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ABSTRACT. Using a variational principle for s-numbers, we obtain
estimates for the linear, Gel’fand and Bernstein n-widths. A simple
proof of some results concerned with the exact values of n-widths
of diagonal operators is given. We also calculate the exact values
of the Bernstein n-widths for the Hardy—Sobolev classes.

1. INTRODUCTION

Let X, Y be normed linear spaces and 7": X — Y be a bounded
linear operator. The linear \,, Gel’fand d" and Bernstein b,, n-widths
of the operator T are defined by

M(T) :=inf sup ||[Tw — Puxlly, d"(T):=inf sup [|Tx|ly,
P, 2€BX X" zeBX™

T
bo(T) := sup inf I Ty
Xnt1 ¢€Xn41 ||5L’||X
z#0

Y

where P, is any linear operator mapping X into Y of rank at most
n, BX is the closed unit ball of X, X" runs over all n-codimensional
subspaces of X and X, ;1 runs over all (n + 1)-dimensional subspaces
of X.

In Osipenko and Stessin [1] the exact values of the linear and Gel’fand
n-widths of the Hardy classes Hs were obtained. A method of the proof
was very close to the one from Ismagilov’s Theorem [2] (see also |3,
p. 93]). After the paper [1]| several results were obtained for A, (7") and
d"(T) where T is a map from a Hilbert space H into C'(E) (see [4]-[6]).
Parfenov [7] solved an analogous problem for the Bernstein n-widths
b, (T) where T: Lo(E,v) — H and v is a probability measure on F.

In this paper we show that many of these results can be obtained,
using a general principle concerned with extremal properties of s-
numbers. Section 2 is devoted to this principle. In Section 3 we prove
the estimates of the linear, Gel’fand and Bernstein n-widths. In Sec-
tion 4 we give a simple proof of two results about the exact values
of n-widths for diagonal operators in the discrete case. Finally, in
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Section 5 we calculate the Bernstein n-widths of the Hardy-Sobolev
classes.

2. VARIATIONAL PRINCIPLE FOR s-NUMBERS

Let H and H; be Hilbert spaces and T": H — H; a bounded linear
operator. Suppose that

T/TQOk:/\kQOk, ]{?:1,27...,

where A\; > X > -+ > 0 and {¢} form a complete orthonormal basis
for the range of T'T (a sufficient condition is that 7" be a compact
operator). The values s,(T) = /Ay are called the s-numbers of 7.

Set ¥y = s (T)Tpx. Note that {1} is an orthonormal system
in H;. Then there exists the Schmidt decomposition of T' (see, for
example, [8]) which is given by

7= s(T)(. o0t

Theorem 1. Let T be as above. Then

(1) > si(D) maxz 1 Texll%,
k=1

R 1

where the maximum is taken over all orthonormal systems {e}7 in H.
Furthermore,

[e.e]

) > sHT) = min Z [Tl

k=n+1

where the minimum is taken over all orthonormal systems {ey}5° in H
such that codim span{e;}° < n.

For a compact operator T' this theorem was proved in Parfenov [6].
In our case the proof is almost the same because it does not so much
depend on the compactness of T as on the fact that the eigenvectors
{¢r} of T'T form an orthonormal basis for the range of 7"T.

We remark that both parts in (2) are finite iff

o
—_

In Parfenov [6] Theorem 1 was the basic tool in calculating the
Gel’fand n-widths of operators T: H — L (F,v). Similar results were
obtained in Osipenko [5], using Ismagilov’s Theorem and the duality
between the Kolmogorov and Gel’fand n-widths.

In order to estimate the Bernstein n-widths we need the following
properties of s-numbers.
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Theorem 2. Let T be as in Theorem 1 and KerT = 0. Then

(3 > s (1) = min Z I £l
k=1 1

where the minimum is taken over all orthonormal systems {fi}} in
T(H). Furthermore, if dim H = N < oo, then

N
(4) Z sp2(T) = max ZHT il

}N n
k=n+1 {feh

where the mazimum is taken over all orthonormal systems { fy N=nin
T(H).

Proof. Let {fx}} be any orthonormal system in T(H). Set L, :=
span{T ' fi}7, L, := span{fi}7, and T), := T|L . Suppose that the

Schmidt decomposition of 7T,, has the form

T, —Zsk wk

n 1/2
(z nTn—lfknz)
k=1

is the Hilbert-Schmidt norm of 7);! and does not depend on the choice

The value

of the orthonormal basis in L,. Therefore,

SNl =S N7 el = ST s =S 53 (1)
k=1 k=1 k=1 k=1

Let P, be an orthoprojector in H onto L,. Using the properties of
s-numbers of bounded linear operators (see [8, p. 82]) we have

sk(Tn) = sk(T o P) < || Pal[sk(T) = si(T).
Thus

DTl = Y s 3D
k=1 k=1

If f =9y, k=1,...,n, then

DT lE =D s (1)
k=1 k=1
The equality (3) is proved.
To prove (4) note that
se(T7Y) = sy (T), k=1,...,N.
Now (4) follows from (1). The theorem is proved. O
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3. ESTIMATES OF LINEAR, GEL'FAND AND BERNSTEIN n-WIDTHS
To obtain estimates of n-widths we need the following simple result.

Lemma 1. Let H be a Hilbert space, w := dim H and T: H — C(E)
a bounded linear operator. Then

w 1/2
1T rc(p) = sup (Z |(T6k)(2)!2>
z€FE 1

for any orthonormal basis {e,}{ in H.

Proof. We have

ITllu—cwm = sup sup[(Th)(z)| =sup sup [(Th)(z)]

H zeFE z€E heBH
" 1/2
=sup sup ck(Ter)(z)| = sup |(Te)( .
2€E {cp}Y€BIl2 ; z€E (Z
The lemma is proved. Il

Let H be a Hilbert space of functions defined on some set 2. A
function K(z,w) defined on Q x Q is called a reproducing kernel of H
if for each w € Q, K(z,w) € H, and for all f € H

f(w) = (f()? K('vw))H'

It is a well-known fact that if the {¢;}{ form an orthonormal basis in

H, then
= Z o (2)pr(w)
k=1

Suppose that €2 is a topological space, £ C 2 and Tf := f‘E is a

bounded linear operator from H into C'(E). Then from Lemma 1 we
obtain

1T ) = SUE(K(%Z))W-
zE

Theorem 3 (|5, [6]). Let H be a Hilbert space, E a topological space
with probability measure v such that suppr = E, and T: H — C(F)

a bounded linear operator. Define Ty: H — Lo(E,v) by the equation
Toh :=Th. Assume that

(5) TyTopr = sig@k, k=1,2,...,

where s1 > s9 > ... > 0 and {yr} is an orthonormal basis for the range
of T{Ty. Then

00 1/2 1/2
( Z 8%) < \(T) =d™(T) < sup < Z (Ter) (2 ) :

k=n+1 = k=n+1
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Proof. Since suppr = FE, KerTjT, = KerTy = KerT and we can
assume, without loss of generality, that {(} is an orthonormal basis
in H. From the definition of the Gel’fand n-width it follows that

d"(T) =t [T gncm),

where H" runs over all n-codimensional subspaces of H. Consider
H" = {pi}p5- We obtain from Lemma 1

1/2
d"( <sup<Z\Tgok ) :

z€E J—

Let H" be any n-codimensional subspace of H. Suppose that {¢}.}
is an orthonormal basis in H™. Using Lemma 1 and (2), we have

I s = sup S TP = [ S I vt
R k=1
= Z HTOS%HLQ (Bw) = Z Si-

k=n+1

Thus,

~ 1/2
a(T) > ( Z si) .
k=n+1
The equality A, (7") = d™(T) is the well-known fact for operators defined
on Hilbert spaces (see, |3, p. 33]). The theorem is proved. O

Now we will obtain the similar estimates for the Bernstein n-widths.

Theorem 4. Let H, E, and v be as above, H, be a subspace of
Ly(E,v), and Xg C Hy be a subspace of C(FE). Assume that a
bounded linear operator Ty: Hy — H satisfies the conditions (5) where
s1 > s9 > ... >0, {pr} is an orthonormal basis for the range of
T8Th, and o € Xg, k=1,2,.... Define T: Xg — H by the equation
Tf:=1Tof. Then

n+1 —1/2 n+1 —1/2
(6) (Sup28;2|¢k(2)l2> < b,(T) < (Z 822> :
2€E 1 k=1

Proof. Let L,,1 C Xg and dim L,,.; = n + 1. Consider the operator
Tn+1 = T‘L . If Ker Tn+1 % O7 then

n+1

T fll
L7L
felpn 1 fllc

=0.
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Suppose that KerT,,; = 0. Then we can define the operator

T.0: T(Lyt1) = Lyyi. Using Lemma 1 and (4), for any orthonor-

mal system {e,}7*! in T(L,;1) we have

1T flla " gl

f = ——H 7
felnn | flles geT(inﬂ 1T gl LT (Ly 1) C(E)

n+1 —1/2 n+1 —1/2
~(mpdmeer) < (3 [ mwera)
n+l —1/2 n+1 —1/2

<Z 17 +1€k:||H1> (Z S (Tas ) :

Since sg(Thi1) < sp(To) = sk, k=1,...,n+ 1, we obtain
n+1 —1/2
<(247)
k=1

Let L,y = span{pg 7. Then oy, := s ' Tpx, k= 1,...,n+ 1, form
an orthonormal system in 7'(L,.1). Thus,

”Tf” n+1 172
bo(T) > inf == |sup > (T ) (2
el | fllom) 2€B ]

n+1 —1/2
= <suszk lon(2) ) :

zeE

The theorem is proved. U

4. n-WIDTHS OF DIAGONAL OPERATORS

Let T: Iy — [, be the diagonal operator

(7) T ({ze}7°) == { war }7,

where A\ > Ay > ... > 0. Smolyak [9] (in the finite-dimensional case)
proved that

® = (i)

In dual terms this result was obtained by Sofman [10] (see also [11]).
We will show that the lower bound in (8) easily follows from Theorem 3.

Denote by {e}$° the standard basis of lo. Fix any m > n. Let
T 15 — 172 be the operator defined by

Ton ({z}7") == { 37"
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It is easy to see that d"(T") > d"(T,,). Define the probability measure
Vm on the set {1,2,... m} as

vm({j}) = A} <Z Azf) :

Denote by 1,0 the operator 7, regarded as an operator from [ into
15 (V). Then

m -1
T;nOTmoej = (Z )\];2) €5, j = 1, e, M.
k=1

From Theorem 3
1/2
m-—n
d"(Tm) > (T) :
D ket Ak ?
Thus

m—mn \2
(1) = d*(T') = sup d*(T;n) > (W) :

m>n

Note that the values (8) are also related to linear stochastic n-widths
(see [12]).

Consider the operator (7) as an operator from [, into ly. Here we
assume that {\;}7° € l5. Galeev |13| proved the equality

00 22 1/2
b,(T) = min —Zk:mH k )
0<m<n+l \ n—m+1

We will show how the upper bound can be obtained from Theorem 4.
Let 0 < e <1 and 0 < m < n+ 1. Define the probability measure
vy on N as

A2
. (1 - 5)00—J7 ] > m,
i =4 T R
—, J<m.
m

Denote Ty: lo(vy,) — lo by the equation Ty := Tx. It is easy to obtain

that
TéTg@j :siej, ] = ]_,2,...,

where

52 _ (1 - 5)_1 ZZo:erl /\z’ ] > m,
J e A2m, j<m.

From Theorem 4
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Letting € — 0, we obtain

b,(T) < min

T 0<m<n+1

n—m-+1

00 1/2
(Zk:m+1 A%) /

5. BERNSTEIN n-WIDTHS OF HARDY-SOBOLEV CLASSES

Let A be a closed, convex, centrally symmetric subset of a normed
linear space Y. The Bernstein n-width of A is defined by

bn(A,Y) :=supsup{ A: ABY,,,1 C A},

Yn+1

where Y, is any (n + 1)-dimensional subspace of Y. If KerT = 0,
then it is easily shown that

bo(T) = b,(T(BX),Y).
We need the following simple property of b,,.
Lemma 2. Let H be a Hilbert space, A a closed, convex, centrally

symmetric subset of H, and H, an r-dimensional subspace of H such
that A L H,. Then

(9) bpir(A+H. H)=0,(A, H).
Proof. Assume that H,,; C H, dim H,,;; =n+ 1, and
sup{A\: ABH, ;1 C A} =pu>0.
Put H, 11 := H,.1+H,. Since A 1. H, it follows that H,,,; 1 H, and
dmH, 1 =n+r+1. Ifx € Hyprpn, ||z||g < i, then z = 21 + 24,
where 1 € Hy, 11, 2 € H,., and
el < Nl + lle2lf = ol < o
Thus z, € A. Consequently, x € A+ H,. We have
sup{ A\ : \BH,4,+1 CA+H, } > p.
So we proved that
(10) bnr(A+ Hy, H) > b, (A, H).
If bpir(A+ H.,H) = 0, then (9) follows from (10). Suppose that
bpir(A+H.,H)>0. Let H,1,,1 C H,dim H, .1 =n+r+1, and
sup{ A\ : A\BH,,.,11 CA+H, } =p>0.

Since Hyirp1 C span A + H,, dim(H,;,+1 Nspan A) > n + 1. Hence
there exists a subspace H, 1 C H,,11Nspan A with dim H,,,; = n+1.
Let x € H, 1 and ||z||g < p. Then x € A+ H,. In addition z € span A.
Thus z € A and

sup{ A\ : A\BH,,1 C A} > p.
Therefore,

bo(A,H) > by (A+ H,, H).
The lemma is proved. Il
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Theorem 5. Let H, E, v, Hy, and Xg be as in Theorem 4. Suppose
that the Hilbert space Hy has a reproducing kernel. Let {pr} be an
orthonormal basis i Hy and Ty: Hi — H a bounded linear operator.
Assume that {Topr} is an orthogonal system in H, ¢, € Xg, k =
1,2,... and s := ||Topk||lg form a non-increasing sequence. Define
T: Xg — H by the equation Tf := Tof. Then the inequalities (6)
hold.

Proof. Denote by K(z,w) the reproducing kernel of H;. Since {¢y} is
an orthonormal basis in H; the representation

w) = Z e (2)pr(w)

holds. We have

(ToTof)(w) = (LT f)(), K (- w)) = (Tof) (), (ToK) (-, w)) -
Thus

(TyTow;) (w) = ((Tops)(- Zwk (Towr) (), = sips(w).

Now it suffices to apply Theorem 4. The theorem is proved. Il
Let B, be the ball of C" of radius p

Byi={z:=(21,..c,zm) €C": |22 = 3 [z < ),

S, = 0B,, g, the probability measure on the sphere S, which is invari-
ant with respect to the orthogonal group O(2n), and v, the normalized
Lebesgue measure in B, (if p = 1 we will write B, S, 0, and v).

The Hardy space H,(B) (H,) is the set of holomorphic functions in
B which satisfy

I flla, = sup (/\f )P do(z ) <oo, 1<p< oo,
[ £l = sup [f(2)].
z€B

Let f(z) be a holomorphic function in B and let

2) =Y Fi(z)

be a homogeneous decomposition of f. The radial derivative of order
r is defined by

=~ k!
" = —F
R =3 Gy )
(for r = 1 see [14, Chap. 6]). Denote by HR._(B) (HR.,) the class of
holomorphic functions in B for which R"f € BH ..
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Set

m—1

n+k—1
Nm::kzzo( 01 )

Note that NV, = dimP],_,, where P, is the space of n-variable poly-
nomials of degree m or less.

Theorem 6. For all0 < p <1 and allm>r—+1

(11)

m—1 —1/2
i 1 Hn+k—1)
b1 (HRGe, La(Sp: 0,)) = <<n —1)! Zk_ (((k - r)!)Q) ’ ) |

(12)

e —1/2
12 K+ k) %>

R ) - (355

Proof. For multiindex a := (aq,...,q,) and z € C" set
2= 20 ol = a4t an, ali =) ag,
0
D;:=—, D*:=D{"...Do".
J azj7 1 n
Denote by Hg the space of all functions f € H, for which (Df)(0) =0,
la| = 0,...,7 — 1. It is known (see [14]) that functions from H,,

1 < p < o0, have finite boundary values almost everywhere. Moreover,
H, is a Hilbert space with the inner product

(. ), = / £(2)3() do(2).

The space Hs has the reproducing kernel

K(z,w) = (1 — zn:zk@k> :

k=1
Define Ty: HY — Ly(S,,0,) and T: HY, — Ly(S,,0,) by the equations
(k=)
(13) (Tof)(z) == Z o Fe(2), Tf:=Tof,
k=r
where

f(z) =) Fi(2).
k=r
It is easy to see that
HR. =T(BHY)+7Pr,.

Since monomials z® are orthogonal in Ly(S,,0,) we obtain from
Lemma 2

(14) bNm—1<H,RfZ;oyL2(Sp70'p)) = bNm—NT—1<T)-
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For every 0 < p <1 (see [14])

||Za||2 _ (n_ 1)'0&' 2|
L2(Sp.00) (n+ |a) — 1)! '
Thus the functions
_ (ol =N
(pa(Z) = (W zZ, |O{’ Z r,
form a complete orthonormal basis in HY. We have

(ol ="

2 _
||T0%0a||L2(Sp,ap) = ( ol

The number of different monomials 2% with |a] = k& equals
kE—1
(”+ ) By Theorem 5

n—1

Using the equation

we obtain

Now (11) follows from (14).

The proof of (12) is almost the same. The difference is that we
have to consider the operators Ty: H) — Lo(B,,v,) and T: H) —
Ly(B,,v,) defined by (13). Then we use

2
T 2 _ (Jaf = 1)! n 2|l
| OSOaHLQ(Bp,up) = P

! n+ ||

The theorem is proved. Il

For n = 1 the class HR’_ coincides with the class BH_ defined as
the set of all holomorphic functions in B for which f(2) € BH,.
From Theorem 6 we obtain the following result.
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Corollary 1. For all0 < p <1 and allm >r
~1/2

b (BHL, L(S).0,)) = <i (Uff—'),)p) ,

k=r

m —1/2

k=r

In particular, we have for r =0, m > 0,and 0 < p < 1

1— 102 1/2
(15) by (BHoso, La(S,y, 0,)) = p™ (m) )
1—p?
S 00— ) - 20 )
The values (11) for » = 0 and (15) were calculated in [7].
Let us compare (15) and (16) with the exact values of the Kol-

mogorov, linear, and Gel'fand n-widths. From [15] and [16] it follows
that

dp(BHoo, X) = An(BHoo, X) = d™(BH.., X)
pm’ X = LQ(S/N Up)?

\/TZ:H, X = LQ(BP, l/p).

Finally, we will determine exact values of the Bernstein n-widths for

some classes of periodic holomorphic functions. Let Dg := {2z € C :

|Imz| < B }. Denote by If.fpﬁ the set of all 27-periodic holomorphic
functions in Dg which satisfy the conditions

(16) b (BHe, La(By.1) = p"

1/p

1 21
7, 5= s (5 [ WGP + 17—y de) - <o

<8
1 <p < oo,

Il = sup |F(2)] < oo.
’ ZGD@

Let Bﬁ;ﬂ be the set of all 2m-periodic holomorphic functions in Dg

for which £ (z) € Bﬁpvﬁ. Denote by Lo the periodic complex-valued
Lebesgue space on the real axis with the norm

1 fllz, = (% /027T|f(9:)|2d:p)

1/2
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Theorem 7. (1) Foralln>1 andr >1

—1/2
bon(BH', 5, Lo) = (22/{:”(}0Sh2kﬁ) .

(2) For alln >0

_ uh 1/2
(17) bon(BHoo g, Ly) = (%) ,

Proof. The space f]w is the Hilbert space with the inner product

G, = g2 [ (o + D0 TTB) + o = i9)5 =) d

The functions ‘
ezkz

r(z) = V/cosh 2kp’

form an orthonormal basis in }72,5. The space I:Tw has the reproducing

kernel
cosk(z —
=142
Z@k Sok * Z cosh 2k6

keZ k=1

ke,

Let » > 1. Denote by Hoﬁ the space of functions f €H »,p for which
2

f(z)de =
0
Define Ty: f]gﬁ — Loy and T': H0 5 — Ly by the equations
c )
(Tof)(2) =D e, Tf =T,

wer (IR
k20
where
f(z) = Z cpe'™
keZ
k20

It is easily seen that

BH!, ; =T(BHY, ;) + C.
By Lemma 2 we obtain

bon(BHL, 4, La) = ban_1(T).

The functions ¢x(z), k = £1,£2,..., form a complete orthonormal
basis in Hj 5 and

1

Toorl? = — .
IToerllz. = porcosnans
Since for all z € 0D

lon(2)” + lo-k(z) =2
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we have by Theorem 5

n -1/2
bon_1(T) = <2 > k" cosh 2kﬁ> .
k=1

To obtain (17) we use the same scheme and the equality

sinh(2n + 1)5

142 Z cosh 2k = Sinh

k=1
The theorem is proved. Il

Denote by Bf]f;ﬂ the set of functions from Bﬁoo,g that are real-
valued on R. For even n the exact values of the Kolmogorov, linear,
and Gel’fand n-widths of BHgB in L,, 1 < ¢ < oo, were determined
in [17]. In particular, for ¢ = 2

BT ) = B ) = (BT 2

2 dt i
( WQ)) = V2e "+ O,

V(1 —)(1

where A is the complete elliptic integral of the first kind with modulus

00 2 00 -2
A= 4672511 (Z e4ﬁnk(k+1)> <1 T 9 Z e4ﬁnk2> .
k=1

k=0
By Theorem 5 it can be shown that (17) also holds in the real case for
the class BHY 4. Thus,

an(BH B Ly)=+1- e—28e=Bn 4 0(6—5571)‘
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