. ÐÀÇËÎÆÅÍÈÅ ÈÍÒÅÃÐÀËÎÂ ÔÐÅÍÅËß Â ÐßÄÛ

ÏÎ ÌÍÎÃÎ×ËÅÍÀÌ ×ÅÁÛØÅÂÀ

Èíòåãðàëû Ôðåíåëÿ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

C(x) =
1√
2π

∫ x

0

cos t√
t
dt, S(x) =

1√
2π

∫ x

0

sin t√
t
dt.

Ïóñòü y ∈ [−1, 1]. Ðàçëîæèì cos ty è sin ty ïðè ôèêñèðîâàííîì
t â ðÿäû ïî ìíîãî÷ëåíàì ×åáûøåâà.

cos ty =
∞∑
n=0

anTn(y), ãäå

a0 =
1

π

∫ 1

−1

cos ty√
1− y2

dy,

a2n+1 =
2

π

∫ 1

−1

cos tyT2n+1(y)√
1− y2

dy = 0,

a2n =
2

π

∫ 1

−1

cos tyT2n(y)√
1− y2

dy,

è sin ty =
∞∑
n=0

bnTn(y), ãäå

b0 =
1

π

∫ 1

−1

sin ty√
1− y2

dy = 0,

b2n =
2

π

∫ 1

−1

sin tyT2n(y)√
1− y2

dy = 0,

b2n+1 =
2

π

∫ 1

−1

sin tyT2n+1(y)√
1− y2

dy.

Ïîêàæåì, ÷òî a0 = J0(t), a2n = 2(−1)nJ2n(t), n ≥ 1, è b2n+1 =
2(−1)nJ2n+1(t), ãäå Jk(t) � ôóíêöèè Áåññåëÿ I ðîäà.

Èçâåñòíî [2], ÷òî

Jk(t) =
1

π

∫ π

0

cos(t sin y − ky) dy

=
1

π

∫ π

0

(cos(t sin y) cos ky + sin(t sin y) sin ky) dy.

Ïîñêîëüêó

1

π

∫ π

0

sin(t sin y) sin 2ny dy =
1

π

∫ π

0

cos(t sin y) cos(2n+ 1)y dy = 0,

2



òî

J2n(t) =
1

π

∫ π

0

cos(t sin y) cos 2ny dy =
2

π

∫ π/2

0

cos(t sin y) cos 2ny dy,

J2n+1(t) =
1

π

∫ π

0

sin(t sin y) sin(2n+ 1)y dy

=
2

π

∫ π/2

0

sin(t sin y) sin(2n+ 1)y dy.

Îòñþäà

a0 =
1

π

∫ 1

−1

cos ty√
1− y2

dy =
1

π

∫ π

0

cos(t cos y) dy

=
1

π

∫ π/2

−π/2
cos(t sin y) dy =

2

π

∫ π/2

0

cos(t sin y) dy = J0(t),

a2n =
2

π

∫ 1

−1

cos ty cos(2n arccos y)√
1− y2

dy =
2

π

∫ π

0

cos(t cos y) cos 2ny dy

= (−1)n 2
π

∫ π/2

−π/2
cos(t sin y) cos 2ny dy

= (−1)n 4
π

∫ π/2

0

cos(t sin y) cos 2ny dy = 2(−1)nJ2n(t),

b2n+1 =
2

π

∫ 1

−1

sin ty cos[(2n+ 1) arccos y]√
1− y2

dy

=
2

π

∫ π

0

sin(t cos y) cos(2n+ 1)y dy

= (−1)n 2
π

∫ π/2

−π/2
sin(t sin y) sin(2n+ 1)y dy = 2(−1)nJ2n+1(t),

Ïóñòü 0 ≤ x ≤ a. Ïðåäñòàâèì èíòåãðàëû Ôðåíåëÿ â âèäå

C(x) =

√
x

2π

∫ 1

0

cos tx√
t
dt, S(x) =

√
x

2π

∫ 1

0

sin tx√
t
dt. (1.1)

Ðàçëîæèì cos tx è sin tx â ðÿäû

cos tx =
∞∑
n=0

a2nT2n

(x
a

)
,

sin tx =
∞∑
n=0

b2n+1T2n+1

(x
a

)
,
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ãäå a0 = J0(at), a2n = 2(−1)nJ2n(at), b2n+1 = 2(−1)nJ2n+1(at). Ïîä-
ñòàâëÿÿ â èíòåãðàëû (1.1) ñîîòâåòñòâóþùèå ðàçëîæåíèÿ, ïîëó÷èì

C(x) =

√
x

2π

[
ρ0 + 2

∞∑
n=1

(−1)nρ2nT2n
(x
a

)]
,

S(x) =

√
x

2π
2
∞∑
n=0

(−1)nρ2n+1T2n+1

(x
a

)
,

ãäå

ρn =

∫ 1

0

Jn(at)√
t

dt.

Ïóñòü a ≤ x <∞. Òîãäà

C(x) + iS(x) =
1√
2π

∫ x

0

eit√
t
dt =

1√
2π

∫ ∞
0

eit√
t
dt− 1√

2π

∫ ∞
x

eit√
t
dt.

Èçâåñòíî, ÷òî
1√
2π

∫ ∞
0

eit√
t
dt =

1

2
(1 + i).

Ðàññìîòðèì

J =

∫ ∞
x

eit√
t
dt.

J = 2

∫ ∞
√
x

eit
2

dt = 2

∫ ∞
0

ei(u+
√
x)2 du = 2eix

∫ ∞
0

ei(u
2+2u

√
x) du.

Â ïîñëåäíåì èíòåãðàëå ìîæíî çàìåíèòü èíòåãðèðîâàíèå ïî äåé-
ñòâèòåëüíîé îñè íà èíòåãðèðîâàíèå ïî ìíèìîé îñè îò 0 äî i∞

J = 2eixi

∫ ∞
0

e−it
2

e−2t
√
x dt = i

2eix√
x

∫ ∞
0

e−2te−i
t2

x dt

= − 2√
x

(
sinx

∫ ∞
0

e−2t cos
t2

x
dt− cosx

∫ ∞
0

e−2t sin
t2

x
dt

)
+ i

2√
x

(
sinx

∫ ∞
0

e−2t sin
t2

x
dt+ cosx

∫ ∞
0

e−2t cos
t2

x
dt

)
.

Îòñþäà

C(x) =
1

2
+

sinx√
2πx

∫ ∞
0

2e−2t cos
t2

x
dt− cosx√

2πx

∫ ∞
0

2e−2t sin
t2

x
dt,

S(x) =
1

2
− sinx√

2πx

∫ ∞
0

2e−2t sin
t2

x
dt− cosx√

2πx

∫ ∞
0

2e−2t cos
t2

x
dt.

Îáîçíà÷èì

A
(a
x

)
=

∫ ∞
0

2e−2t cos
t2

x
dt =

∫ ∞
0

2
√
ae−2

√
at cos

t2a

x
dt,

B
(a
x

)
=

∫ ∞
0

2e−2t sin
t2

x
dt =

∫ ∞
0

2
√
ae−2

√
at sin

t2a

x
dt.
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Ðàçëàãàÿ cos
t2a

x
è sin

t2a

x
â ðÿäû ïî ìíîãî÷ëåíàì ×åáûøåâà,

ïîëó÷èì

A
(a
x

)
= γ0 + 2

∞∑
n=1

(−1)nγ2nT2n
(a
x

)
,

B
(a
x

)
= 2

∞∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
,

ãäå

γn =

∫ ∞
0

2
√
ae−2

√
atJn(t

2) dt.

Òîãäà äëÿ C(x) è S(x) áóäåì èìåòü

C(x) =
1

2
+

sinx√
2πx

[
γ0 + 2

∞∑
n=1

(−1)nγ2nT2n
(a
x

)]

− cosx√
2πx

2
∞∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
,

C(x) =
1

2
− sinx√

2πx
2
∞∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
− cosx√

2πx

[
γ0 + 2

∞∑
n=1

(−1)nγ2nT2n
(a
x

)]
.

�2. ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ ÌÅÒÎÄÀ ÏÐÈ 0 ≤ x ≤ a

Ïðè 0 ≤ x ≤ a C(x) è S(x) ìîæíî ïðåäñòàâèòü â âèäå

C(x) =

√
x

2π

[
ρ0 + 2

N∑
n=1

(−1)nρ2nT2n
(x
a

)]
+ EN

c (x),

S(x) =

√
x

2π
2

N∑
n=0

(−1)nρ2n+1T2n+1

(x
a

)
+ EN

s (x),

ãäå

EN
c (x) =

√
x

2π
2

∞∑
n=N+1

(−1)nρ2nT2n
(x
a

)
,

EN
s (x) =

√
x

2π
2

∞∑
n=N+1

(−1)nρ2n+1T2n+1

(x
a

)
.
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Îöåíèì âåëè÷èíû EN
c (x) è E

N
s (x). Î÷åâèäíî, ÷òî

|EN
c (x)| ≤ 2

√
x

2π

∞∑
n=2N+2

|ρn|,

|EN
s (x)| ≤ 2

√
x

2π

∞∑
n=2N+3

|ρn|.

Èçâåñòíî [2], ÷òî

Jn(z) =
∞∑
k=0

(−1)k

k!

1

(n+ k)!

(z
2

)2k+n
.

Ñëåäîâàòåëüíî,

ρn =

∫ 1

0

Jn(at)√
t

dt =
∞∑
k=0

(−1)k

k!

1

(n+ k)!

(a
2

)2k+n ∫ 1

0

t2k+n−
1
2 dt

=
∞∑
k=0

(−1)k

k!

1

(n+ k)!

(a
2

)2k+n 1

2k + n+
1

2

.

Îáîçíà÷èì

ak =
1

k!(n+ k)!

(a
2

)2k+n 1

2k + n+
1

2

,

è ðàññìîòðèì
ak+1

ak

ak+1

ak
=
(a
2

)2 1

(k + 1)(n+ k + 1)

1

1 +
2

2k + n+
1

2

<
(a
2

)2 1

n+ 1
.

Ïðè n+ 1 ≥
(a
2

)2
ak ìîíîòîííî óáûâàþò è, ñëåäîâàòåëüíî,

0 < ρn <
1

n!

(a
2

)n 2

2n+ 1
.

Îòñþäà

∞∑
n=M

ρn <
∞∑

n=M

1

n!

(a
2

)n 2

2n+ 1
<

1

M !

(a
2

)M 2

2M + 1
· 1

1− a

2(M + 1)

.
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Òàêèì îáðàçîì,

|EN
c (x)| ≤ 2

√
x

2π

(a
2

)2N+2

(2N + 2)!

2

4N + 5

1

1− a

2(2N + 3)

,

|EN
s (x)| ≤ 2

√
x

2π

(a
2

)2N+3

(2N + 3)!

2

4N + 7

1

1− a

2(2N + 4)

,

(2.1)

ïðè óñëîâèè, ÷òî

2N + 3 ≥
(a
2

)2
. (2.2)

�3. ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ ÌÅÒÎÄÀ ÏÐÈ a ≤ x <∞

Ïðè a ≤ x <∞ C(x) è S(x) ïðåäñòàâëÿþòñÿ â âèäå

C(x) =
1

2
+

sinx√
2πx

[
γ0 + 2

N∑
n=1

(−1)nγ2nT2n
(a
x

)]

− cosx√
2πx

2
N∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
+ EN

c (x),

S(x) =
1

2
− sinx√

2πx
2

N∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
− cosx√

2πx

[
γ0 + 2

N∑
n=1

(−1)nγ2nT2n
(a
x

)]
+ EN

s (x),

ãäå

EN
c (x) =

sinx√
2πx

2
∞∑

n=N+1

(−1)nγ2nT2n
(a
x

)
− cosx√

2πx
2

∞∑
n=N+1

(−1)nγ2n+1T2n+1

(a
x

)
,

EN
s (x) = −

sinx√
2πx

2
∞∑

n=N+1

(−1)nγ2n+1T2n+1

(a
x

)
− cosx√

2πx
2

∞∑
n=N+1

(−1)nγ2nT2n
(a
x

)
,

Ëåãêî âèäåòü, ÷òî

|EN
c (x)|, |EN

s (x)| ≤
1√
2πx

(| sinx|+ | cosx|)
∞∑

n=2N+2

|γn|. (3.1)
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Èçâåñòíî [3], ÷òî∫ ∞
0

e−
√
2atJn

(
t2

2

)
dt =

1√
π

∫ ∞
0

e−a sh 2t

(cth t)n+
1
2

dt

sh t
.

Äåëàÿ â ïîñëåäíåì èíòåãðàëå çàìåíó x = sh 2t, ïîëó÷àåì

γn =

√
a

π

∫ ∞
0

e−ax
√
x
√
1 + x2

(
x

1 +
√
1 + x2

)n
dx.

Îáîçíà÷èì

ϕM =
∞∑

n=M

γn =
∞∑

n=M

√
a

π

∫ ∞
0

e−ax
√
x
√
1 + x2

(
x

1 +
√
1 + x2

)n
dx.

Ïîêàæåì, ÷òî ðÿä
∞∑

n=M

√
a

π

e−ax
√
x
√
1 + x2

(
x

1 +
√
1 + x2

)n
(3.2)

ðàâíîìåðíî ñõîäèòñÿ íà [0,∞).
Â ñèëó îãðàíè÷åííîñòè ôóíêöèè√

a

π

√
x√

1 + x2(1 +
√
1 + x2)

äîñòàòî÷íî äîêàçàòü, ÷òî ðàâíîìåðíî ñõîäèòñÿ ðÿä
∞∑

n=M

fn(x) =
∞∑

n=M

e−ax
(

x

1 +
√
1 + x2

)n−1
.

Ðàññìîòðèì f ′n(x) ïðè x ∈ [0,∞)

f ′n(x) = e−ax
xn−2

(1 +
√
1 + x2)n−1

1√
1 + x2

(n− 1− ax
√
1 + x2).

Îòñþäà fn(x) èìååò ìàêñèìóì â òî÷êå, óäîâëåòâîðÿþùåé óðàâíå-
íèþ

n− 1 = ax
√
1 + x2.

Ðåøåíèå ýòîãî óðàâíåíèÿ:

xn =

√√√√n− 1

a

√
1 +

a2

4(n− 1)2
− 1

2
. (3.3)

Ñëåäîâàòåëüíî,

∞∑
n=M

fn(x) ≤
∞∑

n=M

fn(xn) =
∞∑

n=M

e−axn

(
xn

1 +
√

1 + x2n

)n−1

<

∞∑
n=M

e−axn <∞.

8



Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà (3.2) è, ñëåäîâàòåëü-
íî, ñïðàâåäëèâîñòü ðàâåíñòâ:

ϕM =

√
a

π

∫ ∞
0

e−ax
√
x
√
1 + x2

∞∑
n=M

(
x

1 +
√
1 + x2

)n
dx

=

√
a

π

∫ ∞
0

e−ax
√
x
√
1 + x2

xM

(1 +
√
1 + x2)M

1

1− x

1 +
√
1 + x2

dx.

Ïîñêîëüêó äëÿ âñåõ x ∈ [0,∞) âûïîëíåíû íåðàâåíñòâà

1

1− x

1 +
√
1 + x2

· 1√
1 + x2

=
1

2

(
x+ 1√
1 + x2

+ 1

)
≤ 1 +

√
2

2
,

1√
1 +
√
1 + x2

≤ 1√
2
,

äëÿ ϕM áóäåì èìåòü

ϕM <

√
a

π

1 +
√
2

2
√
2

∫ ∞
0

e−ax
(

x

1 +
√
1 + x2

)M− 1
2

dx. (3.4)

Èç (3.3) íàõîäèì òî÷êó, â êîòîðîé ïîäûíòåãðàëüíàÿ ôóíêöèÿ ïðè-
íèìàåò ìàêñèìóì

ξ =

√√√√√√√
M − 1

2
a

√√√√√1 +
a2

4

(
M − 1

2

)2 −
1

2
.

Îòìåòèì, ÷òî

ξ < ξ1 =

√√√√M − 1

2
a

,

ξ > ξ2 =

√√√√M − 1

2
a

− 1

2
.

(3.5)

Ðàññìîòðèì

I =

∫ ∞
0

e−ax
(

x

1 +
√
1 + x2

)M− 1
2

dx.
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Ýòîò èíòåãðàë ìîæíî ïðåäñòàâèòü â âèäå

I =

∫ 2ξ

0

e−ax
(

x

1 +
√
1 + x2

)M− 1
2

dx

+

∫ ∞
2ξ

e−ax
(

x

1 +
√
1 + x2

)M− 1
2

dx.

Îòñþäà

I < e−aξ

(
ξ

1 +
√
1 + ξ2

)M− 1
2

2ξ +
e−2aξ

a
.

Òàê êàê ξ óäîâëåòâîðÿåò óðàâíåíèþ aξ
√
1 + ξ2 =M − 1

2
, òî

ξ

1 +
√

1 + ξ2
=

ξ

1 +
M − 1

2
aξ

≤ ξ1

1 +
M − 1

2
aξ1

=

√
M − 1

2

√
a+

√
M − 1

2

.

Ó÷èòûâàÿ íåðàâåíñòâà (3.5), èìååì

I < e−2aξ2

2ξ1e
aξ2+

(
M− 1

2

)
ln

√
M−

1
2

√
a+

√
M−

1
2 +

1

a

 .
Îáîçíà÷èì

τ(M,a) =

√
a

(
M − 1

2

)
− a2

2
+

(
M − 1

2

)
ln

√
M − 1

2

√
a+

√
M − 1

2

.

Òîãäà èç (3.4) ïîëó÷èì

ϕM <

√
a

π

1 +
√
2

2
√
2
e
−2a

√
M− 1

2
a
− 1

2

2
√√√√M − 1

2
a

eτ(M,a) +
1

a


=

1 +
√
2

2
√
2π

e
−2a

√
M− 1

2
a
− 1

2

[
2

√
M − 1

2
eτ(M,a) +

1√
a

]
.
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Íàêîíåö, èç (3.1) è ïîñëåäíåãî íåðàâåíñòâà áóäåì èìåòü

|EN
c (x)|, |EN

s (x)| ≤
1√
x
(| sinx|+ | cosx|)1 +

√
2

4π
e
−2a

√
2N+3

2
a
− 1

2

×

[
2

√
2N +

3

2
eτ(2N+2,a) +

1√
a

]
, (3.6)

ãäå

τ(2N + 2, a) =

√
a

(
2N +

3

2

)
− a2

2
+

(
2N +

3

2

)
ln

√
2N +

3

2

√
a+

√
2N +

3

2

.

�4. ÀËÃÎÐÈÒÌ

Ïðè 0 ≤ x < 8 C(x) è S(x) âû÷èñëÿåì ïî ôîðìóëàì

C(x) =

√
x

2π

[
ρ0 + 2

12∑
n=1

(−1)nρ2nT2n
(x
8

)]
,

S(x) =

√
x

2π
2

N∑
n=0

(−1)12ρ2n+1T2n+1

(x
8

)
.

Òàê êàê íåðàâåíñòâî (2.2) äëÿ N = 12, a = 8 âûïîëíÿåòñÿ, äëÿ
ïîãðåøíîñòåé E12

c (x) è E12
s (x) èç (2.1) áóäåì èìåòü

|E12
c (x)| ≤ 2

√
x

2π

426

26!

2

53

27

23
<
√
x 4.0 · 10−13,

|E12
s (x)| ≤ 2

√
x

2π

427

27!

2

55

7

6
<
√
x 5.7 · 10−14.

Ïðè 8 ≤ x <∞ C(x) è S(x) âû÷èñëÿåì ïî ôîðìóëàì

C(x) =
1

2
+

sinx√
2πx

[
γ0 + 2

12∑
n=1

(−1)nγ2nT2n
(a
x

)]

− cosx√
2πx

2
12∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
,

C(x) =
1

2
− sinx√

2πx
2

12∑
n=0

(−1)nγ2n+1T2n+1

(a
x

)
− cosx√

2πx

[
γ0 + 2

12∑
n=1

(−1)nγ2nT2n
(a
x

)]
.
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Èç (3.6) äëÿ ïîãðåøíîñòåé E12
c (x) è E12

s (x) èìååì

|EN
c (x)|, |EN

s (x)| ≤
1√
x
(| sinx|+ | cosx|)1 +

√
2

4π
e−4
√
43

×

[
√
102e

2
√
43+

51
2
ln

√
51

4+
√
51 +

1

2
√
2

]
<

1√
x
(| sinx|+| cosx|)·1.5·10−10.

Çíà÷åíèÿ ρn è γn (n = 0, 1, . . . , 25) ïðèâåäåíû â [1]. Äëÿ âû÷èñ-
ëåíèÿ ëèíåéíûõ êîìáèíàöèé ìíîãî÷ëåíîâ ×åáûøåâà èñïîëüçóåòñÿ
ìîäèôèêàöèÿ ìåòîäà, ïðåäëîæåííîãî â [4].

Äëÿ âû÷èñëåíèÿ çíà÷åíèé

P2N(x) =
N∑
j=0

ajT2j(x)

çàïîìèíàåì

c0 = v0 =
aN
2
, c1 =

aN−1
2

, cn =
aN−n − aN−n+2

2
,

n = 2, . . . , N − 1, cN = a0 −
a2
2
.

Ïðè çàäàííîì x íàõîäèì y = 4x2 − 2, v1 = yv0 + c1, çàòåì ïîñëåäî-
âàòåëüíî v2, . . . , vN ïî ðåêóððåíòíîé ôîðìóëå

vn = yvn−1 − vn−2 + cn.

Íåòðóäíî ïðîâåðèòü, ÷òî

vn =
aN−n
2

+
n∑
j=1

aN−n+jT2j(x), n = 0, . . . , N − 1,

è
vN = P2N(x).

Äëÿ âû÷èñëåíèÿ çíà÷åíèé

P2N+1(x) =
N∑
j=0

bjT2j+1(x)

çàïîìèíàåì

d0 = v0 = bN , dn = bN−n − bN−n+1, n = 1, . . . , N.

Ïðè çàäàííîì x íàõîäèì y = 4x2 − 2, v1 = yv0 + d1, çàòåì ïîñëåäî-
âàòåëüíî v2, . . . , vN ïî ðåêóððåíòíîé ôîðìóëå

vn = yvn−1 − vn−2 + dn.

Íåòðóäíî ïðîâåðèòü, ÷òî

vn =
1

x

n∑
j=0

bN−n+jT2j+1(x), n = 0, . . . , N.
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Îòñþäà
P2N+1(x) = xvN .

Òàêèì îáðàçîì, âìåñòî ρn çàïîìèíàåì

c0 = ρ24, c1 = −ρ22, cn = (−1)n[ρ24−2n − ρ28−2n], n = 2, . . . , 12,

d0 = 2ρ25, dn = 2(−1)n[ρ25−2n − ρ27−2n], n = 1, . . . , 12.

Àíàëîãè÷íî âìåñòî γn çàïîìèíàåì

c0 = γ24, c1 = −γ22, cn = (−1)n[γ24−2n − γ28−2n], n = 2, . . . , 12,

d0 = 2γ25, dn = 2(−1)n[γ25−2n − γ27−2n], n = 1, . . . , 12.

Çíà÷åíèÿ cn è dn ïðèâåäåíû â òàáëèöå 1.

�5. ÄÐÎÁÍÎ-ÐÀÖÈÎÍÀËÜÍÛÅ ÏÐÈÁËÈÆÅÍÈß

ÈÍÒÅÃÐÀËÎÂ ÔÐÅÍÅËß

Ïîñëå òîãî, êàê áûëà ñîñòàâëåíà ïðîãðàììà âû÷èñëåíèÿ èíòå-
ãðàëîâ Ôðåíåëÿ, èñïîëüçóþùàÿ àëãîðèòìû èç � 4, áûë ïîñòàâëåí
âîïðîñ: ìîæíî ëè ñ ïîìîùüþ äðîáíî-ðàöèîíàëüíûõ ïðèáëèæåíèé
ñîêðàòèòü ÷èñëî îïåðàöèé ïðè òîé æå òî÷íîñòè?

Äëÿ ðåøåíèÿ ýòîé çàäà÷è áûë âçÿò àëãîðèòì èç [5], êîòîðûé
äëÿ çàäàííûõ íåïðåðûâíîé ôóíêöèè f(x), íåïðåðûâíîé è ìîíî-
òîííîé ôóíêöèè φ(x), x ∈ [a, b], ñòðîèò ðàöèîíàëüíóþ ôóíêöèþ
ïðè çàäàííûõ l è m

R∗l,m[φ(x)] =
Pl[φ(x)]

Qm[φ(x)]
=

p0 + p1φ(x) + . . .+ pl[φ(x)]
l

q0 + q1φ(x) + . . .+ qm[φ(x)]m
,

êîòîðàÿ ïî÷òè ìèíèìèçèðóåò âåëè÷èíó

max
x∈[a,b]

|f(x)−Rl,m[φ(x)]|.

Â êà÷åñòâå ïðèáëèæàåìûõ ôóíêöèé áûëè âçÿòû ôóíêöèè

f1(t) =
1√
2π

[
ρ0 + 2

12∑
n=1

(−1)nρ2nT2n
(x
8

)]
,

f2(t) =
1√
2π

1

8t

[
2

N∑
n=0

(−1)12ρ2n+1T2n+1

(x
8

)]
,

f3(t) =
1√
2π

[
γ0 + 2

12∑
n=1

(−1)nγ2nT2n
(x
8

)]
,

f4(t) =
1√
2π

1

8t

[
2

N∑
n=0

(−1)12γ2n+1T2n+1

(x
8

)]
, t ∈ [0, 1],

à â êà÷åñòâå ìîíîòîííîãî ïðåîáðàçîâàíèÿ îòðåçêà [0, 1] � ôóíêöèÿ
ψ(t) = t2.
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Íåòðóäíî ïðîâåðèòü, ÷òî çíà÷åíèÿ èíòåãðàëîâ Ôðåíåëÿ, ïîëó-
÷àåìûå ïî àëãîðèòìó èç � 4, ñâÿçàíû ñ f1(t), . . . , f4(t) ñëåäóþùèì
îáðàçîì:
ïðè 0 ≤ x < 8

C(x) =
√
xf1

(x
8

)
,

S(x) = x
√
xf2

(x
8

)
,

ïðè 8 ≤ x <∞

C(x) =
1

2
+

sinx√
x
f3

(x
8

)
− cosx

x
√
x
f4

(x
8

)
,

S(x) =
1

2
− sinx

x
√
x
f4

(x
8

)
− cosx√

x
f3

(x
8

)
.

(5.1)

Ðåçóëüòàòû äðîáíî-ðàöèîíàëüíûõ ïðèáëèæåíèé äëÿ ôóíêöèé
f1(t), . . . , f4(t) ïðèâåäåíû â òàáëèöàõ 2,3,4 è 5. Â ýòèõ òàáëèöàõ
ïðèâîäÿòñÿ çíà÷åíèÿ λ ≈ max

t∈[0,1]
|fi(x) − R∗l,m(t

2)| äëÿ 1 ≤ l ≤ 7,

0 ≤ m ≤ 7. Ñèìâîëîì ∗ îáîçíà÷åíî íàèëó÷øåå ïðèáëèæåíèå èç òàá-
ëèöû ïðè ôèêñèðîâàííîì ÷èñëå êîýôôèöèåíòîâ. Ñèìâîë P îçíà-
÷àåò ðàñõîäèìîñòü àëãîðèòìà.

Èç ïðèâåäåííûõ òàáëèö âèäíî, ÷òî äëÿ f1(t) è f2(t) ñóùåñòâåí-
íîãî óëó÷øåíèÿ àëãîðèòìà ñ ïîìîùüþ äðîáíî-ëèíåéíûõ ïðèáëè-
æåíèé äîáèòüñÿ íåëüçÿ.

Äëÿ f3(t) è f4(t) ïðè l = m = 3 ñóùåñòâóþò äîñòàòî÷íî õîðîøèå
ïðèáëèæåíèÿ.

Äëÿ f3(t)

R3(t) =
0.3989422804 + 0.6051068615t2 + 0.1661805811t4

1 + 1.528496698t2 + 0.4328633506t4 + 0.01615472133t6

+
0.00515296899t6

1 + 1.528496698t2 + 0.4328633506t4 + 0.01615472133t6
,

äëÿ f4(t)

R3(t) =
0.1994711398 + 0.3703941275t3 + 0.126890305t4

1 + 1.915474243t2 + 0.7339567627t4 + 0.04516091093t6

+
0.004349819078t6

1 + 1.915474243t2 + 0.7339567627t4 + 0.04516091093t6
.

×òîáû ïðîâåðèòü òî÷íîñòü ïðèáëèæåíèÿ ôóíêöèé f3(t) è f4(t)
ôóíêöèÿìè R3(t) è R4(t), áûëè ñîñ÷èòàíû δ3(ti) = |f3(ti) − R3(ti)|
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è δ4(ti) = |f4(ti)−R4(ti)| â òî÷êàõ ti =
i

200
, i = 0, 1, . . . , 200. Îêàçà-

ëîñü, ÷òî

max
i
δ3(ti) ≤ 9.92 · 10−11,

max
i
δ4(ti) ≤ 3.40 · 10−10.

Ñ÷èòàÿ, ÷òî

max
t∈[0,1]

|f3(t)−R3(t)| ≤ 9.92 · 10−11,

max
t∈[0,1]

|f4(t)−R4(t)| ≤ 3.40 · 10−10,

è çàìåíÿÿ f3

(
8

x

)
è f4

(
8

x

)
íà ñîîòâåòñòâóþùèå äðîáíî-ðàöèîíàëü-

íûå ïðèáëèæåíèÿ, èç (5.1) áóäåì èìåòü

|C(x)− C̃(x)| ≤ 1√
x

(
9.92| sinx|+ 34.0

x
| cosx|

)
10−11 < 4.96 · 10−11,

|S(x)− S̃(x)| ≤ 1√
x

(
34.0

x
| cosx|+ 9.92| sinx|

)
10−11 < 4.96 · 10−11,

ãäå

C̃(x) =
1

2
+

sinx√
x
R3

(x
8

)
− cosx

x
√
x
R4

(x
8

)
,

S̃(x) =
1

2
− sinx

x
√
x
R4

(x
8

)
− cosx√

x
R3

(x
8

)
.

Òàêèì îáðàçîì, èñïîëüçóÿ äðîáíî-ðàöèîíàëüíûå ïðèáëèæåíèÿ
ïðè x ∈ [8,∞), ìîæíî ñóùåñòâåííî ñîêðàòèòü ÷èñëî îïåðàöèé.
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Òàáëèöû

Òàáëèöà 1
Äëÿ ρn:

c0 = 0.10 · 10−10 d0 = 0.4 · 10−11
c1 = −0.366 · 10−9 d1 = −0.128 · 10−9
c2 = 0.10898 · 10−7 d2 = 0.4206 · 10−8
c3 = −0.267681 · 10−6 d3 = −0.115070 · 10−6
c4 = 0.5276080 · 10−5 d4 = 0.2562196 · 10−5
c5 = −0.81056841 · 10−4 d5 = −0.45321924 · 10−4
c6 = 0.933990129 · 10−3 d6 = 0.617430236 · 10−3
c7 = −0.7651297534 · 10−2 d7 = −0.6220184292 · 10−2
c8 = 0.41140949487 · 10−1 d8 = 0.43868192558 · 10−1
c9 = −0.127133929270 d9 = −0.200717449332
c10 = 0.174360773295 d10 = 0.538666617980
c11 = −0.80811186046 · 10−1 d11 = −0.799616840492
c12 = 0.547910386743 d12 = 1.053859157204

Äëÿ γn:

c0 = 0.10 · 10−11 d0 = 0.2 · 10−11
c1 = −0.4 · 10−11 d1 = −0.6 · 10−11
c2 = 0.14 · 10−10 d2 = 0.18 · 10−10
c3 = −0.54 · 10−10 d3 = −0.72 · 10−10
c4 = 0.239 · 10−9 d4 = 0.298 · 10−9
c5 = −0.1176 · 10−8 d5 = −0.1346 · 10−8
c6 = 0.6545 · 10−8 d6 = 0.6798 · 10−8
c7 = −0.42829 · 10−7 d7 = −0.39518 · 10−7
c8 = 0.347441 · 10−6 d8 = 0.275996 · 10−6
c9 = −0.3810219 · 10−5 d9 = −0.2475448 · 10−5
c10 = 0.66275081 · 10−4 d10 = 0.32029670 · 10−4
c11 = −0.2617529549 · 10−2 d11 = −0.755202944 · 10−3
c12 = 0.944548822473 d12 = 0.60881924150 · 10−1
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Òàáëèöà 2
f1(t)

\
\
l

m 1 2 3 4

0 2.36 · 10−1∗ 1.18 · 10−1∗ 3.47 · 10−2 6.26 · 10−3

1 P 2.95 · 10−2∗ 4.23 · 10−3∗ 3.85 · 10−4∗
2 5.20 · 10−2 P 6.62 · 10−4 3.14 · 10−5

3 P 2.50 · 10−3 1.00 · 10−4 2.72 · 10−6

4 P 3.45 · 10−4 1.64 · 10−5 2.37 · 10−7

5 P 3.80 · 10−5 3.18 · 10−6 2.00 · 10−8

6 P 1.56 · 10−6 8.44 · 10−7 1.59 · 10−9

7 P 8.22 · 10−7 P P

\
\
l

m 5 6 7

0 7.55 · 10−4 6.52 · 10−5 4.23 · 10−6

1 2.63 · 10−5∗ 1.41 · 10−6 6.06 · 10−8

2 1.28 · 10−6∗ 4.47 · 10−8∗ 1.33 · 10−9∗
3 7.00 · 10−8 1.64 · 10−9 3.11 · 10−11∗
4 3.96 · 10−9 6.44 · 10−11 P

5 2.23 · 10−10 P P

6 3.45 · 10−8∗ P P

7 2.88 · 10−11∗ P P
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Òàáëèöà 3
f2(t)

\
\
l

m 1 2 3 4

0 6.55 · 10−2∗ 2.16 · 10−2 4.53 · 10−3 6.31 · 10−4

1 1.31 · 10−2∗ 2.85 · 10−3∗ 3.30 · 10−4∗ 2.63 · 10−5∗
2 P 6.09 · 10−4 3.43 · 10−5 1.58 · 10−6∗
3 3.65 · 10−3 1.27 · 10−4 3.81 · 10−6 1.05 · 10−7

4 P 1.93 · 10−5 4.25 · 10−7 7.25 · 10−8

5 1.04 · 10−3 2.35 · 10−6 4.93 · 10−8 4.98 · 10−10

6 P 2.44 · 10−7 6.23 · 10−9 3.35 · 10−11

7 P 1.94 · 10−8 P 1.35 · 10−12∗

\
\
l

m 5 6 7

0 6.22 · 10−5 4.55 · 10−6 2.56 · 10−7

1 1.59 · 10−6 7.64 · 10−8 2.98 · 10−9

2 6.07 · 10−8∗ 1.97 · 10−9∗ 5.41 · 10−11∗
3 2.66 · 10−9 5.98 · 10−11 P

4 1.23 · 10−10 7.59 · 10−13∗ P

5 P P P

6 P 1.01 · 10−12∗ P

7 P P P
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Òàáëèöà 4
f3(t)

\
\
l

m 1 2 3 4

0 5.33 · 10−5∗ 3.10 · 10−6 2.87 · 10−7 3.60 · 10−8

1 1.75 · 10−6∗ 1.08 · 10−7 9.65 · 10−9 1.13 · 10−9

2 1.01 · 10−7 ∗ 6.77 · 10−9∗ 5.97 · 10−10 6.62 · 10−11

3 9.01 · 10−9 5.70 · 10−10∗ 5.05 · 10−11∗ 5.82 · 10−12

4 1.06 · 10−9 6.27 · 10−11 5.10 · 10−12 P

5 1.55 · 10−10 1.31 · 10−12∗ P 1.46 · 10−12∗
6 2.60 · 10−11 4.25 · 10−12 3.65 · 10−12 P

7 4.75 · 10−12 P P P

\
\
l

m 5 6 7

0 5.61 · 10−9 1.03 · 10−9 2.14 · 10−10

1 1.63 · 10−10 2.73 · 10−11 7.53 · 10−12

2 8.57 · 10−12 2.45 · 10−14∗ 2.03 · 10−11

3 P P 4.77 · 10−12∗
4 P P P

5 P P P

6 P P P

7 9.86 · 10−13∗ P P
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Òàáëèöà 5
f4(t)

\
\
l

m 1 2 3 4

0 2.08 · 10−4∗ 1.63 · 10−5 1.85 · 10−6 2.70 · 10−7

1 7.43 · 10−6∗ 5.80 · 10−7 6.20 · 10−8 8.37 · 10−9

2 4.72 · 10−7 ∗ 3.76 · 10−8∗ 3.86 · 10−9 4.81 · 10−10

3 4.87 · 10−8 3.31 · 10−9∗ 3.26 · 10−10∗ 3.76 · 10−11

4 6.64 · 10−9 3.92 · 10−10 3.33 · 10−11∗ 8.29 · 10−12∗
5 1.09 · 10−9 5.60 · 10−11 8.39 · 10−12 P

6 2.03 · 10−10 1.05 · 10−11 6.89 · 10−12 1.05 · 10−12

7 4.36 · 10−11 6.58 · 10−12 5.94 · 10−12 P

\
\
l

m 5 6 7

0 4.73 · 10−8 9.57 · 10−9 2.16 · 10−9

1 1.34 · 10−9 2.45 · 10−10 5.12 · 10−11

2 6.92 · 10−11 P 6.81 · 10−12

3 P 6.69 · 10−12 6.41 · 10−12

4 5.81 · 10−12∗ 4.24 · 10−13∗ 3.10 · 10−12

5 9.89 · 10−13 3.09 · 10−12∗ P

6 3.54 · 10−12 P P

7 P P P
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Ïðîãðàììà ê � 4

2. _PROCEDURE CS(C,S,X);
3. _VALUE X:′REAL C,S,X;
4. ′BEGIN ′INTEGER I;′REAL Z,H,Y,F,D,E,B;
5. ′ARRAY A[1:26],RK,RL[1:13];Z:=ABS(X);_IF Z<8.0_THEN _BEGIN
6. A[1]:=10-11;A[2]:=-0.36610-9;A[3]:=0.1089810-7;A[4]:=-0.26768110-6;
7. A[5]:=0.52760810-5;A[6]:=-0.8105684110-4;A[7]:=0.93399012910-3;
8. A[8]:=-0.007651297534;A[9]:=0.041140949487;A[10]:=-0.12713392927;
9. A[11]:=0.174360773295;A[12]:=-0.080811186046;A[13]:=0.547910386743;
10. A[14]:=0.410-11;A[15]:=-0.12810-9;A[16]:=0.420610-8;A[17]:=-0.11507 10-6;
11. A[18]:=0.256219610-5;A[19]:=-0.4532192410-4;A[20]:=0.61742023610-3;
12. A[21]:=-0.006220184292;A[22]:=0.4043868192558;A[23]:=-0.200717449332;
13. A[24]:=0.53866661798;A[25]:=-0.799616840492;A[26]:=1.053859157204;
14. H:=Z/8.0′END _ELSE _BEGIN
15. A[1]:=0.110-11;A[2]:=-0.410-11;A[3]:=0.1410-10;A[4]:=-0.5410-10;
16. A[5]:=0.23910-9;A[6]:=-0.117610-8;A[7]:=0.654510-8;
17. A[8]:=-0.4282910-7;A[9]:=0.34744110-6;A[10]:=-0.381021910-5;
18. A[11]:=0.6627508110-4;A[12]:=-0.002617529549;A[13]:=0.994548822473;
19. A[14]:=0.210-11;A[15]:=-0.610-11;A[16]:=0.1810-10;A[17]:=-0.72 10-10;
20. A[18]:=0.29810-9;A[19]:=-0.134610-8;A[20]:=0.679810-8;
21. A[21]:=-0.3951810-7;A[22]:=0.27599610-6;A[23]:=-0.247544810-5;
22. A[24]:=0.320296710-4;A[25]:=-0.75520294410-3;A[26]:=0.06088192415;
23. H:=8.0/Z′END ;Y:=4.0∗H∗H-2.0;
24. RK[1]=A[1];RK[2]:=Y∗RK[1]+A[2];
25. RL[1]:=A[14];RL[2]:=Y∗RL[1]+A[15];
26. ′FOR I:=3′STEP 1′UNTIL 13_DO
27. _BEGIN RK[I]:=Y∗RK[I-1]-RK[I-2]+A[I];
28. RL[I]:=Y∗RL[I-1]-RL[I-2]+A[I+13]_END ;
29. F:=0.398942280401;D:=F∗RK[13];E:=F∗RL[13]∗H;B:=SQRT(Z);
30. _IF Z<8.0′THEN _ C:=D∗B;S:=F∗B_END
31. _ELSE ′BEGIN Y:=SIN(Z);H:=COS(Z);
32. C:=0.5+(C∗Y-E∗H)/B;S:=0.5-(E∗Y+D∗H)/B_END _END;
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