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1. Îäíîðîäíûå ìíîãî÷ëåíû

Îäíîðîäíûì ìíîãî÷ëåíîì ñòåïåíè k â ïðîñòðàíñòâå Rd íàçûâà-
åòñÿ ìíîãî÷ëåí âèäà

P (x) =
∑
|α|=k

cαx
α,

ãäå α = (α1, . . . , αd) � ìóëüòèèíäåêñ, αj ∈ Z+, j = 1, . . . , d,
|α| = α1 + . . . + αd, x

α = xα1
1 . . . xαdd , cα ∈ R. Îáîçíà÷èì ÷åðåç Pk

ìíîæåñòâî âñåõ îäíîðîäíûõ ìíîãî÷ëåíîâ ñòåïåíè k. Î÷åâèäíî, ÷òî
Pk � ëèíåéíîå ïðîñòðàíñòâî.
Ïîëîæèì

Dα =
∂|α|

∂xα1
1 . . . ∂xαdd

.

Åñëè P ∈ Pk, òî
P (D) =

∑
|α|=k

cαD
α

� äèôôåðåíöèàëüíûé îïåðàòîð. Â ÷àñòíîñòè, åñëè

P (x) = |x|2 = |x1|2 + . . .+ |xd|2,

òî P (D) = ∆ � îïåðàòîð Ëàïëàñà.
Ââåäåì â ïðîñòðàíñòâå Pk ñêàëÿðíîå ïðîèçâåäåíèå, ïîëîæèâ

〈P,Q〉 = P (D)Q, P,Q ∈ Pk.

Ïðîâåðèì, ÷òî ââåäåííàÿ îïåðàöèÿ äåéñòâèòåëüíî ÿâëÿåòñÿ ñêàëÿð-
íûì ïðîèçâåäåíèåì. Ïðåæäå âñåãî çàìåòèì, ÷òî

Dαxβ =

{
0, α 6= β,

α! = α1! . . . αd!, α = β.

Òåì ñàìûì 〈P,Q〉 ïðèíèìàåò ñêàëÿðíûå çíà÷åíèÿ. Ëèíåéíîñòü
ôóíêöèè 〈P,Q〉 î÷åâèäíà, à èç ðàâåíñòâà

Dαxβ = Dβxα

âûòåêàåò êîììóòàòèâíîñòü. Ïîñêîëüêó

〈P, P 〉 =
∑
|α|=k

|cα|2α!,

òî 〈P, P 〉 = 0 â òîì è òîëüêî â òîì ñëó÷àå, åñëè P = 0.
Â ïðîñòðàíñòâå Pk îäíî÷ëåíû xα, |α| = k, îáðàçóþò îðòîãîíàëü-

íóþ ñèñòåìó è, ñëåäîâàòåëüíî, ÿâëÿþòñÿ îðòîãîíàëüíûì áàçèñîì
ýòîãî ïðîñòðàíñòâà. ×èñëî òàêèõ îäíî÷ëåíîâ dk ðàâíî ÷èñëó ðàç-
ëè÷íûõ ìóëüòèèíäåêñîâ α = (α1, . . . , αd) òàêèõ, ÷òî α1+. . .+αd = k.
Äëÿ íàõîæäåíèÿ ýòîãî ÷èñëà ðàññìîòðèì d+k−1 óðíó, âûáåðåì íà-
óäà÷ó d−1 óðíó, à â îñòàëüíûå ïîëîæèì ïî îäíîìó øàðó. Íåòðóäíî
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u. . . u e u. . . u e u. . . . . . u e u. . . u1 2 d− 1

α1 α2 . . . αd

Ðèñ. 1

óáåäèòüñÿ. ÷òî ÷èñëî dk ðàâíî ÷èñëó ñïîñîáîâ âûáîðà d − 1 óðíû
èç k + d− 1 óðí, ò.å.

dk = Cd−1
d+k−1 =

(d+ k − 1)!

(d− 1)!k!
.

2. Îäíîðîäíûå ãàðìîíè÷åñêèå ìíîãî÷ëåíû

Îäíîðîäíûìè ãàðìîíè÷åñêèìè ìíîãî÷ëåíàìè ñòåïåíè k íàçû-
âàþòñÿ òàêèå ìíîãî÷ëåíû P ∈ Pk, ÷òî ∆P = 0. Ìíîæåñòâî îäíî-
ðîäíûõ ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ ñòåïåíè k îáîçíà÷èì ÷åðåç Ak.
ßñíî, ÷òî Ak ⊂ Pk.

Òåîðåìà 1. Âñÿêèé ìíîãî÷ëåí P ∈ Pk ïðåäñòàâèì â âèäå

(1) P (x) = P0(x) + |x|2P1(x) + . . .+ |x|2lPl(x),

ãäå Pj ∈ Ak−2j, j = 0, . . . , l.

Äîêàçàòåëüñòâî. Áóäåì ñ÷èòàòü, ÷òî k ≥ 2 (ïðè k = 0, 1 Pk = Ak).
Ðàññìîòðèì ëèíåéíîå ïîäïðîñòðàíñòâî

|x|2Pk−2 = {P ∈ Pk : P (x) = |x|2Q(x), Q ∈ Pk−2 }.
Äîêàæåì, ÷òî åãî îðòîãîíàëüíûì äîïîëíåíèåì ÿâëÿåòñÿ Ak. Ïóñòü
P1 ∈ Pk è äëÿ âñåõ Q ∈ Pk−2

(2) 〈R,P1〉 = 0,

ãäå R(x) = |x|2Q(x). Íî

(3) 〈R,P1〉 = ∆Q(D)P1 = Q(D)∆P1 = 〈Q,∆P1〉.
Âûáåðåì Q ∈ Pk−2 òàê, ÷òîáû Q = ∆P1. Èç (3) âûòåêàåò, ÷òî

〈∆P1,∆P1〉 = 0.

Ñëåäîâàòåëüíî, ∆P1 = 0 è P1 ∈ Ak. Èç (3) âûòåêàåò òàêæå, ÷òî âåð-
íî è îáðàòíîå, ò.å. åñëè ∆P1 = 0, òî äëÿ âñåõ Q ∈ Pk−2 âûïîëíÿåòñÿ
ðàâåíñòâî (2). Èòàê, äîêàçàíî, ÷òî

(4) Pk = Ak ⊕ |x|kPk−2.

Ïóñòü P ∈ Pk. Òîãäà íàéäóòñÿ òàêèå îäíîðîäíûå ìíîãî÷ëåíû
P0 ∈ Ak è Q1 ∈ Pk−2, ÷òî

P (x) = P0(x) + |x|2Q1(x).

Åñëè k ≥ 4, òî ìîæíî â àíàëîãè÷íîì âèäå ïðåäñòàâèòü Q1

Q1(x) = P1(x) + |x|2Q2(x), P1 ∈ Ak−2, Q1 ∈ Pk−4.
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Òåì ñàìûì

P (x) = P0(x) + |x|2P1(x) + |x|4Q1(x).

Ïðîäîëæàÿ ýòîò ïðîöåññ, ïðèõîäèì ê ïðåäñòàâëåíèþ (1). �

Ñëåäñòâèå 1. Ïðè âñåõ k ≥ 2

(5) ak = dimAk = dk − dk−2 = (d+ 2k − 2)
(d+ k − 3)!

(d− 2)!k!
.

Äîêàçàòåëüñòâî. Èç (4) èìååì

dk = dimPk = dimAk + dim |x|kPk−2 = dimAk + dk−2.

Îòñþäà ñëåäóåò (5). �

Â ñèëó òîãî, ÷òî Ak = Pk ïðè k = 0, 1, èìååì

a0 = dimA0 = 1, a1 = dimA1 = d.

3. Ñôåðè÷åñêèå ãàðìîíèêè

Ìíîæåñòâî ìíîãî÷ëåíîâ èç Ak, ñóæåííîå íà ñôåðó
Sd−1 = {x ∈ Rd : |x| = 1 }

íàçûâàåòñÿ ñôåðè÷åñêèìè ãàðìîíèêàìè ïîðÿäêà k è îáîçíà÷àåòñÿ
÷åðåçHk. Ðàññìîòðèì ñóæåíèå Y ìíîãî÷ëåíà P ∈ Ak (ïðè x′ ∈ Sd−1

Y (x′) = P (x′)). Â ñèëó îäíîðîäíîñòè P (x) = |x|kY (x/|x|) ïðè x 6=
0. Òåì ñàìûì ðàññìàòðèâàåìîå ñóæåíèå ÿâëÿåòñÿ èçîìîðôèçìîì.
Ïîýòîìó

dimHk = dimAk = ak.

Òåîðåìà 2. Ìíîæåñòâî âñåõ êîíå÷íûõ ëèíåéíûõ êîìáèíàöèé èç

∪∞k=0Hk ïëîòíî â L2(Sd−1).

Äîêàçàòåëüñòâî. Òàê êàê ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé
ïëîòíî â L2(Sd−1), äîñòàòî÷íî äîêàçàòü, ÷òî ëþáàÿ íåïðåðûâíàÿ
ôóíêöèÿ ìîæåò áûòü ïðèáëèæåíà êîíå÷íûìè ëèíåéíûìè êîìáè-
íàöèÿìè èç ∪∞k=0Hk. Ïî òåîðåìå Âåéåðøòðàññà ëþáàÿ íåïðåðûâíàÿ
ôóíêöèÿ ìîæåò áûòü ïðèáëèæåíà â íîðìå L∞(Sd−1) (à çíà÷èò, è â
íîðìå L2(Sd−1)) ìíîãî÷ëåíàìè, ñóæåííûìè íà Sd−1. Â ñèëó òåîðå-
ìû 1 ýòè ñóæåíèÿ ÿâëÿþòñÿ êîíå÷íûìè ëèíåéíûìè êîìáèíàöèÿìè
ýëåìåíòîâ èç ∪∞k=0Hk. �

Òåîðåìà 3. Ïóñòü Y (k) ∈ Hk è Y
(l) ∈ Hl. Òîãäà∫

Sd−1

Y (k)(x′)Y (l)(x′)dx′ = 0.

Äîêàçàòåëüñòâî. Ïîëîæèì ïðè x 6= 0

u(x) = |x|kY (k)

(
x

|x|

)
, v(x) = |x|lY (l)

(
x

|x|

)
.
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Åñëè x = 0 è k 6= 0, ïîëîæèì u(0) = 0. Ïðè k = 0 Y (k) ≡ C, ïîýòîìó
â ýòîì ñëó÷àå ïîëàãàåì u(0) = C. Àíàëîãè÷íî äîîïðåäåëÿåòñÿ çíà-
÷åíèå v â íóëå. Âåêòîð n = (x1, . . . , xd) ïðè x = (x1, . . . , xd) ∈ Sd−1

ÿâëÿåòñÿ åäèíè÷íûì âåêòîðîì âíåøíåé íîðìàëè ê Sd−1 â òî÷êå x.
Ïðè âñåõ x ∈ Sd−1

(6) (gradu(x), n) =
d∑
j=1

xj
∂u(x)

∂xj
= ku(x)

(çäåñü (·, ·) � ñòàíäàðòíîå ñêàëÿðíîå ïðîèçâåäåíèå â Rd). Àíàëî-
ãè÷íî ïîëó÷àåì, ÷òî äëÿ âñåõ x ∈ Sd−1

(grad v(x), n) = lv(x).

Ïîëüçóÿñü ôîðìóëîé Ãàóññà∫
Sd−1

(F (x′), n) dx′ =

∫
Bd

divF (x) dx,

ãäå

Bd = {x ∈ Rd : |x| < 1 },
ïîëó÷àåì

(k − l)
∫
Sd−1

u(x′)v(x′) dx′

=

∫
Sd−1

(v(x′) gradu(x′)− u(x′) grad v(x′), n) dx′

=

∫
Bd

div((v(x′) gradu(x′)− u(x′) grad v(x′)) dx

=

∫
Bd

d∑
j=1

∂

∂xj

(
v(x)

∂u(x)

∂xj
− u(x)

∂v(x)

∂xj

)
dx

=

∫
Bd

(v(x)∆u(x)− u(x)∆v(x)) dx = 0.

Òàêèì îáðàçîì,∫
Sd−1

Y (k)(x′)Y (l)(x′)dx′ =

∫
Sd−1

u(x′)v(x′) dx′ = 0.

�

Áóäåì ðàññìàòðèâàòü Hk êàê ïîäïðîñòðàíñòâî L2(Sd−1) ñî ñêà-
ëÿðíûì ïðîèçâåäåíèåì

(f, g)L2(Sd−1) =

∫
Sd−1

f(x′)g(x′) dx′.

Ïóñòü Y
(k)

1 , . . . , Y
(k)
ak � îðòîíîðìèðîâàííûé áàçèñ â Hk. Òîãäà èç

òåîðåìû 2 âûòåêàåò, ÷òî ñèñòåìà îäíîðîäíûõ ñôåðè÷åñêèõ ãàðìî-

íèê Y
(k)
j , k = 0, 1, . . ., j = 1, . . . , ak, ÿâëÿåòñÿ îðòîíîðìèðîâàííûì
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áàçèñîì â L2(Sd−1). Òåì ñàìûì äëÿ ëþáîé ôóíêöèè f ∈ L2(Sd−1)
èìååò ìåñòî ðàâåíñòâî

f =
∞∑
k=0

ak∑
j=1

ckjY
(k)
j ,

ãäå

ckj = (f, Y
(k)
j )L2(Sd−1) =

∫
Sd−1

f(x′)Y
(k)
j (x′) dx′.

4. Çîíàëüíûå ãàðìîíèêè

Ïóñòü Y
(k)

1 , . . . , Y
(k)
ak � îðòîíîðìèðîâàííûé áàçèñ â Hk. Çàôèêñè-

ðóåì x′ ∈ Sd−1. Ñôåðè÷åñêàÿ ãàðìîíèêà

Z
(k)
x′ (t′) =

ak∑
j=1

Y
(k)
j (x′)Y

(k)
j (t′)

íàçûâàåòñÿ çîíàëüíîé ãàðìîíèêîé ñòåïåíè k ñ ïîëþñîì â òî÷êå

x′.

Ëåììà 1. Äëÿ ëþáûõ Y ∈ Hk

Y (x′) = (Y, Z
(k)
x′ )L2(Sd−1).

Äîêàçàòåëüñòâî. Èìååì

(Y, Z
(k)
x′ )L2(Sd−1) =

ak∑
j=1

Y
(k)
j (x′)(Y, Y

(k)
j )L2(Sd−1) = Y (x′).

�

Âðàùåíèåì íàçûâàåòñÿ ëèíåéíîå ïðåîáðàçîâàíèå ρ : Rd → Rd òà-
êîå, ÷òî

(1) äëÿ âñåõ x, y ∈ Rd (ρx, ρy) = (x, y);
(2) det ρ = 1.

Ëåììà 2. Åñëè ρ � âðàùåíèå, òî

Z
(k)
ρx′(ρt

′) = Z
(k)
x′ (t′).

Äîêàçàòåëüñòâî. Ñäåëàâ çàìåíó ïåðåìåííûõ w′ = ρt′, äëÿ âñåõ
Y ∈ Hk áóäåì èìåòü∫

Sd−1

Z
(k)
ρx′(ρt

′)Y (t′) dt′ =

∫
Sd−1

Z
(k)
ρx′(w

′)Y (ρ−1w′) dw′

= Y (ρ−1(ρx′)) = Y (x′) =

∫
Sd−1

Z
(k)
x′ (t′)Y (t′) dt′.

Îòñþäà ñëåäóåò, ÷òî ôóíêöèè Z
(k)
ρx′(ρt

′) è Z
(k)
x′ (t′) ñîâïàäàþò. �
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Ëåììà 3. Äëÿ âñåõ x′ ∈ Sd−1

ak∑
j=1

|Y (k)
j (x′)|2 =

ak
ωd−1

,

ãäå

ωd−1 =
2πd/2

Γ(d/2)

� ïëîùàäü ñôåðû Sd−1.

Äîêàçàòåëüñòâî. Ïóñòü x1 è x2 � ïðîèçâîëüíûå òî÷êè íà Sd−1.
Ñóùåñòâóåò âðàùåíèå ρ òàêîå, ÷òî x2 = ρx1. Òîãäà èç ëåììû 2

Z(k)
x2

(x2) = Z(k)
ρx1

(ρx1) = Z(k)
x1

(x1).

Ñëåäîâàòåëüíî, ïðè âñåõ x′ ∈ Sd−1

Z
(k)
x′ (x′) = c.

Èç îïðåäåëåíèÿ çîíàëüíûõ ãàðìîíèê

ak∑
j=1

|Y (k)
j (x′)|2 = Z

(k)
x′ (x′) = c.

Â ñèëó îðòîíîðìèðîâàííîñòè ñèñòåìû Y
(k)

1 , . . . , Y
(k)
ak èìååì

cωd−1 =

∫
Sd−1

ak∑
j=1

|Y (k)
j (x′)|2 dx′ = ak.

Îòñþäà

c =
ak
ωd−1

.

�

5. Çàäà÷à Äèðèõëå

Êëàññè÷åñêàÿ çàäà÷à Äèðèõëå äëÿ åäèíè÷íîãî øàðà â Rd ñîñòî-
èò â íàõîæäåíèè ôóíêöèè, íåïðåðûâíîé ïðè |x| ≤ 1 è ãàðìîíè÷å-
ñêîé ïðè |x| < 1, ñîâïàäàþùåé íà ãðàíèöå ñ çàäàííîé íåïðåðûâíîé
ôóíêöèåé f(x). Õîðîøî èçâåñòíî, ÷òî ðåøåíèå ýòîé çàäà÷è ñóùå-
ñòâóåò, åäèíñòâåííî è äàåòñÿ èíòåãðàëîì Ïóàññîíà

u(x) =

∫
Sd−1

p(s, x)f(s) ds,

ãäå

p(s, x) =
1

ωd−1

1− |x|2

|x− s|d

� ÿäðî Ïóàññîíà äëÿ åäèíè÷íîãî øàðà.
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Ïóñòü f ∈ L2(Sd−1). Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Äèðèõëå:
íàéòè ôóíêöèþ u, ãàðìîíè÷åñêóþ âíóòðè åäèíè÷íîãî øàðà, äëÿ
êîòîðîé

lim
r→1−0

∫
Sd−1

|u(rx′)− f(x′)|2 dx′ = 0.

Ïóñòü Y
(k)
j , k = 0, 1, . . ., j = 1, . . . , ak, � îðòîíîðìèðîâàííûé

áàçèñ â L2(Sd−1). Òîãäà

f(x′) =
∞∑
k=0

ak∑
j=1

ckjY
(k)
j (x′)

è

‖f‖L2(Sd−1) =
∞∑
k=0

ak∑
j=1

|ckj|2.

Äîêàæåì, ÷òî ôóíêöèÿ

(7) u(x) =
∞∑
k=0

|x|k
ak∑
j=1

ckjY
(k)
j

(
x

|x|

)
(äîîïðåäåëåííàÿ â íóëå ïî íåïðåðûâíîñòè) ÿâëÿåòñÿ ðåøåíèåì ïî-
ñòàâëåííîé çàäà÷è.
Èç ëåììû 3 âûòåêàåò, ÷òî ïðè âñåõ x∣∣∣∣Y (k)

j

(
x

|x|

)∣∣∣∣ ≤√ ak
ωd−1

.

Òåì ñàìûì ïðè âñåõ x òàêèõ, ÷òî |x| ≤ r, 0 < r < 1,

|x|k
∣∣∣∣Y (k)
j

(
x

|x|

)∣∣∣∣ ≤ rk
√

ak
ωd−1

.

Èç òîãî, ÷òî ðÿä
∞∑
k=0

rkak

√
ak
ωd−1

ñõîäèòñÿ âûòåêàåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà (7) íà ìíîæåñòâå
|x| ≤ r ïðè âñåõ 0 < r < 1. Òåì ñàìûì u(x) � ãàðìîíè÷åñêàÿ
ôóíêöèÿ ïðè |x| < 1.
Ïðè âñåõ 0 < r < 1

u(rx′)− f(x′) =
∞∑
k=0

(rk − 1)

ak∑
j=1

ckjY
(k)
j (x′).

Ïîýòîìó

a(r) = ‖u(rx′)− f(x′)‖2
L2(Sd−1) =

∞∑
k=0

(rk − 1)2

ak∑
j=1

|ckj|2.
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Ïóñòü çàäàíî ε > 0. Âûáåðåì N òàê, ÷òîáû
∞∑
k=N

ak∑
j=1

|ckj|2 < ε.

Òîãäà

a(r) <
N∑
k=0

(rk − 1)2

ak∑
j=1

|ckj|2 + ε.

Èç òîãî, ÷òî

lim
r→1−0

N∑
k=0

(rk − 1)2

ak∑
j=1

|ckj|2 = 0,

âûòåêàåò ñóùåñòâîâàíèå rε ∈ (0, 1) òàêîãî, ÷òî äëÿ âñåõ r ∈ (rε, 1)

N∑
k=0

(rk − 1)2

ak∑
j=1

|ckj|2 < ε.

Òåì ñàìûì a(r) < 2ε. Îòñþäà ñëåäóåò, ÷òî

lim
r→1−0

‖u(rx′)− f(x′)‖2
L2(Sd−1) = lim

r→1−0
a(r) = 0.

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è Äèðèõ-
ëå. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî ãàðìîíè÷åñêîé âíóòðè åäè-
íè÷íîãî øàðà ôóíêöèÿ u ïðè âûïîëíåíèè óñëîâèÿ

(8) lim
r→1−0

‖u(rx′)‖L2(Sd−1) = 0

òîæäåñòâåííî ðàâíà íóëþ.
Åñëè |x| = r < 1, òî

p(s, x) ≤ 1

ωd−1(1− r)d−1
.

Çàôèêñèðóåì x0, |x0| = r0 < 1. Ôóíêöèÿ u(rx) ïðè âñåõ r < 1 ÿâëÿ-
åòñÿ ãàðìîíè÷åñêîé â åäèíè÷íîì øàðå è íåïðåðûâíîé ïðè |x| ≤ r.
Ïîýòîìó åå ìîæíî ïðåäñòàâèòü â âèäå

u(rx) =

∫
Sd−1

p(s, x)u(rs) ds.

Òåì ñàìûì

u(x0) =

∫
Sd−1

p
(
s,
x0

r

)
u(rs) ds.

Îòñþäà

|u(x0)| ≤ 1

ωd−1

(
1− r0

r

)1−d
∫
Sd−1

|u(rs)| ds.

Äëÿ r äîñòàòî÷íî áëèçêèõ ê åäèíèöå, ïîëüçóÿñü íåðàâåíñòâîì
Êîøè�Áóíÿêîâñêîãî, ïîëó÷àåì

|u(x0)| ≤ 2
√
ωd−1(1− r0)d−1

‖u(rs‖L2(Sd−1).
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Èç óñëîâèÿ (8) âûòåêàåò, ÷òî u(x0) = 0.

6. Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà�Áåëüòðàìè

Ñôåðè÷åñêèé ëàïëàñèàí èëè îïåðàòîð Ëàïëàñà�Áåëüòðàìè ∆S

îïðåäåëÿåòñÿ äëÿ ôóíêöèé, çàäàííûõ íà åäèíè÷íîé ñôåðå, ñëåäó-
þùèì îáðàçîì

∆SY (x′) = ∆Y

(
x

|x|

)∣∣x=x′
.

Ïðåäëîæåíèå 1. Ïóñòü Y (k) ∈ Hk. Òîãäà

∆SY
(k) = −ΛkY

(k),

ãäå

Λk = k(k + d− 2).

Äîêàçàòåëüñòâî. Èìååì

∆SY
(k) = ∆(|x|−kY (k)(x)) = Y (k)∆(|x|−k) + |x|−k∆Y (k)

+ 2
d∑
j=1

∂

∂xj
|x|−k ∂

∂xj
Y (k) = Y (k)∆(|x|−k)− 2k

|x|k+2

d∑
j=1

xj
∂

∂xj
Y (k)

= (∆(|x|−k)− 2k2|x|−k−2)Y (k).

Îñòàåòñÿ âîñïîëüçîâàòüñÿ ëåãêî ïðîâåðÿåìûì ðàâåíñòâîì

∆(|x|−k) = (k2 + 2k − dk)|x|−k−2.

�

Ïóñòü Y
(k)
j , k = 0, 1, . . ., j = 1, . . . , ak, � îðòîíîðìèðîâàííûé

áàçèñîì â L2(Sd−1). Äëÿ α > 0 îïåðàòîð (−∆S)α/2 îïðåäåëÿåòñÿ
ðàâåíñòâîì

(−∆S)α/2Y =
∞∑
k=1

Λ
α/2
k

ak∑
j=1

ckjY
(k)
j ,

ãäå

Y =
∞∑
k=1

ak∑
j=1

ckjY
(k)
j .

Ïóñòü f ∈ L2(Sd−1). Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó: íàéòè ôóíê-
öèþ u(x′, t), x′ ∈ Sd−1, óäîâëåòâîðÿþùóþ ïðè t > 0 óðàâíåíèþ

(9) ut + (−∆S)α/2u = 0,

äëÿ êîòîðîé

(10) lim
t→0

∫
Sd−1

|u(x′, t)− f(x′)|2 dx′ = 0.

Îòìåòèì, ÷òî ïðè α = 2 óðàâíåíèå (9) ïåðåõîäèò â óðàâíåíèå òåï-
ëîïðîâîäíîñòè.



11

Ïóñòü Y
(k)
j , k = 0, 1, . . ., j = 1, . . . , ak, � îðòîíîðìèðîâàííûé

áàçèñ â L2(Sd−1) è

f(x′) =
∞∑
k=0

ak∑
j=1

ckjY
(k)
j (x′).

Òîãäà, èñïîëüçóÿ ìåòîä Ôóðüå è ðàññóæäåíèÿ àíàëîãè÷íûå òåì,
êîòîðûå ïðèâîäèëèñü äëÿ çàäà÷è Äèðèõëå, ìîæíî ïîêàçàòü, ÷òî
ðåøåíèåì ïîñòàâëåííîé çàäà÷è ÿâëÿåòñÿ ôóíêöèÿ

u(x′, t) =
∞∑
k=0

e−Λ
α/2
k t

ak∑
j=1

ckjY
(k)
j (x′).

Ïóñòü òåïåðü çàäàíû äâå ôóíêöèè f0, f1 ∈ L2(Sd−1). Ìîæíî ðàñ-
ñìîòðåòü çàäà÷ó î íàõîæäåíèè ôóíêöèè u(x′, t), x′ ∈ Sd−1, óäîâëå-
òâîðÿþùóþ ïðè t > 0 óðàâíåíèþ

(11) utt + (−∆S)α/2u = 0,

äëÿ êîòîðîé

u∣∣t=0
= f0,

ut∣∣t=0
= f1.

Íà÷àëüíûå óñëîâèÿ çäåñü òàêæå ñëåäóåò ïîíèìàòü â ñìûñëå ðàâåí-
ñòâà (10). Ïðè α = 2 óðàâíåíèå (11) ïåðåõîäèò â âîëíîâîå óðàâíå-
íèå. Ïðèìåíåíèå ìåòîäà Ôóðüå äàåò ðåøåíèå ýòîé çàäà÷è â âèäå

u(x′, t) = c
(0)
00 + c

(1)
00 t

+
∞∑
k=0

ak∑
j=1

(
c

(0)
kj cos Λ

α/4
k t+

c
(1)
kj

Λ
α/4
k

sin Λ
α/4
k t

)
Y

(k)
j (x′),

ãäå

fi(x
′) =

∞∑
k=0

ak∑
j=1

c
(i)
kjY

(k)
j (x′), i = 0, 1.

Ðàññìîòðèì åùå îäíó çàäà÷ó. Ïóñòü f ∈ L2(Sd−1). Òðåáóåòñÿ íàé-
òè ðåøåíèå óðàâíåíèÿ

(−∆S)α/2u = f.

Ðåøåíèå ýòîé çàäà÷è ìîæåò áûòü çàïèñàíî â âèäå

u(x′) =
∞∑
k=0

Λ
−α/2
k

ak∑
j=1

ckjY
(k)
j (x′),

ãäå ckj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f .
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7. Ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà â øàðå

Ïóñòü Y ∈ Ak. Áóäåì èñêàòü ñîáñòâåííûå ôóíêöèè îïåðàòîðà
Ëàïëàñà â âèäå

u(x) = F (r)Y (x), r = |x|.
Èìååì

∆u = Y∆F + 2
d∑
j=1

∂F

∂xj

∂Y

∂xj
.

Â ñèëó òîãî, ÷òî
∂F

∂xj
= F ′(r)

xj
r
,

èñïîëüçóÿ îäíîðîäíîñòü Y (ñì. (6)), ïîëó÷àåì

∆u = Y∆F + 2kY
F ′(r)

r
.

Èç òîãî, ÷òî ôóíêöèÿ u äîëæíà áûòü ñîáñòâåííîé, ò.å. ïðè íåêîòî-
ðîì λ äîëæíî èìåòü ìåñòî ðàâåíñòâî

∆u = −λu,
ïîëó÷àåì óðàâíåíèå íà F

(12) ∆F + 2k
F ′(r)

r
+ λF (r) = 0.

Èìååì

∆F =
d∑
j=1

∂

∂xj

(
F ′(r)

xj
r

)
=

d∑
j=1

((
F ′(r)

r

)′ x2
j

r
+
F ′(r)

r

)

=

(
F ′(r)

r

)′
r +

d

r
F ′(r) = F ′′(r) +

d− 1

r
F ′(r).

Òåì ñàìûì óðàâíåíèå (12) ïðèíèìàåò âèä

F ′′(r) +
2k + d− 1

r
F ′(r) + λF (r) = 0.

Ïîëîæèì

F (r) = f(r)r−p, p = k +
d− 2

2
.

Òîãäà äëÿ ôóíêöèè f ïîëó÷èì óðàâíåíèå

r2f ′′(r) + rf ′(r) + (λr2 − p2)f(r) = 0.

Ïîëîæèâ y(t) = f(t/
√
λ), äëÿ ôóíêöèè y ïîëó÷èì óðàâíåíèå

t2y′′(t) + ty′(t) + (t2 − p2)y(t) = 0,

êîòîðîå ÿâëÿåòñÿ óðàâíåíèåì Áåññåëÿ p-ãî ïîðÿäêà. Ïóñòü Jp(x) �
ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà p-ãî ïîðÿäêà (ÿâëÿþùàÿñÿ ðåøåíè-
åì ýòîãî óðàâíåíèÿ).
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Òîãäà ôóíêöèè

Jp(r)

rd/2−1
Y (x′), p = k + d/2− 1, x′ =

x

r
,

ãäå µ
(p)
s � s-é êîðåíü ôóíêöèè Áåññåëÿ Jp, ïðè âñåõ Y ∈ Hk ÿâëÿ-

þòñÿ ñîáñòâåííûìè ôóíêöèÿìè îïåðàòîðà Ëàïëàñà, ðàâíûìè íóëþ

íà Sd−1, îòâå÷àþùèå ñîáñòâåííûì çíà÷åíèÿì −(µ
(p)
s )2. Âûáðàâ îð-

òîíîðìèðîâàííûé áàçèñ â L2(Sd−1) Y
(k)
j , k = 0, 1, . . ., j = 1, . . . , ak,

ïîëó÷àåì îðòîãîíàëüíóþ ñèñòåìó ñîáñòâåííûõ ôóíêöèé

Zksj(x) =
Jp(µ

(p)
s r)

rd/2−1
Y

(k)
j (x′),

k = 0, 1, . . . , s = 1, 2, . . . , j = 1, . . . , ak.

Ýòà ñèñòåìà ÿâëÿåòñÿ áàçèñîì â L2(Bd). Åå ìîæíî îðòîíîðìèðî-
âàòü, ïîëîæèâ

Yksj(x) =
1

‖Zksj‖L2(Bd)

Zksj(x).

Íåòðóäíî óáåäèòüñÿ, ÷òî

‖Zksj‖2
L2(Bd) =

∫ 1

0

J2
p (µ(p)

s r)r dr.

Ïóñòü f ∈ L2(Bd) è

f(x) =
∞∑
k=0

∞∑
s=1

ak∑
j=1

cksjYksj(x).

Îïðåäåëèì îïåðàòîð (−∆)α/2 ñëåäóþùèì îáðàçîì:

(−∆)α/2f =
∞∑
k=0

∞∑
s=1

(µ(p)
s )α

ak∑
j=1

cksjYksj(x).

Ðàññìîòðèì ðÿä çàäà÷, àíàëîãè÷íûõ òåì, êîòîðûå áûëè ðàññìîò-
ðåíû äëÿ ñôåðè÷åñêîãî ëàïëàñèàíà.
1. Îáîáùåííàÿ çàäà÷à Ïóàññîíà. Ïóñòü f ∈ L2(Bd). Òðåáóåòñÿ

íàéòè ôóíêöèþ u(x), óäîâëåòâîðÿþùóþ óðàâíåíèþ

(−∆)α/2u = f

è ãðàíè÷íîìó óñëîâèþ

u∣∣x∈Sd−1
= 0.

Ðåøåíèå ýòîé çàäà÷è äàåòñÿ ðàâåíñòâîì

u(x) =
∞∑
k=0

∞∑
s=1

(µ(p)
s )−α

ak∑
j=1

cksjYksj(x),

ãäå cksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f .
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2. Îáîáùåííîå óðàâíåíèå òåïëîïðîâîäíîñòè. Ïóñòü f ∈ L2(Bd).
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óðàâíåíèþ

ut + (−∆)α/2u = 0

ñ íà÷àëüíûì óñëîâèåì

u∣∣t=0
= f

Ðåøåíèå ýòîé çàäà÷è äàåòñÿ ðàâåíñòâîì

u(x) =
∞∑
k=0

∞∑
s=1

e−(µ
(p)
s )α

ak∑
j=1

cksjYksj(x),

ãäå cksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè f .
3. Îáîáùåííîå âîëíîâîå óðàâíåíèå. Ïóñòü f0, f1 ∈ L2(Bd). Òðåáó-

åòñÿ íàéòè ôóíêöèþ u(x, t), óäîâëåòâîðÿþùóþ óðàâíåíèþ

utt + (−∆)α/2u = 0

ñ íà÷àëüíûìè óñëîâèÿìè

u∣∣t=0
= f0,

ut∣∣t=0
= f1,

è ãðàíè÷íûì óñëîâèåì

u∣∣x∈Sd−1
= 0.

Ðåøåíèå ýòîé çàäà÷è äàåòñÿ ðàâåíñòâîì

u(x) =
∞∑
k=0

∞∑
s=1

ak∑
j=1

(
c

(0)
ksj cos(µ(p)

s )α/2t+
c

(1)
ksj

(µ
(p)
s )α/2

sin(µ(p)
s )α/2t

)
Yksj(x),

ãäå c
(i)
ksj � êîýôôèöèåíòû Ôóðüå ôóíêöèè fi, i = 0, 1.

8. Çàäà÷è âîññòàíîâëåíèÿ íà ñôåðå

Ñîáîëåâñêèì êëàññîì Wα
2 (Sd−1) íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé

f ∈ L2(Sd−1), äëÿ êîòîðûõ

‖(−∆S)α/2f‖L2(Sd−1) ≤ 1.

1. Âîññòàíîâèòü ðåøåíèå óðàâíåíèÿ

(−∆S)α/2u = f

ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýôôèöèåíòîâ Ôóðüå
ôóíêöèè f íà êëàññå W β

2 (Sd−1). Áîëåå òî÷íî, íàéòè âåëè÷èíó

E
(1)
Np(α,W

β
2 (Sd−1), δ) = inf

ϕ : lNp →L2(Sd−1)
sup

f∈Wβ
2 (Sd−1), y∈lNp

‖INf−y‖lNp ≤δ

‖u− ϕ(y)‖L2(Sd−1)
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è ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü (çäåñü INf = {ckj},
k = 0, 1, . . . , n, j = 1, . . . , ak, N = a0 + . . .+ an, ckj � êîýôôèöèåíòû
Ôóðüå f , p = 2,∞).

2. Âîññòàíîâèòü ðåøåíèå çàäà÷è

ut + (−∆S)α/2u = 0,

u∣∣t=0
= f,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýô-
ôèöèåíòîâ Ôóðüå ôóíêöèè f íà êëàññå W β

2 (Sd−1), ò.å. íàéòè âåëè-
÷èíó

E
(2)
Np(τ, α,W

β
2 (Sd−1), δ)

= inf
ϕ : lNp →L2(Sd−1)

sup
f∈Wβ

2 (Sd−1), y∈lNp
‖INf−y‖lNp ≤δ

‖u(·, τ)− ϕ(y)‖L2(Sd−1)

è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ (p = 2,∞).

3. Âîññòàíîâèòü ðåøåíèå çàäà÷è

ut + (−∆S)α/2u = 0,

u∣∣t=0
= f,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííûì ðåøåíèÿì â ìîìåíòû
âðåìåíè t = 0 è t = T , ò.å. íàéòè âåëè÷èíó

E
(3)
T (α,L2(Sd−1), δ0, δT )

= inf
ϕ

sup
f,y0,yT∈L2(Sd−1)
‖f−y0‖L2(Sd−1)

≤δ0
‖u(·,T )−yT ‖L2(Sd−1)

≤δT

‖u(·, τ)− ϕ(y0, yT )‖L2(Sd−1),

ãäå ϕ : L2(Sd−1) × L2(Sd−1) → L2(Sd−1), è ñîîòâåòñòâóþùèé îïòè-
ìàëüíûé ìåòîä âîññòàíîâëåíèÿ.

4. Âîññòàíîâëåíèÿ ðåøåíèÿ çàäà÷è

utt + (−∆S)α/2u = 0,

u∣∣t=0
= f0,

ut∣∣t=0
= f1,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýô-
ôèöèåíòîâ Ôóðüå ôóíêöèé f0 è f1 íà êëàññàõW

β1
2 (Sd−1),W β2

2 (Sd−1)
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ñîîòâåòñòâåííî, ò.å. íàéòè âåëè÷èíó

E
(4)
Np(τ, α,W

β1
2 (Sd−1),W β2

2 (Sd−1), δ0, δ1)

= inf
ϕ : lNp ×lNp →L2(Sd−1)

sup
fi∈W

βi
2 (Sd−1), yi∈lNp , i=1,2

‖INfi−yi‖lNp ≤δi, i=1,2

‖u(·, τ)− ϕ(y0, y1)‖L2(Sd−1)

è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ (p = 2,∞).
×àñòíûå ñëó÷àè ýòîé çàäà÷è, êîãäà îäíà èç ôóíêöèé f0 èëè f1 ôèê-
ñèðîâàíà, â ÷àñòíîñòè, ðàâíà íóëþ.

5. Àíàëîã ïîñòàíîâêè â ï.3 äëÿ çàäà÷è

utt + (−∆S)α/2u = 0,

u∣∣t=0
= f0,

ut∣∣t=0
= f1.

Çäåñü ìíîãî âàðèàíòîâ ïîñòàíîâîê. Íàïðèìåð (íå ñàìûé îáùèé),
ñëåäóþùèé: âîññòàíîâèòü ðåøåíèå çàäà÷è â ìîìåíò âðåìåíè τ ïî
íåòî÷íî çàäàííûì ðåøåíèÿì â ìîìåíòû âðåìåíè t = 0 è t = T ,
åñëè èçâåñòíî, ÷òî f1 = 0, ò.å. íàéòè âåëè÷èíó

E
(5)
T (α,L2(Sd−1), δ0, δT )

= inf
ϕ

sup
f0,y0,yT∈L2(Sd−1)
‖f0−y0‖L2(Sd−1)

≤δ0
‖u(·,T )−yT ‖L2(Sd−1)

≤δT

‖u(·, τ)− ϕ(y0, yT )‖L2(Sd−1),

ãäå ϕ : L2(Sd−1) × L2(Sd−1) → L2(Sd−1), è ñîîòâåòñòâóþùèé îïòè-
ìàëüíûé ìåòîä âîññòàíîâëåíèÿ.

9. Çàäà÷è âîññòàíîâëåíèÿ â øàðå

Ñîáîëåâñêèì êëàññîì Wα
2 (Bd) íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé

f ∈ L2(Bd), äëÿ êîòîðûõ

‖(−∆)α/2f‖L2(Bd) ≤ 1.

6. Âîññòàíîâèòü ðåøåíèå çàäà÷è

∆u = 0,

u∣∣Sd−1
= f

ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýôôèöèåíòîâ Ôóðüå
ôóíêöèè f íà êëàññå W β

2 (Sd−1). Áîëåå òî÷íî, íàéòè âåëè÷èíó

E
(6)
Np(α,W

β
2 (Sd−1), δ) = inf

ϕ : lNp →L2(Bd)
sup

f∈Wβ
2 (Sd−1), y∈lNp

‖INf−y‖lNp ≤δ

‖u− ϕ(y)‖L2(Bd)

è ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü (p = 2,∞).
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7. Òåîðåìà î òðåõ ñôåðàõ. Âîññòàíîâèòü ðåøåíèå çàäà÷è

∆u = 0,

u∣∣Sd−1
= f

íà ñôåðå ðàäèóñà r ïî íåòî÷íî çàäàííûì ðåøåíèÿì íà ñôåðàõ ðà-
äèóñîâ r1 è r2, r1 < r < r2. Çäåñü òðåáóåòñÿ íàéòè âåëè÷èíó

E(7)
r1,r2

(r, L2(Sd−1), δ1, δ2)

= inf
ϕ

sup
f,y1,y2∈L2(Sd−1)∥∥u∣∣|x|=ri−yi∥∥L2(Sd−1)

≤δi, i=1,2

‖u∣∣|x|=r − ϕ(y1, y2)‖L2(Sd−1),

ãäå ϕ : L2(Sd−1) × L2(Sd−1) → L2(Sd−1), è ñîîòâåòñòâóþùèé îïòè-
ìàëüíûé ìåòîä âîññòàíîâëåíèÿ.

8. Âîññòàíîâèòü ðåøåíèå çàäà÷è

(−∆)α/2u = f,

u∣∣Sd−1
= 0,

ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýôôèöèåíòîâ Ôóðüå
ôóíêöèè f íà êëàññå W β

2 (Bd). Áîëåå òî÷íî, íàéòè âåëè÷èíó

E
(8)
Np(α,W

β
2 (Bd), δ) = inf

ϕ : lNp →L2(Bd)
sup

f∈Wβ
2 (Bd), y∈lNp

‖INf−y‖lNp ≤δ

‖u− ϕ(y)‖L2(Bd)

è ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü (çäåñü INf = {cksj},
k = 0, 1, . . . , n, s = 1, . . . , s0, j = 1, . . . , ak, N = (a0 + . . .+ an)s0, cksj
� êîýôôèöèåíòû Ôóðüå f , p = 2,∞).

9. Òåîðåìà î òðåõ ñôåðàõ äëÿ íåîäíîðîäíîãî óðàâíåíèÿ. Âîññòà-
íîâèòü ðåøåíèå çàäà÷è

(−∆)α/2u = f,

u∣∣Sd−1
= 0

íà ñôåðå ðàäèóñà r ïî íåòî÷íî çàäàííûì ðåøåíèÿì íà ñôåðàõ ðà-
äèóñîâ r1 è r2, r1 < r < r2. Çäåñü òðåáóåòñÿ íàéòè âåëè÷èíó

E(9)
r1,r2

(r, L2(Sd−1), δ1, δ2)

= inf
ϕ

sup
f∈L2(Bd), y1,y2∈L2(Sd−1)∥∥u∣∣|x|=ri−yi∥∥L2(Sd−1)

≤δi, i=1,2

‖u∣∣|x|=r − ϕ(y1, y2)‖L2(Sd−1),

ãäå ϕ : L2(Sd−1) × L2(Sd−1) → L2(Sd−1), è ñîîòâåòñòâóþùèé îïòè-
ìàëüíûé ìåòîä âîññòàíîâëåíèÿ.
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10. Âîññòàíîâèòü ðåøåíèå çàäà÷è

ut + (−∆)α/2u = 0,

u∣∣t=0
= f,

u∣∣Sd−1
= 0,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êîýô-
ôèöèåíòîâ Ôóðüå ôóíêöèè f íà êëàññåW β

2 (Bd), ò.å. íàéòè âåëè÷èíó

E
(10)
Np (τ, α,W β

2 (Bd), δ)
= inf

ϕ : lNp →L2(Bd)
sup

f∈Wβ
2 (Bd), y∈lNp

‖INf−y‖lNp ≤δ

‖u(·, τ)− ϕ(y)‖L2(Bd)

è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ (p = 2,∞).

11. Âîññòàíîâèòü ðåøåíèå çàäà÷è

ut + (−∆)α/2u = 0,

u∣∣t=0
= f,

u∣∣Sd−1
= 0,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííûì ðåøåíèÿì â ìîìåíòû
âðåìåíè t = 0 è t = T , ò.å. íàéòè âåëè÷èíó

E
(11)
T (α,L2(Bd), δ0, δT )

= inf
ϕ

sup
f,y0,yT∈L2(Bd)
‖f−y0‖L2(Bd)

≤δ0
‖u(·,T )−yT ‖L2(Bd)

≤δT

‖u(·, τ)− ϕ(y0, yT )‖L2(Bd),

ãäå ϕ : L2(Bd)×L2(Bd)→ L2(Bd), è ñîîòâåòñòâóþùèé îïòèìàëüíûé
ìåòîä âîññòàíîâëåíèÿ.

12. Âîññòàíîâëåíèÿ ðåøåíèÿ çàäà÷è

utt + (−∆S)α/2u = 0,

u∣∣t=0
= f0,

ut∣∣t=0
= f1,

u∣∣Sd−1
= 0,

â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííîìó êîíå÷íîìó íàáîðó êî-
ýôôèöèåíòîâ Ôóðüå ôóíêöèé f0 è f1 íà êëàññàõ W

β1
2 (Bd), W β2

2 (Bd)
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ñîîòâåòñòâåííî, ò.å. íàéòè âåëè÷èíó

E
(12)
Np (τ, α,W β1

2 (Bd),W β2
2 (Bd), δ0, δ1)

= inf
ϕ : lNp ×lNp →L2(Bd)

sup
fi∈W

βi
2 (Bd), yi∈lNp , i=1,2

‖INfi−yi‖lNp ≤δi, i=1,2

‖u(·, τ)− ϕ(y0, y1)‖L2(Bd)

è ñîîòâåòñòâóþùèé îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ (p = 2,∞).
×àñòíûå ñëó÷àè ýòîé çàäà÷è, êîãäà îäíà èç ôóíêöèé f0 èëè f1 ôèê-
ñèðîâàíà, â ÷àñòíîñòè, ðàâíà íóëþ.

13. Àíàëîã ïîñòàíîâêè â ï.5 äëÿ çàäà÷è

utt + (−∆)α/2u = 0,

u∣∣t=0
= f0,

ut∣∣t=0
= f1,

u∣∣Sd−1
= 0.

Îäèí èç âàðèàíòîâ (íå ñàìûé îáùèé) ñëåäóþùèé: âîññòàíîâèòü ðå-
øåíèå çàäà÷è â ìîìåíò âðåìåíè τ ïî íåòî÷íî çàäàííûì ðåøåíèÿì
â ìîìåíòû âðåìåíè t = 0 è t = T , åñëè èçâåñòíî, ÷òî f1 = 0, ò.å.
íàéòè âåëè÷èíó

E
(13)
T (α,L2(Bd), δ0, δT )

= inf
ϕ

sup
f0,y0,yT∈L2(Bd)
‖f0−y0‖L2(Bd)

≤δ0
‖u(·,T )−yT ‖L2(Bd)

≤δT

‖u(·, τ)− ϕ(y0, yT )‖L2(Bd),

ãäå ϕ : L2(Bd)×L2(Bd)→ L2(Bd), è ñîîòâåòñòâóþùèé îïòèìàëüíûé
ìåòîä âîññòàíîâëåíèÿ.

10. Äàëüíåéøèå çàäà÷è

14. Àíàëîãè çàäà÷ ïðåäûäóùåãî ðàçäåëà äëÿ øàðîâîãî ïîÿñà.
15. Íåîäíîðîäíûå ýâîëþöèîííûå óðàâíåíèÿ.
16. Êðàåâûå óñëîâèÿ äðóãèõ òèïîâ.


