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OIITIMAJIBHOE BOCCTAHOBJIEHVE
IMTPOMN3BOJAHBIX HA COBOJIEBCKNX KJIACCAX

. I MATAPUJI-MJIBYEB, K. FO. OCUITEHKO

B nanno#t pabore paccMarpuBaercs 3ajada ONTUMAJIBHOTO BOCCTA-
HOBJICHHS TPOM3BOAHBIX (byHKIMi U3 coGONEBCKHX Kiaaccop Ha RY
mo uadopmanuu o mpeodbpaszoBanuu Oypbe camux YHKIHUH, 3a7aH-
Hom 1pubsmkenno. [lepes nocranoBkoil 3aja4eil IpuBejIeM HEKOTO-
pete ompepenenus. [lycts o = (aq,...,aq) € RL. Jna dyrxuun
2(-) € Ly(R?) wepes D% (+) Gyaem 0603HATATH TTPOU3BOIHYIO TOPS KA
« 1o Beiiio, onpeensieMyo paBeHCTBOM

Dea(t) = (2—;)(1 /R (i) Fa(r)en dr,
e
(1) = (i)™ ... (i1g),  (T,t) = Tty + ... + Tata,
a Fx(-) — npeobpazosanne Pypbe bynknun z(-). Cobonesckoe mpo-

crpanctso Hi(RY) onpegensierca kax coBokynHocTh GyHKuit x(-) €
Ly(RY) taxmx, uTo

1 1/2
Mz @y = L+ [[t)?)" |[Fe(t)Pdt) <
losnn = (g [, (0 1) 1Pt dr) - <o
rae |[t]|? = t7 + ... + t3. CooTBeTcTBYIOMUM COGOMEBCKHM KJIACCOM

Ha30BEeM MHOKECTBO
Hy(RY) = {z(-) € H3(R?) « [|l2() lzme) < 1}-

Pacemorpum 3aj1a4y OnTHMaIBLHOIO BOCCTAHOBJIEHHs! oreparopa D*
na kracce Hj(R?) no mpeobpazosammuio Pypre bynxnmm z(-) € H (RY),
3aJ[aHHOMY € TorpentHocThio § > 0 B Lo(RY)-nopme. Mnbivu ciiosamy,
OyJeM CYUTaTh, 9TO A1 Kazkaoi dynxmun x(-) € Hi(R?) mam uzpect-
Ha dyukiusa y(-) € Ly(RY) takas, aro

[ F2(-) = y( )l Lomey < 6,

U MBI XOTHUM, IMesT B DACTIOPSZKEHUE 3Ty (DYHKIHIO Y(+), TTO-BO3ZMOXKHOC-
TH TouHee mMpubIM3UTH Gyukmoo Dz(-). Tounas mocranoBka 3ama4n
TakoBa. B KadecTBe METOJ0B BOCCTAHOBJIECHUs OYy/JeM pacCMaTpPUBATDH

Pabora seimonmena mpu ¢uHaHCOBOI momaep:xkke Poccuiickoro ¢orma dymma-
MeHTaJbHbIX ucciegoBanuil (rpanTsl N00-15-96109, Ne02-01-39012 u Ne02-01-
00386), uporpammbt “Yuusepcurerst Poccun"(YP.04.03.013), a rakaxke upu 1oj-
nmepxkke U.S. CRDF — R.F. Ministry of Education Award VZ-010-0.
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2 I. T. MATAPWI-UJIBAEB, K. 0. OCUIIEHKO

BCEBOBMOZKHbBIE onepatophbl ¢: Lo(R?) — Ly(RY). Tlorpennoctbio gan-
HOT'O METOJa  HA30BEM BEJIUINHY
e(D?, Hy(R?), 6,¢) = sup [1D%2(-) — () ()l Lo a)-
z(-)eH5 (R), yeLa(RY)
1F2() =yl ey <6
Hac Gymer nHTepecoBaTh no2peurHocms OnMmuMaAbH020 60CCIMAH0GAE-
HUA, OTIPEIEIACMAas PABEHCTBOM
(1)  E(D* H5(RY),6) = inf e(D, H3(R?), 6, ¢),
¢ L2(RY)—La(RY)
a TaKyKe MeTOJ], Ha, KOTOPOM JOCTHUIAeTCA HUXKHSA IPalb, HA3bIBAEMbIi
ONMUMANHBIM METNOOOM GOCCTNAHOBAEHUA.

Brepsbie 3a/1a4a ONTUMAJILHOIO BOCCTAHOBJICHUS JJid (PYyHKIMOHA-
JIOB 10 KOHEYHOMEpHOI mHopManun Oblia moctaiaeHa C. A. Cmous-
koM [1]. Broceacrsun sta mocranoska 0000IaIach U Pa3BUBAJIACH B
pasubix Hanpasiennsax (cum. [2]-]6]). Tlogxon k 3agadam BoccTaHOBIIE-
HUsI, OCHOBAHHBII Ha OOINUX IPHHIMIAX TEOPUU SKCTPEMYMa, KOTOPBI
MBI HCIOJIB3yeM H B JTAHHON pabore, pa3BuBascsa B paborax [7]-[10].

B nanHoit pabore Mbl cHavasa JaeM perredue 3amadn (1), a 3arem
0bcyK1aeM HEKOTOPBIi 3G eKT, CBA3aHHBII ¢ TeM, YTO 3HaAHUE IIPEoD-
pazosanusi Qypbe Jullb HA HEKOTOPOM HoaMuoxKecTse R obecreunsa-
€T Ty 7K€ MOI'PENTHOCTH ONTUMAJIBHOIO BOCCTAHOBJICHUS, YTO M HA, BCEM
HPOCTPAHCTRE.

Teopema 1. Tycmo a = (aq,...,aq) ERL, a#0,7>1u

d
g = E CVj<T‘.
j=1

Honoocum

) r—o\"? d o
e G B 1 O

Tozda, ecau 0 < & < (2m)¥2Aq, mo

E(Da, Hg(Rd),(S) _ ﬁAI—a/r (1 . AQ/T)U/Q’

oo/2
a memood
1 L\ i(T,t)
D%x(t) ~ / ir) Qy(T)e dr
(2m)? Jpa oA o
2 A+ IIr1P)

asasemea onmumarvioim. Eeau § > (2m)Y2Ag, mo

B(D, Hy®Y,6) = YL (r — g)-2,

o T.r/2

a D%x(t) = 0 — onmumanrvroli memod.
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Joxazameavcmeo. HerpyiHO OKa3aTh, YTO UMEET MECTO CJIEIYIONIAs
OIIEHKa CHU3Y

(2) E(DQ7H2T<RCI)75) 2 sup HDax(‘>HL2(Rd)'
z(-)eHE (R?)

12O, gty <6

HeiicTBuTenbHO, AT M0o60ro MeToma ¢ pu Beex x(-) € Hj(R?) Taxnx,
aro ||Fa(-)| 1y@ae) < 6 (yaursisas, aro —z(-) € H5(RY)), nveem

2[[ D% ()| 1omaey < D2 () = ©(0) ()l £y(re)
+ || = D2(-) = 9(0) ()| yrey < 2¢(D, H3(RY), 6, ).
CrenoBaTe/bHO, Jis J1I060I0 MeToja
e(Da7H§<Rd)757 90) > sup ||Dax(')||L2(]Rd)7
()€ HE (RY)
12Ol ) <5

OTKYyJla cpa3y Ke BBITEKAeT OleHKa (2).

DKcTpeMasbHas 3aJada B HPaBOil 4acTW HepaBeHCTBa (2) MOKeT
ObITh 3amucaHa B Buje (s ya06CTBAa Mbl MIEM KBAJIPAT 3HAUCHUs]
STOM 3a1a4n )

(3) D)2y me = max, [Fa()llpyma <8 [2()gqee) < 1.
B cuny pasenctBa [lapceBans

le Loy = @m) N F2 ()7, za),
moJiarast
u(t) = (2m) " Fx ()%,

3azada (3) B obpazax Pypbe 3amuiiercs: B BUJIE

(4) |t|*“u(t) dt — max, /]Rd u(t) dt < A?,

Rd
/ (T+ 113 w(t)dt < 1, u(t) >0 n. 5.,
Rd
rae [t]** = [t1?*1 ... |t4]**¢. MoxHO HOoKa3aTh, 4TO B 9TOi 3ajade HET

pemenus. IloaTomy pacimupum ee, 3aMensst (DyHKIME MTOJT0KHTEILHBI-
MH MepaMu. MITak, pacCMOTPHM CJEAVIONIYIO 3311y

(5) /Rd |t|** dp(t) — max, /]Rd du(t) < A%

/Rd (1 + HtHQ)T du(t) <1, du(t) > 0.

910 BbIYyKJIad 33a7a4a. Ee dpynkmnug Jlarpanzxka umeer BuL

L(dp(-), Mo, A, Ao) = /d (NoltP* + M+ X (T4 [7)7) du(t).
R
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Ecau dpi(-) — pemenne 331211 (5), TO coraacHo Teopeme Kyna—

Takkepa HaiiayTCs Takue )\0 <0, /\1,)\2 > 0, He paBHBIE HYJIIO OJ-
HOBPEMEHHO, 4YTO

(6) i £(dp(), o, A, Ae) = £(d(), o, A, Ro)

n

) N (/R di(t) — A?) —0, % (/R (14 4P)" dact) - 1) —o.

Kpowme Toro, ecsu UL 0Ny CTHMOT B (5) mepbl dji(-) BBIIOJHSAIOTCS

yeaosnst (6) 1 (7) ¢ Ao < 0 1 Ay, Ao > 0, 1o dji(-) — pemenne 3a1a4n
(5). HdeitcTBUTENBHO, /I JIIOOON TOMYCTUMOM Mephl du(-) umeem

2o /R 12 du(t) > A /R 12 du(t) + A (/R dp(t) — A?)
% ([ @) au - 1) =% [ ato
+ N (/R dfi(t) — A?) + (/R (14 [|£)?)" dii(t) — 1)

=0 [ [t du(t).
]Rd

[pexbssum d(-) > 0 u Xo < 0, Xl,XQ > 0, o1 KOTOPBIX OyayT
crpaBeiuBLl pasenctsa (6) u (7). Beegem cieyiomue o603HaUeHUS

A =min(A? A2),

~ At —1 : T—(1 0
tj:\/;g;/2, j=1,...,d, t:(tlw--vtd)

1 MOJIOZKUM /):0 =—1,
R Afl/r — 1)1 .
Al:p( ) (A_l/,(l_g>_1>’
o’ r
R A—l/r -1 o‘—lAl—l/'r
5, = 2 )71
ro?

u dfi(-) = Ad(-—1), tme 6(-) — mempra-byHKIus B HyIe. JIerko BHIETH,
4TOo /)\\1 >0 (3\\1 =0, korga A = A%) u }\\2 > 0. Hemocpeacrennasa
POBEPKA MOKA3BIBAET, YTO Mepa dfi(+) JOmycTuMa 1 CHPABE/INBbI Pa-
Bencrsa (7). g nokasaresbera papeHcTBa (6) 10CTATOYHO JOKA3ATD,
4T0 (DYHKIUS

G(t) = — [t + X+ (14 [1£]2)

HeoTpunarejbHa u B TO4YKe t obparmaercss B HOJb. [Ipemmosioxum
caagana, 910 o; > 0, j = 1,...,d. Cjenaem 3aMeHy mHepeMeHHBIX
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& =2Inlt], j=1,...,d, B dynxkmun [t|2*G(t), |¢t| > 0. Torna momry-
9uM (DYHKIIATO

F(&) = —14¢ (8 (Xl Fh (e 4.+ efd)r> L E=(6,... L)
Herpynno ybGenuTbest, 9T0 9Ta (BDYHKIHUSA BBIMYKJIA, F(g) = 0, e
€= (&,...,8&), & = 2er1|@-|, j =1,...,d, u, Kpome TOro, rpaJuenT
9Tolt (byHKIMU B TOUKe £ paBeH HYJII0. JTO o3Hadaer, 4to F(§) > 0
npu Beex & € R Orciona, BO3Bpamadgch K CTAPHIM HepeMeHHBIM, M0-
aydaem, uto G(t) > 0 mra seex t € R u G(t) = 0. Ecmun cpean o
€CTh HYJIH, TO aHAJOTHYHBIE PACCYKIEHUSI TPUBOIIT K TOMY YK€ BbI-
Boy it byukiuu G(-), 3aBucsIieil Juiib OT T€X NEePEMEHHBIX, JIJisl
KOTODBIX cooTsercrBylomue o; > 0. /lobaBnags ocrasminecsa mepeMeH-
uble B byHKmo G(-) Jerko yoeurbes, 9To moaydeHHas OyHKIHs mo-
npezKHeMy ocTanercs neorpunarebuoi, a G(t) = 0. Tem cambiv nmeer
MecTo paBeHCTBO (6) u dji(t) — perenne 3agaqau (5). Jlas ee 3navenus
nMeeM

%A2(1—0/7’) (1= A7) 65 < (2m)20,,

R ;:/ |12 dfi(t) = ‘;

R F(T’ —o)e, § > (2m)2A,.
DTa BeIMUMHA JACT ONEHKY CHHU3Y /I 3HaveHus 3agadn (4), a, cie-
JOBATETBHO, W JIJIs KBajapara 3Hadenus 3aga4du (3). Ho sra omenka
TOYHA, TAK KAK MOKHO BBIODATDH HOCJIEJOBATEJIBHOCTD JIOIYCTUMbIX B
(3) bynkuuit ,(-) € Ly(R?) raxux, uro (2r)4Fz,()[> — Ad(- — 1)
upu n — o0o. rak, nosydena oneHka CHU3Y

E(D*, H;(R%),6) > VR.

J11s morydeHns OMEHKHN CBePXy PACCMOTPUM SKCTPEMAJIbHYIO 33129y

M ~
(8) 1D ()|, (may — max, W||Fx(')”%2(Rd) + /\2Hx(')||"2HS(Rd)
< MAZ 4+,
[lepexogst Kk obpaszam Pypbe, a 3aTeM paCIHIUpss 33/ady, Nepexoisd K
MepaM, TIoJTyYaeM CJIeJIYOILY 0 3319y (3/1eCh OlSTh JJis y100CTBa Pac-
CMATPUBAETCs KBAIpaT 3HadeHus 3a1a49u (8))

/ |t|** dpu(7) — max, /)\\1/ dpu(T) +/):2/ (1+ ||t||2>r du(t)
R4 Rd R4

< MA? 4N,
[Tosib3ysich TeMu Ke cOOOparKeHUsIMH, KOTOPbIe NPUMEHSINCH PaHee,

HETPY/IHO TMOKa3aTh, 4T0 dji(-) = Ad(- —T) ABJIAETCS PellleHueM U STOMH
sajgaan. Takum o6pasoM, 3uavenue 3aga4n (8) pasHo Toxke v R.



6 I. T. MATAPWI-UJIBAEB, K. 0. OCUIIEHKO

Paccvorpum ciepyolyo skcTpeMaabHyio 3axady. s dpukcnpo-
sannoit dbynxnn y(-) € Lo(R?) maiitn

L (A 5
O B (@md”““ = VOMme ¢ W.)H;E(M) |

HerpyaHo yoeauThes, 9To pelieHreM 9Tofi 3a1a4u ABstercst BhyHKIus
xy(+) Taxas, 4ro

5
A+ Ao (14 [I]2)"

Biejiem B mneiinom npocrpancree H = Ly(R?) x HE(RY) nosycka-
JIIPHOE TIPOM3BEIeHIE

1oy L N (4YS2(4) ) 2\" o LN T2 (1)
(1, 2)y = W/R (M=t @@ + % (14 H12) PA0FAD) di

Fa,(t) y(t).

(3rech 2! = (21(+), 23(1)), 2 = (21(-), %3(*))) m coorsercTByIOMYyIO 1MO-
JyHOPMY 0003HaunM vepes || - ||g. Torma 3amava (9) moxker GbITH 3a-
[IUCAHA B CJIEJLYIONIEM BHJIE

(10)  [(Fz(),2() = (y(-), 0|7 — min, () € Hy(RY).

[TockoabKy z,(-) — pemenme 3anaam (10), To mua Beex z(-) € Hy(RY)
MMeeT MECTO PABEHCTBO

(Fay(-), 2y(-) = (y(-),0), (Fz(-), 2(-))) ar = 0.

Orcroga ciaemyer, 9To

(1) N(F2(),z() = W), 0lF = [(Fz(),2(-)) = (Fay(-), 2, ()l
FE2, 0, 2,0)) = (6), Ol
Ecm () € Hy(RY) u ||[Fa(-) — y(-)||porey < d, T0 13 (11), noaoxus
h(-) = x(-) — zy(-), momyanm
IERC), O < I(Fx(-),2()) = (40, 0)ll < MA” + K.
Tostomy s Beex z(-) € Hy(RY) makux, aro ||[Fa(-) — y(-)|| 1,@e) < 9,
[1D%2(-) = Dy ()| ey = [[DA() || 1 re)
< sup{ 1D 2 ()17 gy (;Tl)dHFxc)H%z(Rd) + Dalle() 3y ey
§X1A2+X2} = VR.
Tem camMbIM JIOKa3aHO, YTO METOJT
“x(-) =~ D%,(-) = L i) Xl 7)emh dr
D) % D) = oo [ ) s e
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ABJIZeTCA onTUMAaJILHBIM, OcTaercd JIMIb IOACTABUTDH BhIpazKeHUA JTJIA

/)\\1 n }:2. O

[Ipeamnosioxkum Tenepb, 4To npeodpasosanns Pypbe HYHKIUU H3-
BECTHO ¢ OMHIOKOH He Ha BCeM mpocTpaHcTse RY, a Ha HEKOTOPOM W3-
MepuMoM MHOKecTBe §) C RY. Torna cooTBeTCTBYIONIYIO HOTPEITHOCTD
ONITUMAJTBHOTO BOCCTAHOBJIEHUS OMPEIETUM PABEHCTBOM

E<Da7H§(Rd)757Q> = inf sup ”Dax() _90(y>(>HL2(Rd);
¢ a(-)eHz(R?), yeL2(R)
P2 )=y ()l ) <6

rJle HIDKHSAS IpaHb GepeTcs 1o BeeM omeparopaM ¢: Lo(2) — Lo(RY).
Herpynno ybeaurnes, aro npu 2 C (2

E(D%, Hy(R?),6,Q1) > E(D*, Hy(R?),0,Qs).

OxasbIBaeTcss, 4TO CyIecTByeT MHOxKecTBO (g C R? ags xoropo-
ro mp; BeexX m3MepuMBIX () Takmx, uto )y C Q C R? mmeer mecto
PaBEHCTBO

E(D®, Hy(R?),8,9) = E(D*, Hy(R"),9).

WubiMu cioBaMu, 7T MAKCUMAJTHLHO TOYHOTO BOCCTAHOBJIEHUS TTPOU3-
BOJIHOM HOpsi/iKa v B MeTpuke npoctpanctsa Ly(RY) nocrarouno snarn
npeobpazopanne Pypbe Ha MHOKECTBE (), a HCIOIb30BAaHAE TPUOJIH-
xennoit uupopmaruu o npeodpazosanuu Pypbe B H0J1€€ MUPOKUX 00-
JIACTSIX HE MPUBOIUT K YMEHBIIEHUIO TIOTPENTHOCTH ONTUMAIbHOTO BOC-
cranoBjienusd. B omHoMepHOM ciiydae 3T0oT 3ddekT ObLT 0OHApyKeH B
pabore [10].
Tounbtit pe3yabTaT 3/16Ch (HDOPMYJUPYETCs CIASAYIONHM 00PA3OM.

Teopema 2. B ycaosuaxr u 0003HaueHuALT meopemuvt 1 nosoocum

|t|2a p 2/m\ =1 91—
> 1— A" A2=a/m) L
(L+1t1?)" = roo-t ( )

QOZ{tERdI

Tozda das ecex usmepumwuz ) maxuz, wmo Qy C Q C R, umeem
MECMO PABEHCNEO

E(D*, H5(RY),6,Q) = E(D*, Hy(RY), ),

a memod

Ve i(T,t)
D%x(t) ~ (21)d/ (ZT)AQy(T)e dr
U — L+ rll2)”
r(Ay" — A7)

ACAACTICA ONITNUMAADHHIM.

Jloxazamenvemeo. Cxema 10Ka3aTeIbCTBA ITOM TEOPEMbI Ta Ke, YTO
u npeapraymeit. OcTaHOBUMCS JIMITBb HA HEKOTOPBIX oTandusx. [locte
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nepexoja Kk obpazam Pypne dbyukmus Jlarpanzka paciimpeHHol 3a,1a91
Oyzer nmerh B (canmTaeM cpasy, 9To A\g = —1)

L), M) = / (=122 + Axa(®) + Ao (14 [2]2)") du(@).

Rd

rae xo(-) — xapakrepucrudeckas GyHKnus MHoxkecTBa ). B cumay
JIOKA3aHHOTO B Teopeme 1, omnpejeseHus MHOKECTBa g W TOro, 4TO
Qo C ), nmeem

— [t 4+ Xixa () + Ao (14 [E]?)" >0

upu seex t € R Jlasiee 10Ka3aTeIbCIBO ONEHKH CHU3Y MPOBOAUTCH
TaK ¥Ke, Kak U B Teopeme 1.

[pu orenke cBepxy Ha/0 PacCMOTPETH JinHeiiHoe npocTpancTso H =
Ly(Q) x Hy(R?). TlomyckanspHoe pOU3Be/IeHIe B HOM CJIeIyeT Ompe-
JIEJTUTH PABEHCTBOM

+X2/ (L4 [It]1?)" Faa(t)F22(t) dt.
Rd
B ocrasbHOM JI0Ka3aT€/bCTBO TO K€, 4YTO U B Teopeme 1. U

PaccMOTpuM Temmephb HECKOJIBLKO IIPUMEPOB s caydas d = 2.

[Iycrs oo = (1,0) ur = 2. UubiMu cjioBaMu, pACCMaTPUBACTCS 38,1248,
BOCCTAHOBJICHUS 9aCTHOH NPOM3BOAHON Ty, (-, ) Ha kiacce Hi(R?). U3
TeopeM 1 n 2 moydaem, aro npu 0 < § < 7

B(DOD, H(R?), ) = 5-\/327 — )

(e

MHOZKECTBO HaChITeHus )y mpeacrapiser coboil iBa Kpyra ¢ eHTPpaMu

B TOUKaxX ++/7/) u pagmycamu /7/0 — 1, a meron

1 / Ty (11, o )Tt Tt2)

(27)? :
P01+ 47T<7T_5>(1 + 7 4 73)?

dTldTQ

xtl (tla t2> ~

SIBJISICTCS OMTHMATBHBIM.

B ciaydae BOCCTAHOBJICHHS CMEIIAHHON MTPOM3BOIHONW Ty 4, (-, ) Ha
kiaacce Hi(R?) MHOXKECTBO HACBHINIECHHS B MOJAPHBIX KOOPIMHATAX G-
JIeT UMETh BH

~1/4
) ) .
1+p° < (E <1— §)> P/ | sin 2¢p|.
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