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Lecture 1

1. INTRODUCTION

What does it mean to solve a problem in an optimal way? Assume
that we have a problem p to be solved. Usually we have some infor-
mation abut this problem. This information as a rule is incomplete
and/or inaccurate. We denote it by I(p). Suppose we have a method
(algorithm) m to solve this problem. The method m uses the infor-
mation I(p). To compare the quality of different methods with each
method m we have to associate a number indicating the error of the
solution of the problem. We denote this number by e(p, I, m).

Usually we want to have a method that can be applied to several
problems of the same type. Assume that we have a set of problems P.
Then for the set P the error of the given method m may be defined as
follows

e(P,1,m) =supe(p,I,m).
peEP

If we want to find a good method for problems P we have to find a
method for which the value e(P, I, m) as small as possible. Denote by
M the set of admissible methods. Then we want to find a method m
such that

e(P,I,m) = n%gjfw e(P,I,m)=: E(P,I,M).
We call the method m an optimal method and the value E(P, I, M) is
called an optimal error.

It may appears that E(P, I, M) is not sufficiently small. Then we
may try to find another type of information about problems from P
that can provide a better error of solutions. In other words, we can
consider the following problem

inf E(P,I, M),

1€

where 7 is some set of information.
Let us consider some examples.

Example 1 (optimal interpolation). Let W be some class of functions
defined on a domain D. Denote by p; the problem of finding f(¢),
t € D, for a function f € W. Put

](pf):I<f):(f(t1)77f<tn))7 tjeDv j:177n
Let M be the set of all mappings m: R” — R. We put
e(ps, I,m) = |f(t) — m(I(f))]-



Here P = {p;: f € W}. Thus,

(P, 1,m) = sup (1) —m(I(})] = e(t, W 1.m)

To find an optimal method we have to consider the following problem
Et,W,I,M)=inf IR{e(t, W, I,m).

R —

This problem is called the problem of optimal recovery of a func-
tion f € W at a fixed point ¢ from the information about the values

f(tl)v s 7f(tn)

Example 2 (optimal integration). Let p; be the problem of finding
the integral

b
Lf:/ F(t) dt

for a function f € W. With the same I(f), P, and M we obtain the
problem of optimal integration on the class W from the information
about values of f at a fixed system of nodes

/f@ﬁ—mmﬁw

Note that if instead of M we consider the set M, containing only
linear functions m, that is,

E(L,W,I,M) = inf sup

m: R"—R feW

m(I(f))=> a;f(t;), a; €R, j=1,....n,
j=1

then we obtain the well-known problem of finding optimal quadrature
formula for the class W and a fixed system of nodes.

One may ask how to choose such points a < t; < ... < t, < b for
which the optimal error will be minimal. In this case we obtain the
following problem

E(L,W,Z, M) = inf E(L,W, 1, M),
€

where
IT={T:a<t;1<...<t, <)}

Example 3 (optimal numerical differentiation). In notation of Exam-
ple 1 this is the following problem

E'(t,W, I, M) = inf sup|f'(t) — m(I(f))|.

m: RP—R feW

Let us consider complete solutions of these problems for some simple
classes.



2. OPTIMAL INTERPOLATION FOR W1

Denote by WL the class of real functions f defined on the interval
[—1, 1], absolutely continuous, and satisfying the condition

If'(t)] <1 almost everywhere on [—1,1].

Following Example 1 we put

e(t, Wae, I m) = sup [f(t) —m(I:(f))],

fewd,

Et,WL I;)= inf e(t, WL, I;m),

m: R?*"—R

where

[{(f):<f(t1),,f(tn))7 t_:<t1,,tn>, 1<t <...<t, <1

Denote by «(t) the nearest point to ¢ from the set of nodes {t1,...,t,}
(in the case when ¢ is in the middle between ¢; and ;.1 we set for def-
initeness a(t) = t;). Thus,

‘ t+t
t, —1<t< 1;2,
tiq+t ti+t
a(ty =, LEU oy BT G
2 2
to1 + by
tn, s t<1.
\ 2
Put
f(t) =t —a(t)]
(see Fig. 1).
f()
-1 t# ts t, 1 Tt

FIGURE 1
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It is obvious that f € WL and —f € WL. Moreover, I;(f) =
I;(—f) = 0. For any method m we have

-~ ~

2f(t) = | f(t) — m(0) — (—f(t) — m(0))|
< |f(t) = m(O)| + | — F(t) — m(0)| < 2e(t, WL, Iz, m).

Consequently, for all m

~

e(t, WL, Ir,m) > f(t).
Hence
(1) E(t, W4, I) > f(#).

We obtain the lower bound. Now let us obtain the upper bound.
Define the method m by the equality

m(Lz(f)) = fla(t)).
Then

Since | f'(7)] < 1 we have

[F(t) = Fla@)] <[t = a@)] = f1).
Thus, for all f € WL
() = m(Le ()] < (D).
We have
E(t,WL I;) <e(t, WL, I;,m) < f(t).
Taking into account the lower bound (1), we obtain that
E(t, WL, I) = f(¢)

and m ia an optimal method. Consequently, if we have function values
f(t1),..., f(t,), then an optimal method of recovery of f(¢) on the
class W is the following

f(t) = fla(t))
(see Fig. 2).



f(a(t)) f(t)
f(t)
-1 # ts t, 1 Tt
f(t2) o
FIGURE 2

3. OPTIMAL INTEGRATION FOR W1

For the same class W1 and the same information I; consider the
problem of optimal recovery of the integral

Lf:/llf(t)dt

As in the previous example any functions m: R™ — R are admitted as
recovery methods. The error of the method is defined as follows
e(L, W, Iym) = sup / 7ty dt = m(I())]
fewd,

We are interested in the optimal recovery error

E(L,WL . I;)= inf e(L, WL, I;ym)

m: R*—R

and in an optimal method of recovery, that is, in the method for which
the lower bound is attained. Using the same notation for the function
f(t) = |t — a(t)| we obtain that for every method m

Z[tf(t)dtg‘/_llf(t)dt— ’ ‘/ )) dt —m(0)

< 2e(L, WL, I;ym).

Thus, for every method m

(2) E(L,WL I;) > /f

To obtain the upper bound consider the method

/f /1 m(ly) dt.



We can rewrite this method in the form

Aok = [ T s [ e [ s
_ (tl ;“tZ + 1) Flt) + s ; t1f<t2) o+ <1 _ @) F(ta).

We show that myg is an optimal method. We have

[sos- [ oors

< sup [ 1F(0) — fla(t)]dt < / t—a@)ldt= | Ft)dr.
FEWSL J -1 -1 _1

e(L, WL, I;,mg) = sup
fewl

E(L,WL, I;) < /f t)dt.

Taking into account the lower bound (2) we obtain that
E(L,WL I;) = / f

and consequently the method myg is optimal.



Lecture 2

Let us try to find a system of nodes —1 < t9 < ... < 2 < 1 for
which the error of optimal recovery will be minimal. In other words,
we consider the extremal problem

min /1 f(t) dt.
-1

—1<t1<...<tp <1

We have to find t; < ... < ¢, to make the shaded area minimal (see
Fig. 3).

D5/

—1hy t1 2h1 t 2hs tn by 1 t

FIGURE 3

Put
h():tl—{—l, th:tj+1—tj,j:1,...,n—1, hnzl—tn

Note that
h0+2h1++2hn,1+hn:2
Then

1 h2 h?
/ ft)dt = 50+h§+...+hi_1+7”.
-1
We use the Cauchy-Shwartz inequality

SR
j=1

J=1

r

> agb

J=1

Fora; =... =a, =1 it gives

r 1 r 2
S t($0)
j=

J=1



Thus,

1
~ 1
/_lf(t) dt = 5(hg +(RI+h) +.. + (A2 +h2 )+ hD)

>1(h0+2h1+...+2hn_1+hn)271
=2 2+4+2(n—1) n
If we take hg = hy = ... = h, = 1/n, then
1
~ 1
t)dt = —.
| Foa-
Consequently, the nodes
25 —1
0_ _
t;=-1+ m— j=1,...,n,

are optimal.

4. OPTIMAL RECOVERY OF THE DERIVATIVE FROM INACCURATE
INFORMATION

In the previous examples we use incomplete but exact information.
Indeed we usually have some error in any input data. Let us consider
the following problem with inaccurate information. We want to find
approximate value of f’(0) knowing approximate values of f at the
points —h, h, 0 < h < 1. We assume that

fewl={f:few,}
and we know the values f_q, f; such that

[f(=h) = fal <4,
[f(h) = fil <9,
where § > 0 is the error of the input data. Any mapping m: R? — R is

admitted as a recovery method. The error of the method m is defined
as follows

¢'(W2, I3, m) = sup sup 1£'(0) = m(f-1, f1)]-
fewz f-1,f1€R
|f(Gh)—£i1<06, j=-1,1

We are interested in the error of optimal recovery
2 1h : 2 7h
E'(WZL, 1)) = mzl@f_}Re'(Ww I3, m)

and in an optimal method of recovery, that is, a method for which the
lower bound is attained.
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Put
1 h ¢
- — 4 = <t<
R 2+(2+h)t, 0<t<1,
f(t) = e s
— —+ =)t —1<t<
2+<2+h)’ 0

1. The lower bound. It is easily verified that f,—f € W2 and

~

f(—h) = —¢, f(h) = 4. For any method m we have
2(0) < [F(0) = m(0,0)[ + | = F'(0) — m(0,0)| < 2¢/ (W2, I}, m).
Consequently,
B> o= 1)
2. The upper bound. Consider the method

m(f—l,fl) _ fl ;hf—l

Taking into account that f; = f(jh) +6;, j = —1,1, we have

(3)

(W2, I0 M) = sup  sup

f(h) + 61— f(=h) — b4

f'(0) =

FeEW, |5;1<8, j=-1,1 2h
) f(h) —f(—h)‘ J
< sup [f(0)— + -
fewz (0) 2h h

To estimate the last supremum we need the following

Lemma 1. If f € W2, then for all T € [—1,1] there exists M € [—1,1]
such that
2

(4) f(r) = £(0) +f’(0)T+M%.

Proof. We have
/ f(@)(r —1t) dt :/ (r=t)df'(t) = =7f'(0) + f(r) = f(0).
0 0
Since f € W2 we obtain
T 7_2
/0 ]T—t]dt’ =3

[ e -oal<
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Using (4) for 7 = h and 7 = —h, we have
2

F(h) = £O) + FO)h+ M

2
F(=h) = F(O) ~ F(O)h+ M,
Hence
vy J(h) = f(=h) h
po) =T IED
Consequently, for f € W2
, f(h) = f(=h)| _h
f1(0) — — on < 5

Now it follows from (3) that
~ h 6 4
6/(W0207*[67m) < § + E = f/(O)
Taking into account the lower bound, we obtain that
h o

El QIh:_ e
(Woo7 5) 2+h

and method m is optimal.



12

Lecture 3

Consider the problem of optimization of input information for the
value

h o
EWZ,1}) =+ + .
( o0 5) 2 + h
It is easy to see (see Fig.4) that this function (as a function of x) has

the unique minimum on the interval (0, 1] at the point

1
R V20, 0<6< =,
h= 12
1, o> —.
2
W
|
= " h
h
FIGURE 4
Thus,
1
V28, 0<6< =,
min E'(W2,1}) =4 4 ;2
0<h<l1 - +5’ 5 Z Z

2 2

5. RECOVERY OF A FUNCTION AT A POINT FROM INACCURATE
INFORMATION

Denote by Ly (R) the space of functions f defined on R for which

1/2
| fllzom®) = (/R | f(t)]? dt) < 00.

Let W; (R) be the space of locally absolutely continuous functions f €
Ly(R) for which || f'||,®) < co. We denote by W the class of functions
f € Wi(R) for which ||f'||z,®) < 1. For the class W, we consider
the problem of optimal recovery of the value f(0) from the information
about the function f given with the error 6 > 0 in the Lo(R)-norm. We
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assume that for each function f € W, we know a function y € Ly(R)
such that
1f = ¥llram) <
Knowing y we have to obtain a best possible approximation to the
value f(0).
Similar to the previous examples we are interested in the optimal
recovery error

EO(W217I<SR) = inf €0<W217I(§R7m)’

m: Ly(R)>R

where

eo(Wy, I, m) = sup  sup  |f(0) — m(y)],
few}  yeLa(R)
Il f=vllzy@) <o

and in optimal method of recovery (that is, in a method for which the
infimum is attained).

1. The lower bound. Let m: Ly(R) — R be an arbitrary method,
feWs, and || f]|L,®) <. Then

2|f(0)] < [£(0) = m(0)] +] = £(0) — m(0)] < 2e0(Wy, I, m).
Thus,
eo(Wy, Ij',m) > | £(0)].
Taking the infimum over all methods m and then the supremum over
all functions f € W3 such that || f||,®) < J, we obtain

Eo(Wy,I5) > sup  |f(0)].
fews
£l g ) <6
It is easy to check that the function
f(t) = Voe e
belongs to the class W and || f]| () = 0. Consequently,
(5) Eo(W3, I}) > | f(0)| = V6.
2. The upper bound. First we prove that for all f € W}
FOL< VI N Lo + [£0)]-

Using the Cauchy-Shwartz inequality, we have

10— 01| | f’(t)dt'S\/WHf’HLQ(R)-

Thus,
IF@O] < 1£@) = FO)+ [£O)] < VI o) + [FO)].
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Consequently,

To find optimal method of recovery we prove that for all f € W, the
following identity

(6) f(0) = i/<at|/5f(1t) dt — 1/et|/5j-"(zt) sign t dt
20 Ja 2 J
holds. We have

/00 e VO f(t) dt = /OO e O df(t) = et/‘;f(t))zo—l—%/oo f(t)e ™t dt
0

0 0
——10+ [ e
Thus,
f(()):%/o f(t)e‘t/‘sdt—/o e (t) dt.

In a similar way we obtain, that
0

0
f(0) = %/ f(t)et/édtjt/ MO f!(t) dt.

—00

Adding these two equalities we obtain that (6) holds.
Now let us estimate the error of the method

I 1 _
m(y) = %/Re Woy(t) dt.

Assume that f € W3, y € Ly(R), and || f — y||,r) < d. Then

10 = )] = |10 = 55 [ 0 - s0) + 110 o

<|r0) - 55 [ an g | [ 0 - ronar.

Using (6) and the Cauchy-Shwartz inequality, we have

1) =) < 5 [ U@ de+ g | [ e

R

171 2oy
< e=2Mtl/0 d = 22— (/5
VL %

EU(W217]<]$> < 60(W217]5 ,T/fl) < \/5

Hence



Taking into account the lower bound (5), we obtain

Ey(Wy,I5) = sup [f(0)] = V5.
fews
£l Lo (m) <6

Moreover, the method m is an optimal method of recovery.

15
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Lecture 4

Let = be an arbitrary function from WJ(R) such, that x # const.
Put

X
= e
then f € W2. Set
5 — ]| 2o @)
12/ L)

then || f||z,®) = d. Since
FO < sup  [f(0)] = V5,

fewy
11l Lo (r) <6
we have 1/2
() _ 1ol
— 1/2 :
lolleam) = [l )2,

Thus,

1/2 1/2
@ 2(0)] < Il ey 11 ey

This is one of the so-called inequalities of Landau—Kolmogorov type.
These inequalities play a significant role in optimal recovery problems.
On the other hand, inequality (7) may be considered as an uncertainty
principal. It stays that both the norm of the function and the norm of
the derivative could not be sufficiently small at the same time.

6. GENERAL SETTING

Let X be a linear space, Z be a normed linear space, and T: X — Z
be a linear operator. We consider the problem of optimal recovery of the
operator T" on a set W C X from the information about many-valued
operator F': W — Y (for each x € W, F(x) is a set from Y). We
assume that for every € W we know an element y € F(z). Knowing
y we have to approximate the value T'x. Every mapping m: Y — Z is
admitted as a recovery method (or an algorithm) (see Fig. 5).

T

XDOW A

FN

FIGURE 5
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For a given method m we define the error of the method as follows

e(T,W,F,m) = sup sup [Tz —m(y)|z.
zeW yeF(x)
The quantity
E(T,W,F)= inf e(T,W,F,m)

m:Y—Z

is called the error of optimal recovery.

Lemma 2 (the lower bound). Assume that the set
FH0)={zeW :F(z)=0}

is not empty and centrally-symmetric (that is, for any v € F~1(0),
—x € F710)). Then

E(T7 W7F> > sSup "Tx"Z

z€F~1(0)

Proof. Let x € F~1(0) and m be an arbitrary method of recovery. Then
since —x € F~1(0) we have

2(|Tzl|z = [Tz —m(0) — (=Tz —m(0))| 2
<||[Tx —m(0)||z + || = Tx — m(0)||z < 2e(T, W, F,m).

Taking the supremum over all z € F~'(0) we obtain that for all
m:Y = 2

e(T,W,F,m) > sup [Tz
z€F~1(0)
Consequently,
E(T W, F)= inf e(T,W,F,m)> sup |[Tzz.

m:Y—Z ZEEF_I(O)

O

Now we consider the problem of optimal recovery of linear operators
for linear spaces with semi-inner products. Recall that Y is a linear
space with a semi-inner product (-, )y, if there exists a mapping which
associates with every pair x,y € X a real (or, in general, complex)
number (z, y)y such, that

L (z,2)y
2. (z,y)y —( L)y
3. (o + By, )y =a(z,2)y + B(y,2)y, a,p€C.
Let X be a linear space, Y7, ...,Y, be linear spaces with semi-inner
products (-,-)y;, j = 1,...,n, and the corresponding semi-norms || - ||y,
(lzlly, = (2, 2)y;), I X — Y;, j = 1,...,n, be linear operators,
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and Z be a normed linear space. We consider the problem of optimal
recovery of the operator T: X — Z on the set

We={zeX:||Lz|y, <6, 1<j<k 0<k<n}

(for & = 0 we take W = X) from the information about values of
operators I.1,..., I, given with errors. We assume that for any x € W
we know the vector ¥y = (Y41, .- .,Yn) such that

Lz —yilly, <65, j=k+1,...,n

Knowing the vector y we want to recover T'z.
Using the notation of the general setting, in this problem we have

Fz)={y=Ykt1,---,Un) € Yiy1 X ... X Yy :
|1z —yjlly, <65, j=k+1,...,n}.
Any operator m: Yy, 1 X...xY, — Z is admitted as a recovery method.
According to the general setting the value
e(T, Wy, I,5,m) = sup sup | Tz —m(y)| 2

TEWE y=(Yrt15Yn)EVip1 X... XY
I jz—y;lly; <b;, j=k+1,..,n

is called the error of recovery of the method m (here I = (Iy,...,1,),
d = (01,...9,)). The quantity
(8) E(T Wy, 1,6) = inf e(T, Wy, 1,0,m)

m: Y1 X..XYp—=2Z

is called the error of optimal recovery. A method delivering the lower
bound is called optimal.

The formulated problem of optimal recovery is closely connected with
the following extremal problem (we shall call it the duality extremal
problem)

(9) |Tx||% — max, ||Ij:17||§/J < 5]2-, j=1,...,n, x € X.
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Lecture 5

Now we formulate the main result. It what follows we will apply it
to many problems of optimal recovery.

Theorem 1. Assume that there exist Xj >0,5=1,...,n, such that
the value of the extremal problem

(10) [Tz} = max, > N|Lzl3, <> N6, zeX
j=1 j=1

is the same as in (9). Moreover, assume that for ally = (y1,...,yn) €
Y1 X ... xY, there exists v, = x(y1,...,yn) which is a solution of the
extremal problem

(11) Z/)\\jH[jx_yjH%/j — min, z € X.
=1

Then for all k, 0 < k < n,
E(T, Wy, 1,6) = sup 1Tz 7

zeX
1;2lly; <65, j=1,....n
and the method
(12) M (Ykt1y -3 Yn) = T2(0, ..., 0, Yps1s -5 Un)
1 optimal.

To prove this theorem we need a preliminary result concerning a best
approximation property in a linear space with a semi-inner product.
Let Y be a linear space with a semi-inner product (-,-)y and L be a
subspace of Y. Let y € Y. Consider the problem of best approximation
of y by elements from L

(13) |z —y|ly = min, x € L.

Proposition 1. If T is a solution of (13), then for all x € L
(Z —y,x)y =0.

Proof. Suppose that there exists z¢y € L such that

(T —y,z0)y = a #0.
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Put z = 7 — Azg, where A = a/||zo||?. Note that z € L. We have

HZ - y||§/ = (”x\— ATy — Y, T — ATg — Z/)Y

=17 =yl — 2Re(@ — y, Azo)y + [AP*|zolly

~ 2 Y |O"2 ~ 2 |04|2 ~ 2
= |7 — ylly — 2Re(Aa) + 5 = 17— yly — 5 < 17— ylly-
[ol[5 [zoll3-
This contradiction proves the assertion of the theorem. O

Proof of Theorem 1. The lower bound. Since
FH0)={zeW:|Lzly, <6, j=k+1,...,n}.

from Lemma 2 we have
(14)
E(T, Wy, 1,0) > sup |Tz||z = sup 1Tz 2.

zeW reX
Ij2lly, <3, j=k+1,...m Ijzlly, <65, j=1,...n

The upper bound. Consider the linear space £ =Y; x ... x Y, with
the semi-inner product

W' y)e =Y Ny,
j=1

where y' = (yi,...,41), v = (v},...,y2). Now the extremal problem
(11) can be rewritten in the form

1Tz —y||2 — max, z € X,

where Iz = (Liz,...,I,x) and y = (y1,...,ys). It follows from Propo-
sition 1 that for all x € X

(fa:y —y, Iz)p =0.
Consequently,
11z = yl% = Tz — Tz, + 112y — yl%-
Indeed, we have
11z =yl = [z — Tz, + Iz, — yl%
= Iz — Iz, || — 2Re(Iz — Iz, 2, — )& + ||z, — y||%
= Tz — Iz |[5 + [z — yl3-
Thus, for all z € X
(15) [z = Ty|% < [z =yl = > NllLz =y,

j=1
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Let v € X and y = (0,...,0,Yk+1,-..,¥n) such that ||z — y;lly, < 05,

j=k+1,...,n. Put z =2 — x,. Then it follows from (15) that
Do NlLEl, = (25 < ) A6
j=1 j=1
Now for the method (12) we have the following estimate
[T — (0. ... 0o )% = 7212
< sup IT2]1%

o R zeX R
?:1 Aj ||Ijz||%/j SZ?:1 >‘j5j2'

= sup 17|

zeX
Ile$I|Yj S(Sjv Jj=1,...,n
Consequently,
E(T.Wi 1.6) < (T, Wi L6.A) < swp  ||Txlz
ex

ILyally; <87, j=Lym
Taking into account the lower bound (14), we obtain that

E(T, W, 1,6) = sup | Tz 7

zeX
1L ally, <05 j=L..n

and m is an optimal method.
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Lecture 6

Now we obtain a sufficient conditions for coinciding the values of
problems (9) and (10). Put

Llx,A) = —|Tallz + D Al

j=1

(here A = (A1,...,A,). L is the so-called the Lagrange function for
the extremal problem (9). We call Z € X an extremal element if it is
admissible in (9) (that is, || ;Z]|3, < 7) and

1T = sup T2
x
175213, <63, j=1,....m

Theorem 2 (sufficient condition). Assume that there exist /):j > 0,
j=1,...,n, and ¥ € X admissible in (9) such that

~ -~

(@) minLl(z,\) =L@EN), A=, ),

zeX
0 Y NULET, - 65) =o.
j=1

Then T s an extremal element and

n
2 2 Ny
sup [Tz = sup ITx% = A6
xeX' N reX ~ =1
HijHQYj <62, j=1,..,n i /\jllfjwllg/jSZ?zl ;o7
Proof. Set

S = zn: 62,
j=1

Let x € X be an admissible element in (9). Then

— Tzl = =Tzl + Y NIl — 67) = L(x,A) = 5

j=1
> L@ )~ S =—||T2lz + Y NULEIT, - 6) = ~IITz]%.
j=1

The same arguments show that 7 is an extremal element in the problem
(10).
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Now we prove that L(Z, X) = 0. Suppose that L(Z, X) =a > 0.
Consider o = o, a < 1. We have
L(zo, \) = a*L(E,N) < L(E,N).
If a < 0, we put @ > 1. Then again
L(zo, \) = *L(E,N) < L(F,N).
Consequently,

sup ITz|% = |TZ]|% = —L(Z,\) + S = S.
xE
I1;2l3, <62, j=1,..m

7. OPTIMAL RECOVERY OF DERIVATIVES

Assume that we have the Fourier series for some 27-periodic function
x:

+o0o
x(t) = Z z e,
j=—o00

Suppose that we know only a finite number of Fourier coefficients which
are given with an error. That is, we know Z;, [j| < N, such that

(16) |z — 35 <6, |5 <N

Using the information {Z;};<nx we want to recover the k-th derivative
of .
One of the simplest methods of recovery is the following

M (1) ~ Z (i5)F 7 e,

l7I<N

But it is not very good because for large j the error of terms (ij)*;
may be large. Since

(i) 2y — (i5)*7,] < j*6
it may be of order j*¢.

In practice this effect are known very well. Those who deal with such
problems simply cut the terms with high frequencies or smooth them
by some filter.

The problem which we would like to pose is: what is a best method

of recovery? Or, in other words, what is a best possible filter? Now we
give the exact setting of the problem.
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Denote by T the unit circle realized as the interval [—m, ] with
identified endpoints. We denote by Ly(T) the set of square integrable
functions x on T with norm

1 1/2
_ (L 2
2|l £o(ry = (QW/T]:E(ZS)] dt> .

The space W (T) is the set of 2m-periodic functions x for which the
(r —1)-st derivative is absolutely continuous and ||2™]|z,r) < co. The
class W3 (T) is the set of 2m-periodic functions from W5 (T) for which
2 ey < 1.

We assume that for every function = € W (T) we know the numbers
Z;, |j| < n, such that (16) is fulfilled. The problem is to find the value

EZ (D", W3 (T),6)
- inf sup 2% — m(2)|| £y
m: C2N+1 - Ly(T) xeW3(T), 2={Z;}j<n

lwj—;1<0, |jI<N

and a corresponding optimal method of recovery (that is, the method
delivering the lower bound).

Using notation of the general setting, here X = WI(T), Z = Ly(T),
Tr = DFx = oW Y, = Ly(T), Yo = ... = Yonio = C, L1z = 2,
]szl‘_N+j_2,jZQ,...,2N+2, 51:1, 52:~~-:52N+2:57

W = {l’ € X: ||]1ZL‘||Y1 S (51 }

Consider the dual problem

A7) Ny = max, |2 Z,m <1, fayl? < 6% I[N,
x € Wy(T).

The Lagrange function for this problem has the form

Lz, 2) = =[le®|F,m) + Mz + D Alagl?,
l7ISN
where A = (A, A_y,...,Ay). Since for all 0 < s <r

“+oo

2Ot = Y (i) ze

j=—00
we have

“+o0o
[ PREE S A E21

j=—o00



25
Thus,
L(x,3) =D (=5 + N+ )z + D (=5 + A7)y .
l71<N li|>N

It follows from Theorem 2 that it is sufficiently to find an admissible

element z € Wj(T) and A= (X, Aon,.o ,XN) such that conditions (a)
and (b) of this theorem will be fulfilled and then to find a solution of
extremal problem (11).
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Lecture 7
Set
(18) po=max{p€Zy:6°) j <1, 0<p< N}
lil<p
Put
Y SV VA
(po+1)2=R7 720, p+1< [l <N,
, .
6’ |j| S Do,
> 1 2r .
Tj={ 72— 1— 62 Z s¥ il = po + 1,
\/§(po +1) \/ Is|<po
\O’ |]‘ > po + 1.
Let us prove that
Bt)y= ) e
|s|<po-+1

is admissible function in extremal problem (17). We have

1B =07 > s 416" s =1

|s|<po s|<po

It remains to prove that if py < N, then |z;| < J. Suppose that

1
1 _ 82 2r 2
2(p0+1)(27«>( ) Zs >>5

Is|<po
It means that
52 Z s¥ < 1.
Is|<po-+1
This contradicts the definition of pg.

Since
LX) = Y (= + X" >0
l71>po+1
and L(Z,\) = 0, condition (a) of Theorem 2 is fulfilled. We obtained
that ||f2”)||L2(T) = 1. Together with equalities |Z;| =0, |j| < po + 1, it
gives that condition (b) of the same theorem is fulfilled, too.
Consider the extremal problem (11). It has the following form

Mz + Y Aley — &> = min, 2 € Wi(T).
l71<po



27

We rewrite it in the form
> Nl = &P+ A 2P + A 7 ay)? = min, 2 € Wi(T).
li1<po 71>po

Obviously, the solution of this problem is

N, il

=~ =~ Ty, JI = Po,
7= 9N + A

0, |]| > Po-

It follows from Thorem 1 that the method

R = )00 = Y )l
171<po

is optimal. Thus, we proved the following

Theorem 3. Let k,r € Z,, 0 < k <r, Ne N, >0, and py be
defined by (18). Then

E£<Dk,wg<w>,6>=\/(m+ o 07 2

l71<po
. 2(r—k)
CYj =1- J .
po+1

Moreover, the method

m(@) = Y (ij) e’

l71<po

where

s optimal.

Note that «; are monotonically decreasing as j various from 0 to po.
It means that the optimal method m smooths approximate values of
Fourier coefficients z; for large j.
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Lecture 8

Consider some arguments which explain how to find X, /):j, l7] < N,
and 7. First, note that

AN X 20 SN, =R 20, ]| > N,
Indeed, assume that for some s such that |s| < N

— s 4 N /)\\S < 0.

N c, J=S,,
T =
! 0, j#s.

LEN) = (—s2 + X2 4+ 2|2 < 0.

Put

Then

In this case L(Z, i) — —o0 as ¢ — 00. Consequently,
min ,C(:E,B\\) = —00.
zeWJ(T)
The case |s| > N may be considered in a similar way.
Since L(Z, X) = 0 we have
(=" + A"+ X)IE| =0, 15| <N, (=5 + A™)IE;| = 0, || > N.
It follows from condition (b) that if Xj # 0, then |Z,;| = 0 and conse-

quently, —j2F + /)\\jQT + Xj = 0. Suppose we take T; = 4, |j| < p, then
since ¥ € WJ(T) we have
62 Z j2r <1.

l71<p

Note also that A # 0 otherwise —j2¢ + \j2r < 0, |7] > p. Thus, we need
to choose 7 such that [|Z3"]|,r) = 1. All these arguments lead to the
right choice of /)\\, Xj, |7] < N, and Z.

Let 0 > 0 be a fixed number. If py < N, then the further increase
of the number of Fourier coefficients known with the same error § does
not decrease the error of optimal recovery. Thus for the fixed § the
system of 2N (9) + 1 Fourier coefficients (or 2N (6) coefficients for the
case k > 0, since in this case the zero coefficient is not used in the
optimal method m), where

N(d):maX{N€Z+:§2 ij’"<1},
l7I<N

allows to recover z®) with the best possible accuracy.



29

Set 0g = o0,

—1/2
b, = (Zﬂ) . os=1,2,....

lil<s

Then for § € [d541,05), s =0,1,..., N(0) =s.
Let r =2 and k£ = 1. Then

EX(D.WHD).0) = s \/1 +0 3 (Rl + 12 - 59)

l71<po

Using equalities

"N, nn+1D(2n+1)
d = : ,
J=1

(19)

L, o n(n+D2n+1)(3n% +3n—1)
> oit= - ,
7=1

which may be easily proved by induction, we obtain

(20) EZ(D, W5(T),0)

_ ! \/1 2P0 + Dpo +2)(2p0 + 1)(2p0 + 3)
po+1 15 '

If £ =0, then

l71<po

Q1) EXDWHD).0) = \/1 F8 Y (o + 1)t )

;\/1 g (po + 1)(2po + 1)(12p3 + 42p2 + 46py + 15)
(po + 1) 15 '

We give some values of function N(0) and the corresponding optimal
Iecovery errors.
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5 N@©) | (BXD(D, W3 (T),6))? | (EX®(D°, W3 (T),¥))?

(1
3 —I—oo) 0 1 1+ 62
(1 1 . 1+ 662 1+ 4662
13472 4 16
[ 1 1 5 1 + 5662 1+ 36162
_196’ 34 9 81

1 1 3 1 + 25252 1 + 159662
_708’ 196 16 256

It may be directly verified that for n > 1

3
It follows from (19) that

%(N(5)+%)5< > j4<§

l7I<N(8)

6 <n+1>5 <nn+1)2n+1)(Bn*+3n—-1) <6 <n+—>5.

In view of the definition of N(9) we have

N(5)+1)5.

2

—-1/2 -1/2
(=) = (Z )
lFI<N(6)+1 [7I<N(8)

Thus,

2 3

Using these inequalities we obtain
5\ 3

(%ﬂ ~3

Now from (20) and (21) we have

2
B0 w30 =1 (%

< N(@) < (%

s (N(6)+§>5 <0< % <N(5)+%)5-
=
3

1/5
) +0(5*%),

2\ 1/5
EXO(D°, W(T),8) = v/5 (%) +0(8Y).
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Lecture 9

Now we consider the case when approximate values of Fourier coef-
ficients ; satisfy the condition

+oo
Z |Ij — i’j|2 S 52.

j==oc

We define the error of optimal recovery as follows

Ey(D", W3 (T), )

. k o~
= inf sup Hl’( ) — m(x)“Lz(T%
m: lo—La(T) zeWI(T), 3={&;},ecz€l2
325 o ey =, <67

where [, is the space of vectors {z;};ez such that

+o0
Z |z,]? < 0.

j=—o00

Now the duality problem has the form

—+00
(22) [a®|2, ) > max, (22, <1 D g <6

j=—o0

x € Wy(T).
Consider the Lagrange function for this extremal problem

+o00
Lz, M, M) = =270 + Mllz T + A2 D Jayl?

j=—00

+o00

= ) (5 A+ M)

j=—00
+o0
D L RN e D W T

j=—00
Consider the function
F(z) = =14+ X200 4 ™2 2 >0.

It is easily verified that f(z) is a convex function. Thus, if f(s) =
f(s+1)=0,s>1, then forall j > 1, f(j)>0.
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For fixed s > 1 we find Xl and /)\\2 from the condition f(s) =

0. We have
/)\\152(7“_’“) + /)\\25_% =1,
(s +1)207F 4 Xo(s+1)2F = 1.
Hence,
~  (s+1)%*—
A=
(s + 1) — 527’
/):2 _ (8+1)2r 2k 2r<8+ 1)2k’

(s+1)%r — g2
It may be easily checked that Xl, /):2 > 0. Thus, we have
L(z, A1, X)) > 0.
Put
(23) Z(t) = Toe™t 4 Typq TV,
Then
ZON L) = [B28™ + [T [ (s + 1)

To satisfy the conditions

+oo
(24) TN ,m =1 Y @l =4

j=—00
we should have

|Z6?8* + [Toy1 P (s + 1) =

|Zs ]2 + T |? = 02
It follows from these equations that
B2 = P(s+1) -1
st (5+1)2r_82r’
’ ’ 1 — 62827“
Ts = )
i (s 4+ 1)%r — g2

Thus, for

<0<
(s+1)r = s"
7 is admissible function in (22) and L(Z, Xl,Xg) =0.

Fls+1)=
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If 6§ > 1 we put wl;=1 and X2 = 0. Then

“+00
L(x,1,00= Y (=14 720)|ay> > 0.

j==o0

Let T = e, Then L(7,1,0) = 0. Moreover,

+oo
B oy =1, Y [P =1<6
j=—o00
Consequently, 7 is admissible function.
Now it follows from Theorems 2 and 1 that in order to find an optimal
method of recovery we have to solve the following extremal problem

+00
Mz, + A2 > fay — &> = min, 2 € Wy(T).
Jj=—00
Rewriting this problem in the form
+o0 R R
> g™ fayl® + Aalay — #5°) — min, 2 € Wi(T),
j=—00
we can easily find the solution of this problem
A
$9 = %IJ
Az + ¥\
It follows from Theorem 1 that the method

+oo N

is optimal for the considered problem. Thus we prove the following
result.

Theorem 4. Let k,n € N, 0 < k <n, and 6 > 0. Then for

Ey(D*, W(T), 6) = \/ §25% 1 (1 §27r) Ei
S

Moreover, the method

+o0 2k 2k -1
PN oy P (s+1)* —s = ijt
m(z) = Z (i5) (1+] $2%(s +1)2r — (5+1)2k52r> e

j=—o0
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is optimal. For§ > 1, Ey(D* W3 (T),d) =1 and the method m(z) = 0
1 optimal.
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Lecture 10

Consider again the following question: how to find /):1, /)\\2, and 7 for
the Lagrange function of the dual problem. We give now a graphical
illustration which helps to answer this question.

Recall that the Lagrange function may be written in the following

form
+o0

LA, %) = Y (=5 4+ M5+ X))z, .

j=—o0

Consider the set of points on the plane R?

2r
Ty =7, .
(25) {yj’:j% j=0,1,....
j ’
If we plot the function
T = t27"
(26) {y _ o t € [0, +00),

then the points (25) belong to the plot of this function. The function
defined by (26) can be written in the form

k
0<—-—<1.
T

y = k",

It is a convex function. Consequently, the piecewise linear function
passing through the points (25) is also convex.
Let s < 072 < (s + 1)*. Assume that the line y = A\;z + Ay passes

through the points (s, s?*) and ((s + 1)?", (s + 1)?*). Then in view of
convexity for all points (52", 7%%), 7 =0,1,...,

7" <y = Mg+ e

It means that —j%* 4+ A% + A, > 0. Thus, for all z € W(T),
ﬁ(l’,/)\\l,/)\\g) 2 0.

Taking z; = 0, j # s,s + 1, and choosing Z; and 7, from the
condition (24), we obtain that Z defined by (23) is admissible function

~ AN

and L(Z, A1, A2) = 0. Hence,

min_ L(z, A\, A) = L(Z, A1, Aa).
xeWs (T)

By the way,

- ~ 1~ < 1
M2 4N\ = ﬁ()q + )\2(52) - E(EZ(DIC7 WQT(T%(S))?



36

Thus, )

(B0 W3 (), 0y = YO
The last value is the tangent of the angle between the line connected
the origin with the point (672, y(672)) and the axis Oz.

We see that in this problem in optimal recovery method (for the
case when 0 < 1) we use all information about approximate values of
Fourier coefficients. It appears that we can construct another optimal
recovery method that will use only a finite number of inaccurate Fourier
coefficients.

Consider the case when we know approximate values of the Fourier
coefficients Z;, |j| < N, such that

Z |ZL‘j — Zi‘j|2 S 52.

l7I<N

In this case the duality problem has the form
127, = max, 2P|, <1 Y faP <67 @ e WE(T).
l7]1<N
The Lagrange function may be written in the following form
Lla, A de) = D0 (5% + M5 4 Xl P+ D (=5 + ™)l
lil<N l31>N
Assume that .
827~ < 5_2 S (S_’_]_)QT’
s < N, and
. _(S+1)2k_82k 1
L= (s +1)2 — g2 = (N +1)20-k)°
Then for the same A, and X, as in the previous case and any x € Wi (T)
we have

£<I7X1>X2) Z O - ;C(/ZE\, /):la /):2)a
where 7 is also the same as above.
Set

12k_ 2k 1
(27) Sozmin{S€N2($+ ) i }

(S—f- 1)27“ — g2r — (N+ 1)2(r—k)

Consider the line passing through the point (s2", s2%) which is parallel
to the line connected the origin and the point ((N + 1), (N + 1)%).

It has the form y = Xlx + }\\2, where
N 1 N S(Q)T
)\1 - (N + 1)2(7’—]6)’ )\2 — SO - —(N + 1)2(1”—]{3) .
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Now assume that 62 > s3". Put 7; =0, j # so, N + 1, and T, Tny1
define from the conditions

TN =1 Y =06

7SN
We put
N . 1 — 0283
Ty =0, |T =
0 ’ N+1| (N + 1)7"
The function . ’
B(t) = Ty + Ty N

is an admissible and consequently is extremal in the duality problem
for the case when 62 > s2.

Now we consider the extremal problem for finding an optimal method
of recovery

+oo
)\1 Z j2T|JZj|2 + /\2 Z |fL’j — i’j|2 — min, S Wg(']f)
j=—00 ljil<N
It may be rewritten in the following form
> g a4 Ralrs — 312 + A Y 5 |ag? - min,  z € Wi(T).
lil<N li|>N

We can easily find the solution of this problem

~

A

—= &, |j|<N,
L Ao+ g2\

0. il > N,

It follows from Theorem 1 that the method

R . X2
@) = 3 (i) e

|j|z<;V Ao+ %\

is optimal.
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Lecture 11

Thus, for the problem
(28) By (D", W5(T),9)
— inf sup [2*) — m(E)]| L)
ngN ‘xj_jj|2§52
we obtain the following result.
Theorem 5. Let k,n,N € N, 0 < k <n, d >0, and sy be defined by
(27). Then for

(29)

<oH< — =1,2,... -1
(S—f—l)r = ST7 S ) &y » S0 )

2k _ o2k
EY (D¥, W}(T),5) = \/525% (1= penit U s

(S + 1)27" — g2r’
Moreover, the method

1

P b o (s - - it

m(1) = Z(U> (1+] s% (s + 1)2r — (s + 1)Zksg2r je”
lil<nN

is optimal. For § > 1, EY(D* W3(T),8) =1 and the method m(Z) =
0 is optimal. For 0 <6 < (so+1)7",

N{k e 9 2k 1 — %3
Ey (D, W5(T),6) = 4/ d%s5" + (N + 1)2—H)

and

27 -1
S Uy J e
m(z) = Z (i) (1 + S2F(N + 1)20—0) Sgr) e

lil<N
1s an optimal method.

Now we wish to show that for § satisfying condition (29) it is possible
to construct an optimal method of recovery which uses, in general, less
approximate values of Fourier coefficients. Set

(S+1)2k_52k - 1

(S + 1)2r — g2r (N + 1)2(r—k) :

In view of definition of sy, Ny < N. It follows from Theorem 5 that
By (D*, W3(T),8) = E;' (D*, W3 (T), ).

(30) Ns:min{NeN:
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Denote by m, the optimal method of recovery obtained from Theorem 5
for N = Ng. We show that it is also optimal for the problem (28). We
have

ey (D", Wy (T), 6, ) = sup |2 — @1 (2) || o)

zeW3(T), T={Z;} <~
ngl\f |xj_jj|2§52

< sup [2®) = 7y (F)[| Lory = €3 (D*, W3 (T), 6, 7ty
zeWF(T), 2={%;}j|<ns
221j1< N |z —&;|*<6?

= B, (D", W5 (T),6) = Ey (D*, W;(T),4).

Hence m, is optimal for the problem (28).
Now we can formulate a more precise version of Theorem 5.

Theorem 6. Let k,n, N e N, 0 < k <n, d >0, sy be defined by (27),
and Ny be defined by (30). Then for § satisfying (29)

(s 4 1)%k — g2k
(s+1)% — s’

EY (D", W3 (T),8) = \/ §25% + (1 — 0267)
Moreover, the method

—1
B . 2 (s +1)%F — s o
@) = 3 @ (147 5 ) e

o (s+ 1) —(s+1

is optimal. For § > 1, EY(DF W5 (T),8) =1 and the method m(%) =
0 is optimal. For 0 <6 < (sp+1)7",

1 — 282"

B3 (D, W3 (T), 8) = \/5283’“ e

and

27 -1
~ N . Nk J ~ gt
m(z) = Z (i) <1 + S2F(N + 1)20—0) Sgr> et

lil<N
1s an optimal method.

Let 0 < § < 1 be fixed. Suppose that s € N such that (29) is fulfilled.
If we want to recover z(®) with the minimal error of optimal recovery
and the minimal number of using inaccurate Furier coefficients, than
this minimal number equals 2N4(9).

Problems

Set

Ni(0)=Ng, 0€(s+1)7"<d<s).
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1. Find the asymptotic of N, as 6 — 0.
2. Find the asymptotic of Ey* (D* W§(T),0) = Ey(D*, W3 (T),d)
as 0 — 0.

8. OPTIMAL RECOVERY OF DERIVATIVES (CONTINUOUS CASE)

We consider the analogous problem of recovery of derivatives for
functions defined on R. Namely, we want to recover z¥) by information
about Fourier transform of = (which we denote by F'z) given with an
€rror.

First we recall some facts about the Fourier transform. Let x €
Ly(R). Then the Fourier transform of the function z is defined as
follows

Fa(r) = /:c(t)em dt.
R
It follows from the Plancherel theorem that Fz can be considered as a
function from Ly(R), moreover,
1
H$||%2(R) = %HFZEHQM(R)-

The inverse Fourier transform is given by the formula

1 .
x(t) = Py /RF:L'(T)e”T dr.
We will need also the following well-known formula
Fa®) (1) = (it)*Fa(r).

Denote by Wj(R) the space of functions from Ly(R) such that 2"
is locally absolute continuous on R and (™ € Ly(R). Let W3 (R) be
the class of functions from W5 (R) for which ||2™||p,®) < 1.
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Lecture 12

We state the problem on optimal recovery of z®), 0 < k < r on the
class W3 (R) in the Ly(R)-metric from the information about approxi-
mate values of Fourier transform Fxz. Assume that for any = € WJ(R)
we know a function y € La(R) such that

1F2 = yll,@ < 0.

Knowing y we want to recover z(*.
We define the error of optimal recovery as follows
Ey(D*, W3 (R), ) = inf sup 12 = m(y) 2w
m: LQ(R)—}LQ(R) IEEWQT(R), yGLg(R)
[Fz—yllL,®)<d

Any method for which the infimum is attained we call an optimal
method of recovery.
Consider the duality problem

||x(k)||%2(T) — max, |]a:(r)|]%2(R) <1, ||F33||%2(R) <o, zeW(R).

Passing to Fourier transforms and using the Plancherel theorem, we
may rewrite this problem in the form

(31)
/TZku<’7') dr — max, /TZT’LL(T) dr <1, 27r/ u(t) dr < 62,
R R R
u € L1(R), wu(r)> 0 almost everywhere on R,

where u(7) = (2r) Y| Fz(7)|%. There is no existence of extremal func-
tion in this problem. Therefore, we consider the extension of this prob-
lem for measures

(32) /T% dp(T) — max, /7'% du(r) <1, 27r/ du(t) < 62
R R R

The Lagrange function for this problem has the form

L1, M\, X)) = /(—T% + M7 4 21 g) dp(T).

R
_ 2k
y_T )
x =T

, 0 < k/r < 1. Using the same arguments as above we

Consider the function

We have y = 2*/"

want to find such Xl and //\\2 that for all points of the curve y = 25/" the
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inequality —y + Xlx + 27T/A\2 > 0 will be fulfilled. Consider the tangent

: ~ 2r 2k
of this curve at some point (75", 75")

2k k 2k—2'r(x 27“)'

— Ty = —T, — T
Y 0 0 0
Since the function y = 2*/" is concave we have that for all points of
this curve
k r—=k
—y+ —Tgk_er‘ + TOQk > 0.
r
Set
~ k ~ 1 r—=k
= _7_219—27‘7 Ao = _7_2]9
PT0 2Tor 0y

Then for all 7
—72k LN T 4 27\ > 0.

Hence for all p, E(M,thg) > 0.
Now consider a measure concentrated at the point 7

du(t) = Ad(T — 70).

Choose A and 7; from the conditions

/TZT du(t) =1, 27T/ dii(t) = 6%
R R

) 21 e
A:%, 7'0:<§) .

Moreover, L(f, Xl,XQ) = 0.
It follows from Theorem 2 that the value of the problem (32) coin-
cides with the value of the problem

We have

/ 7 dp(1) — max, /(Xﬂ'% + 27&2) du(t) < A+ Aad?.
R R

Since measures Ad(7 — 7p) can be approximate by step functions, the
value of (31) coincides with the value of the problem

/ 7 u(7T) dr — max, /(Xﬂ'% 1 2mA)u(T) dr < Ap + Aad?,
R R
u € Li(R), wu(r) >0 almost everywhere on R,

Now it follows from Theorem 1 that it remains to find the solution
of the extremal problem

/\1||515(T)||%2(R) + Ao Fz — ?J||%2(T) — min, € W;5(R).
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Passing to Fourier transforms and using the Plancherel theorem we
obtain the following problem

~

/ (;_;T%|Fx<f>|2+xg|m<¢>—ymﬁ) dr = min, 2 € W;(R).
R

It can be easily verified that the solution of this problem is the function
2o such that

—~ —1
72N\, 52k !
r -1 Z =1+ = 2r )
wo(7) < +27r)\2> y ( +27r7"—]<;7 ) 4

Thus, we prove

Theorem 7. Let k,r € N, 0 <k <n, and § > 0. Then

By(D} WY(R), 5) = (%)/

and the method

2k -
m(y) = /R(ir)k (1 + i kTZ’") ye' dr

s optimal.
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Lecture 13

It follows from Theorems 1 and 7 that

5 1 k‘/T
(k) _
sup T Lo(RYy = | —F— .
1l ( %)

1 F2|| Ly @) <o

It means that for all 2 € W (R) such that ||Fz| @ <6

S 1-k/r
33 %) < (—) .
( ) ” HLz(R) = \/%
Let f € Wi (R) and f # 0. Put

f

v=mmr o 0= 1Fllne =

1 2oy
Substituting z to (33) we obtain

r—k r—k
LF e (i) & (llFme(R ) ’
Hf(T)HLz(R) ~\2m Hf HLz(R

Thus we obtain the following inequality

N fllzam)
17O Nzo@

r—k
1 B 1-k/r ) k/r
B Wl < (5) T IO,

This inequality is exact. It means that we cannot replace the number
(2m)~(=R)/2") by any smaller number.
In view of the equality

IFf N7 ,@ = 27 £ 112, @)
it follows from (34) that

1-k/r Y k/r
(35) F N oy < M IF N .

The last inequality is known as the Hardy—-Littlewood—Podlya inequality.
It is the one from a big set of the so-called Landau—Kolmogorov type
inequalities for derivatives.

9. LANDAU-KOLMOGOROV INEQUALITIES FOR DERIVATIVES AND
OPTIMAL RECOVERY

Exact inequalities for derivatives have been attracting the attention
of many mathematicians for many years. The first result in this field
was obtained by E. Landau in 1913 who proved that for all functions
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xr € Loo(Ry) with the first derivative locally absolutely continuous on
R, and 2” € Loo(R,) the following exact inequality

1/2 1/2
1o/l ey < 20l 1
holds. Then in 1914 Hadamard proved the exact inequality
1 2 1/2
o/l iy < V2Nl g ll2” 12 -

The first general result was obtained by Hardy, Littlewood, and
Pélya. In 1934 they proved inequality (35).

Probably the most remarkable result was obtained by Kolmogorov
in 1939 who proved that

K 1— k‘/T’ || T)Hk‘/r

29|y < =Ml

=

r

where
4 0 -1 s(m+1)
Kn=-% Ll
T (25 + 1)

are the Favard constants.

Let WI(T) be the set of all functions x with the (r — 1)st derivative
locally absolutely continuous on 7' = R or R and z(") € L,(T). The
general problem of Landau—Kolmogorov type exact inequalities may
be formulated as follows: find a minimal constant K = K(k,r,p,q, s)
such that for all functions © € WI(T') N L,(T) the inequality

(36) 12 ¥ 2,2y < K22,z 1]

holds, where 0 < k <r, 1 <p,q,s < .

If there exists a constant K that for all x € W (T)NL,(T') inequality
(36) is fulfilled, then o + 5 = 1. Indeed, let = # 0 be a function from
WI(T) N Ly(T). Consider the function Az, A > 0. Substituting this
function in (36), we obtain

Aa® |z, ry < XKl 2012, )

The only case to have such inequality for all A > 0 is the case when
a+ =1
Now consider the function z(At). We have

|z(AE) ||,y = (/ 2(A) |pdt> /”: (%/}RM(TMMT)UP

= APzl )
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Substituting the function z(At) in (36), we obtain
/\k_l/pHx(k)HLp(T) < K)\_(l_ﬁ)/qnl‘||1L;(BT))\(T_1/S)'BH:L’(T)

Thus we have

g
Ls(T)

k—=1/p=—(1-p)/q+ (r—1/s)p.

_k+1/q—1/p
b= r+1/q—1/s
We proved that if there exists a constant K that for all x € W (T') N
L,(T) inequality (36) is fulfilled, then this inequality should have the
following form

Hence

k S o) S
r+ —1/s r+ —1/s
(37) |2z ry < Kl ™" el
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Lecture 14

Proposition 2. If K is the exact constant in (37), then for all § > 0
rokt1/p=1/s
sup Hg;(k)HLp(T) — K§ s
€W (T)NLy(T)
2l gy <6
HI(T)HLS(T>§1

Proof. Since K is the exact constant in (37), for any € > 0 there exists
a function x. € WI(T) N L,(T), x # 0, such that

k Rl o SRS
+1/q— +1/q—
o lleyiry = (K = el i el l52ess

For the function f.(t) = Az.(\t), A, X > 0, we have
1Ny = AN 20Ny, 1 fellzgm) = AN Y|z 2y m).

Putting
1
\ ],y | Ao 1
SNl L.y A=Y oy

we obtain

1Ny =1, W felloy@ = 0.

Consequently,
r—k+1/p—1/s
sup WL,y = (1P| Loy = (K —)§ 7717
2€WT (T)NLy(T)
Izl Ly ()<

el Ly (<1

Since € is an arbitrary positive number we have

r—k+1/p—1/s
k i7q—17s
sup | ¢ )”Lp(T) > K§ /a7,
2E€WT (T)NLqg(T)
lzll Ly (<o
”x(T)HLS(T)Sl

The upper bound follows immediately from (37). O
Corollary 1.
K= swp Ja®|,m
2E€WT (T)NLy(T)
l2llLy (<1

2]y <1

is the exact constant in (37).
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Now we establish the connection of optimal recovery problems with
the exact constants in Landau-Kolmogorov inequalities for derivatives.
Consider the problem of optimal recovery of ), x € Wr(T) N Ly(T),
in L,(T)-metric on the basis of inaccurate information about x, where
W(T) is the set of functions from W (T') for which ||z ||, ) < 1. We
assume that for all x € W7 (T") N L,(T") we know a function y € L,(T')
such that ||z — y||z,(r) < 6. Knowing y we want to recover z(¥) in an
optimal way. In this case the error of optimal recovery is defined as
follows

E:(D*,WI(T) N Ly(T), )

= inf sup sup ||x(k) — m(y)“LP(T).
m: Ly(T)—Ly(T) 2€WI(T)NLy(T)  yeLy(T)
lz=yllLy(r)<o

It follows from Lemma 2 that
EX(DF, WI(T) N Ly(T),8) > sup 1281, (-
2E€WT (T)NLy(T)

l2llLy () <6
HI(T)HLS(T)Sl

Thus we obtain the following result.

Theorem 8. If K is the exact constant in equality (37), then for all
d>0

r—k+1/p—1/s

EX(D*, WI(T) N Ly(T),6) > K& +t/a=1/> .
10. INEQUALITY FOR DERIVATIVES WITH FOURIER TRANSFORM

In (34) we obtain the exact inequality where we estimate the k-th
derivative by the r-th derivative and the Fourier transform of function.
Consider the following general problem. Let Fg, denote the space of
functions x € WI(R) for which Fx € L,(R). The problem is to find
a minimal constant Kr = Kpg(k,r, p,q,s) such that for all functions
r € Fg, the inequality

(38) 12Oz, @) < KpllFal, @l

holds, where 0 < k <r, 1 <p,q,s < .
The same arguments as above show that a + 3 = 1. Now consider
the function z,(t) = x(At). We have

. 1 . 1
Fxy\(1) = / r(At)e "dr = < / z(u)e ™ du = ZFg <Z> :
R A Jr A A
Substituting the function z(At) in (38), we obtain
AF=1/P|| 2 (F) ) < KF/\—(I—ﬁ)(q—l)/q||Fx||2;&)A(r—l/s)ﬂ||x(r)|

B
Ls(R)

g
Ls(R)"
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Thus we have

k=1/p=—-(1=08)(¢—1)/q+ (r—1/s)p.

Consequently,
_k+1/¢d —1/p
p= r+1/¢ —1/s’
where ¢’ is defined as follows
il
q q

We proved that if there exists a constant K that for all z € Fg,
inequality (38) is fulfilled, then this inequality should have the following
form

(k) Tfﬁ/lq//z:}ﬁs (r) iiiﬁ::ig
(39) [, < KrllFzl,] &) P ST
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Similarly to Proposition 2 we obtain

Proposition 3. If K is the exact constant in (39), then for all § > 0
rktl/p=1/s
Sllp ||x(k)HL;ﬂ(R) — KF5 7‘+1/q’111/s )
IS
| Fxll g r) <O
HI(T)HLS(R)SI

Corollary 2.

k
Kp = sup Hx( )”LP(R)
TE€EF g,
I Fz| L, =) <1
[|(™) llzsm<1

is the exact constant in (39).

Now we state the problem of optimal recovery of z*), z € Fg, in

L,(T')-metric on the basis of inaccurate information about Fz, where
Fi, = F,,NWI(R). We assume that for all z € I}, we know a function
y € Ly(T) such that ||Fx —y| 1, < 0. Knowing y we want to recover
% in an optimal way. In this case the error of optimal recovery is
defined as follows

E(D"F.6)=  inf  sup swp 2% —m(y)|s,m-
m: Lg(T)—Lyp(R) zEFY, y€Ly(T)
I1Fz—yllL,®)<o

It follows from Lemma 2 that

E, (D" FI,6) > p 4 12® 2, m)-

1F] g @m)<6
()] Ly ) <1

The analog of Theorem 8 is

Theorem 9. If K is the exact constant in equality (39), then for all
d>0

r—k+1/p—1/s

E,(D¥,FL,,8) > Kps T v

sq’

It follows from (34) (since in this inequality the constant is exact)
that

1 2r
KF(k,r,2,2,2):< ) :

2

Now we find the exact constant Kp(k,r,2,q,2) for 2 < ¢ < 0.
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Theorem 10. Letn € N, 0 < k <r, and 2 < g < oo. Then
KF<k7T727q7 2)

r—k
B \/r +1/2-1/q ( k+1/2— 1/qu/21/q> R

k+1/2—-1/q V2 (r — k)1-Va ’
where
B k+1/2—-1/q _1—-1/q
) B8 (s o)
and

1
B(a,b) = / 11— 2)" N de
0
1s the Fuler beta function.

Consider the extremal problem
”x(k)H%Q(R) —max, [[Fz|? @ <1, Hx(T)”%Q(R) <L

This problem can be rewritten in terms of the Fourier transforms as

1 q/2
(41) /tzku(t) dt — max, /uq/2(t) dt < (—) ,
R R 2

m
/t”u(t) dt <1, u(t) >0,
R

where u = (27)~!|Fz|?. For this problem the Lagrange function has
the form

L(u, M, X)) = /(—t%u(t) + MuP2(t) 4+ Mot* u(t)) dt.
R
It follows from Theorem 2 that if we find a function u admissible in
(41) and Lagrange multipliers A;, Ay > 0 such that
(@) min L(u, A1, A2) = L(T, A1, Aa),

u(t)>0

0 A frea-) <o

©) R ( /R 2ru(t) dt — 1) ~0,

then u will be a solution of problem (41). Set X2 = 0720k where
parameter o > 0 will be defined later. Since for any fixed ¢t and 0 > ¢

the function
2r

~ t
f(x) = %y + )\1.1'q/2 + YAy
ag

k)"
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attains its minimum at the point

-~ 2 2k t2r ﬁ
xr = (K (t - 0.2(1'—k)>) )

tQT o~ /2 t27“ R

we have
—t2Fu(t) + Au??(t) +

for all u(t) > 0 and any A; > 0, where

1
P £2r 721
= 42k
at) = (le (t 02‘“’“)) <o

07 |t| > 0.

Thus, condition (a) is satisfied. We take o and A1 such that conditions
(b) and (c) are satisfied:

g s 7(1/2 2
q/2 t2k o t? E dt = i "
p . o 2(r—F) o ;
1
o 12r 721
2r 2k —
M/_at (t — Uz(r_k)) dt =1,

(2)(1/%1
on = —~ .
qM

Making the change of variable ¢t = oy, we obtain

where

q/2

1 q/2
zu"/%q/q?kl“/ YT (1 — PRI gy = (%) :
0 T

1
sportireae [ B (1 ey gy 2
0

Now putting
1
y — 7-2(7‘—]6),
we obtain
1 q/2
qk 1 k+1/2-1/q q/2 1
pPoaeitt _— [ peemaea 1(1 —naridr = | — 7
r—=kJ, 2m
k+1/2—1/q

1
2k 1 1/2-1/q 1
[LO'Q/Q—l +2r+1_k/ 7 r—k)(1-2/q) (1 _ 7—) a/2=1 dr = 1.
r —

0
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Expressing the resulting integrals via the value of beta function B
defined in (40) and using the property of beta function

Bla+1,b) = %B(a,IH— 1),

we obtain
. B 1\7?
/2, 7+l .
Hee r—k (27r> ’
2o (B4 1/2-1/¢)B 1
e r—RE
Hence
(r — k)2 R
42 pmnd q/2—1
(42) = +12-1/9B°
and
(43) o= V2r(r — k) T
T\ (k+1/2—1/¢)V2BV/21/a '

Taking into account (42), we have
1/2 -1
/t%a(t) dt = r+ / /C] 0'_2(T_k)-
Substituting there the value o given by (43), we obtain that for all
2<qg< o0

(k)
sup ||| Ly
z€F3,
[Fzll g @) <1
2| Ly r) <1

_r—k
|+ 1/2—-1/q \/mBl/zﬂ/q TF1/2-1/q
Y E+1/2-1/q V21 (n — k)11 '

Now the theorem follows from Corollary 2.
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Lecture 16

11. OPTIMAL RECOVERY OF DERIVATIVES FROM FOURIER
TRANSFORMS GIVEN ON A FINITE INTERVAL

Let us return to the problem of optimal recovery of the k-th deriv-
ative of functions from WJ(R) on the basis of inaccurate information
about their Fourier transforms. But now we will consider the case when
the Fourier transform Fz is given on a finite interval A, = (—o,0),
o> 0.

We assume that for any function z € WJ(R) we know y € La(A,)
such that

1Fz = yllLya,) <6
The error of optimal recovery is defined as follows
E5<Dk7W5(R)>6) = inf sup |‘$(k)_m(y)”L2(R)'
m: LQ(AU)%LQ(R) IEEWQT(R), yGLg(AU)
IFe—yllLy(a,) <6
In this case the dual problem has the form
(44) Hx(k)H%z(’]I‘) — max, ||$(T)||%2(R) <1, |Fzli,a,) <6,
r € Wi (R).

Passing to Fourier transforms and using the Plancherel theorem, we
may rewrite this problem in the form

(45)
/T2ku(7'> dT — max, /72%(7) dr <1, 27r/ u(t)dr < 6%,

R R Ao
u € L1(R), wu(r)> 0 almost everywhere on R,

where u(7) = (2m)7 | Fz(7)|?. Since there is no existence we, again
consider the extension of this problem for measures

(46) /T% du(T) — max, /7’2T du(r) <1, 27?/ du(t) < 62
R R Ay

The Lagrange function for this problem has the form

£(,u, )\1, )\2) = /(—TQk + )\17_2T + 277)\2X0(t)> d:u(T)a
R

where
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Consider the function

_ 2k
y_T )
r =T

We have y = 2%/", 0 < k/r < 1. Consider the tangent of this curve at

some point (73", 72%)

2k __ k 2]6721”(1_ 21").

— 75 = -7, — T
Y—To 0 0

Since the function y = 2¥/" is concave we have that for all points of
this curve

K op—or 2% —

_y+_7_0 x+T0—20

r r

Set

~ k ~ 1 r—k
)\1 = —Tgk_2r, )\2 = —Tgk—
r 27 T

Then for all 7 R R
—TQk + )\172T + 27T/\2 2 0.
Now let us find & such that for all 7 > &
—r2 £ N > 0.
It can be easily obtained that

1 r _ 1
~ S Trny 2(r—k)
o=X\""= <_k> 70-

Assume that o > 7. Then for all u

,C([L,/)\\l,/)\\g) = / (-1 + M+ 27r/):2) dpu(T)
AG

+/ (—72’“ + X172") du(t) > 0.
R\A,

Now consider a measure concentrated at the point 7
dp(r) = Ad(T — 719)-

Choose A and 7j from the conditions

/7‘27" du(t) =1, 27T/ dii(t) = 6°.
R Aﬂ'

52 2T o
A = %, To = (ﬁ) .

Moreover, L(f, :\\1,:\\2) = 0.

We have
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Thus, it follows from Theorem 2 that for the case

p2i= (D)™ = ()7 ()
= \k T \k 52

we solved the extremal problem (46).
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Now we consider the case when o < 7. The line y = 02*~")z passes
through the points (0,0) and (6%, 5%"). Let us find a point 7 such that
the tangent of the curve y = z*/7 at the point 72" is parallel to the line

y = 025"z We have
E(ﬁﬁr)k/r—l _ 0_2(]6—7‘)'
r

Hence
1

N k» 2(r—k)
T = - 0.
T

The equation of the tangent has the form

(47) Y = N + 2T Ag,
where
k
N = o2 N = dr=k (k) 52k
’ or r r ’

Since the function y = 2*/" is concave and the line (47) is a tangent,

we have that for all points of this curve
—y+ Mz + 27Ae > 0.
Moreover, for all t > o, —t** + N #2" > 0. Thus for all U

E(u,j\\l,:\\g) = / (—T% + /):17% + 27r/):2) du(T)
Ag

+/ (=72 £ A7) du(r) > 0.
R\A,
Now we put
du(t) = Ad(t —7) + Bi(t — o),
where A > 0 and B > 0 are defined from the conditions

/ A =1, 2n / dii(r) = 62
R Ag

(52
AT + Bo¥ =1, A= —.
2T

We have

Hence

r

2 r—k
po L O (kN
o2 2w \r
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It can be easily verified that the condition B > 0 is equivalent to the
condition o < @. Since L(f, A1, A\2) = 0, we solve problem (46) for all
o> 0.

It follows from Theorem 2 that the value of the problem (46) coin-
cides with the value of the problem

/ 72 dp(r) — max, / (M7 + 2 ha X0 (7)) dp() < Ap + Aad2.
R R

Since delta functions can be approximate by step functions, the value
of (44) coincides with the value of the problem

/ 7 u(7) dr — max, /(Xﬁzr + QW}\\QXU(T)U(T> dr < A + 62,
R R
u € L1(R), wu(r)> 0 almost everywhere on R,

Now it follows from Theorem 1 that it remains to find the solution
of the extremal problem

>\1H$(T)H%2(R) + Xo||Fz — ZJH%Q(A[,) — min, z € W5 (R).

Passing to Fourier transforms and using the Plancherel theorem we
obtain the following problem

b\ .
/ (—172T\FJ:(T)|2 + Xo|Fz(1) — y(7’)|2> dr+
Ao 27T
:\\1 2r 2 : r
— 7| Fa(r)|*dr — min, z € Wi(R).
27T R\AU

It can be easily verified that the solution of this problem is the function
2o such that

~\ -1
7_27’)\1
14+ —= T), TENA,,
o { (1 52) 50
0, T ¢ A,.

Thus an optimal method of recovery has the form

o\ =1
—~ 1/ . Nk TQT)\l it

m(y) = — iT 14+ ——= 7)e" dT.
W) =55 [, @ < =) e

For the optimal recovery error we have the following equality

EJ(D*, WI(R),8) = \/ A\ + Aad2.




For o > o we have

’)\\_E 5_2 1-k/r /):_ir—k: 2_ﬂ_k/r
L ’ T o r 52 '

Consequently, in this case

B (0 Wi ®).0) — () o

and the method

m(y) = /U(m’f (1+5—2 - 72’“)_1;,(7)@“%17

o 2rr — k

is optimal.

59
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Lecture 18

Let us show that the method

ily) = /_a(ir)k (1+5—2 - 72")_11/<7)emd7

5 2rr —k

o

is also optimal.
First, we note that for all o > &

E3(D*,W;(R),0) = B (D", W;(R),0).

Since Ly(A,) C Lo(Az) and for all y € Ly(A,) such that ||[Fx —
Yl Lo(a,) < 6 the same inequality in Ly(Ag)-norm holds, we have

sup l2® — A (y)| Lary <
zeW3 (R), yeL2(As)
1Fz—yllLy(as) <0

sup l2® = ()l o) = E5 (D", W5 (R),0)
z€WF(R), yeL2(As)
IFe—yllLyas)<6

= E5(D*, W3 (R), ).

It means that the method m is optimal.
Now consider the case k = 0. Then for the extended dual problem
we have

L1, A1, Ao) = / (=14 A7 + 27Ae) duu(7)

Ao
+ / (=1 + A7) dp(T).
R\A,

Put

Then for all u

~

N ~ 2r
L(p, A1, A2) = )\1/ T nes +/ (—1 + <Z> ) du(t) > 0.
A,y R\A, g

For

52
—0
27

L st — o)

0-27‘

dp(t) = 5=0(t) +

the conditions

/TQT du(t) =1, 27?/ dii(t) = &
R AU
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are fulfilled and £(7I, Ay, A2) = 0. Similar to the arguments used above
we obtain that

o r / o2 1
(48) E2 (DO7W2 (R)ad) = % + o2

and the method
- 1 o 2r -1 )
(49) m(y) = —/ (1 + <Z> ) y(T)eZTt dr

is optimal.
Thus, we prove

Theorem 11. Letr e N, 0 <k <r,0<o<o0, >0, and

3(2>M(2_ﬂ)5"
- \k )2 ‘

Then

M E(EY T s L o<
E2(D" WI(R),6) = 2 \r o2’ 7
2 » Y2 ) -

5 1-k/r
[ s O’
<v 27T>
and the method

o= [t (1555 (0 (2)') v

\V;
Q)

—o0

where 0o = min(o, ), is optimal.
If k=0 and 0 < 0 < o0, then the error of optimal recovery is given
by (48) and method (49) is optimal.

It follows from Theorem11 that for a given ¢, starting from o, further
extension of the interval on which the Fourier transform of a function
from W3 (R) is given with error § in the Ly(A,)-metric does not result
in a decrease in the recovery error. In other words, if the relation

(50) 520 < 2m (%) o

between the input data and the size of the interval on which the data
is measured is violated, then the available information turns out to be
redundant. The inequality (50) may be considered as an uncertainly
principle.
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Lecture 19

12. GENERALIZATION OF THE MAIN THEOREMS

Now we want to consider the case when the approximation of Fourier
transforms is given in the uniform norm. To obtain the appropriate
results we need a generalization of main Theorems 1 and 2.

Let X be a linear space, Y7,...,Y,, be linear spaces with semi-inner
products (-, -)y;, j = 1,...,n, and the corresponding semi-norms || - ||y,
(lzlly, = /(x,2)y;), Ys = Loo(As), A, C R, s =n+1,...,p, [;: X —
Y;, 7 =1,...,p, be linear operators, and Z be a normed linear space.
Assume that

wCA{l,2,....,n}, Q={1,2,...,n}\w,
vCi{n+1,n+2,....p}, V={n+1,n+2....p}\2.

We consider the problem of optimal recovery of the operator T: X — Z
on the set

Wy ={z € X :||[[;x|ly, <05, j €w,
|Ix(t) —ys(t)| < 0s(t), t€A,, s€V}

(if w = ¢ = ) we take W = X)) from the information about values of
operators [, j € QU VU given with errors. Throughout what follows
for functions from L. (As) we will not note each time that inequalities
hold almost everywhere on A,. Let

v= 11 v
FEQUT

We assume that for any z € W we know the vector y = {y;} € Y such
that

Iz —yjlly, <05, €, |La(t) —ys(t)| < 6s(t), t € A,y s €W,

Knowing the vector y we want to recover T'z.

Any operator m: Y — Z is admitted as a recovery method. Accord-
ing to the general setting the value

e(T, Wy, I,6,m) = sup sup Tz —m(y)| 2

2€Wuy y={y;}€y
17jz—y;lly; <05, GEQ
[s@(t)—ys (8)|<8s(t), t€A,, s€W
is called the error of recovery of the method m (here I = (Iy,...,1,),
d = (d1,...9,)). The quantity
E(T Wy, 1,0) = inf (T, Wy, I,0,m)

m: Y2
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is called the error of optimal recovery. A method delivering the lower
bound is called optimal.

The formulated problem of optimal recovery is closely connected with
the following extremal problem (we shall call it the duality extremal
problem)

51 Tz||2 — max, |Lz||> <&, j=1,...,n,
Z I Y; J
[Lx(t)]? <62(t), t€A,, s=n+1,....p, x€X.

Theorem 12. Suppose that there exist measurable nonnegative func-
tzons)\ on A, s=n+1,...,p, cmd)\ >0,5=1,...,n, such that
the value of the extremal problem

(52) [ Tz|% = max, Z)\HIQ:HYJr Z/ DLt dt < S,

s=n-+1
r e X,
where
n N P =R
S=>"No+ Y / X ()02 (1) dt

Jj=1 s=n+1 As
is the same as in (51). Moreover, assume that for ally = (y1,...,yp) €
Y1 x ... x Y, there exists v, = x(y1,...,y,) which is a solution of the
extremal problem
(53)
Z)\H[:z: villy, + Z / O Lx(t) — ys(t))? dt — min, = € X.

s=n+1
Then for all w and 1)

E(T, Wy, 1,0) = sup Tz 7

zeX
15zlly, <65, j=1,....n
|32(t)|<0(t), t€As, s=nt1,..p

and the method

(54) m(y) = Tz(y),
where
- - - yi, JEQUU,
55 ={y:}_,, =
(55) y=1uiti=1, ¥ {0’ WU,

1 optimal.
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Proof. From Lemma 2 immediately follows the lower bound
(56)  B(T, W,y 1,0) > sup |72

z€X
1Ejally, <55, j=Lywan
|st(t)‘§58(t), teAs, s=n+1,..., D

The upper bound. Consider the linear space £/ =Y; x ... x Y, with
the semi-inner product

(v, v%) E—Z)\ (), v2)y, + Z/ v2(0) dt,
s=n+1

where y' = (yi, ... ,yp), y: = (17, .. ,yp). Now the extremal problem
(53) can be rewritten in the form

fo—y”fLJ — max, x € X,

where Iz = (Liz,...,Ix)and y = (y1,...,Yp). It follows from Propo-
sition 1 that for all x € X

(Izy —y, Iz)p = 0.
Consequently,
Hz =yl = [z — Izl + [z, — yllz-
Indeed, we have
11z =yl = [z — Tz, + Iz, — yl%
= Iz — Izy|[; — 2Re(lx — Tzy, [zy — y)p + [Tz, — yll;
= |1z — Izy|[} + [z, — ylE-

Thus, for all x € X

(57) M = Iz, |3 < e —ylE =D Nl =yl

j=1

+ Z/ )| Lx(t) — ys ()] dt.

s=n-+1
Let x € Wy, vy = {y;} € Y such that

Iz —yjlly, <05, 5 €Q, [La(t) —ys(t)| < 6(t), t€D,, s€VT,

and y be defined by (55). Put z =  — 2. Then it follows from (57)
that

szuw > [ Rleora= T <5

s=n+1



Now for the method (54) we have the following estimate
1Tz = m(y)llz = I T=II7

<sup{HTzHZ Z)\HIZHY—i— Z/ )| Iz(t \Zdt<5}

s=n+1

= sup 17|

zeX
I2lly; <65, j=1,...n
[Isx(t)|<ds(t), tEAs, s=n+1,...,p

Consequently,
E(T, Wy, 1,0) < sup | Tx|| 2.

zeX
1Ejally, <55, j=Loan
[Isz(t)|<6s(t), t€As, s=n+1,...p
Taking into account the lower bound (56), we obtain that

E(T, Wy, I,8) = sup 1Tz 7

TEX
IZ;zlly; <6j, j=1,...,n
|Igz(t)|S58(t)7 tGAO‘) S:7'L+1,.‘.,p

and m is an optimal method.

65
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Lecture 20

Now we obtain a sufficient conditions for coinciding the values of
problems (51) and (52) which are similar to the ones that were obtained
in Theorem 2. Put

£(z,X) = =Tl + anfxuw > [ alator a

s=n+1

(here A = (A1,...,A,). L is the so-called the Lagrange function for
the extremal problem (51). We call * € X an extremal element if it is
admissible in (51) (that is, ||[z(|, < 67,7 =1,...,n, [Lx(t)[* < 63(¢),
teA,,s=n+1,...,p) and

1727 = sup 17|

TEX
”IJ‘T”YJS(S‘W ]:1 7777 n
Lo (8)| <05(¢), t€A, s=n-+1,....p

Theorem 13 (sufficient condition). Suppose that there exist measur-
able nonnegative functions Ay, on Ay, s=n+1,...,p, nonnegative real
numbers \j, 7 =1,...,n, and T € X admissible in (51) such that

~ -~

(@) minl(z,A)=LEN), rA=01n....\),

reX

NI
N(O(LEW)P = 52(1) dt = 0.

V4
SORULEE )+ Y / :
j=1

s=n+1 A

Then T is an extremal element and

sup IT2|%
X

s=n+1

—sup{ 1T2% Z)\||Iz||y+ Z/ )| Loz (t |2dt<5}
S.
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Proof. Let z € X be an admissible element in (51). Then

—T2l% > =ITl% + > XI5, — 57)

+ D / N (| L) ? = 82(t)) dt = L(z,X) — S
> LEN) =S =—|Tz|% + ZXJ-(H[@H@]_ 57
P> / DULEWF = 6(1) dt) = ~|ITZ] 7.

s=n+1

The same arguments show that 7 is an extremal element in the problem

(52). The proof of the equality £(Z, ) = 0 is the same as in Theorem 2.
Now we have

sup ITall} = | T35 = —£@ ) + S = 5.

z€X
I1jzlly; <65, j=1,....n
|Isx(t)|<ds(t), tEAs, s=n+1,...,p

13. OPTIMAL RECOVERY OF DERIVATIVES FROM FOURIER
TRANSFORMS GIVEN WITH AN ERROR IN THE UNIFORM NORM

Recall that the space JF3 . is the set of all functions z such that =1

is locally absolute continues on R, 2" € Ly(R), and Fz € L. (R).
Fj . is the set of functions « € F5  for which [z |,@) < 1. Now
we consider the problem of optimal recovery of z*), 0 < k < r, on the
class Fy ., from the Fourier transform of x given approximately on a
finite interval A, = (—0,0), 0 < 0 < oo, when the error is measured
in the uniform norm.

Assume that for any z € Fj  we know y € Lo(A,) such that

|Fx(t) —y(t)] < o(t), teA,.

Knowing y we have to recover z*). We define the error of optimal
recovery by

EZ(D*, F} ., 0) =
inf sup 2% — m(y) || oy
m: Loo (Do) La(R)  2€F] . y€Loo(Ao)
Fa(t)—y(t)|<5(t), 1€,
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Theorem 14. Letr e N, k € Z,, 0 <k <r, 0 <o < o0, d €
Leo(A,), 8(t) > 0, and

1 a
Gozsup{a:0<a<0, 2—/ t”d%t)dtgl}.
™ —a

If 09 < 0, then

2T

—0o0

o 1 [oo o
Ego(Dk,F{m,é):\/aOQ( M= [ (12— oy 2P 82(t) dt

and the method
1 oo k T 2(7‘—k) -
o - - 1 _ _ 1T
(58) m(y) o /_UO (1) ( <Uo> )y(T)e dr

1 optimal.
If 09 = o0, then

1 o0
Ego(Dk>F2T,oov(S) = \/%/ t2k62(t) di

and the method

1 [~ ,
(59) i) =5 [y
21 J_ o
s optimal.
Proof. In this case the dual problem has the form

292 > max, |22 <1 [Pl < 0%(0), 1€ A,
reFy

[oon

The Lagrange function has the form

£l M de) = ~[o 1) + Mlle e+ [ eI Pa(o) dr

o

Passing to Fourier transforms and writing (27) ™| Fz|? = u, we have

L(z, A, Xo) = / (=% + Mt + 270 (1)) u(t) dt
AU

+/ (=% + M) u(t) dt
R\Ag

by the Plancherel theorem.
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First, let 0¢ < 0o. Let A, = 00—2(r—k:) and
Slt) = (2m)! (t% —Xlt%), It < oo,
5(t) =
O, ‘t| Z aggp-

Then
L(z, A1, Ae) = / (=% + oot ) u(t) dt > 0
[t|=00
for all z € F7 ..
Set

oo

1
=1-— 2762 (t) dt.
v 5 (t)

oo
If v = 0, we define ¥ from the condition

Faw:{am t] < oo,

O, ‘t| Z ag9p-
Then E(/.Z’\, }\\17/)\\2) = 0,
~(7r 1 7 T
BN = 5 | £SO d =1
oo
Moreover, it is easy to see that
[ Rz - #0)d =0
Ao

It means that conditions (a) and (b) of Theorem 13 are fulfilled.



70

Lecture 21

If v > 0 (in this case, it is obvious that oy = o), then we set

pae - {300 <o
| VAA( —0), |t >0,

where A(t — tg) is the delta function with the unit mass concentrated
at tg, A > 0. In this case L(Z, A\, A2) = 0 and

HA(r)||2 _ i 7 t2r62(t) dt + iA 2r

TlLm T on o0

—0

1 g
A=2m0"% (1 - = / 276 (t) dt) ,
27

—0

Taking

we obtain that conditions (a) and (b) of Theorem 13 are fulfilled.
To obtain an optimal method of recovery we have to solve the fol-
lowing extremal problem

Mlam + [ Ra®IFalt) = y(OP dt > max, o€ 7

o

, 00"
Passing to the Fourier transform we get

/ (;—;tQT]Fx(t)F + ()| Fa(t) — y(t)|2> dt — max, z€Fj .
Ao’

It is easy to obtain the solution of this problem

271 Mo (1)
Fa,(t) = ¢ N\t + 2mho(2)
0, |t| Z gg.

Fa,(t) = (1 B (o—i)()> y(t), |t < oo,

07 |t‘ Z 00‘

y(t), |t| < oo,

That is,

Now for the considered case the result of the theorem immediately
follows from Theorem 12.
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If 09 = oo (in this case, obviously, 0 = o0), then it follows from
Lemma 2 that
E7 (D" Fy

2,007

§)>  sup  [2® @)
ac€F2T7Oo
\Fa(t)|<d(), teR

N 1 [
> ||l'(k)||L2(R) = \/%/ t2k52(t) dt,

where 7 is the inverse Fourier transform of §. On the other hand,

e (DF, F

2,007

5,m) = sup 2™ — () | o)
z€Fy o, yeLa(R)
|[Fa(t)—y(t)|<o(t), teR

| o 1/2
sup (— / 2| Fa(t) — y(t)? dt)
veFy ., yela(®R)  \2T J oo

|Fz(t)—y(t)|<d(t), teR
1 o
< \/—/ t2k52(t) dt
2m J_ o

for the method (59). O
Corollary 3. Let §(t) =0 > 0 and
G = (n(2r + 1))7rig 70,

Then

26%(r — k)
—2(r—k) 2%k+1 <5
\/0 ki@ +)” 0T

r—k
WY S L R,
2k +1 \m(2r +1) =

and the method (58) with oy = min(o, o) is optimal.

EZ(D*, Fy

5) =

It follows from this corollary that for a given §, starting from o,
further extension of the interval on which the Fourier transform of a
function from in Fj  is given with error 4 in the uniform metric does
not result in a decrease in the recovery error. In other words, if the
relation

§20 < m(2r +1)
between the input data and the size of the interval on which the data
is measured is violated, then the available information turns out to be
redundant.
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From Corollary 2 and Corollary 3 we obtain

Corollary 4.

r—k

2r + 1 1 2T
Kp(k,r,2,00,2) =
r(k,r,2,00,2) V2k+q,(w@r+-n)

Thus, we obtained the exact inequality

r—k
2 + 1 1\ 2;k :
s < \ 3t (s ) NP I,

14. OPTIMAL RECOVERY OF DERIVATIVES IN R¢

First we recall some facts about the Fourier transform in R%. Let
x € Ly(R?). Then the Fourier transform of the function  is defined as
follows

Fz(r) = /Rd w(t)e " dt,

where 7 = (71,...,7q), t = (t1,...,tq), (T,t) = 71ty + ... + T4tq. It
follows from the Plancherel theorem that F'x can be considered as a
function from Lo(R%), moreover,

1
ol ey = a0

The inverse Fourier transform is given by the formula

x(t) = L z(1)etT) dr
(1) = gz [, Falr)e'® ar

For x € Ly(R?) we denote by D% the Weyl derivative of order o which
is defined by

D%x(t) = ﬁ /Rd(z'7’)an(7’)61'“’15> dr,

where
(17)* = (im)™ ... (i1g) ™
The Sobolev space H5(R?), r > 1, is the set of functions x € Lo(R?)
such that

1 o L\
el = (g [, 0L+ 1) ot dt) <o,
where ||| = ¢? + ... +t3. The Sobolev class is the set of functons
Hy(RY) = {z € Hy(R) : ||z ]lpgeea) < 1}
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We state the problem on optimal recovery of D®x on the class Hj (R?)
in the Ly(R%)-metric from the information about approximate values
of Fourier transform Fz. Assume that for any z € Hj(R?) we know a
function y € Ly(R?) such that

|1 F'z — yl|p,mey < 0.

Knowing y we want to recover D®.
We define the error of optimal recovery as follows

Ey(D, H3(R),0)
— inf sup | D*r — m(y) || £, mey-
m: La(R4)—La(RY) zeHE(R), yeLa(RY)
1F2—yll, a) <6

Any method for which the infimum is attained we call an optimal
method of recovery.
Consider the duality problem

’\Da$|’%2(Rd) — max, "Fx’|%2(Rd) <4 HngiS(Rd) <1
Passing to Fourier transforms and using the Plancherel theorem, we
may rewrite this problem in the form
60) [ [2u(t)dt — max, (27)° / w(t) dt < &2,

R R4

/d (L4 [E1*) w(t)dt <1, u(t) >0,

where [t]** = |t,]?*1 ... |t4]** and
u = (2m) "¢ Fx|?

There is no existence of extremal function in this problem. Therefore,
we consider the extension of this problem for measures

(61) /]Rd |t|?* dp(t) — max, (2m)¢ /Rd du(t) < 6%,
[ty ane <1

The Lagrange function for this problem has the form

L0 A A) = / (=2 + (2m) A1 + Ao (14 E12)") duct).

Rd
Consider the function

G(t) = —|t|** + (2m)% A + (1+ ||t||2)r.
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First, we suppose that «; > 0. For [t/ > 0 we put § = 2In|t;],
j=1,...,d. Then
G(t) = e(a’£>F<£)’
where § = (&1,...,&q) and
F&) = —1+e 9 (2m)\ + X (1+e" +...+e™)).

We show that I’ is a convex function for all A{, Ay > 0. The function
F may be represented as follows

F(€) = —1+ 20"\ f(€) + Ao’ (€),

where

1, kz]a
0, k#]a
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We have

Py (€) = r(r - (Ze“ o, 5)

M&

J:0

Consequently, d>F(£) > 0. It means that F is convex.

Define E: (é\l, ..., &) from the condition
egj =coj, j=1,...,d,
where ¢ > 0 will be defined later, and find /)\\1, /)\\2 such that
(62) F(&) =0, dF() =0.
Set

I
—
QQQQ

d
ng aj;, P
J=1

Then
d
elad) — H(eﬁ)a] = pc®
7=1
Consequently,
~ 1
F(&) =—-1+ 550 ((2m)" A1 + Aa(1 4 o)) .
We have
ory _ —e(edlq, ((2m) A1 + Ao(L 4 co) — "
= j 1 9 co)" — erha(1 + co)
35j §=¢

To satisfy (62) we obtain the following equalities
(2m)A; + Ao(1 + co)” = pe”,
(2m)A1 + Ao(1 + co)” = erhg(1l+ co) .
Assume that o < r and

(63) c>

r—o

et (b &2 >0, df(€) = e (a, &) >

1).

75
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Then
o—1
A = (27r)dr(c(r —0)—1)>0,
(64) R pca—l
Ay = ——F— > 0.
27 (1 +coyt

Conditions (62) together with convexity of F' yield that F'(§) > 0 for
all ¢ € RY. Consequently, G(t) > 0 for all t € R? and G(7) = 0, where
T=(T1,...,7a),

T, = /cag, j=1,...,d.
fa;>0,7eQC{l,...,d}and o; =0, j € Q\ {1,...,d}, then the

similar arguments show that for the function

G(t) = —|tP* + (2m)% A\, + Mg (1 + Zt?)
JEQ

G(7) =0 and G(t) > 0 for all £ € R%. But in this case G(t) > G(t) > 0
for all t € RY and G(7) = G(7) = 0.

Put dj(t) = Ad(t —7), where 6(t) is the delta function at the origin.
Then

min E(d,u, /)\\1, /)\\2> = £(dﬁ, /)\\1, /)\\2)

du>0
Define A from the conditions

(zw)d/Rd dii(t) = 6°, /R (14 1£12) dat) = 1.

We have
@2m)lA=¢6, A1+ |7*) =1
Hence
A=n2 o=l (A2 —1),
o

where 5

A = .

(27T)d/2

From (63) we obtain that

§ < 2m) 20y, Ay = (1 - f)r/z.

r
If § > (27)%2A¢, we put

= A=—"___ = A2
R A+~ ~°
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Then
) [ date) = (2my'a <
]Rd

which means that dp(t) is an admissible measure. Note that in this
case A\ = 0.
To find an optimal method of recovery consider the extremal problem

Ml Fz = ylL, e + Aellzliyme — min, = € HI(RT).

Passing to the Fourier transform we have

-~

L <X1|Fm<t> ~H(OF + G+ utumm(m?) dt — min

z € HH(RY).

It can be easily obtained that the solution of this problem has the form

(27T)d/)\\1

Fz, (t) = — =
o) (2m) 1 + Ao (1 + £]|2)"

y(t).

If § < (27)%2A, then

Xz B 1 B A2-2/7
(271’)66:1 (1+co) =t c(r—0o)—1) r—o (Ag/r —1)—1
B A? ’ B o A?
P70 T A2 r(Ag/r — AQ/T).
o o

Thus for § < (27)%2A, the method

L\ i(T,t)
©9) ) = g [ sl dr
(2m)? Jra oA T
L= (1
r(Ay " — A7)
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is optimal and the error of optimal recovery can be calculated as follows

Eo(D®, H3(R%),8) = \/ A\6% + Ay
= \/pC:._1 (AQ(C(T — 0) - 1) + m)

—2/r _ 1)o—1 _
_ \/p(A y ( N ( 3 A_Q/T_l)_1> Ao /r)
ro’" o

SRV TUNTES

oo/2

For § > (2m)2A,, taking into account that A; = 0 and ¢ = (r — o)1,
we obtain that

E>(D®, H3(R%),6) = \/ As = @(r — )=o)/

o rr/2

and the method m(y) = 0 is optimal.
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Lecture 24

We proved the following theorem.

Theorem 15. Let a = (ay,...,aq) € R4

Ca#0,r>lando <r. If
0 <6< (2m)¥2A,, then

/2

a r(Tod \/]_9 l1—o/r 2/r
Ey(D®, Hy(RY),8) = ~Z5 A/ (1— A%)
and the method (65) is optimal. If § > (21)%2Ay, then
Ey(D", HY(RY),8) = YD (7 — g)r-or2
T.r
and the method m(y) = 0 is optimal.

Now we assume that the Fourier transform of z € Hj(R?) is known
with an error on some measurable set  C R? Then we define the
error of optimal recovery by

EQ(Daa Hg(Rd)7 5a Q)

= inf sup D% — m(y)|| ,@e)-
m: La(Q)—L2(RY) zeHE (RY), yeLa()
| Fz—yll Ly o) <o

It is easy to verify that for if {2y C €2y, then
E2(Da7 Hg(Rd)7 57 Ql) > E2<Da7 Hg(Rd)7 67 QQ)

It appears that there exists a set 5 C R? such that for all measurable

sets Q, 5 C Q C R?, the equality
Ey(D*, H5(RY),6,95) = E5(D*, Hy(R?),0)

holds. In other words, any information about the Fourier transform
obtained with the same error outside the set €25 does not lead to de-
creasing of the error of optimal recovery. Since for § > (27)%2A, we
do not use any information (optimal method of recovery is m(y) = 0)

for such §, Q5 = 0.
The precise result can be formulated as follows.

Theorem 16. With the same conditions as in Theorem 15 for § <
(2m)2 Ay put

Q5 = {t eR?: i S (1— Az/q")g_1 A2(=a/7) }
(L+1E*)" ~ root
Then for all measurable sets ) such that Qs C ) C RY
Ey(D, H3(R?),8,Q) = Ey(D, H3(R?), ),
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and the method

L\ i(T,t)
My) = / (”)Nyme dr
g r
Bl (T4 [711%)
(A2 A2/

1 optimal.
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Lecture 25

Proof. The scheme of the proof is the same as in the previous theorem.
We consider the dual extremal problem. Then pass to the Fourier trans-
form and consider the Lagrange function for the extensional extremal
problem

E(M,XMXQ) = /

[ (1 mRaxale) + 3 (14 1417)") duo),

where A; and A, are defined by (64). It was proved that for all ¢t € R?
— [t + 2m) A+ Ao (1 [[E]2)" > .
If t ¢ Q, then t ¢ Q5. Consequently,
[t p
(1 Y = 7o

It means that

(1 . AQ/T)‘T_I A2(170'/r) — /)\\2.

—[tP2 4+ X (14 It]?)" > 0.
Since
— 7P+ 2m) A+ Ao (14 77 =0
we have
72+ 2 (14 7)) = —(2m)\ < 0.
Hence 7 € Q5. Then the proof proceed exactly in the same way as in
the previous theorem. O

Consider the following example. Let d =2, r =4, and a = (1,1). In
other words, we consider the problem of optimal recovery of z , on the
class Hy(R?). Tt follows from Theorems 15 and 16 that for 0 < § < /2

Ey(DMY, Hy(R?),6) = 2%\@ (1 — \@) ,

Qs is the set of points (psin g, pcos¢) such that

~1/4
1) 1)
I+ < —([1=4/— in 2
+p (M( 2W>> pV/ | sin 2¢],
and the method
: / —717oy(71, o)l (M1 TTE)
Q

m(y) = 1 2 -1
(@m) Jas | & (1 — i) (L4712 +75)
47-[-2 27

dTl dT2

is optimal.
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15. OPTIMAL RECOVERY OF VALUES OF DERIVATIVES AND
STECHKIN’S PROBLEM

We consider optimal recovery problem of z(*) (1) where 0 < k < r,

7 € R, on the class Fy, by the information about the Fourier transform

Fz given on the interval A, = (—0,0), 0 < 0 < 0o, with the error

d > 0 in the metric L,(A,). That is, we would like to find the error of
optimal recovery

EJ(DE, Fy

5p0) = inf sup  [2() = m(y)|

m: Lp(Ag)—=R z€Fy , y€Lp(As)
IFz—yllL,(a,) <0
and an optimal method of recovery.
We also study the problem of best approximation of z*(7), 0 <
k <r, 7 € R, on the class Fj, by the information about the Fourier
transform Fx given on the interval A, by means of linear continu-
ous functionals on L,(A,) with the norm not greater than some fixed
positive number N. It is in finding the value
(66) Sg(Df, Fy,,N)=inf sup |m(k) (1) — (y*, Fx)|
y* weFy
(where the lower bound is taken over all linear functionals y* on L,(A,)
such that ||y*]| < N), and also a functional y* delivering the lower
bound in (66) which is called extremal.
If we put x in (66) instead of F'x then we obtain the classical problem
of S. B. Stechkin, so (66) we also call the problem of Stechkin.
In view of the translation invariance of the classes under considera-
tion throughout what follows we assume that 7 = 0.
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Lecture 26

Theorem 17. Letr e N, ke Z,, 0<k<r,0< o <00, >0,
1 <p < oo, and for all x € F;, the equality

(67) 2™ (0) = (7, Fz) + )\/ 2 (6)z0(t) dt

R
holds, where y* is some linear continuous functional on L,(A,), A €
R, and T € F;, satisfies the following conditions

(@) 1FZ||L, @, =9,
(i) B0 |y = 1,
(@ii) (y*, F'x) = o[|y*|].
Then
(68) EJ(Dg, Fy

2,p’

0)=sup  |zM(0)] =X+ 4]7"|
mEFQ""’p,
1F2l L, (ap) <O

and y* is an optimal method of recovery. Moreover, for Stechkin’s prob-
lem for N = ||y*||
So(D§, Fy

2,p’

N)= 2\
and y* is an extremal functional.
Proof. Tt follows from (67) that for all z € Fy,
[20(0) — (7, Fa)| < Mzl a@) 177 [ a) < X
Thus,

(69) ES(DE, Fy,.06) < sup 1z0(0) — (7%, y)|
z€Fy ., y€Lp(As)

IFz—yllL,(a,) <0
< sup  (|a™(0) = (77, Fa)| + [, Fr — y)))
z€Fy ,, y€Lp(Aq)
IFz—yllL,(ay) <o
< sup [¢M(0) — (7", Fo)| + 8[17°]| = A+ d[17"]|-
zeky
On the other hand, using the general result about the lower bound (see
Lemma 2) and taking (iz) and (7i7) into account we have
EJ(D§, Fy

5 0) > sup [2®(0)] > [70(0)]

meF{,p’
I1Fzl L, ap)<o

= [T F2) + AT o] = A+ 8l177]1
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It follows from this inequality and (69) equality (68) and the optimality
of the method y*.

We now proceed to the Stechkin problem. As was proved, there
exists an optimal method of recovery defined by a linear continuous
functional, therefore

EJ(D§, Fy

5y 0) = inf inf sup 1z(0) — (y*, y)|

N>0 [y*|<N 2€Fg,, yeLy(A)
IFz—yllL,(a,) <0

< inf sup  (|2®(0) — (y*, Fa)| + (y*, Fx — y)))

ly*|I<N z€F5 ,, y€Lp(As)
IFz—yllr,(a,) <0

< inf sup [#®(0) — (y*, Fa)| + 6N = So(Dk, Fy

. 2,p’
ly*||<N z€F3,

N) +6N.

Consequently, for all N > 0
(70) So(DE, Fy

2,p)

N) > EJ(Dg, Fy

2,p)

J) — ON.
Hence from (68) for N = ||y*|| we obtain
So(DE Fy N) > A

2,p)
On the other hand, in view of (67) we have
S9(DE, Fy,N) < sup |2%)(0) — (7", Fa)| = .
zeky

O

In view of the translation invariance of the space F3 , it follows from
Corollary 2 and (68) the following result.

Corollary 5. Assume that the conditions of Theorem 17 are fulfilled
for o =o00. Then

Kp(k,r,00,p,2) = X+ ||y

Corollary 5 states that if the conditions of Theorem 17 are fulfilled
for 0 = oo, then the exact inequality for derivatives has the following

form
r—k—1/2 k+1/p’

(7)) Moo < A+ Iy DIE @ ey




Lecture 27

We start with the case when p = oco.

Theorem 18. Let >0, k,r € Z, 0<k<r,0< o < o0,

. (7r(2r 45512)((22:_—;)1@ - 1)) 2T |

and 0p = min(o, ). Then

k+1

o 1) 1 T 02
E° (DF Fr 5 =2 — -

oD, F3.0000) = = <k+1+\/2r—2k—1(o—§”1 27"—1—1)

and the method

. 1 ) .
m(y) = 5 (it)* (1= OA[E> =) y(t) dt,
™ J|t|<oo
where
Uo—2r+k - 52 -1/2
A= 1 )
V2r —2k —1 \ o} 2r 4+ 1
s optimal.

Proof. Let us prove that for all x € FJ  the equality

1

(72) =®(0) = %/“< (it)" (1 — SA[t] %) Fa(t) dt

+ A / 26z (t) dt
R
holds, where the function 7 € Fj  is such that

(—i)Fdsignt®, |t| < o,

(=)

At2r—k’

FE(t) =

|t‘ 2 0gp.

By the Plancherel theorem we have

1 =
/x(r) (H)Z")(t) dt = 5 / " Fa(t)F(t) dt.
R 2 R

85
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Therefore,
1
o (it)F (1 — SA[t[* ) Fa(t) dt + A/ 2 (H)Z0(¢) dt
[t|<oo R
1
=5 ((it)* (1 = OALP %) + A" sign t™) Fa(t) dt
T J|t|<oo
1 1
+ — (it)*Fa(t) dt = — / (it)*Fa(t) dt = z0(0).
2 [t|>00 27 Jr

The equality ||Z)z,®) = 1 is easily verified. Let us prove that
| FZ|| L. (a,) = 0. For 0g > o it is immediately follows from the defini-
tion of F'Z. Let 09 < 0. Then oy = ¢ and it is not difficult to verify
that (A2 %)=L = §. Thus, |FZ(t)| < J for |[t| > 7. We now verify the
fulfilment of the condition (éii) of Theorem 7. We have
(73) (7 F7) = i/ F (1= 6AIEP ) dt.

2m [t|<oo

Let us prove that 1—3dA[¢[* =% > 0 for |t| < 0¢. In view of the definition
of oy we have

oy 122 — k) < 675122 — k) = w(2r + 1)(2r — 2k - 1),
Hence
5202+ (2r +1) < (2r — 2k — 1)(7(2r + 1) — 62627 )
_ U()—2r+2k+1(2T + 1))\—27

that is, 6Acs” % < 1. Thus, for [t| < oo, 1=SA[t| % > 1—5 o > 0.
Consequently, the right-hand side of (73) is equal to d||y*||. To complete
the proof it remains to apply Theorem 7. 0

It follows by Theorem 18 that for o > o

E(DE, Fj.,0) = K& =1
where
P+ 1/2)80 o —k O\ Fo
(74) K =
k1 m(2r — 2k — 1) ‘

Thus in the problem under consideration the “saturation” effect of the
optimal recovery error is occurred which is in the fact that for a fixed
0 > 0 the knowledge of the Fourier transform of a function from Fj
given with the error ¢ in the uniform metric on the intervals larger than
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(—0,0) does not result in a decrease in the optimal recovery error. Thus
the violation of the relation

o2l < m(2r +1)(2r — 2k —1)
- 2(2r — k)
leads to the fact that the available information turns out to be redun-
dant. This fact is apparently important in practical applications when

we have to take into account that obtaining the additional information
requires some expense.

It follows from (71)

Corollary 6. Let k,r € Z and 0 < k < r. Then we have the exact
imequality

) 2r—2k—1 (r) 2k42
2r+1 T 2r+1
125 | oy < K| Fz|l, 7)) 2] )

where the constant K is defined by the equation (74).



